Name: Section Number:

110.302 Differential Equations
FALL 2012
MIDTERM EXAMINATION C
December 5, 2012

Instructions: The exam is 7 pages long, including this title page. The number of points each
problem is worth is listed after the problem number. The exam totals to one hundred points. For
each item, please show your work or explain how you reached your solution. Please do all the
work you wish graded on the exam. Good luck !

PLEASE DO NOT WRITE ON THIS TABLE !!

Problem| Score |Points for the Problem
1 15
2 20
3 20
4 20
5 25
TOTAL 100

Statement of Ethics regarding this exam

I agree to complete this exam without unauthorized assistance from any person, materials, or
device.

Signature: Date:




"PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO

Question 1. [15 points] Suppose y(t) is the solution to the IVP 3’ = 2(t — y%), y(0) = 1. Using
the Euler Method with a step size of —21-, estimate y(2).
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BLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO

Question 2. [20 points] Do the following:
(a) Solve the Initial Value Problem

2
(¥) -4 -sy=8" y(0)=1¢(0)=-3.

(b) Using the Method of Undetermined Coefficients, what would your guess of a particular
solutions to the non-homogeneous ODE be if the forcing function (the right-hand-side)

of the equation was 8¢ *(sin 2t) + 8¢2?
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PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL T®

Question 3. [20 points] For the second-order, linear, ODE
3p" + 6p' + 15p = 0, (X
do the following:
(a) Rewrite the equation as a system of two first-order ODEs.

(b) Find the general vector solution to the associated linear homogeneous system.

(¢) Carefully draw the phase portrait for this system.
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BLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO

Question 4. [20 points] Do the following for the system of ODEs in polar coordinates given by
i = (4 —r)(r — .25)(r* - 2)*
6=-1. |
(a) Find and classify all limit cycles and equilibria.

(b) Sketch a rough graph of z(t) = r(t) cos (¢) as a function of ¢ when r(0) = .5, 6(0) = 0.
(Note that you do not need exact values for the amplitudes. Just give a rough idea of
how the solutions begins and how it eventually evolves.
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PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL T@®

Question 5. [25 points] The system
T =4x — a:2y -1
Y= z?y — 3z
is almost linear everywhere, and has a unique equilibrium. Do the following:
(a) Linearize the system at the unique critical point.
(b) Classify the type and stability of the origin of the associated linear system.

(c) Use the information form Part (b) to, as best as you can, classify the type and
stability of the non-linear equilibrium (you must justify why or why not the non-linear

equilibrium can be classified this way).
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BLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO
Possibly helpful formulae

oo —b 4+ vb% —4dac
T 2a

e y1v” + (24 +py)v' =0

iy +upyz =0
iy +uhyy = g(t)

o Y(t) = wyr + uoye

o W(y1,y2) = 11¥5 — Y192

¢ AT =77, (A-rl)W =17

o y(t) = c17e™ + co (We' + tite")

o y(t) = c1y1(t) + coya(t) + Y (¢) . «
y 1y1(t) + c2y2 %\;%&w é\%{& ?‘j

e y(t) = cre™ (&' cos it — bsin ,ut) + cpet (&' sin put 4 bcos ,ut) ﬁ ﬁ ?M

e L{fOW} = mLLFW} ~ HO) = mE0) = . = s/ 7I(0) = FOTIO)

l Coefficients Table:

Po(t) = ant™ + ap1t"  + - - +art +ap

t8 (Apt™ + Ap1t"" 1+ -+ Art + Ao)
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" cos Bt (Bnt™ + Bp1t™ Y4+ Byt + By) e* cos Bt}
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