EXAMPLE: PROBLEM 2.3.40: LIMIT LAWS

110.109 CALCULUS I (PHYS SCI & ENG)
PROFESSOR RICHARD BROWN

Question 1. Show that lim /ze"s =
z—0t

Strategy: We will use the Squeezing Theorem to show this since e = has a problem at x = 0.

Solution: First, it should be clear that, for all x € (0, 00), we have
~1<sin” <1
x
Also, since e” is an increasing function (this means that for z; > o, we have e®' > e*2), it also
follows that )
S=et<eme <el=¢ on (0,00).
e

Now, the function y/z > 0 on (0,00). Hence we do not change the “sense” of the inequality by
multiplying the inequality by \/z. We get

x sin &
£ < Vzets <eyar.

e

Hence we have three function that satisfy this inequality, with the function we are trying to under-
stand in the middle. The “smallest” function satisfies

1 1 1
limﬁ:<lim\/§>:/limw=<\[0):()
z—0t € e \z—0t e\ z—0+ e
by the Constant Multiple and Root Limit Laws. We also have
lim ey/z =0

z—0t

by the same Limit Laws. Hence by the Squeezing Theorem, we also have
lim ze'™z = 0.

z—07F
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