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1. Introduction

A multiplicative generalized cohomology theory E*(—) on spaces is represented
by the spaces E, of its Q-spectrum, as described in detail in [8, Thm. 3.17].
We denote its coefficient ring by E*. Our five examples are ordinary cohomol-
ogy H*(—;F,), unitary cobordism MU*(—), Brown-Peterson cohomology BP*(—),
complex K-theory KU*(—), and Morava K-theory K(n)*(—). (They were properly
introduced in [8, §2].) Recent work [25] shows that a sixth example, the cohomology
theory P(n)*(—), also satisfies our hypotheses.

We are interested in three kinds of cohomology operation: stable operations,
which form the endomorphism ring E*(E, 0) of E (in our notation) and were studied
in [8]; unstable operations, defined on E™(X) for spaces X and fixed n, which form
E*(E,); and additive unstable operations r on E™(—) (that satisfy r(z+y) =
r(z) +r(y)), which form the subset PE*(E,,). Since a stable operation restricts to
an additive unstable operation on any degree, these are related by

E*(E,0) — PE*(E,) C E*(E,) -

Each of these is an E*module in the usual way, by (r+s)(z) = r(z) + s(z) and
(vr)(z) = vr(z) (for any v € E*). We can compose, (sr)(x) = (sor)(z) = s(r(z)),
whenever the sources and targets match. We can also multiply unstable operations
together by (r — s)(z) = r(z)s(z).

In the classical case E = H(F,), for which E*(E,o) is the Steenrod algebra,
it is true that: (a) every additive operation comes from a stable operation; (b)
the additive operations generate multiplicatively all the unstable operations. Our
difficulties stem from the fact that for MU and BP, both (a) and (b) are false. (See
[27] for more discussion of the differences.) We propose to describe completely the
algebraic structure that has to be present on an E*module or E*algebra to make
it an unstable object, with particular attention to the case E = BP. Our definitions
lead to structure theorems.

Stable BP-operations have been available for quite some time and are well estab-
lished. Less has been done with unstable BP-operations, owing to their complexity,
but we do have the work [4, 5] of Bendersky, Curtis, Davis, and Miller. The alge-
braic structure on an additively unstable module is described in [27] and (without
proofs) in [6].

Our major task, therefore, is to set up precise algebraic descriptions of the un-
stable structures we need on modules and algebras, along the lines of the stable
structures in [8]. Part of the difficulty is that one is forced to work in the unfamiliar
context of nonadditive operations; but the real problem turns out to be Thm. 9.4,
that unstable modules (as distinct from unstable algebras) simply do not exist com-
patibly with our other objects! When we limit attention to the less exotic additive
operations, this difficulty does not arise and we have both modules and algebras.

In fact, there is a huge amount of data to be codified in an unstable algebra.
The key idea is that given an E*algebra M, we define (UM)* for each k as the
set of all algebra homomorphisms E*(E,) — M; each such homomorphism may
be thought of as a candidate for the values of all operations on a typical element
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of M*. Apparently merely a graded set, UM becomes an E*algebra for suitable
E, thanks to extra structure on the spaces E,,. Then an unstable structure on M
is a homomorphism pyr: M — UM of E*algebras, which selects for each € M*
the function pp(z): E*(E,) — M; then we define r(z) = pp(z)r. This is not
enough; in order to compose operations correctly, it is necessary to know the FE-
cohomology homomorphism r*: E*(E,,) — E*(E,) induced by each operation
r: E¥(=) — E™(-). This extra structure makes the functor U a comonad, and
(M, pr) a coalgebra over this comonad. We have a similar construction for additive
operations, and can compare with the stable constructions of [8].

This is our elegant but extremely terse answer, and we do not believe that it can
be efficiently expressed without using comonads. But it does have the effect that
the work consists largely of definitions. In section 10, we translate this answer into
practical language, in the context of Hopf rings, that we can use for computation.
This includes Cartan formulae for r(z+y) as well as r(zy), and related formulae for
r+(bxc) and r, (boc) that we use to compute the induced E-homology homomorphism
r: Ex(E ) = E«(E,,) dual to r*.

Landweber filtrations. We recall that BP* = BP*(T), the BP-cohomology of
the one-point space T, is the polynomial ring Zp)[vi, v, vs...], with deg(v,) =
—2(p™—1) (under our degree conventions). It contains the well-known ideals

In:(p,Ul,Uz,...,’l}n_l) C BP* (11)

for 0 < n < oo (with the convention that I, = (p,v1,v2,...), [1 = (p), and Iy = 0).

The significance [8, Lemma 15.8] of I, is that it is invariant under the action of
the stable operations on BP*(T'). Indeed, Landweber [15] and Morava [20] showed
that the I,, for 0 < n < oo are the only finitely generated invariant prime ideals
in BP*. Landweber used this fact to show (see [16, Thm. 3.3] or [8, Thm. 15.11])
that a stable (co)module M that is finitely presented as a BP*module, including
BP*(X) for any finite complex X, admits a finite filtration by invariant submodules

0O=MyCMiCM>C...CMp=M (1.2)

in which each quotient M;/M;_, is generated (as a BP*module) by a single element
x; whose annihilator ideal Ann(z;) = I,,, for some n;. Thus M;/M; ;1 = BP*/I,,.

The first unstable result on BP-cohomology, due to Quillen [22] (see Thm. 20.2),
was that for a finite complex X, BP*(X) is generated, as a BP*module, by elements
of non-negative degree. What started this project was the observation that if an
unstable object M is generated by a single element z, there is an unstable operation
(see Prop. 1.14 or the Remark following Cor. 20.9) that takes v,z to z, provided
deg(z) is small enough; it follows that v,z # 0 and that M cannot be isomorphic
to BP*[I+1.

The proof of Landweber’s theorem depends on the concept of primitive element
in a comodule M. Given any x € M, there is the obvious homomorphism of BP*
modules f: BP* — M, defined by fv = wvz. It is a morphism of stable modules
if and only if z is primitive, and if so, we have the isomorphism BP*/Ann(z) =
(BP*)z C M of stable modules. An important example (see [8, Thm. 15.10]) is
that the only nonzero primitives in BP*/I,, for n > 0, are the (images of the)
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elements )«uﬁb, where A € F,, A # 0, and ¢ > 0. For additive unstable operations,
the appropriate definition of primitive becomes more restrictive.

Theorem 1.3. (This is included in Thm. 20.10.) Let M be the BP*-module gen-
erated by a single element © with Ann(x) = I,,, where n > 0. Then M admits
an additively unstable module structure (as defined in section 5) if and only if
deg(z) > f(n) — 2, and it is unique.

The only nonzero primitive elements in M are those of the form M\vixz, where
X € Fy, and deg(viz) > f(n) ifi > 0.

Here, and everywhere, we need the numerical function

_ deg(un)| _ 200" = 1) _ o1 a2
= o1 = pT1 =2p" " +p" +...+p+1) (1.4)

f(n)

for n > 0; it is reasonable to define also f(0) = 0.

We use this result in Thm. 20.11 to construct a Landweber filtration (1.2) of an
appropriate module M, including BP*(X) for any finite complex X, in which each
quotient M;/M;_; has the form in Thm. 1.3 (or is BP*free). Once our machinery
is in working order, we are able to give a one-line proof of Thm. 20.3, the weak
form of Quillen’s theorem.

In our main structure theorem, we do one better by allowing all unstable op-
erations instead of only the additive ones. One complication is that the unstable
analogue of Thm. 1.3 has to be stated for algebras only, owing to the nonexistence
of unstable modules.

Theorem 1.5. (This is stated precisely as Thm. 21.12.) Let M be an unstable BP*-
algebra such as BP*(X) for a finite compler X. Then M admits a filtration (1.2)
by invariant ideals M;, in which each quotient M;/M;_1 is generated, as a BP*-
module, by a single element x; such that Ann(xz;) = I, for some n; > 0, where
deg(z;) > max(f(n;)—1,0).

Splittings of BP-cohomology. Another application of our machinery yields
idempotent operations that split unstable BP-cohomology into indecomposable
pieces. Such splittings were constructed in [26] by means of Postnikov systems.
What is new is that explicit definitions of everything allow us to carry out compu-
tations. Our results are logically independent of [26] and rely on it only to recognize
the summands as known objects; nevertheless, it is a valuable guide as to what the
summands look like and where to find them. In a sequel [9], two of the authors
go on to apply the structure theorems of [25] to establish analogous (but slightly
different) splitting theorems for the cohomology theory P(n)*(—), whose coefficient
ring is BP*/I,.
For each n > 0, we define the ideal

Jn = (’Un+1, Un+2,Unit3,-- ) C BP*. (16)

In [26], Baas-Sullivan theory [2] was used to construct a cohomology the-
ory BP(n)*(—) having coefficients BP*/.J,, = Z)v1,v2,...,vs]. In particular,
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BP(0)*(—) = H*(—;Z(y))- The desired splitting is

BP*(X) = BP(n)*(X) ® [] BP() 2P D (X) . (1.7)

i>n

The representing spectrum BP{n) is (at least) a BP-module spectrum, and
comes equipped with a canonical map of BP-module spectra that we shall call
m{n): BP — BP{n). There is also a canonical map m: BP(j) — BP(n) whenever
j > n. (Geometrically, BP(n) allows more singularities than BP(j).) Everything
we need to know about BP(n) is contained in the commutative diagram

vj BP, m(n)

BP jo(pi 1) BP(n)

(i) (i) (1.8)

Vi

M)—k+2(pj—1) — BP(j),

of H-spaces and H-maps, where j > n.

Although the cohomology theory BP(n)*(—) may be unfamiliar, in the range of
degrees of interest it is easily described in terms of BP-cohomology. It is clear by
construction that w(n).: BP*(X) — BP{n)*(X) kills J,BP*(X).

Theorem 1.9. Assume that k < f(n+1), where n > 0, and that X is finite-
dimensional. Then w(n) induces a natural isomorphism of BP*modules

BPk(X) / 3" v BPH2P -1 (X) = BP(n)*(X) . (1.10)
i>n
We derive this below as an immediate consequence of Thm. 1.12. It is best pos-
sible, as [26] shows that 7(n). is not surjective in general for k > f(n+1).

Lemma 1.11. (This is included in Lemma 22.1.) Given k < f(n+1), wheren > 0,
there is an H-space splitting 0,,: BP{n), — BP, of n(n): BP, — BP{(n), which
naturally embeds BP{n)*(X) C BP*(X) as a summand (as abelian groups).

If also k > f(n), the H-space BP(n), does not decompose further.

