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1. {15 points] Write the following element of S as a product of (one or more) disjoint
cycles of length at least two:

‘ (1357)(236145)(7531). i
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2. [15 points] Determine the inverse of 12 in Z};.
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3. [25 points] Let G be a group.
(a) [4 points] Give the definition of an automorphism of @.
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We know that the automorphisms of G form a group under composition. We
denote this group by Aut(@).

(b) [8 points] For all ¢ G, define 0, : G — G by 0a(g) = aga™'. Show that
0s € Aut{G) foralla € .
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{c) |6 points] For a, b € G, show that 0,0, = 04. Show also that oy equals the
identity map lg and that (o,) ™! = g,-1 for a € G. Conclude that {g,|a € G}
is a subgroup of Aut(G).
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We denote thls subgroup by Inn(G), the subgroup of inner automorphisms
of G.

(d) [8 points] For 7 € Aut{G) and a € G, show that
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Conclude that Inn(G) is a normal subgroup of Aut(G).
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4. [45 points] Let p > 2 be an odd prime number and let G be a group of order 2p.

(a) [5 points] List the possible orders of elements of G.
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(b) [5 points] State Cauchy’s theorem and conclude from it that G has an element
of order 2 and an element of order p.
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(c) [5 points] If G is abelian, show that & is in fact cyclic. (Hint: consider the
product of an element of order 2 and an element of order p.)
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{(d) [5 points] Let b ané ¢ be two elements of G of order p. Show that (b) = {¢)
or {b) N {c) = {1}.
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(e} [5 points] Use (d) to show that the number of elements of G of order pis a
multiple of p — 1. Hence it is p— 1 or 2p — 2.
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In fact, we are going to show that G has exactly p — 1 elements of order p:
assuming that G has 2p—2 elements of order p, we will arrive at a contradiction.
So assume from now on that G has 2p — 2 elements of order p.

(f) [5 points] Show that G has then a unique element of order 2.
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(g) [5 points] Show that the unique element of order 2 is central in G.
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Recall the following result: let X be & subgroup of the center Z

(H) of a group
H. 1f H/K is cyclic, then H is abelian.

(h) [5 points] Use this result to show that G is abelian. :
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(i) [5 points] Derive a contradiction by using (c).
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Conclusion: A nonabelian group G of order 2p has p — 1 elements of order p
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