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Abstract

In this thesis, we give curvature estimates for strongly stable
constant mean curvature surfaces in a complete three dimensional
manifold. We use a key observation of Colding and Minicozzi to
obtain area and small total curvature estimates of constant mean
curvature surfaces. Then following Choi and Schoen we show
that small total curvatures yield curvature estimates. By giv-
ing a much shorter proof, this thesis extends the work of Bérard
and Hauswirth, where they gave curvature estimates for constant

mean curvature surfaces in a space form.
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Introduction

Background

Surfaces in three manifolds have been actively studied since the eighteenth
century. It is a beautiful topic in itself and it helps us to understand the
ambient three manifold because of the interaction between the surface and
the topology of the three manifold.

Let M be a three dimensional manifold with Riemannian metric g. For
any two vector fields X and Y, we have a Riemannian connection V which
defines the directional derivative of Y along X by VY. For any immersed
surface ¥ in M, we denote by X7 and XV the tangential and normal com-
ponents of X respect to 3. Now we define two very important symmetric

bilinear forms on X.
First fundamental form
gE(X,Y):g(X,Y) (1)

Here X, Y are vector fields on ¥(and also on M). This is the induced

metric g on X, which describes distances on the surface.
Second fundamental form
AXY) = (VxY)Y (2)

A is a vector-valued symmetric bilinear form. We can define a real-
valued form b by b(X,Y) = ¢g(A(X,Y), ™). 7 is the unit normal

vector field on Y.



The second fundamental form is more interesting to us because it de-
scribes how the surface curves in the manifold. Let us look at a neighborhood
of a point. The second fundamental form b can be expressed locally as a 2 x 2
symmetric matrix. We find that the two eigenvalues k; and ks of the matrix
b are the maximal and minimal values of the curvatures of all normal slices
to the surface through the point. We call them the principal curvatures.

Moreover we define the mean curvature h = % as half value of the
trace of b and Gauss curvature K = k; - ko as the determinant of b. Since the
celebrated Gauss Theorem egregium says that the Gauss curvature are deter-
mined entirely by the first fundamental form, the mean curvature measures

how a surface lies in the manifold.

Definition 0.1 A constant mean curvature surface is a surface whose mean

curvatures equal some constant at any point. We denote the constant h. We

call the surface a CMC' h-surface.

When A = 0, we call it a minimal surface.

History

Generally constant mean curvature surfaces are not as well understood as
minimal surfaces. Until H.Wente’s CMC torus was discovered in 1984[We],
people knew very few examples of CMC surfaces(not minimal surfaces)(See
§1.1) Since then, many CMC surfaces have been discovered by different tech-
niques. However it is not very clear how h(not zero) is restricted by the

curvature of the ambient manifold. CMC surfaces need more investigation.



Recently minimal surface theory has been rapidly developed from the per-
spective of PDEs[CM2]. Since we can locally express a minimal surface(and
a CMC surface) as the solution of a second order elliptic PDE equation, it
is natural to borrow some PDE ideas to study CMC surfaces. Curvature
estimates have played a key role in minimal surface theory. In this work, we
are going to obtain curvature estimates for CMC surfaces..

The study of curvature estimates for minimal surfaces goes back at least
to E.Heinz’s work [He] in 1952. He proved for a solution of a minimal surface
equation over a disc {x € R?: |z — x¢| < R}, there is a absolute constant (3
such that

(kY + k3)(z0) < B/R? (3)

where ki and ko are the principal curvatures of the graph of the solution.
When the solution is on the entire R?, letting R — oo, we have k; = ky = 0,
so the solution is a plane, i.e., the curvature estimate (3) implies Bernstein’s
theorem in R3. In 1975, R. Schoen, L. Simon and Yau showed curvature es-
timates of minimal hyper-surfaces in higher dimensions[ScSimY], which can
give Bernstein’s theorem for higher dimensions. Note that there are simi-
lar results under additional hypotheses by F. Almgren, R.Osserman, L. Si-
mon, B. White etc. !

In R. Schoen’s fundamental work [Sc](1983), he proved an estimate of the
Gauss curvature for stable minimal surfaces in R?, which yielded the Bern-
stein theorem for complete stable minimal surfaces in R3. His key idea was

to apply the stability inequality[See §1.2] to different well chosen functions.

1See [CM1] [CMZ2] for further reference.