Remark. The splittings ,, are not canonical or unique. The ideal .J,,, unlike I,,,
is in no way canonical, but depends on the choice of the polynomial generators
of BP*. Although the BP-module structure of BP(n) obviously depends on J,,, it
follows from the Lemma that the resulting H-space structure on BP(n), is well
defined. Even for fixed J,,, we find there are many choices for 8,,, and no preferred
choice is apparent.

We establish Lemma 1.11 in section 22 by constructing a suitable idempotent
operation 6,, on BP*(—). The second assertion implies that the first is best possible.
We insert these splittings into diag. (1.8) to decompose BP-cohomology.
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Theorem 1.12. Assume n > 0. Then:
(a) For k < f(n+1), the injections 8,, and v;o8; from Lemma 1.11 induce the
natural abelian group decomposition (1.7), which is mazimal if k > f(n);

(b) For k = f(n+1), we have instead the natural short exact sequence of abelian
groups
j m(n).
0 — [] BP@)*** D (X) — BP¥(X) —— BP(n)*(X) — 0, (1.13)
i>n

where none of the groups decomposes further naturally, and m{n), admits a nonad-
ditive natural splitting 8,,: BP(n)*(X) — BP*(X), so that we have eq. (1.7) as a
bijection of sets.

Remark. The simplified description of BP(—)-cohomology in Thm. 1.9 applies ev-
erywhere (when X is finite-dimensional). These splittings definitely do not preserve
the BP*module structure. We plan to return to this point in future work.

Proof of Thm. 1.9. For finite-dimensional X, the sum in eq. (1.10) is in fact
finite. It is clear from eq. (1.7) or (1.13) that the sum contains Ker w(n).. On the
other hand, 7w(n). is a homomorphism of BP*modules which kills .J,,. O

Projection to the first factor of the product in eq. (1.7) yields an interesting

operation
r: BP¥(X) — BP(n+1)* (X) c BP* (X),

where k' = k + 2(p"t'—1) = k + (p—1)f(n+1), which roughly has the effect of
dividing by v, 1. Precisely, r(v,41y) = y whenever y € BP{n+1)¥ (X) Cc BP¥ (X).
Given any x € BP* (X), we can put y = 6,,12; then by Thm. 1.12(a), applied to
BP¥ (X)), we have y = x mod J,,11. For convenience, we reindex.
Proposition 1.14. If k < pf(n), there is an operation r: BPF—2("-1)(X) —
BP*(X), which is additive if k < pf(n), with the property that given any el-
ement x € BPF(X), where X is finite-dimensional, there exists y such that
y = z mod J,BP*(X) and r(v,y) = y. 0

Equivalently, we can represent eq. (1.7) by the decomposition of spaces
BP, ~ BP(n), x [[ BPU) k1agpi—1) - (1.15)
i>n
Theorem 1.16. Assume n > 0. Then:
(a) For k < f(n+1), we have the H-space decomposition (1.15), which is mazimal
if k> f(n);
(b) For k = f(n+1), we have the fibration

, m(n)
H BP(j) 1 a(pi 1y — BP, s BP(n), (1.17)

i>n
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of H-spaces and H-maps, which admits a section (not an H-map), so that eq. (1.15)
holds as an equivalence of spaces (but not as H-spaces), and none of the spaces
decomposes further as a product of spaces. (In other words, BP*(—) is represented
by the right side of eq. (1.15), equipped with a different H-space multiplication.)

We use Lemma, 1.11 to prove parts (a) of Thms. 1.12 and 1.16 in section 22. For
parts (b), the necessary idempotent 6,, has to be nonadditive, and we construct it
in section 23. We need the full strength of our machinery just to prove that 6,, is
idempotent.

History. Our real motivation for this study is what is called the Johnson Question,
which is stated in [24, p. 745]. Rephrased as a conjecture, it is:

Conjecture. If z # 0 in BP,(X), where X is a space, then viz # 0 for all i > 0.

No counter-examples are known, although examples exist [13, 14, 24] where v;z =
0 for all j < n. It holds if  reduces nontrivially to homology, therefore for n < 2p.
We hoped to circumvent our lack of knowledge of unstable homology operations
by working instead with the rather better understood unstable BP-cohomology
operations and using the (not at all unstable) duality spectral sequence

Ext’s. (BP*(X), BP*) = BP,(X)

of Adams [1] (see also [12]). The reason for optimism is that if we substitute
$*(BP*/I,) for BP*(X), a standard calculation shows that the only surviving Ext
group is Ext" = ¥™(BP*/1,), with m = f(n) —k —n; so that k > f(n) — 1 implies
—m > n — 1, almost what we want. If we confine ourselves to additive operations,
we obtain —m > n — 2, off by one more. We can hope to work our way up from
Y*(BP*/I,) to a general BP*(X) by extension and the filtration (1.2).

This is all grounds for our suspicion that for a geometric unstable algebra, i.e.
M = BP*(X) for some space X, the bounds in Thm. 1.5 should be one better (thus
giving us —m > n in the above discussion). Again, there are no known counter-
examples, although spaces are known which have deg(z;) = f(n;), thus showing
that the bounds cannot be improved by more than one.

Recently, with the help of Mike Hopkins, a new approach to the Johnson Ques-
tion has been developed. It requires a much better understanding of the unstable
splittings of BP. Now that we have so much explicit information on these splittings,
this method of attack seems promising.

Outline. There are two main threads running through this work: the theory of
additive unstable operations, which closely resembles the stable theory of [8], and
the theory of all unstable operations, which is radically different. The comonad tent
is big enough to accommodate both, as well as the stable theory. We have kept the
additive material in separate sections so that it can be read independently.

In section 2, we discuss several classes of cohomology operation. In sections 3
and 4, we study the E-(co)homology of group objects, in preparation for sections
5 and 7, where we study modules and algebras from the additive point of view.
In section 6, we consider additive operations as linear functionals. In sections 12
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and 14, we study suspensions and complex orientation. In section 16, we present
the additive structure for each of our five examples E.

It turns out that much of the stable machinery does not extend to all unstable
operations, because it relies too heavily on the bilinearity of tensor products. How-
ever, the approach in terms of comonads does work, and in section 8 we develop the
requisite comonad U. We also show in section 9 that the corresponding comonad
for unstable modules does not exist and compare the various stable and unstable
structures. In section 10, we convert the categorical elegance into machinery we can
use; specifically, cohomology operations become linear functionals on Hopf rings.
In Thm. 10.47, we display in full detail the definition of an unstable algebra from
this point of view.

In sections 11, 13, and 15, we revisit the cohomology of a point, sphere, and
complex projective space CP*° from this new Hopf ring point of view. These spaces
alone yield almost enough generators and relations to specify the Hopf rings for our
five examples E, as we discuss in detail in section 17. The case E = KU is used to
determine the structure of KU,(KU, o), as quoted in [8, §14]. From a sufficiently
elevated perspective, the results of section 17, the additive results of section 16, and
the stable results of [8] all fit into a grand master plan.

In section 20, we restrict attention to the case £ = BP and use the additive
operations to recover Quillen’s theorem and prove Thm. 20.11. This relies on the
relations developed in section 18. In section 21, we use nonadditive operations to
improve Thm. 20.11 by one dimension to Thm. 21.12, which is Thm. 1.5.

In section 22, we construct additive idempotent operations €, which yield the
desired factorizations (1.7) in all except the top degree. In section 23, we finish
off Thms. 1.12 and 1.16 by constructing nonadditive idempotent operations. To do
this, it is necessary in section 19 to develop the notion of a Hopf ring ideal.

An index of symbols is included at the end.

This work is also notable for what it does mot contain. There are no spectral
sequences, except implicitly in the references. There are no explicit Steenrod oper-
ations, except in a few examples; in our wholesale approach, most individual opera-
tions never even acquire names. There are no formal indeterminates anywhere; the
elements that are sometimes treated as such are really Chern classes x; but when
z! = 0, we can no longer take the coefficients of z.

Notation. We make heavy use of the notation and machinery developed in [8].
Topologically, we generally work in the homotopy category Ho of unbased spaces.
For compatibility with the unstable notation, the E-cohomology and E-homology of
a spectrum X are written E*(X,0) and E, (X, 0). Algebraically, our most important
categories are the categories FMod and FAlg of filtered E*modules and algebras.
These and the other categories we need were introduced in [8, §6]. We make frequent
use of Yoneda’s Lemma. All tensor products are taken over E* unless otherwise
stated.

For reasons discussed in [8], we always give cohomology E*(X) the profinite
topology [8, Defn. 4.9], and complete it as in [8, Defn. 4.11] to E*(X)" as necessary.
In contrast, the homology E.(X) is always discrete. Because we emphasize coho-
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mology, we invariably assign the degree i to elements of E¢(X); this forces elements
of E;(X) to have degree —i.
One theorem provides all the duality and Kiinneth isomorphisms we need.

Theorem 1.18. Assume that E.(X) is a free E*module. Then we have:

(a) d: E*(X) = DE,(X) in FMod, the strong duality homeomorphism;

(b) Ex(XxY) =2 E.(X)® E.(Y), the Kinneth isomorphism in homology;

(¢c) B*(XxY) = E*(X)®E*(Y) in FMod, the Kiinneth homeomorphism in
cohomology, provided E.(Y) is also a free E*module.

Proof. We collect Thms. 4.2, 4.14, and 4.19 from [8]. Indeed, (c) follows from (a)
and (b). a

Acknowledgements. The genesis of this paper is that the last two authors had
worked out much of the unstable BP structure theorems, without having a precise
definition of unstable algebra, when the first author supplied a suitable framework,
of which [7] is an early version. In fact, this is an oversimplification: the various
contributions are more intermingled than this might suggest. In the proper context,
several of the proofs simplify significantly. We thank Martin Bendersky for pointing
out Lemma 19.32, which is vastly simpler than our previous treatment.

The last two authors wish to thank the topologists at the University of Manch-
ester and the Science and Engineering Research Council (SERC) for support during
the summer of 1985 when this project got its start. The last author wishes to thank
Miriam and Harold Levy for their hospitality and the peace they provided for the
writing of the first draft.

2. Cohomology operations

In this section, we consider several kinds of unstable cohomology operation.
Yoneda’s Lemma allows us to identify the following:
(i) The cohomology operation r: E¥(—) — E™(-);
(if) The cohomology class r = r(i) € E™(E,); (2.1)
(iii) The representing map r: E, — E,, in Ho.
We write any of these more succinctly as 7: k — m. We use all three interpretations.

Some care is needed with degrees and signs, as (i) has degree m — k and (ii) has
degree m, while (iii) has no degree at all.

Based operations. The following mild but useful condition can be interpreted
many ways. The space T is the one-point space.

Definition 2.2. We call the operation r based if r(0) =0 in E*(T) = E*.

