
Math 645, Fall 2017: Assignment #3

Due: Thursday, October 5th

Problem #1. Let (M, g) and (N,h) be Riemannian manifolds and f a smooth positive function on M .
Define a (0, 2)-tensor on M ×N by

(g ×f h)p(Xp, Yp) = gπM (p)(TpπM (Xp), TpπM (Yp)) + f2(πM (p))hπN (p)(TpπN (Xp), TpπN (Yp))

where here πN , πM are the natural projections.

a) Show that g ×f h is a Riemannian metric on M ×N . It is called a warped product metric.
b) Let (M, g) = (R+, gE) and (N,h) = (Sn, gS) and denote by r ∈ C∞(M) the standard coordinate on

R+. Consider the following family of warped product metrics

cλ = g ×λr h.

Show that (R+ × S1, cλ) is locally isometric to (R2\{0}, gE) for all λ > 0.
c) Show that (R+ × S1, cλ) is isometric to (R2\{0}, gE) if and only if λ = 1. (Hint: Consider parallel

transportation around π−1R+(1)).

Problem #2.

a) Let (M, g) = ((0, 2π), gE) and (N,h) = (Sn, gS) show that

gE ×sin(r) g
S

is locally isometric to (Sn+1, gS).
b) Let (M, g) = (R+, gE) and (N,h) = (Sn, gS) show that

gE ×sinh(r) g
S

is locally isometric to (Hn+1, gH).

Problem #3. Verify that a φ ∈ C∞(Rn;Rn) that satisfies φ(0) = 0, is an isometry of (Rn, gE) if and only
if φ can be identified with an element of O(n) = {A ∈ Rn×n : A>A = In}.

Problem #4. Let (M, g) be a closed Riemannian manifold. We say a vector field X ∈ X (M) is a Killing
field, provided φ∗t g = g, for all t, where φt is the time t flow of X. Show that X is Killing if and only if for
all vector fields X,Y ∈ X (M)

g(∇YX,Z) = −g(∇ZX,Y ).

Here ∇ is the Levi-Civita connection of g. Hint: Use that X is Killing if and only if LXg = 0.

Problem #5. Define a connection ∇ on R3 by
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∂xi are the coordinate vector fields of the standard coordinates.

a) Verify that this connection is compatible with gE but is not torsion-free.
b) Determine the zero-acceleration curves of ∇.
c) Determine the parallel transport of ∇ along zero-acceleration curves.