He obtained the result by using Simons’ inequality(See §2.1), the stability
inequality and the de Giorgi-Moser iteration. Later in 2002 [CM1], T. Cold-
ing and W. Minicozzi II found that stability implied certain upper bounds on
intrinsic balls (and general domains). Using this observation, they gave more
general and useful estimates for stable parametric elliptic integrands, which
were very useful in their important study of embedded minimal surfaces in
three manifolds[CM3]. Tt also provides a key ingredient for our work.
Curvature estimates for CMC surfaces were studied by J. Spruck [Sp| for
R3, Ecker and Huisken [EcHu] for higher dimensional Euclidean spaces.? The
stability of CMC surfaces has been explored by J. Barbosa and M. do Carmo
since 1984(|BaCal,[BaCakE]). It turned out there were two kinds of stabili-
ties(See §1.2), which is different from the minimal surface case. Then in 1999
P. Bérard and L. Hauswirth [BeHa] gave curvature estimates for (strongly)
stable CMC surfaces in a space form. Their work was mostly inspired by the
above work of R. Schoen[Sc|, which made extensive use of the stability in-
equality and the de Giorgi-Moser iteration method. From their paper, we can
see that, for CMC surfaces in a general three manifold, curvature estimates

may become very complicated if we follow their method.

Result

Our work generalizes the results of [BeHa] to strongly stable CMC sur-

faces in a general three dimensional manifold. The main idea follows [CM1].

2See [BeHa] for further reference.



We use a key observation in [CM1] to obtain area and total curvature es-
timates for strongly stable CMC surfaces. Then we follow H. Choi and
R. Schoen [ChSc] to show that small total curvature implies curvature esti-
mates. In [ChSc| they use a different scaling method, which is shorter and
more elementary than the de Giorgi-Moser iteration.

We state the main theorem below:

Theorem 0.1 Let X2 be an immersed (strongly) stable CMC' h-surface with

trivial normal bundle in a complete three dimensional manifold M, where
2 . T . .

| K| < k*. There exists 0 < ry < Jove such that for any x in X with

geodesic ball B,,(x) N 0% =0, we have, for all 0 < o < 1o,

sup |A(x)[* < o7 (4)
sup |Kx(r)| < Cio™? (5)

Here ro depends on h, the curvature tensor of M and its covariant derivative.

C1 is a constant depending on h and k.

We present our work in three sections. Section 1 gives examples and
known facts about CMC surfaces. In §1.1 we give some examples in R3.
In §1.2 we induce the first and second variation formulas and the stability
inequality. In §1.3 we describe P. Bérard and L. Hauswirth’s results for CMC

surfaces in a space form [BeHa].



Section 2 proves the tools(inequalities) of curvature estimates we need.
In §2.1 we obtain the Simons’ inequality for CMC surfaces in a general three
manifold. In §2.2 we show a useful version of the mean value inequality
for CMC surfaces. In §2.3 we show the estimates of elliptic integrands by
T.Colding and W.Minicozzi II[CM1].

Section 3 gives the proof of our main theorem. In §3.1 we obtain area
estimates and total curvature estimates which follow from §2.3. In §3.2 we
give curvature estimates for a topological disk following [ChSc]. In §3.3 we
prove the main theorem and give remarks.

Throughout this thesis, > denotes an immersed CMC h-surface with triv-
ial normal bundle in a complete three manifold M. g is the Riemannian met-
ric. We denote the connections V7 and V, the sectional curvatures Ky and
K, the curvature tensors R and R respectively for the surface 3 and the
manifold M. A(or A%) is the (traceless) second fundamental form. Notice

that B,.(z) denotes an intrinsic geodesic ball centered at z with radius 7.



1 Constant mean curvature surfaces

1.1 Examples in R?

Locally a surface in a three manifold is just a graph over its tangent plane. To
imagine surfaces in a three manifold, it is often useful to look at the graphs
in R3.

Let D be a domain in the (u,v) plane and X be a smooth map from D

to R3. We write
X(u,v) = (x(u,v),y(u,v), z(u,v)), (u,v) € D (6)

It is called a local parametric surface. In the local frame by X,, X, and

= éuxﬁv‘ , T is the unit normal vector field. We compute the fundamental

forms to obtain:

I = Edu* + 2Fdudv + Gdv* (7)

II = Ldu® + 2Mdudv + Ndv? (8)

where

E= <XU7XU>7F = <XU7XU>7G - <X'U7X”U>7
L= <quvﬁ>7M = <Xuv7ﬁ>>7N = <XU’U7W>'

Moreover we have

- 1GL+ EN —2FM
2 EG — F?
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LN — M?
K=%a=m (10)

Now we can find some simple examples by direct computation.

Example 1 (Plane) X (u,v) = (u,v,au + bv + ¢). The second fundamental

form is zero, thus h = 0. Here all principal curvatures are zeros.

Example 2 (Helicoid) X (u,v) = (ucosv,usinv,av + b). Here h = 0 but
the second fundamental form is not identically 0. Helicoid is a minimal

surface. For more examples of minimal surfaces please see [Ni].

Example 3 (Sphere) Let S? be a sphere centered at the origin with radius
r in R3. Taking the inward normal vector field, the mean curvature
h = 1/r. In fact, both of the two principal curvatures are 1/r. Usually
the two parts of the sphere cut by a plane are called spherical caps,

which are also CMC surfaces.

