Quillen’s Theorem
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1 Homology of MU

Recall that the spectrum MU has a canonical complex orientation ¢y, : CP* — MU. Recall also
that H,(CP>) = Z{zo, 21, 22, . . . } where each z; is the dual of the generator t* € H?(CP>)

Fact 1.1 Let 3; € H*(BU) is the image of z; € H2;(CP>) via the natural map CP* — BU. Then,
H,.(BU) =Z|[p1,B2,...]

By Thom isomorphism for homology, we have a ring isomorphism H,(MU) = H,(BU). In particular,
H.(MU) = Z[by,ba,...] where each b; is the image of z**! € H,(CP*) via the complex orientation
tyu: CP*® — MU.

Recall that for a complex oriented spectrum FE, we have E,(CP>®) = m,(E){z¥,2F,2¥ ... }. In fact,
the Atiyah-Hirzebruch spectral sequence H,(CP>, 7. (E)) = E.(CP) collapses.

Lemma 1.2 If E is a complex oriented spectrum, then
E.(MU) = m.(E)[b¥,b¥,...]
where each b is the image of 2/, € Ea;12(CP>).

Proof By naturality of the Atiyah-Hirzebruch spectral sequence, each b; € Ho; (MU, 7o(E)) = E22i’O is

a permanent cycle. Since the spectral sequence is multiplicative, this spectral sequence collapses. O

2 Main Theorem

If we have a complex orientation tz € E?(CP>) for a ring spectrum E, we have a corresponding formal
group law Fg(x,y). Then we have a ring homomorphism from a Lazard ring 0g: L — m,. F classifying

the formal group law Fg.
Theorem 2.1 (Quillen) The map 0y : L — MU is isomorphism.
The strategy to prove this theorem is as follows.

(1) W*(MU) = Z[l‘l,xg,...] with |:171| S WQZ(MU)



(ii) Let h be the Hurewicz map h: m.(MU) — H,.(MU). Then modulo decomposables,

h(z:) pb; if i = p* — 1 for some prime p
;) =
! b;  otherwise.

(iii) Let gu(z) € Hy(MU)[[z]] be gu(x) = = + box® + byaz® + ---. Then show that the formal group
law induced by the map hf is gu (95" (2) + 957 (v))-

At this point we can deduce the Quillen’s theorem.

Proof of Quillen’s theorem. We will show that 65y is bijection. Recall that L = Z[t1,ts,...] and

modulo decomposables

WO (1) = pb; if i = p¥ — 1 for some prime p
MU B b;  otherwise.

In particular hfyp is injective because L and H,(MU) are torsion-free and hfp induces isomorphism
after tensoring with Q. Therefore 0y is injective. Now 0y (¢;) = z; modulo decomposables since we
know [ii}. Since 6y is surjective on degree 0 and 2, we can inductively show that ;¢ is surjective on

every degree. O

3 Proof of

First note that for a complex oriented ring spectrum E, F A MU becomes a complex oriented ring
spectrum. In fact, both {z: CP® — E — EAMU and tyy: CP® — MU — E A MU are complex
orientations.

Lemma 3.1 iyy =tp +bFH4 + 088, - in (EAMU)*(CP>®) = E,(MU)[[tg]].

Proof It suffices to show that (farv, 254MY) = bEF. Recall that
fyy : CP® % MU —— EAMU

and

ZENMY . § —— CP*ANE —— CP*ANEAMU.
Then we can easily compute that

tpu Nl

E
(Emu, 2ENMUYy = § — CP* NE X% MUAE =EAMU.

This means that (&, EFIMU> is the image of zZE+1 via the complex orientation tp;;. Therefore

<xMU7 1+1MU> = bE O
Corollary 3.2 Let gp(x) € m.(E A MU)[[z]] be gg(z) = 2 + b12% + boz® - --. In . (E A MU)|[z, y]],

Fuu(z,y) = 98(Fe(95' (), 95" (1)))-



Proof

Fyu(@Evr @ 1,10 2ym0) = o (Euw)
= a*(95(ir))
= gu(a*(tmv))
=9e(Fe(fr®1,1® 1ig))
= 9e(Fe(9e(@vu ®1),98(1 ® Zyu))).

By taking E = HZ, we have [iii].

4 Sketch of a proof of i) and

Fact 4.1 There is a spectral sequence satisfying the following properties.

(a) Ey" = Ext}"(Zy, H.(X,Z,)) where A, is the dual of Steenrod algebra.

(b) If Hi(X,Zp) is of finite type, this spectral sequence converges to the p-primary part of m,(X). In
other words, there is a filtration of p-primary part

p'ﬂ—n(X) _ FO,n 5 Fl,n—l D) F2,n—2 5. ..

and isomorphism F*!/Fsthi=l o B3t where ES! = (M ESL.
(c) The edge homomorphism

Tn(X) = EQ" — ES™ — Hom'y_(Z,, H.(X,Z,)) = H,(X,Z,)
is the Hurewicz homomorphism.

In particular, we apply X = MU in this spectral sequence. In fact, this spectral sequence collapses,
and you can show that every p-primary component is isomorphic to the polynomial ring as a group.
With a bit of algebraic argument, you can show that . (MU) is isomorphic to the polynomial ring. By
looking at the argument of taking generators of 7, (MU) and using the property [c], you can show [ii}.

For more details, you can see Switzer’s textbook.
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