NOTES ON J-HOMOMORPHISM

AKIRA TOMINAGA

1. Introduction
To begin with, we generalize the Hopf construction a bit.
Definition 1.1. Let f: S’ — O(n) € m;(O(n)). We define
JF: S =8 x D"UD™T! x S — §”
sending (x,y) € S’ x D" to f(x)(y) € D"/AD" and D'*! x S"~! to a basepoint.

Jf is homotopy equivalent to the map S = S’ A S” — S” induced by (x, y)
f(x)(y). In other words,

Proposition 1.2. J is equal to the map induced by
f:S" — Map,(S",S").
From this description, we can prove the following properties.
Proposition 1.3. J: 7;(O(n)) — 7,1i(S") is a group homomorphism.

Proposition 1.4. The following diagram commute

m(0(n)) ——= Tn1i(S")

mi(O(n+1)) — i1 (S"H)

where i: O(n) — O(n+ 1) is an inclusion and ¥ is a suspension homomorphism.

Therefore we obtain a homomorphism J: m;(O) — w?. Recall that, by Bott

periodicity, m4s—1(0O) = Z. Our goal is to determine the image of J. Let Bas € Q be
a Bernoulli number.

Theorem 1.5. The order of J: m4s_1(0) — w3, is m(2s), where m(2s) is the
denominator of Bys/4s.

In this note, our main goal is to provide the lower bound of the order of ImJ, i.e., to
show that the order of ImJ is a multiple of m(2s). Giving the upper bound concerns
with the Adams conjecture. To show that there are a number of non-trivial elements
in >, we need an invariant to distinguish these elements.
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2. e-invariant

For f: X = Y, take da(f) = f*: Ka(Y) — Ka(X) € Homa(Ka(Y), Ka(X)) =
Ext%(Ka(Y), Ka(X)) where A =R or C. (Ais an abelian category of finitely generated
abelian groups with Adams operations.)! The da(f) is called the d-invariant of f. If
dr(f) =0 and da(Xf) = 0, then we have the following short exact sequence

0 —— KA(EX) —— Ka(Cr) —= Ka(Y) —=0

where C is the cofiber of f. In other words, we obtain an element ex(f) € Ext4(Ka(Y), Ka(ZX)).
en(f) is called the e-invariant of f. We want to compute this invariant, at least for
f € mn(S"). Since it is hard to distinguish two different elements directly from
definition, we attach a number to ex(f) as we did in the Hopf invariant.
Let f: S"M9 — S9 ¢ wf. Suppose that g = 0 mod 2 when A =C or ¢ =0 mod 8
when A = R. Then Ka(S9) 2 Z with 9*(x) = k9x. It can be checked that we can
define ex(f) when n = 4s—1. Now we have Kz(Cr) = Z®Z as an abelian group. Let
¢ € Ka(Cr) be an element which projects to a generator in KA(S") and n € Ka(Cr)
be a image of a generator of Kx(S""9%1). Then we must have

PEE = KIE+ (KT — k%)

dlk'n — kn+q+1,r’
for some XA € Q. We write en(f) := A € Q/Z by abuse of notation. Then it is easy
to see that A € Q/Z is independent of the choice of £&. Also, we can see that X is

independent of k by computing y*y! = 'p~.
Now we have the following diagram.

S
Tas—1
/ X

7T45_1(O) Q/Z

Our next goal is to compute the value of e for the image of the generator of m4s_1(O).

3. value of e-invariant

Note that we have following two maps
Tas—1(U) — T4s-1(0) % Q/Z
where r is induced by canonical map U(n) — O(2n).

Proposition 3.1. ecor=2egor.

Proof. If 4s — 1 =3 mod 8, then r = 1 and e¢ = 2eg. If 4s — 1 = 7 mod 8, then
r=2and ec = er. [1] O

IThe precice definition of A is in [1].
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Henge it suffice:c, to compute the ec of the generator of m4s_1(U). Now we can
inject Kc(Cr) to H*(Cr; Q) by the Chern character. In fact, we have
chg = h9 + h*sta
Ch'f} _ h4s+q
where h € H9(Cr; Q) is the generator.

Proof. Use the property that chyg o Pk = k9o chog where chyg is the degree 2q
component of ch. [2] O

We need a following lemma.

Lemma 3.2. Let f: S*~1 — U(n). Then C,r is homotopy equivalent to the Thom
space of the complex vector bundle E; — S*° determined by f.

Proof. Note that Ef is constructed from D* x C" LU C" by identifying (x, v) and
f(x)(v). Therefore T(Ef) is constructed from D* x D27 LI D" by identifying
(x,v) ~ f(x) and collapsing D* x S~ U S2"~1 to a point. In other words,
T(Ef) is constructed from attaching a 4s + 2n-cell to S°" by the attaching map
Jf: D% x §2n=1y %=1 x D21 — 521, O

With this identification, we can see that ¢ € K¢ (T (Ef)) restricts to the generator
of Kc(S52"). In other words, ¢ is the Thom class. We can compute the Chern
character of the Thom class. Indeed, we have the following fact.

Theorem 3.3. [3] Let ®: H*(X;Q) — A*(T(E); Q) be a Thom isomorphism and
£ € K(T(E)) be a Thom class. Then we have

logd~1ch(¢) = Z achy(E)
.

where log((e” —1)/y) =3, a,y’/j! is a power series expansion.

computation of e(Jf). Let f: S*~1 — U(n) be a generator of mss_1(U). We will
compute ch(§) € H(Cyr) where € € K(Cyr) = K(T(Ef)) is a Thom class. Since
ch(¢) = h?" + Xh*+27 we have ®~Ich(€) = 1+ Ah*. Hence log ®~1ch(¢) = Ah*.
(Note that log(1 + z) = z— z2/2.... ) On the other hand, log®~lch(¢) =
ZJ- ajchj(Ef) = anschas(Er) holds by the general formula above. Since f is a gen-
erator of mus_1(U) = K(5%), we must have chss(Ef) = h*. Therefore we have
A= Aos. O

However, we have o, = By /k for k > 1 [3]. This is what we wanted.
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