Lemma 2.3. The following conditions on an operation r:k — m are equivalent:
(a) r(0) =0 in E*(T), i. e. 7 is a based operation;
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(b) For any based space (X,0), r restricts to the reduced operation
r: E*¥(X,0) — E™(X,0); (2.4)
(c) As a cohomology class, r € E™(E ,,0) C E™(E,);
(d) The map r:E, — E,, is (homotopically) based.
Proof. The short exact sequence [8, (3.2)] shows that (a) and (c) are equivalent,

also that (a) implies (b); but (c) is the special case of (b) for i, € E¥(E ,0). Part
(d) is just a restatement of (a). O

Given any (good) pair of spaces (X, A), we can use (b) to make based operations
r:k — m act on relative cohomology as in [8, (3.4)] by

E*(X,A) = EF(X/A,0) —s E™(X/A,0) = E™(X, A) . (2.5)

Additive operations. An additive operation r:k — m is one that satisfies
r(z+y) = r(z) +r(y) for any z,y € E¥(X). The universal example is

X=E,xE,, withz =4, x1L,y=1X 1, z+y = pg, (2.6)

which gives r(ug) = rx1+1xrin E*(E < E}). (The addition map pp: B, X E, —
E . was defined in [8, Thm. 3.6].) This allows us to recognize additive operations
three ways.

Proposition 2.7. The following conditions on an operation r:k — m are equiva-
lent, and define the E*-submodule PE*(E,) C E*(E,,0) C E*(E,):

(a) The operation r: E* (=) = E™ (=) is additive;

(b) The class r € E™(E,) satisfies ppr = pir +psr in E™(E % E,), i e.
PE*(E}) = Ker[uy, — pi —py: EX(Ey) — E*(E, x E})); (2.8)

(¢c) The map r:E, — E,, is a morphism of group objects in Ho. O

Corollary 2.9. Assume that E.(E},) is a free E*-module. Then PE*(E,) is com-
plete Hausdorff and so an object of FMod.

Proof. In eq. (2.8), E*(E,) and E*(E,xE,) are complete Hausdorfl by
Thm. 1.18. O

When E.(E,) is free, the Kiinneth homeomorphism for E*(E, x E,) makes
E*(E,,) a completed Hopf algebra; then (b) agrees with the primitives in the sense
of [8, (6.13)], completed. However, we need no hypotheses on E to define PE*(E ).

On some spaces, all operations are additive.

Lemma 2.10. On the suspension X of any based space (X, 0), we have r(z+y) =
r(z) + r(y) in E™(XX,0) for any based operation r:k — m and any elements
z,y € E*¥(2X,0).

Proof. By [8, Lemma 7.6(c)], r: E¥(£X,0) — E™(XX,0) preserves the group
structure defined from the cogroup object £X in Ho'. By [8, Prop. 7.3], this struc-
ture coincides with the given E-cohomology addition. O
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Products of operations. Given operations r: k — m and s: k — n, the product
operation 7 — s:k — m + n, defined by (r — s)z = (rz)(sz), corresponds to
the cup product in E*(E ), which may be constructed using the diagonal map
A:E, = E, x E,;. We often wish to neglect such operations; if r and s are
additive, r — s is clearly not additive, but conveys no new information.

The map A, together with ¢: £, — T, makes E, a monoid object in the sym-
metric monoidal category (HoP, x,T'). We therefore dualize eq. (2.8) and introduce
the quotient E*module

QE*(E,) = Coker[A* —if —i5: E*(E,, x E,) — E*(E,)] (2.11)

of “indecomposables” of E*(E,), where i; and iy are the inclusions (using the
basepoint). (We shall not need a topology on this module.) When E,.(E ) is a free
E*module, we have by Thm. 1.18(c) a Kiinneth homeomorphism for E*(E , x E},),
and QE*(E ) is the quotient of E*(E ,0) by all finite (or infinite) sums of products
of two based operations.

Looping of operations. On restriction to spaces, a stable operation r on E*(—, 0)
of degree h induces a sequence of additive operations ri: k — k+h. It is clear from
[8, fig. 2 in §9] that ri41 determines rj. We generalize this construction to unstable
operations (but omit the sign, in order to make it a homomorphism of E*modules).

Proposition 2.12. Given a based unstable operation r:k — m, we can define the
looped operation Qr:k—1 — m—1 in any of three equivalent ways:

(a) The operation that makes the diagram commute (with no sign),

1h4

E*L(X) —— E*(S'xX,0xX) ~—— EX(S(X*),0)
n . " (2.13)
; ~s ~

E™" X)) —5— E™(S" xX,0xX) ~— E™(Z(X1),0)

which we can express algebraically as
(Qr)z = riz; (2.14)
(b) The image of r under the E*-module homomorphism

m (_l)k_lf’:_l m m—1
UE™E,0) ————— E™(3E_y,0) = E™ (E_;,0)

induced by the structure map fr—1:XE,_; = E, of [8, Defn. 3.19];
(¢) The map

(—1)™~kQr
OrE,  ~QE, — 3 QE, ~E

m—1>

where we use the right adjunct equivalences to fr_1 and f,_1.



Section 2 Unstable cohomology operations 13

Proof. For a based space X, diag. (2.13) simplifies by naturality to

E*1(X,0) E*(£X,0)
igr l (2.15)

E™ (X, 0) —— E™(2X,0)

If we evaluate on the universal case 11 € E¥71(E,_,,0) by eq. (2.14), we find
SO o1 =Sy = (D) e g = (D)L

which gives (b). Further, by [8, Lemma 3.21], the class X(Qr)iy—1 € E*(XE_;,0)
corresponds, up to the sign (—1)™~!, to the lower route in the square

YEy = E,
»(Qr) (—1)™—* r in Ho (2.16)
5B,y — " B,
which therefore commutes up to sign. We take adjuncts of this to get (c). O

We recall from [8, Defn. 9.3] the stabilization map oy: E;, — E of spectra.

Corollary 2.17. Qooj =o0;_:E*(E,0) - E*(E,_4,0).
Proof. Suppose the stable operation r € E"(E,0) restricts to give the additive
operations rx:k — k + h and rx_1:k—1 — k+h—1. By [8, (9.8)], ofr = (—1)*r,
and o} _,r = (=1)*=Dhp,_,. We compare diag. (2.16) with [8, (9.2)] to see that
Qg = (=1)rg 1. a
Corollary 2.18. The loop construction in Prop. 2.12(b) factors as

QUE(Ey,0) — QE(Ey) — PE*(E}_,) CE*(Ef_y,0) . (2.19)

Proof. It is clear from Prop. 2.12(c), or from eq. (2.14) and Lemma 2.10, that
Qr is always additive. The construction factors through QE*(E ;) by Prop. 2.12(b)
and naturality of @, since QE*(2E, ;) = E*(ZE,_;,0). (Loosely, there are no
products in E*(XX,0).) 0

These results allow us to rewrite the Milnor short exact sequence [8, (9.7)] in the
more useful form (which does not change any terms)

0— 1i£anE*(gk) —— E*(E,0) — liznPE*(Ek) —0. (2.20)

It remains true that the projection from E*(E,0) is an open map, and therefore a

homeomorphism whenever it is a bijection. The kth component is the E*module
homomorphism

ot E*(E,0) — PE*(E,) C E*(E,) (2.21)
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induced by the stabilization map oy. It sends a stable operation r to the induced
additive operation ry on E*(—) (but with a sign; see [8, (9.9)]).
The factorization (2.19) raises two obvious questions:
(a) Can every additive operation be delooped? (2.22)
(b) Does Qr = 0 imply that r decomposes? '
Both hold precisely when we have an isomorphism Q: QE*(E ) = PE*(E,_,). We
discuss this further in section 4.

3. Group objects and E-cohomology

Before we can discuss additive E-cohomology operations adequately, it is necessary
to generalize section 2. We extend Prop. 2.7 by defining the primitives PE*(X) for
any group object X in the homotopy category Ho. Dually, we extend the definition
of the indecomposables QE*(X) to any based space X.

Coalgebra primitives. We start from the definition (2.8) of PE*(E ).

Definition 3.1. Given any group object (or H-space) X in Ho, with multiplication
wX x X = X, we define the E*submodule PE*(X) of coalgebra primitives in
E*(X) as

PE*(X)={z € E*(X) : p*z = piz + p3z in B*(X xX)}.

Remark. As in Prop. 2.7(c), the class z € E¥(X) is primitive if and only if the
associated map z: X = E is a morphism of group objects in Ho.

We note that PE*(X) is defined even if E*(X) is not a (completed) coalgebra.
Thus PE*(—): Gp(Ho)°? — Mod is a functor defined on the dual of the category of
group objects in Ho. We topologize PE*(X) as a subspace of E*(X).

If Y is another group object in Ho, we construct the product group object X xY
in the obvious way. The one-point space T is trivially a group object, and is terminal
in Gp(Ho). Lemma 6.14 of [8] carries over to this situation.

Lemma 3.2. For the product X XY of two group objects X and Y in Ho, we have
PE*(XxY) = PE*(X) & PE*(Y) in FMod. Also, PE*(T) = 0.

In other words, the functor PE*(—) takes finite products in Gp(Ho) to coproducts
(direct sums) in FMod.

Remark. No Kiinneth formula is needed for this result.

Proof. We dualize the proof of [8, Lemma 6.11]. Let us write Z = X x Y for the
product group object and wy:T — Y for the unit (or zero) map of Y. We note
first that the maps j1 = lx X wy: X 2 X XT - X XY = Z, j2: Y — Z (defined
similarly), p1: Z = X xY — X, and ps: Z — Y are all morphisms of group objects
and therefore send primitives to primitives. Define the map

[ Z=XxY2(XxT)x (TxY) — (XxY)x (XxY)=2ZxZ
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using (1x Xwy) X (wx x1y). Then pzof =1z and Pso f = jsop, (for s = 1,2),
where P;: Z x Z — Z denotes the projection for Z. Any element z € PE*(Z) satis-
fies %2 = Pz + P52z, by definition. When we apply f*, we obtain 2z = pjz + p3y,
where z = jiz € E*(X) and y = j3z € E*(Y) must be primitive. Conversely, any
primitives z and y determine a primitive z by this formula. We have a homeomor-
phism because j; and p} are continuous.

We compute PE*(T) ={ve E*:v=v+v}=0. O

Since the unit map w: T — X of X is a morphism of group objects, PE*(T) =0
implies that PE*(X) C E*(X,o0).

The space E ;, is more than just a group object. By [8, Cor. 7.8], we have the E*
module object n +— E , in Ho, on which v € E" acts by the maps {v: E , — Ein
that represent scalar multiplication by v. Clearly, &v is additive.

