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PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO 1

Question 1. [20 points] Do the following:

(Inx)?

(a) Determine if the function h(z) = has a horizontal asymptote.

x

Solution: h(z) has a horizontal asymptote if either lim h(z) or lim h(z) exist. We check the first:

Note that h(z) is differentiable on the interval (0,00), and both (Inz)? and 2? go to infinity as = goes

l 2
to infinity. Hence this limit lim % is in the indeterminate form . Hence by L’Hospital’s Rule
T —00 €T o0
1 2 2(lnz) (£ 1
lim h(xz) = lim (Inz)” = lim (7)(1) = lim —.

00
This last limit is again in the indeterminate form —, so we use L’Hospital’s Rule again, to get
00

1
lim h(z) = lim nz lim () = lim !

z—00 r—oo T2 z—o00 2T w—o0 202"

1 1
From Chapter 1, we know that lim — = 0. Hence lim oz = 0 and lim h(x) =0sothat y=0isa

r—oo I r—00 LI Tr— 00

horizontal asymptote of h(z).

(b) Find f'(z), for f(x) = 252,

Solution: Rewrite f(z) as

xsinz _ elnzsm"‘c _ e(sina;)(ln:c)-

Recall that for any differentiable function g(z), di [eg(z)] = /™ . ¢/(x). So in this case, g(z) =
x

(sinz)(Inx), so

f'(:r) _ %[6(511190)(1“1)]

_  Gsino)ing) % [(sinz)(In )]

— (sinz)(nz) ((cos z)(Inz) + (sin m)l>
x

— e ((cosx)(lnx) + Sm) .

T



2 PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO

Question 2. [15 points] For the function g(x) = 425 — 52 defined over all R, do the following:

(a)

(b)

Find all critical points and determine whether they are local minima, local maxima, or
neither.

Solution: The critical points are, by definition, the points in the domain where either g'(z) = 0 or
g'(z) is not defined. Since g(z) is a polynomial defined on R, the only critical points are the solutions
to ¢'(z) = 0. Here
g'(z) = 202" — 202° = 20z° (z — 1)

which is solved by z = 0 and « = 1. Using the Second Derivative Test, ¢"" = 802> —602? = 202> (4z—3),
and ¢”(0) = 0 and ¢’(1) > 0. Hence, z = 1 is a local minimum, but the Second Derivative Test is
inconclusive for & = 0. Fortunately, we know that the first derivative g’(x) = 202 (2 — 1) is positive for
z < 0 and negative for small z > 0. Hence it must be the case that z = 0 is a local max.

Find all inflection points and determine the concavity of g(z).

Solution: The inflection points are, by definition, the points in the domain where ¢g"”(x) = 0 or g"(x)
is not defined, and where the concavity of g(z) changes. The concavity of g(x) is determined solely
by the sign of ¢”(x): g(x) is concave up where g’ (z) > 0, and down where ¢”(z) < 0. Again, g(z)
is a polynomial defined on R, so g”(z) is defined everywhere. In part (a) above, ¢ = 802° — 6022 =

2022 (42 — 3), and ¢”(0) = 0 is solved by # = 0 and = = Z On the interval (—o0,0), ¢”(z) < 0, so g(x)

3 .
7), g’ (x) < 0, and g(x) continues to be concave down. And on

is concave down. On the interval (O, 1

3 . 3. . . .
the interval (Z’ oo), g"”(xz) > 0. Here g(z) is concave up. Hence, z = 1 the only inflection point.

Find all vertical and horizontal asymptotes, if any.

Solution: The shortest answer is: There aren’t any. The briefest justification is that polynomials of
any positive degree do not have asymptotes of either type.



PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO 3

Question 3. [10 points] Let f(z) be any differentiable function on R. If f(1) =2 and f(3) =7,
show that it must be the case that somewhere in the interval (1,3), the derivative of f is
greater than 2.

Solution: Since f(x) is differentiable everywhere, it is continuous everywhere. Hence, f(z) is differentiable
on (1,3) and continuous on [1, 3]. By the Mean Value Theorem, there must exist a point ¢ € (1, 3) where

Pl 1B W) T2 5

3—1 ~ 3—-1 2

But then since 3 > 2, there must exist a point ¢ where its derivative is greater than 2.



4 PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO

Question 4. [10 points] Find the area of the region enclosed by the functions y = 22 — 22z and y = z + 4.