Example 4 (Cylinder) X (u,v) = (rcosu,rsinu,v). It is a rotational sur-
face of a straight line. The two principal curvatures are 0 and 1/r. So

h = % Here the Gauss curvature K = 0.

Except for the minimal surfaces, the above examples are very simple.
However there is a class of CMC surfaces like the cylinder which are rotational
surfaces. Delaunay determined all such surfaces in 1841. We call rotational
CMC surfaces Delaunay surfaces.

Let C : (x(s),y(s)) be the smooth curve in the plane of 2 = 0 in R?

parametrized by the arc length s. The rotational surface X generated by C'



around the z-axis is
X(s,0) = (z(s),y(s)cos,y(s)sinf),0 < 0 < 27
We give Delaunay’s result below (for a proof see [Ke]).

Theorem 1.1 For any real numbers b and h, there exists one-parameter
family of rotational surfaces X (s,0;h,b) that are CMC' h-surfaces. Here the

generating curves C' can be written as

s 14 bsin2ht 1
+ bsin dt \/1+b2+2bsin2h8> (11)

C(s;h,b) := ’
(557, b) (0\/1+b2+2bsin2ht 2|h|

In 1984, H. Wente discovered an immersion CMC torus in R®. It has
inspired lots of examples by using different techniques.(see [We] and [Ke] for
more details.)

We conclude this section with an interesting fact[Ke].

Theorem 1.2 Let X (u,v) = (u,v, f(u,v)) be a map on the open disk Br(0)

on the wv-plane. If |h| > a > 0 on Bgr(0) for some constant a, then

R <

SHES

1.2 Stability and variation formulas

From the point of view of calculus of variations, constant mean curvature
surfaces are critical points of certain area functionals. R.Schoen’s work[Sc]
established curvature estimates for stable minimal surfaces. But stability
of CMC surfaces is a little different from the minimal surface case. We

investigate the stability following Barbosa and do Carmo([BaCal).
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Let X be an immersed surface in a three manifold M with trivial normal

bundle.

Definition 1.1 A wariation of X is a differential map F : ¥ x (—e,e) —» M
such that
¥i(4) = F(-,t) is an immersion for each t, 3o = 3, and 0(%;) = 02.

We define the area functional by Area(t) = [, d¥; where d¥; is the area
element of ¥ in the metric induced by ;.

The vector field %—I; restricted on X is often called the variation vector
field. Let 7 be the normal vector field, we denote the normal component
of %—f by f = <%—f, 7). We obtain the two variation formulas by direct

computation.

Proposition 1.1 (First variation formula) dATCZa(t) (0) = — [y 2hfdX.

Proposition 1.2 (Second variation formula) For the critical points,

T 0) = — [(FAF + (AP + Rie(m, 7)) ).

where Ny 1is the Laplacian, |A|* is the square norm of the second fundamental

form and Ric is the Ricci tensor of M.

When h = 0, the minimal surfaces are the critical points of the area
functional. Stable minimal surfaces are the points such that Area”(t) > 0.
These include area-minimizing surfaces. In particular, minimal graphs are

area-minimizing.

10



When h # 0, CMC surfaces are not critical points for all variations.
But they are critical points for all volume-preserving variations, which are
variations such that [, fd¥ = 0. We denote the set of such variations by F.

Now we could define that (weakly) stable CMC surfaces are the points
such that Area”(t) > 0 for all volume-preserving variations.

However, when applying the stability condition, general variations are
more easy to use. So we define that strongly stable CMC' surfaces are the
points such that Area”(t) > 0 for all variations. Throughout this thesis, we
work on strongly stable CMC surfaces.

For (strongly) stable CMC surfaces, we define the stability operator
L= A+ |A]? + Ric(7, 7). (12)
We state two useful propositions.

Proposition 1.3 X s strongly stable iof and only if -/, f - Lf > 0 for all
feCyrE).

Proposition 1.4 (Stability inequality) for all f € C§(X),
/(infRicM+ A2) f2 g/ IV f2. (13)
s M py

The relationship between weak stability and strong stability can be ex-

plained by the Morse index.

Definition 1.2 Morse index is the number of negative eigenvalues of the

stability operator L acting on smooth functions.

11



Strong stability implies that the Morse index is 0. By the study of Barbosa
and Bérard|[BaBe|, weak stability implies that the Morse index is 1 or 0.
At the end of the section, we shall give a very useful argument for stability

from Fischer-Colbrie and Schoen[FiSc].

Theorem 1.3 Let L be the stability operator. —L > 0 on C§°(X) if and only

if there exists a function u such that u >0 and Lu =0 on X.

1.3 Surfaces in space forms

In this section we describe the curvature estimate for CMC surfaces in a
space form. J.Spruck[Sp] established this for graphs when the ambient space
is R? by using PDE methods. When the ambient three manifold is a space
form, i.e. the constant curvature space, the curvature estimate was given by
P. Bérard and L. Hauswirth [BeHa).