Lemma 3.3. Assume that E*(E ) is Hausdorff for all k. Then:

(a) We have the E*-module object n — PE*(E,) in the ungraded category
FMod®®, with the action of v € E" given by P(év)*: PE*(E ;,,) — PE*(E});

(b) The object in (a) is related to the stable E*-module object E*(E,0) of [8,
Prop. 11.3] by the following diagram, which commutes up to sign for any v € E",

£v)*
E*(E,o0) (

E*(E,o)

Then (1) oi (3.4)

. P
PE*(Ej4n) — PE*(E,)

Proof. In (a), the object n — E, is in fact an E*module object in Gp(Ho).
We apply [8, Lemma 7.6(a)] to the functor PE*(—); it preserves finite products by
Lemma 3.2.

For (b), we apply E-cohomology to diag. [8, (9.8)], taking r = {v. O

Indecomposables. Dually, we extend eq. (2.11) to any based space X by defining
the quotient E*module

QE*(X) = Coker[A* — i — i}: E*(X x X) — E*(X)] (3.5)
of “indecomposables” of E*(X). (We shall not need a topology on it.)

4. Group objects and E-homology

We dualize section 2 by defining the indecomposables QE.(E ;) and primitives
PE,(E,,) in E-homology. This will prove useful because E,(E ;) is usually smaller
and more manageable than E*(E ). As in section 3, we need to handle more general
X . However, some properties that were immediate in section 2 become less intuitive
and have to be proved.
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The structure map fy:XE, — E,,, (see [8, Defn. 3.19]) of the spectrum E
induces the important suspension homomorphism
Srox
E.(Ey) — Bx(E4,0) = E.(SE},0) —— Bu(Ej41,0); (4.)

dual (apart from sign) to the looping 2 in Prop. 2.12(b). Again, suspended elements
behave better. We dualize Lemma 2.10.

Lemma 4.2. For any elements x,y € E*¥(£X,0), the induced E-homology homo-
morphisms satisfy

(2 +9)e = B+ gu: Bu(5X,0) — Eu(E},0) .
Proof. By [8, Lemma 7.6(c)], E-homology induces a homomorphism
HOI(EX:Ek) - MOd(E*(EXa 0)7 E*(Eka O))

of groups, where both group structures are induced by the cogroup structure on
¥X in Ho'. By [8, Prop. 7.3], they agree with the obvious group structures. O

Indecomposables. We dualize Defn. 3.1.

Definition 4.3. Given any group object (or H-space) X in Ho, we define the E*-
module QE.(X) of “indecomposables” of E,(X) as
QE.(X) = Coker[pts — p1x — p2s: Ex (X X X) — E.(X)].
It comes equipped with a canonical projection E,(X) — QE.(X).
When E,(X) is free, we have the Kiinneth isomorphism Thm. 1.18(b) for

E.(X xX) and this agrees with the usual definition for the algebra E.(X). We
need one easy example.

Lemma 4.4. Let G be a discrete abelian group. Then QE.(G) = E* ®z G as an
E*-module.

Proof. We recognize E.(G) as the group algebra of G over E*, with an E*basis
element [g] for each g € G. The correspondence we seek is induced by v[g] ¢ v® g,
and is well defined in both directions. O

Lemma 3.2 dualizes without difficulty; again, no Kiinneth formula is needed.
Then we will be able to dualize Lemma 3.3.

Lemma 4.5. For the product X XY of two group objects X andY in Ho, we have
QE(XxY) =2 QE.(X)®QE.Y). Also, QE.(T) = 0. In other words, the functor
QE.(-): Gp(Ho) — Mod preserves finite products. |

We have an immediate application to the Hopf bundle.

Lemma 4.6. Assume E has a complex orientation. Then the inclusion CP>® —
Z x BU (see [8, (5.8)]) defined by the Hopf line bundle £ over CP*™ induces an
isomorphism of E*~modules

E.(CP®) —— QE.(Z x BU) = E* ® QE.(BU) .
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Proof. The second isomorphism comes from Lemmas 4.5 and 4.4. We compare
Lemmas 5.4 and 5.6 of [8]; the generators j3; corrrespond, except that S — (1,0).O0

Lemma 4.7. For any ring spectrum E:

(a) n —» QE.(E,) is an E*~module object in the ungraded category Mod of
E*modules;

(b) The suspension (4.1) factors through QE.(E,);
(c) The stabilization og.: Ex(Ej,0) = E«(E,0) factors through QE.(E ).

Proof. The proof of (a) is like Lemma 3.3(a), except that we use the functor
QE,.(-) and Lemma 4.5.
For (c), we use ojt = 1, to restate the universal example (2.6) as

O'ko/j,k=0‘kop1+0'kop2:EkXEk—)E in Stab*.

We apply E-homology to see that oy factors as desired. Similarly for (b), except
that we use Lemma 4.2 with X = X(E, xE,), z = Xp1, and y = Xpo. O

Dually to the short exact sequence (2.20), we may use (b) and (c) to rewrite [8,
(9.22)] in the more convenient form

E.(E,o0) = co}cim E.(E,0) = co}cim QE.(E}) . (4.8)
There is a multiplication, analogous to the stable multiplication on E,(E, o).

Lemma 4.9. There is a bilinear multiplication

which may be defined as a quotient of
X [
E.(E}) ® EA(E,,) — EE *xE,,) — Eu(Epyrm) -
Proof. The only difficulty is to prove that Q¢ is well defined. We express the
distributive law for the E*algebra object n + E, as the commutative square
oL
Ek X Ek X Em - Ek+m X Ek+m
| o (4.10)

Ek—i—m

in which f = pg, g = pk+m, and ¢r, has the components ¢ o(p; x 1) and ¢o(pa x 1).
(Cohomologically, ¢, represents the operation (z,y, z) — (22, yz).) We deduce the
commutative diagram in homology

X oL,
E*(Ekxﬂk)@)E*(Em) - E*(Ekxﬁkxﬁm) E*(Ek+mxﬁk+m)
f*®1 l(fXI)* =
X o9
E.(E;)® EE,,) E(Eyx E,,) Eu(Epym)
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(4.11)

By Defn. 4.3, we have the exact sequence

M+ —P1sx — P2+

E By x Ey) ——— EJ(Ey) — QE.(E,) — 0.

After tensoring with E.(E ), this remains exact. We note that diag. (4.10) and
hence diag. (4.11) also commute if we take f = p; and g = p1, or f = p2 and g = po.
Then diag. (4.11), with these three choices for f and g, shows that its bottom row
induces a quotient pairing QE,(E ;) ® E.(E,,) = QE(E )

A second similar step, on the right, uses this pairing to produce Q¢. O

Coalgebra primitives. We also dualize eq. (3.5) in the obvious way. If X is a
based space, we construct the E*~module homomorphism

Ay —ie — 2 By (X) — B (X x X) . (4.12)
Definition 4.13. Given any based space X, we define the E*-submodule of coalge-
bra primitives PE,.(X) = Ker[A, — i14x — i24] C Eyx(X).

Again, the definition is meaningful even without a Kiinneth formula for
E,.(X x X). The companion result to Lemma 4.4 is elementary.

Proposition 4.14. For any discrete based space X, we have PE,(X) = 0. O

The suspension (4.1) factors, with the help of Lemma 4.7(b), as
E.(Ey,0) — QE.(E;) — PE.(E ;) C E(E 44,0) - (4.15)
Again we ask whether QE,(E ) = PE,(E ) is an isomorphism.

Duality. Under reasonable assumptions, the sequence (2.19) is dual to (4.15). One
can see from Lemma 4.17 and section 17 that this holds for each of our five examples
E. Moreover, in each case there are isomorphisms QE.(E;) = PE.(E,,,) in
(4.15), thus answering the questions (2.22) affirmatively.

Lemma 4.16. Assume that E.(X) is a free E*~module.

(a) If X is a group object in Ho (or an H-space), then d induces a homeomor-
phism d: PE*(X) = DQE,(X) in FMod;

(b) If X is a based space and the image of the homomorphism (4.12) splits off
both E«(X) and E.(X x X), then d induces a bijection d: QE*(X) = DPE,(X).

Proof. In (a), d induces the commutative diagram

0 PE*(X) —=» E*(X) Fhh - E*(X xX)
Ja e Ja
D(U*_pl*_p2*)
0 DQE,(X) — DE.(X) DE, (X xX)
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whose rows are exact by Defns. 3.1 and 4.3, because D automatically takes cokernels
to kernels. Strong duality for X and X x X from Thm. 1.18 provides two homeo-
morphisms d. The third d is therefore also a homeomorphism, because DQE,(X)
has the subspace topology from DE,(X) by [8, Lemma 6.15(c)].

The proof of (b) is analogous, except that we assume the splittings to ensure
that the bottom row of the relevant diagram is (split) exact, use [8, Lemma 6.15(a)]
instead, and have no topology to check. 0

We clearly need information on when E, (E ) is free.

Lemma 4.17. For E = H(F,), BP, MU, K(n), or KU:
(a) Ex(E,) and QE.(E,) are free E*modules for all k;

(b) E*(E,) and PE*(E,,) are complete Hausdorff for all k.

Proof. For E = H(F,) or K(n), all E*modules are free and (a) is trivial.

We consider the remaining three cases together. For odd k, E,(E ;) is an exterior
algebra over E* by [23] (for BP or MU) or [8, Cor. 5.12] (for KU, when E, = U),
and (a) is clear.

For even k, we write E, = EF x E', as in [8, (3.7)], where E', denotes the zero
component and E* is treated as a discrete group. Then E,(E',) is a polynomial
algebra over E*, by [23] (for BP or MU) or [8, Lemma 5.6(c)] (for KU, when
E', = BU), so that E.(E',) (and hence E,(E,)) and QFE,(E',) are free modules.

To finish (a), we note that by Lemmas 4.5 and 4.4,

QE.(E,) = (B* @z E*) ® QE.(E),) -

The first summand is free, because E¥ = Z (for KU), or is Z-free (for MU), or is
Z(py-free (for BP).
Part (b) is immediate from (a) by Thm. 1.18(a) and Cor. 2.9. O

5. What is an additively unstable module?

In this section, we give various interpretations of what it means to have a module
over the additive unstable operations on E-cohomology. All four stable answers in
[8] generalize.

We recall from [8, Cor. 7.8] that each E, is an abelian group object in Ho and
therefore also in Gp(Ho), and that n — E is an E*module object in Ho, with
v € EM acting by the map {v: E |, — E ;. ,,. From Prop. 2.7 we have the submodule
PE*(E,) of additive operations defined on E¥(-).

