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PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO 1

Question 1. [10 points] Choose exactly ONE of the following two problems, and find the equation
of the line tangent to the graph of the equation at the point specified:

()

(b)

y = 257 at the point p = (1,1).

Strategy: Here, we use logarithmic differentiation to find the derivative, evaluate at the point p, then write
out the point-slope form of the equations of a line at p with the derivative as the slope.

Solution: First, note that at and near p, y > 0 since y = 1 at p. And whenever two sides of an equation are
equal and positive, it follows that the natural log of each side is also equal. Hence

sin T

Iny =Ina =sinmxlnx.

Differentiating both sides gives us

d
— |:1ny = sinwxlnmi|
dx
d d [ .
— |Iny| = — |sinmzlnzx
dx dx
1d i
7—y:(7rcos7rx)ln:c+sm7rw
y dx
dy ( sinﬂx)
—~ =y (mcosmxlnx + .
dx T

We could re-substitute the original function for y in this last equation, or leave it as it, noting that p = (1,1) =
(z,y). And
0

=1 (71'(1)(0) + I) =0.

dy
dzx

(1,1)
Hence the equation of the line tangent to the graph of y = 52 ™ at p = (1,1), is

y—1=0x—-1)=0 or y=1.

ry — y*x = x — 6 at the point p = (2, —1).

Strategy: Here, we use implicit differentiation to find the derivative, evaluate at the point p, then write out
the point-slope form of the equations of a line at p with the derivative as the slope.

Solution: First, note that we cannot solve this equation for y as a function of z, so implicit differentiation
is necessary. Hence we differentiate the entire equation with respect to x:

o [rr-ve =
— |ley —y“x = =z —6].
iz y—y
Note that we will need to use the Product Rule on both of the terms in the left-hand side. We get

d 9 d
il _ — 2 |lz—6
dm[w ”} dz[m ]
dy dy 2
= —2y—z—y“ =1.
y+xdx yda:x Y
Solving for g—z, we get
dy 1—y+y° dy
—=—"—"" and —
dx T — 2xy dx

_1—(-D)4+(-1* 3 1

@-1  2-20)(-1) 6 2
Hence the equation for the line tangent to the graph of the equation at p is

y=(-1)= (@2,
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Question 2. [25 points] Given f(z) = 3z — 423, do the following:

()

(b)

(c)

Find and classify ALL critical points.

Strategy: Here, f(x) is a polynomial and hence is differentiable for all z. Hence all critical points will satisfy
f'(z) = 0. We solve this equation and then use derivative tests to classify them.

Solution: First, we calculate f’(x) and solve f'(z) = 0: f(z) = 1223 —1222 = 12z2(z—1), and 1222 (z—1) =
0 is solved by z = 0 and z = 1. We first use the second derivative test to classify these critical points. Here
f(z) = 3622 — 24, and it is immediate that f”(1) = 12 > 0. Hence by the Second Derivative Test, z = 1 is a
local minimum.

But f”/(0) = 0, hence the Second Derivative Test fails to provide a classification of this critical point. But we
also know the following: For small values of z < 0, f/(z) = 1222(z — 1) < 0, and also for small values of z > 0,
f/(xz) = 122%(z — 1) < 0. Hence by the First Derivative Test, the function is falling on both sides of z = 0.
Hence = 0 is neither a local min nor a local max (you can also check the values of f(z) on both sides of x =0

to verify this.)

Determine the concavity of f(x) and locate any and all inflection points.

Strategy: Here, the sign of f”(z) determines the concavity, and where the sign changes is where the inflection
g g g
points are located.

Solution: Here, f'(x) = 3622 — 24z = 12z(3z — 2), and 12z(3z — 2) = 0 is solved by # = 0 and & =
Checking the sign directly on each interval determined by these two points, we see that

f’(x) >0 on (—o00,0),

2
f’(x) <0 on (0, g) , and

wlro

2
f’(z) >0 on (g,oo) .
Hence f(x) is concave up on (—o0,0) U (%, o0) and concave down on (0, %) And since both x = 0 and =z = %,
and the concavity is different on teach of the sides of these two points, the two points = 0 and « = % are

inflection points.