Their work was inspired by R.Schoen[Sc|. Because of the length of their

proof, we only give a short description here.
Sobolev inequality

(/Efz)l/QSAE (/E|Vf\2 —i—/EBgf). (14)

Here the constant Ay and the non-negative function By, are depending
on the geometry of the surface. The Sobolev inequality holds in many

situations. For stable surfaces, we have the stability inequality (13).

12



Simons’ inequality A(JA°]> +v) > —f(JA°|* + v).
It holds for CMC surfaces in space forms. Here v and f are some
functions.

de Giorgi-Moser iteration :

Suppose that the surface satisfies some Sobolev inequality and the area
estimate Area(Bpg) < c1R?, and also there exists a nonnegative func-
tion u such that Au > —fu. Moreover in the ball Bsg/4, u and f

satisfied integral estimates:

e there exists some q > 6,

1/q
(/ u2q) S 02R72+2/q;
B(3R/4)

e forall 0 <a<1/2,
4 B2 1+a < e R—Qa'
/B(3R/4)<f z)+ =

Then we have the point-wise estimate on Bg/s,

sup u? < c¢*R72.
Bry2

The idea is that we choose a series of the indices(q) to get a series of
integral inequalities, then take the limit to obtain the point-wise esti-
mate. To show the existence of the limit, we use the Sobolev inequality

and some nice cutoff functions.

Now we can state their main result.

13



Theorem 1.4 (Theorem 4.1, [BeHa]) Let ¥ be an oriented Riemannian sur-
face. Let i : ¥ — M(c) be an immersed CMC' h-surface into a simply-
connected three manifold M with constant curvature c. For any geodesic ball
Br(xo) where stability operator L is non-positive, given A > 0, there ezists a

constant C(A), which depends on A, such that
|A°*(20) < C(MR™? and |K(z0)| < C(A)R™?, (15)

under one of the following conditions:
(A) c+ H*<0 and 4R*(c+ H?*)_ <A
or

(B)c+H*>0 and 4R*(c+ H?*) <n?

In their paper[BeHa], since the Simons’ inequality and the Sobolev in-
equality hold, they only need to prove estimates for [ |A[*(total curvature)
and the area. But even in space forms, they have to prove estimates in two
cases, which depend on the curvature ¢ of the space and the mean curvature
h. For each case it is a long way before some nice-chosen cutoff functions
yield estimates. If we study the surface in a general manifold. There is no
way we could decide all cases. Moreover the work to plug in different cutoff
functions is considerable.

From the next section, we shall give our approach to this problem.

14



2 Tools of curvature estimates

2.1 Simons’ inequality

J. Simons [Si] in 1968 obtained an identity for the Laplacian of the second
fundamental form of a minimal hyper-surface, which has led to a number of
inequalities in different settings. Here we shall give the Simons’ inequality

for CMC surfaces in a general three manifold.

Lemma 2.1
Ax] AP > —2] A" = 8|h| A% — 2C,| A% — 2C5] A, (16)

where Cy depends on h and the curvature of M, C5 depends on h, the cur-

vature of M and its covariant derivative.

Proof. First, we choose {E;,i = 1,2,3} as a locally defined orthonormal
frame in a neighborhood of some x in ¥, such that Fj3 is normal to . For
the second fundamental form A , we define the symmetric two-tensor b on X
by

b(X,Y) = g(A(X,Y), E5) = —g(VxE3,Y), (17)
and set b; ; = —g(V g, Es, Ej). Moreover we need to define another symmetric
two-tensor, a(X,Y) = b(X,Y) — hg(X,Y). It is easy to see it corresponds

to the traceless second fundamental form A° and
Q5 = bij - h(szjv (18)
where 67 = 1if i = j, 6/ = 0 if i # .

15



Then we compute covariant derivatives of the tensor a to give a;;; and

a;; - Following the computation in [CM2]| (Lemma 2.1, page 26), we obtain:
Proposition 2.1 a;;; = aix; + Raij,
Proposition 2.2 a;; . = a;j + ym=2 Ritim@mj + ym=2 R jmQmi-

Also by the Gauss equation, we have

Rijii = Rijg + bjrby — birbjr. (19)

In particular, we plug (18) and (19) into Proposition 2.2 to obtain

Qikjk = Qikkj T Z RjrimQmp + Z Rjkkm Omi
m m
+ > (aki@jm — ajiagm + P1)amy,
m

+ Z(akkajm — Uk Ckm + P2), (20)

where

P1=R(5L07 — 8L07") + h(8hajm + 0T g — Stapm — O aiy),

and

P2 = h2(5,’§(5§” — 555?) + h(OF ajm + OF apr — (5fakm — 0yl ak).
Now we can compute
Ns|A)P = Ag Za?j