We assume throughout that E.(E,) is a free E*module. Then by Cor. 2.9,
PE*(E,) is complete Hausdorff and an object of FMod.

First Answer. The additive operations r: k — m act on E*(X) by composition
o: PE™(E,) x E*(X) — E™(X) (5.1)
in Ho. We recover the stable action [8, (10.1)] by using o;: E*(E,0) - PE*(E ).
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This composition is already biadditive. Given x € E*¥(X) and v € E", the com-
mutative square

1Xv

PE™(E jy4) % EMX) — PE™(E jyp) ¥ E*h(X)

P(£v)* x1 o (5.2)

PE™(E,) x B*(X) ° B™(X)

expresses the identity (r-v)z = rvx = r(vz) for operations r: k+h — m. It suggests
that we should make the action (5.1) more closely resemble the stable action by
introducing a formal shift and rewriting it with a tensor product as

A\x:X7*PE™E,) ® BF(X) — E™(X) . (5.3)

(Here, unlike [8], the action scheme is clearly visible: the notation ®, indicates that
the tensor product is to be formed using the two E*actions indexed by k.)

This approach was initiated in [27, §11]. However, it presents even more problems
than in the stable case, and we do not pursue it further here.

Second Answer. Our hypotheses ensure that PE*(E ) is dual to QE,(E ). We
can convert the action of PE*(E ) into a coaction

E*(X) — E*(X) 8 QEx(E,) -

These are clearly not the components of an E*module homomorphism, because the
degree varies.

In section 6, as suggested by (5.3), we shall shift degrees by introducing Q(E)* =
SEQE.(E ), which will allow us to write the coaction as an E*module homomor-
phism with components

px: B*(X) — E*(X) 8 Q(E): (5.4)

and the same action scheme as stably. We shall construct a comultiplication @ (%))
and counit @(e) that make Q(E)* a coalgebra and allow us to interpret E*(X) as
a Q(E)*-comodule.

Third Answer. We write our Second Answer more functorially. Given any E*
module M, we construct the graded group A’ M having the component

(A'M)F = M'®; Q(B)} = (M ®QE))*
in degree k. In section 6 we shall make A'M an E*module. Then M ® Q(¢) and

M ® Q(e) define natural transformations ¢': A’ - A’A’ and €': A’ — I, which will
make A’ a comonad in FMod and E*(X)" an A'-coalgebra.

Fourth Answer. Still imitating the stable case, we eliminate all tensor products by
converting the First Answer to adjoint form. This will make everything very much
cleaner, evidence that this is the natural answer (although the Second Answer is
undeniably convenient for computation).
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Any element x € EF(X) may be regarded as a map z: X — E,, which induces
the morphism z*: E*(E,) — E*(X)" in FMod. Generally, given any object M in
FMod, we define for each integer k the abelian group

A*M = FMod(PE*(E ), M) (5.5)

of all continuous E*module homomorphisms PE*(E ;) — M. (There is no need to
shift degrees.) Then we convert the action (5.1) to the coaction

px: E*(X) — AF(E*(X)") = FMod(PE*(E,), E*(X)") (5.6)

by defining pxz = z*|PE*(E,,).

We assemble the A*M, as k varies, to form the graded group AM with com-
ponents (AM)* = A*¥M, and the coactions px into the single homomorphism
px: E*(X) —» A(E*(X)") of graded groups of degree zero.

The destabilization o: E*(E,0) - PE*(E,) (see [8, Defn. 9.3]) induces

A¥M = FMod(PE*(E ), M) — FMod"*(E*(E,0), M) = (SM)*, (5.7)

if we also assume that E*(FE,0) is Hausdorff. As k varies, we take these as the
components of the stabilization natural transformation o M: AM — SM, of degree
zero. It allows us to compare with the stable case.

Theorem 5.8. Assume that E.(E,) is o free E*module for all k (as is true for
E =H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then:

(a) We can make the functor A, defined in eq. (5.5), a comonad in the category
FMod of complete Hausdorff filtered E*-modules;

(b) If E*(E, o) is also Hausdorff, the stabilization o: A — S (defined in eq. (5.7))
is a morphism of comonads in FMod.

The relevant definitions are now clear.

Definition 5.9. An additively unstable (E-cohomology) module is an A-coalgebra
in FMod, i. e. a complete Hausdorff filtered E*module M equipped with a morphism
pym: M — AM in FMod that satisfies the coaction axioms [8, (8.7)]. We then define
the action of r € PE™(E ) on x € M* by rz = pp(x)r € M (with no sign).

A closed submodule L C M is called (additively unstably) invariant if pas restricts
to give pr,: L — AL. Then the quotient M /L inherits an additively unstable module
structure.

This is a stronger structure than a stable module (when E*(E, o) is Hausdorff,
so that stable modules exist). Given a coaction pps as above, Thm. 5.8(b) shows
that the coaction

M oM
M- A T SM (5.10)
makes M a stable module.

One may think of A*¥ M as the set of all candidates for the action of PE*(E ;) on a
typical element of M*, and pjs as the selection of a candidate for each x € M*. The
coaction axioms translate into the usual action axioms (sr)z = s(rz) and (z = .
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As stably, it is sometimes useful to fix r: k — m and express the first axiom as the
commutative square

Mk—r’Mm

lpM l,,M (5.11)
kv M gmayg

where w, M denotes composition with Pr*: PE*(E,,) - PE*(E,).

Theorem 5.12. Assume that E.(E ) is a free E*~module for all k (as is true for
E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then:

(a) px (defined in eq. (5.6)) factors through E*(X)" as px:E*(X)" —
A(E* (X)) to make E*(X)" an additively unstable module for any space X ;

(b) If E*(E,0) is Hausdorff, we recover the stable coaction in [8, Thm. 10.16(a)]
from px by diag. (5.10);

(¢) p is universal: given an object N of FMod and an integer k, any addi-
tive natural transformation of abelian groups 6X: E¥(X) — FMod(N,E*(X)") (or
X:E*(X)" — FMod(N,E*(X)")) that is defined on all spaces X is induced from
px by a unique morphism f: N — PE*(E,) in FMod, as

0X: E*(X) 2 A*(E*(X)") = FMod(PE*(E,), E*(X)")

Hom(f,1)
FMod(N, E*(X)") .

Proof of Thms. 5.8 and 5.12. We prove parts (a) and (b) of both Theorems
together, in the same seven steps as the stable proof of Thms. 10.12 and 10.16
of [8]. As most steps are more or less repetitions of that proof, except for the
insertion of indices everywhere, we indicate only the substantive changes for (a)
and the additions needed to handle o for the (b) parts. Instead of + € E*(E, o),
we have 1, € PE*(E ;). Instead of id 4, we have the identity map id;: PE*(E,) =
PE*(E,), considered as an element of A*PE*(E,). We write pj for px when
X=E,.

Step 1. We construct an E*module structure on the graded group AM we de-
fined in eq. (5.5). We start with the E*module object n — PE*(E,) in FMod®°?
from Lemma 3.3(a), with v € E* acting by P(&v)*. We apply the additive functor
Mor(—, M): FMod®® — Ab to obtain by [8, Lemma 7.6(a)] the E*module object
n— A"M in Ab, i.e. make AM an E*module.

Despite appearances, the square (3.4) does commute in the dual category
FMod*°®, to show that o M: AM — SM is an E*module homomorphism.

Step 2. We have defined px as a natural transformation of sets. For fixed X, the
cohomology functor E*(—)": Ho — FMod®? induces the natural transformation

Ho(X,~) — FMod(PE*(=)", E*(X)"): Gp(Ho) — Set.
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We apply [8, Lemma 7.6(c)] to the E*module object n — E to see that px is a
morphism of E*module objects, i.e. takes values in Mod.

For Thm. 5.12(b), we note that given z € E¥(X), we have (o(E*(X)"))z}; =
zoo) =z, by [8, (9.4)].

If X is a group object in Ho and z € PE*(X), the associated map z: X —
E, is a morphism of group objects (as remarked after Defn. 3.1) and so induces
z*: PE*(E,) —» PE*(X).If E*(X) (and hence PE*(X)) is Hausdorff, px restricts
to define

Ppx: PE*(X) — APE*(X) . (5.13)
Step 3. We filter AM exactly as we did SM in [8, §10], by the submodules
F*(AM) = A(F®M), using naturality. The proof that AM is complete Hausdorff
is formally the same as for SM. Our choice of filtrations and the naturality of p
clearly make px and oM continuous, so that px factors through E*(X)" and o
takes values in FMod.
Step 4. Whenever X is a group object in Ho and E*(X) is Hausdorff, we convert
the object PE*(X) of FMod to the corepresented functor
Fpx = F’V’Od(l—‘)l?*()()7 —): FMod —— Ab
and the coaction Ppx in (5.13) to a natural transformation ppx:Fpx —
prA: FMod — Ab. Given Z\l7 ppo: Fpx M — prAM is the homomorphism
ppxM:FMod(PE*(X), M) — FMod(PE*(X),AM) (5.14)
that is defined on f: PE*(X) — M as the composite
P Af
(ppx M) f: PE*(X) —— APE*(X) —— AM .
Step 5. To construct ¢ = 1p4: A - AA, we take X = E, in (5.14) and define
(bM)*: FMod(PE*(E ), M) — FMod(PE*(E,), AM)
on the element f: PE*(E,) — M of A¥M as the composite

k * Pox * Af
(M) f: PE*(E) —— APE*(E;) — AM .
When we substitute the E*module object n — E, for X in (5.14), [8,
Lemma 7.6(c)] shows that (¢M)F: A¥M — A*¥ AM lies in Mod. As k varies, we
obtain the natural transformation ¢¥: A — AA. Naturality in M also shows that
M is filtered and so lies in FMod.
Step 6. The other required natural transformation, e: A — I, is defined on M
simply as the evaluation
(eM)* = (eaM)*: A*M = FMod(PE*(E ), M) — M (5.15)
on 1 € PE¥(E,). It is continuous by naturality. It is compatible with the stable
version, €4 = ego0: A — I, since given f € A¥M, we have
(esM)(oM)f = ((oM)f)e = fogr = fur = (eaM)f .
Step 7. To see that px is a coaction on E*(X), we use [8, Lemma 8.20] (adapted to
graded objects). We use R = PE*(E ) (really, the graded object n — PE*(E,)),
1r = tn, and pr = Pp,. By [8, Lemma 8.22], A is a comonad in FMod.
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To see that 0: A — S is a morphism of comonads, we apply [8, Lemma 8.24]. The
first condition on u = o: E*(E,0) - PE*(E ) is the commutative diagram

ok

E"(E, o) PEMMEY)
Ppr
PE FMod(PE*(E ), PE*(E}))
Hom(ojp,1)
Hom(1,07)

FMod"(E*(E, 0), E*(E, 0))

FMod**"(E*(E,0), PE*(E,))

A stable operation rs € E"(E, o) restricts to an additive operation rg:k — k + h.
On rg, the lower route gives by diag. [8, (9.8)]

ghors = (=) (rsoor)* = (=1)"(op4norv)* = (=11 e oiy -
This agrees with the upper route, because ofrs = (=1)"*ry by [8, (9.9)]. The
second condition needed is o}t = 4, which holds by the definition of oy.

