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1 Introduction

Given any ring spectrum G there are in�nite loop spaces Gk representing the
cohomology functor Gk(−). To study the (mod 2) homology of these spaces
it is convenient to consider the bigraded object {H∗Gk}k∈Z. Each H∗Gk is a
Hopf algebra and if G is a ring spectrum we are fortunate enough to have
another product

◦ : H∗Gk ⊗ H∗Gl → H∗Gk+l

at our disposal. This leads us to consider {H∗Gk}k∈Z as a ring object in the
category of graded coalgebras i.e., as a Hopf ring. We refer the reader to [4]
for the appropriate background details and discussion.
One philosophy on how to approach Hopf ring calculations, advocated by

the third author for some time, is that if both �∗G and H∗G are known then
with a bit of luck the Hopf ring H∗G∗ can be computed. This approach has
worked well with a number of important examples, particularly for complex
oriented spectra. In cases when �∗G is unknown, a di�erent approach must
be adopted. In general it is too much to ask for a complete computation of
H∗G∗ as this would imply a knowledge of �∗G, occurring as the ring–ring
H0G∗ ∼= F2[G∗]. It may however be possible to identify several important sub
Hopf rings, of which H∗G0 and {H∗Gk}k=0 are of particular interest. In this
paper we are concerned with the case when G= S, the sphere spectrum, and
where Sk is more usually denoted by QS k = limn→∞ 
nSn+k . The homology of
these spaces has been extensively studied (see for example [3], [2] and [1]) and
is by now well understood. Our contribution is a recasting of the results into
the framework of Hopf rings and thereby making very explicit the relationship
between the two available products. We build on [6], where the mod 2 Hopf
ring structure of H∗QS0 was established, and compute the mod 2 homology
Hopf ring {H∗QS k}k=0, a sub Hopf ring of the full Hopf ring associated to
the sphere spectrum. We also produce new algebra generators for H∗QS k when
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k=0. We adopt the Hopf ring conventions established in [4] with one notable
exception: we denote star product by juxtaposition, omitting the traditional ∗
symbol. Throughout this paper we are only concerned with mod 2 homology
and we write H∗X for H∗(X ;F2). This paper is the natural sequel to [6] and
a certain familiarity with the results therein is assumed.
The second author expresses thanks to the Alexander von Humboldt Stiftung

for providing �nancial support during the period when this note was written up.

2 Statement of results

Typically homology Hopf rings have few generators and many relations, often
presented in terms of formal power series. We begin by identifying a small
set of generators for {H∗QS k}k=0. Recall that [1] ∈ H0QS0 is the image of
the non base-point generator under the inclusion S0 ,→ QS0. Recall also that
[−1] denotes �([1]), where � is the antipode of H∗QS0 induced by the map
reversing loop direction. Let Ek = Qk [1] ∈ HkQS0, where Qk is the kth Dyer–
Lashof operation, and let e∈H1QS1 be the image of the generator under the
inclusion S1 ,→ QS1. These elements will be the generators of our Hopf ring.
Note that the element e, which is usually known as the suspension element
since e◦x is the homology suspension of x, is primitive and that the coproduct
on the Ek is given by comparing coe�cients in the formal power series equality

 (E(s)) = E(s)⊗ E(s)

where E(s) is de�ned to be the formal power series
∑

k=0 Eksk . To proceed
we must establish some relations between the above classes. The relations we
require turn out to have a remarkably simple description.

Proposition 2.1 In the formal power series ring {H∗QS k}k=0<s; t= we have the
following relations.

E0 = [2](2.2)

E(s) ◦ E(t) = E(s) ◦ E(s+ t)(2.3)

e◦i ◦ Ei = (e◦i)2(2.4)

Proof. Equations (2.2) and (2.3) are statements about H∗QS0 and were proved
in [6]. For (2.4) it is standard that

Qi(e◦m ◦ a) = e◦m ◦ Qi(a)(2.5)

for a ∈ {H∗QS k}k=0 so we have
e◦i ◦ Ei = e◦i ◦ Qi[1]

= Qi(e◦i ◦ [1]) by (2:5)

= Qi(e◦i)

= (e◦i)2 by dimensions :
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With this minimal preparation we can now state our main results. Let
D∗;0 be the graded F2 coalgebra on generators Ei ∈Di;0; i= 0 with  (Ei) =∑

k+l=i Ek ⊗ El. Let D∗;1 be the graded F2 coalgebra on the single primitive
generator e ∈ D1;1 and for k = 2 let D∗; k be the graded F2 coalgebra with
D0; k =F2 and zero in other dimensions. To construct a Hopf ring out of the
coalgebra D∗;∗ we must appeal to the free Hopf ring functor of Ravenel and
Wilson [4].