= 2), ZijAZ% +2) [Vsayl

0] 1,J

16



= 2 Z A5k + 2 Z a?ja’f

1,9,k i3,k
= 2) ay {az‘k,jk + (R3ijk:)k} +23° a?j’k ( by Prop. 2.1)
i.5,k i,k

= 2> ay {aik,kj + 3 Rjkimmk + Y, Rjkkem@mi

1,7,k
+> (aki@jm — ajikm + P1)amk
m

+ D (ark@jm — ajrapm + P2)ami}

+2 Z aij(Raijr )k + 2 Z a?j,k (by (20))

i,5.k 4,5,k
= 2) a; {akk,ij + (Rakir)j + Y Rikim@mk + Y Rikkmmi
i7j7k m m

+ Y (arijm — ajiakm + P1)ami

+ > (ark@jm — ajrapm + P2)ami}

+2> " aij(Raii)k + 2> a;; . (by Prop. 2.1). (21)
4,7,k 4,5,k

From here we are going to estimate the righthand side of (21).
First we estimate the terms of the form (Rs;j;);. We denote the covari-
ant derivative of Rjjim,, as a curvature tensor in M, by Rjjgmy. Then by

restricting to ¥, we obtain (see [ScSimY],page 278)

Proposition 2.3 Rs;jii = (Raijr)i — Raiskbji — Raijsbi + X m bmiBmijk-

Note that all computations occur in the neighborhood of x on the CMC

h-surface. We have

Rin| < crand |VRu'| = > Rigma < & (22)

i,9,k,1m,

17



Also on the constant mean curvature surface, we have

)

By using Proposition 2.3, (22),(23) and the Cauchy inequality, after a

short computation, we obtain the estimate:

2)  ay; { (Rakik) (RSijk)k}

1,7,k
= 2) a; {(R3kik:j + Rsijik) + Ragarbij + RSiijkk}
ik

—2 Z Rmkikaijbmj—Z Z Rmz’jka/ijbmk

i7j7k7m i7j7k7m

> —4cy| A — 28|h|c; |A°| — 16¢,|A°. (24)

We plug (24) into (21) and use elementary inequalities to obtain

AE|AO‘2
> 0-2 Z i, { (R3kik); (RSijkz)k}
1,5,k
—2 Z 1)@ @mp + Qijm;l
i,5,k,m
-2 > ( zja’km + |aijamp P1 + aijamiP2|) +2)° a?j,k
i,5,k,m ik
>0~ e A°| — 28[fe | A°] — 16, A7

—dey|A°)F — 2| A — 8h2| A% — 8|h||A°)?

v

—2|A°|* — 8|h||A°® — 2(10¢; + 4h*)|A° > — 2(2c, + 14|hlcy)|A°
> —2|A°* — 8|h||A° ) — 20| AY)? — 2C5|A°,
where Cy = 10¢; + 4h? and C3 = 2¢y + 14|h|cy. Q.E.D.

Remark 2.1 When X is a minimal surface in R® ( or a CMC surface in a

space form), Simon’s inequalities have been obtained in [Si]( or [BeHa]).

18



2.2 Mean value inequality

In this section, we give a local version of the mean value inequality obtained

by Schoen and Yau.

Theorem 2.1 (Theorem 6.2 in [ScY],p77) Let ¥ is a complete Riemannian
manifold with Ric(X) > —K. Let u be a non-negative subharmonic function

on 3. Then for any T € (0,1/2) and R > 0 we have

2 1+VKR Jpn
u? < ¢r@UHVER) _“Br (25)

su
B(nR) Vol(Br)

For a CMC h-surface ¥ in a complete three dimensional manifold M with

| K| < k2, we have a mean value inequality in a disk.

Proposition 2.4 Let xp € ¥,0 < R < ﬁ and the geodesic ball Br(xg) N

0% = 0. If f is a nonnegative function on X with As.f > —R72f, then

2 Cy 2
F ) = B /BR(m)f !

where Cy is a constant depending on k and h.

Proof. Let N =X x [~R, R], we define a function g(z,t) = f(x)e*/f. Then
Ay glz,t) = e’BAgf + /BR72f > 0.

Also by the Gauss Equation,

Ks > Ky — 2h* > —(k* + 2h).

19



In the product space N, we have Ricy > Kyx, > —K, where K = k? + 2h2.
Then for a nonnegative subharmonic function g on such a manifold, we use

Theorem 2.1 to obtain

fB t N92
2 t < 62(1+\/ER) R(‘Tv )C 26
g'(@:1) < cre Vol(Br(z,1))’ (26)

where ¢; and ¢y are positive constants.