For Thm. 5.12(c), as in [8, Thm. 10.16(b)], it is enough to consider 6 X . Because
E,, represents E¥(—), natural transformations @ are classified by the elements f =
Ouy: N — E*(E,), i. e. morphisms in FMod. The additivity (6X)(z+y) = (6X)(z)+
(0X)(y) of X on the universal example (2.6) yields

prof=piof +psof:N — E*(E) X Ej).
By Prop. 2.7(b), f factors through PE*(E ). O

6. Unstable comodules

Although the Fourth Answer of section 5 is the cleanest and most general, the
Second Answer, in terms of unstable comodules, is usually the most practical and
is available in the cases of interest. The parallel with the stable theory of [8] is
extremely close, in spite of the very different provenance of the two theories. Some
of the machinery was used in [6]; here we supply the missing definitions.

We assume throughout this section that E.(E,) and QE.(E,) are free E*
modules for all k, so that we have available all the results of section 5.

The bigraded group Q(E)%. As noted in section 5, tensor products do not work
correctly because the groups QE,(E ) have the wrong degree; we therefore shift
degrees. We also adopt more efficient notation, that hides the details of construction
and emphasizes the algebraic aspects and the formal similarity to stable comodules.

(We remind that homology E;(X) has degree —i under our conventions.)

Definition 6.1. We define the bigraded group Q(E): as having the components

*

Q(E)f = QE;(E,) (the component of QE,(E ;) in degree —i), except that we assign
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the degree k—i (instead of —i) to elements of Q(E)¥. (This is the degree that governs
signs in formulae. We thus have the formal isomorphism %*: QE, (E ;) = Q(E)* of
degree k.)

We define the left action of v € E" on Skc € Q(E), for ¢ € QE.(E,), by
v(Zke) = (=1)"*Skuc, as in [8, (6.7)], to make Z*: QE,(E,) = Q(E)* an isomor-
phism of E*modules of degree k.

We equip Q(E)* with the projection

k

ar: E(E ) — QE(E,) — Q(E)! . (6.2)
We define the stabilization
Qo) QE) —— QE.(E,) 2 E.(B,o), (6.3

where Lemma 4.7(c) provides the factorization Qo of oy -

We thus have the factorization into E*module homomorphisms
ok = Q(0) oqu: Ex(E}) — Q(E)Y — E.(E, o), (6.4)
where we arranged for (o) to have degree zero and ¢, to have degree k.
Definition 6.5. Given an additive operation r:k — m, i.e. an element r4 €
PE™(E,), we define the associated E*linear functional

k (TAa_)

o
(rg,—):Q(E)f —— QE.(E;) —— E* (6.6)

of degree m—k (with no sign).
Now we can make the degree shift suggested by eq. (5.4). We have the strong
duality PE*(E ;) =2 DQE.(E},) from Lemma 4.16(a). Given an object M of FMod,
we use [8, Lemma 6.16(b)] and the freeness of QE.(E,) to define the natural

isomorphism of degree k
k

~ M®3 ~
FMod*(PE*(E,),M) 2 M ® QE.(E,;) —— M®Q(E)* . (6.7)
Lemma 6.8. Given an additive operation r: k — m and an object M of FMod, the
composite (formed using (6.7))

~ M®<1‘ v_)
FMod* (PE*(E,),M) = M®Q(E)f — s M@ E*= M

coincides with the evaluation homomorphism e,: FMod*(PE*(E ), M) — M de-
fined by e, f = (—1)™de8(F) fr 4.
Proof. We choose z € M, c€ QE.(E,), and evaluate. O
With Defn. 6.5 in hand, we extend Prop. 2.7 and identify:

(i) the additive operation r: E¥ (=) — E™(=);

(ii) the cohomology class r =rq = ri, € PE™(E,);

(iil) the morphism of group objects r:E, — E,, in Ho; (6.9)

(iv) the E*-linear functional (r,—) = (rqg,—):Q(E)* — E*, of de-

gree m—k, defined by eq. (6.6).
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(We drop the decorations 4 and ¢ on r except when we need to compare different
versions.) As Q(E)* is smaller than PE*(E,), (iv) is the preferred choice. We do
have to be careful with degrees, as (ii) has a different degree from (i) and (iv), while
(iii) has no degree at all.

Scholium on signs. We construct the duality diagram in FMod*

rs . TA ru
E*(E,0) ——~ PE*(E,) E*(E,)
o (=1)* \ﬁ (=1)* x (6.10)
DE.(F,0) 222 pQp)t) =2~ DE.(E,)
<T5, _) (rQa _) (rUa _)

whose center isomorphism is taken as

PE*(Ey) -5 DQE.(E,) —2 s DQ(B)) .

*

Because D is contravariant, each square commutes up to the sign (—1)*.

On restriction to spaces, a stable operation r of degree h yields an additive
unstable operation r: k — k+ h, and we obtain elements rg, r4, and ry lying in the
indicated groups. From these, we get the linear functionals (rg, —), (rv, —), and by
eq. (6.6) also (rg, —). We note that rg and rg have degree h, while r4 and ry have
degree k + h. The algebra forces us to work with the element r 4 and the functional
(rg,—); we are not really interested in the functional (r4, —), which appears only
in the definition of {(rg, —), and the element rg will occur nowhere.

The complication is that these six elements do mot all correspond in obvious
ways under the morphisms of diag. (6.10). The first surprise was [8, (9.9)], that
orrs = (—=1)*"r4. Of course, 74 and ry do correspond, because they are the same
element regarded as being in different groups. The second surprise is that r4 does
not correspond to {rg, —), because the definition [8, (6.4)] of D(X*) requires the sign
(=1)*(h+k) " which is absent from Defn. 6.5. In fact, matters are simpler if we work
with elements and refrain from turning everything into E*module homomorphisms.

Proposition 6.11. In diag. (6.10):

(a) Given a stable operation r, the homomorphism DQ(o) takes (rs,—) to
(rg,—), or in elements,

(rq,c) = (rs,Qo)c)  for c€ Q(E)E, (6.12)
and also
(ru,c) = {rs,or«C) for c € E.(E}); (6.13)

(b) Given an additive operation r:k — m, the homomorphism Dgy, takes {rq,—)
to (=1)*m=k) (i, Y| or equivalently, in elements,

(ru,c) = (rg, qkc) for c € E.(E}). (6.14)
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Proof. We just proved (a), except for eq. (6.13), which combines eqgs. (6.12)
and (6.14). In (b), (ra,—) is simply the restriction of {ry, —), so that

(ru,c) = {ra, X qrc) = (rq, arc).
But the definition of Dg; adds the unwanted sign (—1)*(m—%), 0

Q(E): as an algebra. There is much structure on Q(E)%. First, it is by construc-

tion a left E*~module.

Proposition 6.15. For any ring spectrum E, Q(E)* has the properties:
(a) Q(E)% is a bigraded E*-algebra, with multiplication Q(¢) defined by the com-

mutative diagram (6.16)

E(E)) @ B (E,) —— B (ByxB,) — v BBy,
q:®qm qk+m
QB @ QBT = QB (6.16)
Q(0)®Q(0) Q(o)
E.(E,0) ® E.(E,0) —— E.(EAE,0) > . E.(E,o0)
and unit Q(n) defined by the commutative diagram
E.(T) ———— E* —— E,(T%,0)
lnu* l@(n) lns* (6.17)
90 Q(o)

Eu(Eo¢) — Q(E); — E.(E,0)

(b) The stabilization Q(0):Q(E): — E.(E,o0) is a homomorphism of E*
algebras.

Proof. Q(¢) is inherited, with a shift, from the multiplication on QE.(E,) con-
structed by Lemma 4.9. It thus fills in diag. (6.16), which is derived from [8,
(9.15)] by applying E-homology and the factorization (6.4). We simply define
Q(n) = goonux, to fill in diag. (6.17). This comes from diag. [8, (9.4)] by tak-
ing © = 17 € E*(T). The algebraic properties of Q(¢) and (n) are inherited from
the E*algebra object n +— E,, in Ho. Part (b) is clear from the diagrams. O

Q(E): as a bimodule. We also need the right E*action. By Lemma 4.5, the func-
tor QE.(—): Gp(Ho) — Mod preserves finite products. We apply [8, Lemma 7.6(a)]
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to the E*module object n — E,, in Gp(Ho), to obtain, for each v € E", homomor-
phisms @Q(&v) that fill in the commutative diagram

qr Q(o)

E.(E})

QE):

E.(E,o0)

(Euv)« Q(¢v) (Esv)« (6.18)

Qr+h Q(a)
E*(Ek+h) - Q(E)f"’h —_— E*(E,O)

and make Q(E)* a module object in Mod*, i. e. an E*bimodule. This diagram came
from diag. [8, (9.8)] by taking r = v.
We have the additive analogue of the stable right unit.

Definition 6.19. We define the right unit function ng: E* = Q(E)* on v € E*
E™MT) by nrv = qpuvel € Q(E)E, using the homology homomorphism v,: E*
E.(T) —» E.(E},) induced by the map v:T — E .

R

It is clear from [8, (9.4)] and the factorization (6.4) that composition with Q(o)
yields the stable right unit ng: E* — E.(E,0) of [8, Defn. 11.2].

Proposition 6.20. For any ring spectrum E, the algebra Q(E)% has the properties:

(a) It is a bigraded E*-bimodule, with components Q(E)¥ = QE;(E,) which are
assigned the degree k—i;

(b) It has the well-defined unit element 1 = Q(n)1 = nrl € Q(E)Y;

(c) The left action of v € E" is left multiplication by vl € Q(E)° ,;

(d) The right action of v € E" is right multiplication by nrv € Q(E)&;

(e) The stabilization Q(c):Q(E): — E.(E,o0) is a homomorphism of E*

bimodules.

Remark. Props. 6.15 and 6.20 are similar to [8, Prop. 11.3], except that Q(E);
is bigraded and the conjugation x is conspicuous by its absence. The examples of
section 16 show that x does not exist, at least, not in any obvious sense. (This is
why we eschewed x in [8].)