Solution: Using the graphs at left, the shape “begins” and “ends” at the corners defined by the intersections

of the line y = z+4 and the parabola y = 22 — 2z. These intersection points are the solutions to the equation
44 = x? — 2. Here

r+4 = -2
0 = 2°—3z—4=(@—1Dx+1)
which is solved by = —1 and & = 4. Let f(z) = #+4 and g(z) = 2% — 2z, and recall that the area between
b
the graphs of f(z) and g(z0), when f(z) > g(z) between x = a and z = b is / (f(z) — g(x)) dx. Here, then

a

/4 [(z+4)— (® — 2z)] da / 4(—a2® + 3z +4) dx

-1
1 4 4 4 1
= (—ggf + ;:f + 4x) 6 i i o

= 16— — 2 44=202.
. sta ™ 3727 6




PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO 5

Question 5. [30 points] Evaluate the following:

(a) / (— + €% —sin (z + 1)) dz.

Solution: All three of these can be integrated without directly doing the substitution. Directly

' 1 3z . 1390
- 1 =1 2|+ - 1 .
/x—|—2+e sin(x +1)de =In|z + H—ge +cos(zx+1)+C

d 0
(b) — [/ e’ sinxdx}.
dz 24

Solution: By the Leibniz Rule,
d [ e ' , ,
- / f(@)da)| = f[h(@)]h (z) = flg(x)] g (2).
dz | Jo()
. Hence the first term on the right-hand-side is 0. Also, g(z) = 2* + =, f(z) =
2x + 1. Putting these together, we get immediately

In this case, h( ) =
e’ sinz, and ¢'(z) =
d

dx

0 2
/ e“sinzdr| = —e'™ T sin(z® +z) - (22 + 1).
12+z J

(Hint: Use the substitution u = z — 1).

@ [,

Solution: Here the trick, using the substitution, is to make sure that ALL of the x’s are changed into
u’s. With the substitution u = x — 1, we get du = dx, and u+ 1 = z. Also, for the limits, when x = 2,

u =1, and when z = 5, u = 4. Thus,

5 3z Tu+1 1w 1 51 _1
——dx ———dx =3 du =3 — du =3 2 2 ) du.
/2 Vo —1 / Vo —1 * 1 u " /1 (\/ﬂ+ 5qrtu> v /2 (u tu ) v

The integrand now is a sum of power functions, and hence only the anti-power rule is needed:

5 4 . .
3/ (u%+u—%> du =3 (3u2+2u%> :3(%(4)%+2(4)%) —3(§(1)%+2(1)%) =16+12—2— 6 = 20.
2 1




6 PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO

Question 6. [15 points] Do EXACTLY ONE of the following:

(a)

(b)

A small box with a square base and an open top must enclose a volume of 32 cm®. Find
the dimensions of the box that minimizes the amount of material needed to make it. (Hint:
Minimize the surface area.)

Solution: The value of a box with sides as in the figure is V = 2y, and its surface area is S = 4xy+ 2>

(there are four sides and a bottom, no top). Here we want to minimize the surface area, but S is a
function of two variables. Fortunately, we have the volume constraint 32 = 22y. Solving for y, we get

32 . . .
y = — . Subbing this into the surface area expression, we get
x
s—ao(B) e =B
x x

Here, S is differentiable on its domain (0, 00), so the only critical points are where S’(x) = 0:

(@) = —% + o

This is solved only by # = 4 (work this out). To see what kind of critical point x = 4 is, use the Second
Derivative Test:

S"(x) = 26 +2> 0 on all of (0,00).

23
Hence z = 4 is a local minimum (a global minimum, actually) (Why?). When = = 4, we have

2
Y= ?1—2 = 2, and the dimensions of the box which minimizes surface area is © =4 and y = 2.

Find the dimensions of the largest area rectangle that can be placed inside the right triangle
below where the rectangle shares the right angle with the triangle. (Hint: The rectangle will
touch the hypotenuse with its opposite corner, and you will need to use similar triangles in part
of this problem.)

Solution: Here, we seek to maximize the area A of the rectangle, where A = xy. To rewrite this as a

function of only one variable, we note that both the triangle sitting on top of the rectangle, as well as
the one to the right, are both similar to the whole triangle. Similar triangles have proportional sides.
If we choose the top one, we note that it has a base of 4 and a height of 4 —y (can you see this?) Hence

base 3 T

height 4 4—y

which simplifies to z = %(4 —y). Sub this into the area equation and

3 3
A:xy:Z(4*y)y:3y71y2-

Here, area is non-negative on [0,4] (at these two extremes, the rectangle will have 0 area, since one of
its sides has 0 length, Can you see this?). It’s only critical point is at A’(y) = 3 = gy which is solved

3
by y = 2. We also know that this corresponds to a maximum area, since A”(2) = B} < 0. And when

3 3
y =2, &= —(4—2) = —. These are the dimensions of the rectangle in the drawing that maximizes
area.