Now we set © = ¢ and t = 0, then use R < 7/|h| to obtain

[ (o) = ¢°(20,0) < ¢ Iatanocn I
0= 90 = o (Br(xo,0))

By using
{Br(x0,0) C N} C {Bgr(x¢) C X} x [-R, R],
and
{Bgr(29,0) C N} D {Bg(xo) C X} x[-R/2,R/2],
we obtain

C€2 RIBR({L'O)CE f2
R- Vol(Bg(xo))'

f (o) <

Moreover, by the Bishop volume comparison theorem, we have

Vol(X, Bry2) - Vol(3, Br)
V(K,R/2) — V(K,R)

Here V(K, R) is the volume of the geodesic ball By in the space form with
constant sectional curvature K.

At last, we have
C
g G [ g
o) < Vol(Br(zo)) BR(xo)f
Q.E.D.
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Remark 2.2 In the minimal surface theory, the mean value inequality is a
key tool. Here we can only have a local version because the mean curvature

h restricts the radius of the disk as is stated in Theorem 1.2.

2.3 Estimate of elliptic integrands

T. Colding and W. Minicozzi II showed that the nonnegativity of certain
Schrodinger operators on a surface implied certain upper bounds on intrinsic
balls [CM1]. This result played a key role in their study of embedded minimal
surfaces in R3. It was new and useful because it applied to general surfaces.

In particular, the stability operator is such a Schrodinger operator. We
can obtain estimates for area and total curvature on general stable surfaces
without a priori bounds. We are going to use their result to obtain our
estimates for CMC surfaces in §3.1.

Now we prove a Theorem in [CM1].

Theorem 2.2 (/CM1], Thm2.1) For any intrinsic ball Bg = Br(z) in X2,
where Br(x) N Cutlocus(x) =0 and BN OX = 0. Let k > 0 be a constant.
And let v,w > 0 be functions. For some differential operator Ly, Ly on X,

if —L1 = —As —v+3k+c1Kx >0, then

R™%Area(Bg) +

S
/BR v(1— 7)s < o (27)

27TC1

and if —Ls = =Ny —w+ 2k >0, then for all 0 < p < 1

/ w < co(log )2 — 2¢y/ log p 4 2kco R 2, (28)
B

u2R

where ¢; > (1 + 3kR?) /2, ¢y = 27c1/(2¢; — 1 — 3k R?).
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Proof. Let I(s) be the length of 0B,(7¢) and K(s) = [5 Ks.

By the Gauss-Bonnet theorem,
I(s) = /8 ky(s)ds = 2my(By) — K(s) = 27 — K (s). (29)
Bs

We can choose a cut-off function f = n(s) such that n : [0, R] — R* is
smooth and satisfies n(0) = 1,n7(R) = 0,7" < 0.

Using the nonnegativity of L; and coarea formula, we have
0 < = [ srfy= [ (IVI7 = fv+ 36/ + o f2Ks)
Br Br

[ovr < [ Vit [ e[ PR

Nt [T s [ f, s o0

Using (29) and integrating by parts, we obtain

[ = [ = [ errKe)

QBR =0 =0

[y - o,

=0

Now choose n(s) =1 —s/R, so (/)* = # and (n*)' = Q(ER)'

We plug them into (30) to obtain
/ vf? < R / +3/£/:0Rl(s) + ¢ /:OR(n2)/([/(s) —27)
s R
/ vf? + 2R / (1= 2)(s) < (R +3ﬁ)/ [(s) + 27cy
Br s=0 s=0

Integrating by parts again,

s=R

/BR V(1= s/R)" +2c, R / s) < (R~ +3/<)/ l(s) + 2mcy. (31)

s=0
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By the coarea formula we have Area(Bg) = [*51(s). Substituting it in
(31) and after simplifying, we obtain (27).

To show (28) we define the cutoff function f = n(s) on [0, R] by
1 : 0<s<u’R
n(s)=1q =CED 1 . PR<s<pR (0<p<l) (32)

0 : pR<s<R

Substituting (32) into an analogous inequality of (30),

s=R s=R
[ows [ e[ Cwue) e [ )
BMQR BuQR s=0 s=0
9 s=pR 9 s=uR
< (logu)/ I(s)s +2/<a/ I(s).
s=u?R s=0

Using (27) and integrating by parts twice, we obtain (28)

uR

/B w < (logp)? [Ar@a(Bs)S_Q]qu

n2R

s=puR

+2(log,u)’2/ , s~ P Area(Bs) + 2k R*10°
s=p’R

2
= + 2Kcy R* 112

< cylogp)? = og 1

Q.E.D.

Remark 2.3 Because of the choices of cutoff functions in the proof, we have

to use strong stability in our estimates in §3.1.

Remark 2.4 Recently we learned from H. Rosenberg that the condition BrN
Cutlocus(x) = () can be relaxed in the above proof, which means we can choose

a large ball for our curvature estimates later.
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3 Main result

3.1 Area and total curvature estimates

We will see in §3.2 that small total curvature implies curvature estimates,
which is similar to the minimal surface case. Here we show area and total

curvature estimates by using the estimates for elliptic integrands in §2.3.