Proof. Most of the proof is formally identical to the stable case [8, Prop. 11.3].
For (d), we apply E-homology to the factorization [8, (3.27)] of &v. Part (e) is clear
from diag. (6.18). O

We write the left and right E*actions as Ar: E" @ Q(E)¥ — Q(E)* , and
Ar:Q(E)f @ EM — Q(E)*". Explicitly, the signs for A\g are

Ar(c®v) = ¢ v = c(nrv) = (=1)" ¥ (nro)e = (=1)" 95 Q(Ev)e, (6.21)
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where v € E" and ¢ - v denotes the right action. For future use, we rewrite (d) as
the commutative square

Q(e)

QE); ® Q(E)! QE)™

Qév)®1 Q(év) (6.22)

QB @ QE) —2e Q(r)ttmth

The functor A'. Given an E*module M, we define (as promised in section 5)
the graded group A’ M as having the components

(A'M)F = M'®; Q(B)} = (M ®QE);)* (6.23)
(where the tensor product ®; is formed using the two E*actions indexed by i. We

have no use for the rest of M & Q(E)* !) We use the isomorphism (6.7) to define
the isomorphism AM = A'M as having the components

(AM)k = A*M = FMod(PE*(E ), M) = M!®; Q(E)F = (A'M)*. (6.24)

We use this isomorphism to transfer all the structure of section 5 from A to A" and
make A’ a comonad, just as we did stably in [8]. (We generally drop the decorations
" except when comparing different versions.)

In particular, we use (6.24) to convert modules to comodules. If M is an additively
unstable module with coaction pyr: M — AM (as in Defn. 5.9), we deduce the
equivalent coaction p,: M — A'M with components

P MF — (A'M)* = M'®; Q(E)Y c MBQ(E)F . (6.25)
In particular, for a space X, we convert the action px in (5.6) to
ply: BF(X) — E(X)®; Q(B)F C B*(X) B Q(E)" . (6.26)

Q(E): as a coalgebra. The stable discussion carries over, except that Q(E)} is
bigraded. The comonad structure (1, €) on A translates into a comonad structure
(¢',€') on A'. By naturality and the case M = SIE*, o' M: (A'M)*F — (A'A'M)*
must take the form M &4 for a certain comultiplication

¥ =Q): QB — Q(B)] ; Q(E)] (6:27)
(where we sum over 7 as in eq. (6.23)), and €' M: (A'M)* — M* must take the form
M ® € for a certain counit

e=Q(e): Q(B)Y — EF1, (6.28)
By construction, these are both E*bimodule homomorphisms of degree zero.
Proposition 6.29. Assume that E.(E ;) and QE.(E ) are free E*-modules for all
k. Then:

(a) The homomorphisms ¥ = Q) and € = Q(¢) in diags. (6.27) and (6.28)

make Q(E)% a coalgebra over E*;
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(b) If E.(E,o0) is also free, the stabilization Q(0): Q(E): — E.(E,o0) is a mor-
phism of coalgebras (cf. [8, Lemma 11.8]).

Proof. By taking M = YE* the comonad axioms [8, (8.6)] for A’ yield the
coassociativity

QB WL m) e, )
{Qw) 18Q(¥) (6.30)
QE) @ QE)E %N QB ©: QB ©; Q(B)

of Q(v) and the two counit axioms

(¥) . (%) .

2 amie; Q) et 2P QE) ©; QE):

= Qe)®1 = 18Q(e) (6.31)
)\L )\R

QE)E ~—— E ' e; QB QB ~— QE)] @; EF

k3 2

Part (b) is the translation of Thm. 5.8(b). O

Comodules. Now that we have the coalgebra Q(E)%, we can convert Defn. 5.9
and Thm. 5.12.

Definition 6.32. An unstable (E-cohomology) comodule is an A’-coalgebra in
FMod.

In detail, given a complete Hausdorff filtered E*~module M (i. e. object of FMod),
an unstable comodule structure on M consists of a coaction pp: M — A'M, with
components M* — M?®; Q(E)* as in diag. (6.25), that is a continuous homomor-
phism of E*modules (i. e. morphism in FMod) and satisfies the axioms

P M

M 2 MBQE):

M M&Q(E): N
lpM lM®Q(¢) \ lM‘X’Q(f)
N pM®L ~ N (6.33)
M®QE), — M®QE);®Q(E), M ® E*

@ (i)

This is a stronger structure than a stable comodule (assuming that E.(E,o)
is free, so that stable comodules can be defined). Given a coaction pys as above,
Prop. 6.29(b) shows that the coaction

M®Q(o)

M2 MBQE): M & E.(E, o) (6.34)
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makes M a stable comodule.

Remark. We regard comodules as essentially additive constructs, as we find no
analogue in the fully unstable context. We therefore omit the adjective “additive”
from comodules.

Theorem 6.35. Assume that E.(E ;) and QE.(E,) are free E*-modules for all
k (which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a).)
Then given a complete Hausdorff filtered E*-module M (i. e. object of FMod), an
additively unstable module structure on M in the sense of Defn. 5.9 is equivalent
to an unstable comodule structure on M in the sense of Defn. 6.32.

Proof. We have the isomorphism AM = A'M in eq. (6.24). The axioms (6.33) are
just the general coaction axioms [8, (8.7)] interpreted for A'. O

Theorem 6.36. Assume that E,(E ;) and QE.(E,) are free E*modules for all k
(which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a).) Then:

(a) For any space X, there is a natural coaction
px: B*(X) — E*(X) ®Q(B):
that makes E*(X)" an unstable comodule, which corresponds by Thm. 6.35 to the
additive module structure given by Thm. 5.12;

(b) If also E.(E, o) is free, we recover the stable coaction [8, (11.15)] on E*(X)
from px as in diag. (6.34);

(c) p is universal: given a discrete E*-module N and an integer k, any additive
natural transformation 0X: E¥(X) - E*(X)®N (or 0X: EX(X) - E*(X)"®N)
that is defined for all spaces X is induced from px by a unique homomorphism
f:Q(E)* = N of E*-modules as

6X: BF(X) 25 B*(X) 8 Q(E)F —Ls B*(X) &N .

Proof. We deduce (a) from Thm. 5.12(a) and Thm. 6.35, just as we did stably in
[8, Thm. 11.14]. In eq. (6.26), we defined the coaction p'y as corresponding to px.
In (b), the stabilization (o) clearly dualizes to oj: E*(E,0) - PE*(E,), which
we used in eq. (5.7) to define the stabilization o: A — S of comonads.

In (c), the natural transformation 6 is classified by the element u = 6, €
E*(E,)® N. Additivity of  for the universal example (2.6) states that

(up@N)u = (pi@N)u+ (p3®N)u  in E*(E,xE,)&N.

By [8, Lemma 6.16(a)], u corresponds to a homomorphism f: E,(E,) — N of
E*modules. The above property dualizes to

fobk, = fopi,+ fopa, Ex(ExxE}) — N,
which shows that f factors through Q(E)* as required. O

Remark. Just as stably, (c) allows us to use diags. (6.33) to define Q(y) and
Q(e) in terms of p. Three applications of the uniqueness in (c¢) show that Q(¢) is
coassociative and has Q)(¢) as a two-sided counit.
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Linear functionals. Theorem 6.35 establishes the equivalence between unstable
modules and comodules. For applications, we need the details. All our formulae
stabilize to the corresponding formulae of [8, §11] by applying Q(c), which conve-
niently has degree zero.

Given an unstable comodule M, we recover the action of the additive operation
r:k — m on M from Lemma 6.8 as

M ~ e Me-) .y
rM¥P—— MRQQE); ———— M QE*= M. (6.37)

Because (r, —) has degree m—k, r takes values in M™. To make this action explicit,
let us choose z € M* and write

puz =Y (~1)des@a)deslcals, @, in MBQE), (6.38)

where the sum may be infinite, and of course deg(z,) = k — deg(cy)- (As in [8], we
insert signs here to keep the next formula simple.) Then

re = Z(r, Co) Ta in M, for all r: k — m, (6.39)

where the ¢, and z, depend only on z, not on r. Because M is assumed complete,
this sum converges if it is infinite. (Recall that Q(E)* always has the discrete

topology.)

Remark. It is important for our applications not to require the ¢, to form a basis
of Q(E)k, or even be linearly independent; but if they do form a basis, the z, are
uniquely determined by eq. (6.39) as z, = ¢}z, where ¢, denotes the operation
dual to c¢4.

The fact that pps is an E*module homomorphism is expressed by

r(vz) = S0, (rv)ca)za = 3 (~1)PEC) (1 cunv) 2o in M, (6.40)

a a

for any v € E" and all operations r:k + h — m.
Because Q(€): Q(E)* — E* corresponds to € in eq. (5.15), which is evaluation on
Lk, we have immediately

(h, =) = Q(e): Q(B)t — E¥, (6.41)

as is obvious by comparing axiom (6.33)(ii) with eq. (6.37). In other words, in the
list (6.9), the identity operation ¢j corresponds to the functional Q(e).

The cohomology of a point. Our first test space is the one-point space T.
Proposition 6.42. In the unstable comodule E*(T) = E*:
(a) The action of the additive operation r:k — m on v € EF is given by
rv = (r,nrv) in EX(T) = E*; (6.43)

(b) The coaction pr: E* — E* @ Q(E)f = Q(E)* coincides with the right unit
nr: E* = Q(E)§ (see Defn. 6.19).
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Proof. We imitate [8, Prop. 11.22]. The map v:T — E, yields

rv = (rv,1) = (v*ry, 1) = (ru, vil) = (rQ, arvs1) = (rQ,MrY),
by eq. (6.14) and Defn. 6.19 of nr. We compare egs. (6.38) and (6.39) and rewrite
this as prv = 1 @ o, to give (b). 0

Homology homomorphisms. A class z € E*¥(X) may be regarded as a map
x: X — E,. We need information about the induced homology homomorphism
T B (X) = E(EL)-

Proposition 6.44. Assume that E.(E,) and QE.(E,) are free E*-modules for
all k. Given z € E*(X), suppose that rz is given by eq. (6.39). Then the homo-
morphism g ox.: Eo(X) — Q(E)* induced by the map z: X — E, is given on
z € Ep(X) by

qrTsx2 = Z(_l)deg(ca)(deg(za)+h)<a"a7z) Ca = an (Ta,2) in Q(E)f . (6.45)

a

Proof. For any additive r:k — m, we have (rg, gr2.2) = (ru,z.«2) by eq. (6.14).
The rest of the proof is formally identical to the stable analogue [8, Prop. 11.26]. O

Conversely, we can recover pxz from z, when X is well behaved, just as we did
stably. If E,(X) is free, we have strong duality E*(X) = DE,(X) by Thm. 1.18(a),
and [8, Lemma 6.16(a)] supplies the isomorphism

E*(X) ® Q(B) = Mod"(E.(X), Q(E)2) - (6.46)

*

Proposition 6.47. Assume that E.(X), E.(E}), and QE.(E,) are free E*
modules for all k. Take z € E*(X). Then under the isomorphism (6.46), the element
pxx corresponds to the homomorphism qj, o x.: E.(X) — E.(E}) — Q(E)*.

