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1. [20 points] Let p and ¢ be two distinct prime numbers. Let G be a group of
order pg. Prove: if G is abelian, then it is cyclic.
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2. [30 points]
(a) [10 points] Determine the set B = {|g] | g € S5} of orders of elements of Ss.
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(b) [10 points] Prove that S5 does not contain abelian subgroups of order 10
or 15.
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(c) [10 points] Prove that Ss contains abelian subgroups of order 6, but that As
does not contain an abelian subgroup of order 6.
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3. [30 points]

(a) [15 points] Let n > 2 be an integer and suppose that H is a subgroup of odd
order of 5,,. Show that H is necessarily a subgroup of A,,.
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(b) [15 points]* Prove that As does not contain a subgroup of order 15. (This is
rather difficult. I thought I would give you a chance to distinguish yourself. I
recommend that you try the other problems first.
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4. [30 points] Let G = Zj; = Zy3 — {0} be the multiplicative group of the field Zss.
We know that G is a cyclic group.

(a) [6 points] Determine a generator for . Nete \ A ‘ 2.
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(b) [6 points] How many elements of 7 are generators of G7
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(d) [6 points] Determine the set B = {|g|| g € G'} of orders of elements of G.
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(e) [6 points] For each element b of B, find an element g of G of order b.
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5. [30 points] Let f(z) be a monic polynomial in Z[z] of degree 4.

(a) [15 points] Let p and ¢ be two distinct prime numbers. Let folz) € Z,jz] be
the reduction of f(z) modulo p and let fy(z) € Z,[z] be the reduction of f(z)
modulo g. Suppose that f,(z) is the product of two irreducible polynomials in
Zp[z] of degree 2 and that f,(2) is the product of two irreducible polynomials
in Zy[z] of degrees 1 and 3 respectively. Prove that f(z) does not admit a
proper factorization in Z[z].
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9
(b) [15 points] Prove that z* — 223 + 2% + 22 + 3 does not admit a proper factor-
ization in Z[z].
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6. (30 points| Let f(z) € Zs[xz] be the polynomial z2 + 2z + 3.
(2) [10 points] Prove that f(z) is irreducible in Zs[z].
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(b) [10 points] Let E be the field Zs[z]/(f(z)) (the factor ring of Zs[z] by the
ideal generated by f(z}). Denote the element z + (f{x)) of E by t. Determine
the order of ¢ as an element of the multiplicative group E*.

Eis o bied with 25 olamants ( atbt, abels).

EX is a N fravp with 24 elemants

The porable ovdavs  of t m&%dku@mcfézq:
LAY ,6,8 0T vy

P, ¥=3ter £, 7= 3452t = qte b 4ot

e I PR A CUERICD R

= 4y £y 16 :Q‘Hifz 122 = by
=543 =3 482 46 472 3(3y) =qt+6 =gt

#
HE_ Qo qey ) s So ord() =24
(t MWFGR&W;-WG% E*).



11

(¢) {10 points] Find an element of order 3 of E*.
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7. {30 points]

(a) [20 points] Determine the greatest common divisor of 22+1 and z°+1 in Q[z]
and write it as a linear combination of these two polynomials with coefficients

in Q[z].
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(b) [10 points] Determine the greatest common divisor of 2%+1 and z°+1 in Zy[x]
and write it as a linear combination of these two polynomials with coefficients
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