Theorem 3.1 Let X be a strongly stable immersed CMC' h-surface with triv-
ial normal bundle in a three manifold M, where |Ky| < k*. If Br(z) C %,

Bgr(z)NOX =0 and Bgr(x) N Cutlocus(xz) =0 , then for any R < W,
Area(Bg(z)) < 47 R? (33)
and for 0 < p < 1/e
0)2 a4
/ A2 < —12n(log) ™ + S (34)

B2k

Proof. For a stable constant mean curvature h-surface 2 in M, the Gauss

equation is
1 1
KE:KM—§\A]2+2h2:KM—§|A0]2+h2 (35)

As in (12), the stability operator is L = Ay, + |A]? + Ricy(n, n).

Rewrite it as
—Ly = — Ay — |A°* — (4h* + Ricpr(n,n) + 2k) + 2k* 4 2h?
and
—L) = —AE—;|A0|2—(3h2+Rz’cM(n,n)+KM+3k2+3h2)+3(k:2+h2)+K2.

24



Now we can use(27) and (28) in Theorem 2.2, where ¢; = 1, w > |A°|2 v >

0 and x = h? + k%. Moreover, by choosing R < such that ¢y < 4,

1
\/6(h2+k2)

we obtain (33)

Area(Bgr) < 47 R%.
Also take p < 1/e and use ¢y < 47, we obtain (34)

4
/ |A°)? < —12n(logp) ™" + §7T/L2.

n“R

Q.E.D.

3.2 Curvature estimates

Choi and Schoen[ChSc| proved that small total curvature yields a curvature
estimate for minimal surfaces in a three manifold M with |Kj/| < k% We
will use a similar argument to give curvature estimates for CMC surfaces.

Throughout this subsection, we restrict our investigation to a geodesic
ball By(x) of the CMC h-surface. Here the constant A can be chosen as
W as we need in Theorem 0.1 and Theorem 3.1.

First we obtain a local version of Simons’ inequality (Lemma 2.1).
Lemma 3.1 For any geodesic ball B,(z) C By(z), if sup|A°| < %, then
A2|A0|2 2 —CGT'_2(|AO|2 + 05),

where Cy depends on A\, h, the curvature tensor of M and its covariant deriva-

tive, Cg depends on X and h.
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Proof.

We just plug |A°| < + and r < X into Lemma 2.1 to obtain

Ag|A°F > —20,] A% — 2] A%* — 8|h|| A% — 2C5|A”

C
> _9 A02 AOQ o AO A02 3
> P (1A + o) - ) (14°F + o
> —2r 2 (A2 + C5) — 8|hlr" (JA°)? + Cs)
> =2 2 (JA°? + C5) (1 + 4/hlr)

> —Cor? (JA2 +C5),

where C5 = maz(Cs, %) and Cg = 2(1 + 4|h|A). Q.E.D.
Then we give a lower bound for the volume of B,(z), which is a simple

corollary of the Rauch Comparison theorem.

Proposition 3.1 On the CMC h-surface ¥ in M with Ky < k2, if a
geodesic ball B,(x) N Cutlocus(x) = 0, then Vol(B,(x)) > £r?.

Proof. By the Gauss equation (35),
Ky =Ky — ;|A|2 +2h* < k* +2h° = K.
Using the Rauch Comparison theorem, we have
Vol(B,) > Volk(B,).

Here Volk(B,) is the volume of a geodesic ball B, in the space form with

constant sectional curvature K. We will use the sphere with radius ﬁ in

R3 as the model.
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Now from [ScY] Proposition 4.3 on pape 49, we know Volg(B,)/r? is
a non-increasing function about r. Since B,(z) N Cutlocus(z) = B, on the

s

sphere we have r < ONCR Thus we have

Volk <B n ) or/K 8
l BT 2 > 2V K — = —.
Voli(Br)/r™ 2 — 5 e /4K 7

The result follows.
Q.E.D.

Finally we give the curvature estimate in B)(z).

Theorem 3.2 In a geodesic ball By(x) C ¥\0%, where By(x)NCutlocus(x)

0, if for all e, there exists R < min(A,¢e), such that [, |A%(z)|? < &, then

there exists 0 < rg < A, for all 0 < o < ry, we have
supp,, | @) < o7 (36)
Here ry depends on h, the curvature tensor of M and its covariant derivative.

Proof.

Let F(z) = (R — r(2))?|A%=x)[?, clearly F(z) > 0 and it achieves its
maximum at some point zy on Bg. If F'(zy) < 1, it is easy to see |A°]? < 072
for || < R — o, so that (36) holds.

If F(zo) > 1, choose 20 < R—r(xg) such that 40| A°*(zy) = 1. We have

F
sup o?|A’)* = sup JQi

B (z0) Bo(zo) (R—1(x))?
402
T _supF
&= () P E)
402

= R—r(w))?