Find the global maximum of f(x) on the interval [—1,1].

Strategy: Here, both critical points are in the interval. So we check the function values at these two critical
points, and also at the one end point that is not critical. The maximum is the largest value of these three.

Solution: Here, # = 0 and = 1 are the two critical points of f(z) in the interval [—1,1]. Hence we check
the function values at these two points and also at the end point x = —1. f(0) = 0, f(1) = 3(1)* — 4(1)3 = —1,
and f(—1) = 3(—1)* —4(—=1)3 = 3+ 4 = 7.. Hence the global maximum of f(z) on [—1,1] is 7.
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Question 3. [25 points] Evaluate the following:

(a) /(290—‘”;21) do

Strategy: Here, knowing the integral of a sum is the sum of the integrals, we simply break up the fraction
into two fractions and integrate each of hte summands of the integrand separately.

Solution:

—1 1 1 1 1 2T 1
/ 9e 7 dm:/ 2% — — 4+ — dm:/szxf/fder/—da::—fln|:1:\77+0.
2 r  x? T x2 In2 x

d 3
(b) — / In(t+e—1)dt
dx sin(2z)+vz+1 =0

Strategy: First, we switch the limits to place the expression involving z at the top. Then we use the Chain
Rule to calculate the derivative. Note that the act of differentiating a function defined via an integral is simply
to take the integrand and insert the expression for z directly into every instance of the variable ¢t. And since
the expression for x is a function of z, we must “tack on” the derivative of this expression to the end as in the
Chain Rule.

Solution: Note first that

3 sin(2z)+vx+1
/ 1n(t+e—1)dt:—/ In(t 4+ e —1) dt.
sin(2z)++/x+1 3

Thus

d 3 d sin(2z)+vz+1
— / In(t+e—1)dt | = — —/ In(t+e—1)dt
dz \ Jsin(2z)+vzF1 dzx 3

=—In(sin(2z) + Vz +1+e—1) % [sin(2z) + vz + 1]
= —In(sin(2z) + Vo + 1+ e—1) (2 cos(2z) + 2\/%) .

Evaluating this last expression at x = 0, we get

—In (sin(2z) + Vz+1+e—1) (2 cos(2z) +

wr)
2T +1
=—In(sin(0) +vVO+1+e—1) (2 cos(0) + %)

VO+T
= —(lne) <2+ %) = —g.

=0

2 23
c ——dx
(c) /0 V14 222

Strategy: We use the Substitution Rule here, where everything under the radical becomes our new variable.

Solution: Using the substitution v = 1 + 222, where du = 4z dz, or i du = xdx, we note that there is
still an z2 in the integrand. We can address this by solving the original substitution expression for z2, getting

z? = %(u —1). We can also switch the limits via the substitution: when z = 0, u = 1 + 2(0)2 = 1, and when
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x =2, u=1+2(2)2 = 9. Putting all of these into place, we get:

2 3 91 yu—-1
/ zidm:/ ,Mdu
o V1+42z2 1 Vu

4
1 -1
:f(u )du
8 Vu
1/ 1 1
:§<u2—u 2>du
1(2§ ;)9
= — | —u2 —2u2
8 \3 1
1/2 3 1 2 3 1
=—(=(9)2 -2(9)2 —=(1)2 +2(1)2
SECLEFOLEEOLER LY
1 2 40 5
=—(18-6-Z42)==—==2
8 3 24 3
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Question 4. [20 points] Find the dimensions of the largest rectangle that can be inscribed in an
isosceles triangle with base 2 and other side lengths 3, when one of the edges of the rectangle
rests on the base of the triangle.




6 PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO

Question 5. [20 points] Sand is being emptied from a hopper at a rate of 10 ft3/min. The sand
forms a conical pile whose height is always three times the radius of the base. At what rate
is the radius of the base increasing when the height is 5 ft7 (Hint: The volume of the cone
isV = %777‘2h.
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