Theorem 2.6 Let A∗;∗ be the free F2[Z]-Hopf ring on D∗;∗ modulo all the
relations implied by Proposition 2.1. There is an isomorphism of Hopf rings

A∗;∗ ∼= {H∗QS k}k=0 :

Theorem 2.7 Space by space we have the following Hopf algebras.

H∗QS0 = P[Ei0 ◦ E2(i0+i1) ◦ · · · ◦ E2n−1(i0+···+in−1)|n=1; i0¿0]⊗F2[Z] ;
and for k¿0 we have

H∗QS k = P[e◦k ◦ Ei0 ◦ E2(i0+i1) ◦ · · · ◦ E2n−1(i0+···+in−1)|n=1; i0¿k]⊗F2[e◦k ] :
The coproduct is speci�ed by

 (e) = 1⊗ e + e ⊗ 1  (E(s)) = E(s)⊗ E(s)  (a ◦ b) =  (a) ◦  (b) :

Remark 2.8 The action of the mod 2 Dyer–Lashof algebra on the above Hopf
ring is completely described by Theorem 5.1 in [6] together with the additional
formula Qi(e◦k ◦ a) = e◦k ◦ Qi(a).

3 Proofs

Since the de�ning relations of A∗;∗ hold in {H∗QS k}k=0 by Proposition 2.1,
there is a map of Hopf rings A∗;∗ → {H∗QS k}k=0. Hence Theorem 2.6 follows
from Theorem 2.7 by simply using the Hopf ring structure and the relations
in Proposition 2.1. To prove Theorem 2.7 we use an inductive argument based
on the bar spectral sequence. Recall that in the context of Hopf rings the bar
spectral sequence appears in the form

E2∗∗ = Tor
F∗Gk∗∗ (F∗; F∗)⇒ F∗G ′

k+1(3.1)

for spectra F and G, and comes equipped with a pairing [5]

◦ : Er
p;∗(F∗Gj)⊗F∗ F∗Gk → Er

p;∗(F∗Gj+k)(3.2)

with
dr(x) ◦ y = dr(x ◦ y)

converging to the usual circle product at E∞.
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Our induction is grounded by the description of H∗QS0 given in [6]. We
assume H∗QS k is as described in the theorem and we prove the result for
H∗QS k+1.

According to (3.1) the bar spectral sequence has the form

E2 = TorH∗QS k
(F2;F2)⇒ H∗QS k+1 :

It is standard that Tor of a polynomial algebra is an exterior algebra on the
suspension of the polynomial generators, giving

TorH∗QS k
(F2;F2) = E[e◦k+1 ◦ Ei0 ◦ · · · ◦ E2n−1(i0+···+in−1)|n=1; i0¿k]

⊗F2[e◦k+1] :

The spectral sequence is easily seen to collapse by the pairing (3.2). To prove
the result we must solve the extension problems, turning our presently exterior
generators into polynomial ones and ridding ourselves of all those potential
generators beginning e◦k+1 ◦ Ek+1. By a standard Hopf ring manipulation we
have

(e◦k+1 ◦ Ei0 ◦ E2(i0+i1) ◦ · · · ◦ E2n−1(i0+···+in−1))
2(3.3)

= (e◦k+1)2 ◦ E2i0 ◦ E4(i0+i1) ◦ · · · ◦ E2n(i0+···+in−1)

= e◦k+1 ◦ Ek+1 ◦ E2i0 ◦ E4(i0+i1) ◦ · · · ◦ E2n(i0+···+in−1) by (2:4) :

Since i0¿k this is of the form of one of our exterior generators. In particular
this proves that all powers of each of the elements e◦k+1 ◦ Ei0 ◦ E2(i0+i1) ◦ · · · ◦
E2n−1(i0+···+in−1) are non-zero and independent so we have polynomial generators
as required. Further, (3.3) shows that any element of the form

e◦k+1 ◦ Ek+1 ◦ E2(k+1+i0) ◦ · · · ◦ E2n(k+1+i0+···+in−1)

may be rewritten as the square

(e◦k+1 ◦ Ek+1+i0 ◦ · · · ◦ E2n−1(k+1+i0+···+in−1))
2

and so cannot be a generator. So we have also succeeded in eliminating
everything beginning e◦k+1 ◦ Ek+1 and we are left with the claimed polyno-
mial generators.
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