IN

F(zg) =1,
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that is

sup |A’)? < o2 (37)
Bs (o)

Now using Lemma 3.1 in the ball B,, we have
As| AP > —Coo*(JA” + C).
Let u = |A%? + C5, we have
Asp > —Coop.

Then by using a little different form of the mean value inequality of Propo-

sition 2.4, we obtain

Cy
220) < A / 2 38

H ( 0) = VOZ(BO(LU())) BU‘(IO)M ( )
With By (x¢) N Cutlocus(xzg) = @ and o < \, we can get a lower bound

for Vol(B,) by Proposition (3.1):

o?. (39)

Vol(B,(z9)) > i

We combine (37)-(39), and area estimate (33) in Theorem 2.2 to give

Cy
014 < 02 2
AT @) S G Jn 1A+ o)

T
Cizo™ /B U(mo)(|A°\2 4 C5) (072 + Cs)dy

IN

IN

0*0—4/ (JA°2 + Cy)dv
Bg (o)

IN

cyo? (/ o) |A°|2dv + C5VOZ(BJ)>
By (xg

IN

c.o ™ ( / ( )IAOIde/+C547r02> (by (33)).
Bo(zo
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Now plug in |A°*(z) = % and o < R < ¢, we have

0.—4

16 < 0*0_4(6’5 + 0547r62) < c,0 e

Choose € small enough, we get a contradiction. Hence we prove (36).

Q.E.D.
Corollary 3.1 Under the same condition as in Theorem 3.2, we have
supp,,_, | Kx(2)| < Cro, (40)

where ro depends on h, the curvature tensor of M and its covariant derivative,

C1 is a constant depending on h and k.

Proof.

To show (40), notice that the Guass equation (35) yields
Lo 2o Ly h02 0 02 42
[ K| = [K = 5| APF + 17 < SAY + K2 4 12
Using Theorem3.2 and o < A , we can get (40)
|Ks| < (1/2 + |h|*0® + k*0%)0 ™% < Cio™ 2

Q.E.D.

3.3 Proof of the main theorem

Now we combine Theorem 3.1 and Theorem 3.2 to prove the main theorem.

Proof. We prove the theorem in two steps for the sake of simplicity.
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e Suppose that Bg(x) is a topological disk. First we can show Bg(z) N
Cutlocus(z) = 0 if R < m In fact, by the Gauss equation
(35), we have Ky < k? + 2h2. From the Rauch comparison theorem,

™

the conjugate locus is empty when R < N

. Thus for any point
p € Cutlocus(z), there exist two minimal geodesics ¢1, t2, such that
11Nty = xUp. From the Gauss-Bonnet theorem, the loop is an essential
loop. Now we have an essential loop in the stable disk Bgr(z). This
is impossible. Then using Bg(x) N Cutlocus(x) = 0, we can apply
Theorem 3.1 to get area and total curvature estimates for all topological
disks. Here we need to choose R < A\ = m. Then for any e, we

can choose small y, such that [ [A°(x)[* < e, where R depends on

w. Lastly applying Theorem 3.2, we obtain the curvature estimate.

e If Br(x) is not a topological disk, we will look at the universal covering
of Bg, which is a topological disk. Since Bp is stable, the stability
operator —L is nonnegative on Bg. From Theorem 1.3 [FiSc]|(see also
[CM1] Lemma 1.26), there exists some positive function f with Lf = 0.
That means the pullback of —L is also nonnegative, so we obtain a
stable topological disk on the covering. Now we repeat the above proof
to give the curvature estimate for the covering disk. The curvature

estimate for By follows.

Q.E.D.

Corollary 3.2 (J. Spruck[Sp],1974) If a CMC surface X is a graph in R?,

curvature estimates (4) and (5) hold.
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Proof. We only need to show Y is strongly stable.

Suppose ¥ is a graph over the plane z = 0. We can choose the unit vector
N = (0,0, 1) and define a function f = g(N, ), where g is the inner product
of R3 and 7 is the unit normal vector field on X. Since ¥ is a graph, f is
positive.

Now we define a local orthonormal frame { F1, F5, ' } in the neighborhood

of a point p. We can obtain

Asf(p) = X EiEg(N,W)(p) = > 9(N,VEVET) (D)

= g(N,W)g(7, 3V Ve™)=—f{) - |AF({P)

From (12), the stability operator here is L = A + |A|?, thus we have
Lf = 0. Since f is positive, by Theorem 1.3, ¥ is strongly stable.

The rest follows from the main theorem 0.1.

Q.E.D.

Remark 3.1 The curvature estimate for CMC surfaces in a space form

[BeHa] can be obtained from our main theorem with different constants.

Remark 3.2 In fact, without much change of our proof, we can show similar
curvature estimates (Theorem 0.1) when the stability operator L is bounded
from above by some non-negative constant 21. A similar result has been proved

for CMC surfaces in a space form by P. Bérard and L. Hauswirth [BeHa/.
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