Proof. We apply the isomorphism to eq. (6.38) and compare with eq. (6.45). O

In particular, it is important to know the homomorphism of E*modules

Q) QB)E = QE.(E)) — QE.(E,) = Q(E)T (6.48)

induced by an additive operation r: kK — m (which by Prop. 2.7(c) is a morphism of
group objects in Ho). It has degree m—k. The Q(r) provide a convenient faithful
representation of the additive operations. The translation of diag. (5.11) is the
commutative square

M* Mm™
o o (6.49)
. & M®Q(r) i m
M ®; Q(E); M*®; Q(E);

which stabilizes to diag. [8, (11.29)].



34 Boardman, Johnson, Wilson Chapter 1

Just as stably, we easily recover the functional (r, —) from Q(r) as

r et 2 gy 2 B (6.50)

Conversely, we have the additive analogue of [8, Lemma 11.31].

Lemma 6.51. Assume that E.(E,;) and QE.(E,) are free E*-modules for all
k. If :k — m is an additive operation, then the homology homomorphism
Q(r):Q(E)t — Q(E)™ in eq. (6.48) has the properties:

(a) The diagram

QE): o QE)™

lQ(@b) l@(«p) (6.52)
* k 18Q(r) * m
QE): ® Q(E), QE): ®Q(E)

commutes; in other words, Q(r) is a morphism of left Q(FE)%-comodules;
(b) Q(r): Q(E)k — Q(E)™ is the unique homomorphism of left E*-modules that
satisfies eq. (6.50) and is a morphism of left Q(E)%-comodules in the sense of (a);
(¢) Q(r) is given in terms of the functional {r,—) as

QB =L QB ®, QE)} 2O, oy @, B ]
21, Qe

We deduce from (c) that the composite sr: k — n of the operations r: k — m and
s:m — n corresponds to the functional

(sm,—): QUE)E —2Ls Q(BY! @; Q(EY: ———Ls QB! ; B 659
n (s.,-) '

— Q(E)* ——— E" .

Remark. From diags. (6.30) and (6.31)(ii) we observe that for fixed h, Q%)
makes the graded group n — @} an additively unstable comodule, if we use the
right E*module action (6.21). Then by (c), the action of r:k — m is just Q(r),
and diag. (6.52) becomes a special case of diag. (6.49).

7. What is an additively unstable algebra?

In this section, we define an additively unstable algebra by enriching each of the four
Answers in section 5 with multiplicative structure. The treatment is closely parallel
to the stable case [8, §12] and we give only the significant additions. The logical
sequence is made slightly complicated by the fact that the monoidal structure is
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most easily described in the context of the Second (or Third) Answer, while the
comonad structure prefers the Fourth Answer.

In Defn. 7.13 we introduce the collapse operation, which detects the connected-
ness of a space.

We assume throughout this section that E.(E,) and QE.(E,) are free E*
modules for all k, which is true for our five examples by Lemma 4.17(a). Then
by Cor. 2.9, PE*(E,,) is an object of FMod.

First Answer. We have, for any space X, the additively unstable action (5.1)
o: PE™(E,) x E¥(X) — E™(X) .

Given z € E*(X), y € E™(X), and r € PE*(E,,,), we would like to have a
Cartan formula

r(zy) =Y (raz)(ray) in B*(X), (7.1)

for suitably chosen operations r/, and !, (depending on k and m as well as r). For
the universal example

X=E,xE,, withz =1, X 1L, y=1X 1, 2y = =t X by, (7-2)

where ¢: E, x E,, — E,_,, denotes the multiplication map of [8, Thm. 3.25],
eq. (7.1) reduces to

Prr=> 1l xrl in B*(E,xE,,) -
a

To ensure that ¢*r is expressible in this form, we need to allow infinite sums
and use the Kiinneth homeomorphism E*(E, x E, ) = E*(E,)® E*(E,,) from
Thm. 1.18(c).

We need to know more, that r/,,rl € PE*(E ). We have enough duality isomor-
phisms to dualize the multiplication in Lemma 4.9 and define a comultiplication
1 p by the commutative diagram

PE*(Ejym) PE*(E;)® PE*(E,,)
c c
* ¢* * %’ * o *
E*(E jim) EY(EyxE,) ~—— E*(E,)®E*(E,,)

(7.3)

Then we write pr = i, ® ry, as required.

We must not forget the unit element 1x € E*(X). We define the counit
ep: PE*(E,) — E* as the restriction of n*: E*(E,) — E*(T) = E*, so that
’I“].X = (CPT‘)].X in E*(X)
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It is now clear what an additively unstable algebra should be. Given an E*-algebra
M, we need actions PE™(E ) x M¥ — M™ that compose correctly, are biadditive
and E*bilinear in the sense of diag. (5.2), satisfy the Cartan formula (7.1), and
respect the unit in the sense that 71, = (epr)1as. In the classical case E = H(IF,),
there is a good Cartan formula and this approach is useful. For more general E,
such as MU and BP, this structure seems even more impractical than it was stably.

Second Answer. We have the coaction (6.26),
px: E*(X) — E{(X)®; Q(E)~.

i

In contrast to the Cartan formula of the First Answer, and just as stably in [8], all
we have to do is observe that as k varies, px is a homomorphism of E*algebras,
where we use the bigraded algebra structure on QF = Q(E): from Prop. 6.15.

Explicitly, if for particular z,y € E*(X) we have, as in eq. (6.39),

re = Z(Ta Ca) Tas ry = Z(T‘, dg) yg; for all r,
@ B

the Cartan formula (7.1) becomes (cf. the stable analogue [8, (12.5)])

r(zy) = Z Z(—l)deg(dﬁ)deg(w“)(r, Cads) Tayp in E*(X)", for all r. (7.4)
a B

Lemma 7.5. Assume that E.(E}) and QE.(E ) are free E*modules for all k.
Then the homomorphisms Q(v) and Q(e) in (6.27) and (6.28) are multiplicative
and respect the unit element.

We defer the proofs until after Thm. 7.9, as the coalgebra structure on Q(E)* is
not easily handled directly. The Lemma makes the following definition reasonable.

Definition 7.6. We call an unstable comodule M in the sense of Defn. 6.32 an
unstable (E-cohomology) comodule algebra if M is a filtered algebra (i.e. object of
FAlg) and its coaction ppr: M — M ® Q(E)* is a homomorphism of E*algebras.

In detail, M is a complete Hausdorff commutative filtered E*algebra, equipped
with a structure map pas that is a continuous homomorphism of E*algebras and
makes diags. (6.33) commute.

Theorem 7.7. Assume that E.(E},) and QE.(E,) are free E*~modules for all k
(which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then:

(a) For any space X, px makes E*(X)" an unstable comodule algebra in the
sense of Defn. 7.6;

(b) p is universal: given a (possibly bigraded) discrete E*-algebra B, any natural
transformation of rings 0X: E*(X) — E*(X)® B (or X: E*(X)" — E*(X)"®B)
that is defined for all spaces X is induced from px by a unique homomorphism
[ Q(E): — B of left E*algebras as

60X E*(X) 5 B*(X) 8 Q(B) —1 B*(X) 8B .
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Proof. This will follow from Thm. 7.9 in the same way that the stable result
Thm. 12.8 followed from Thm. 12.10 in [8]. O

Third Answer. We use the multiplication Q(¢):Q* ® QT — Q%™ from

Prop. 6.15 to make A’ a symmetric monoidal functor (A4’, {4, za+) in FMod, with
Car(M,N): (A M)F&A'N)™ — (A" (M B N))k+m

given by

Ca(M,N):M@QE®N®QI'=M&N Q! Q) (7.8)
— MEN Q™ '
and 24 = nr: E" - E*®@ Q" = Q". Thus when M is an E*algebra, so is A’ M. We
see that A’, equipped with natural transformations 1)': A’ — A'’A’ and ¢: A' — I
constructed from Q (1)) and Q(¢€), becomes a symmetric monoidal comonad in FMod
and therefore a comonad in FAlg.

Fourth Answer. For suitable E, we can make A a comonad in FAlg.

Theorem 7.9. Assume that E.(E,) and QE.(E,) are free E*-modules for all k
(which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then:

(a) We can enrich A to make it a symmetric monoidal comonad in FMod and
therefore a comonad in FAlg;

(b) If also E.(E,0) is free, the stabilization o: A — S is a monoidal natural
transformation in FMod.

The relevant definition is now clear.

Definition 7.10. An additively unstable (E-cohomology) algebra is an A-coalgebra
in FAlg,i.e. a complete Hausdorff commutative filtered E*algebra M equipped with
a morphism py: M — AM in FAlg that satisfies the coaction axioms [8, (8.7)].

If the closed ideal L C M is invariant, the quotient algebra M /L inherits a
well-defined A-coalgebra structure.

Theorem 7.11. Assume that E.(E ;) and QE.(E,) are free E*modules for all k
(which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then
given a complete Hausdorff commutative filtered E*-algebra M (i.e. object of FAlg),
an unstable comodule algebra structure on M in the sense of Defn. 7.6 is equivalent
to an additively unstable algebra structure on M in the sense of Defn. 7.10.

Theorem 7.12. Assume that E.(E,) and QE.(E,) are free E*-modules for all k

(which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then:
(a) For any space X, the coaction px: E*(X) — A(E*(X)") in diag. (5.6) is a

homomorphism of E*-algebras and makes E*(X)" an additively unstable algebra;

(b) p is universal: given a graded monoid object n — C™ in FMod®®, so that (by
[8, Lemma 7.9]) n — G™(X) = FMod(C™,E*(X)") is a graded ring, any natural
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transformation of graded rings 0X: E*(X) — G*(X) (or 6X: E*(X) — G*(X)),
that is defined for all spaces X, is induced from px by a unique morphism in FMod°®
of graded monoid objects with components f*:C™ — PE*(E,) in FMod, as

x Hom(f",1)
0X:E™(X) —— FMod(PE*(E,), E*(X)") ———— FMod(C", E*(X)") .

Proof of Thms. 7.9 and 7.12. The main proof proceeds by the same five

steps as stably for [8, Thms. 12.10, 12.13], except based on Thm. 5.8 instead of

[8, Thm. 10.12]. We give only the major changes. We recall the universal class

1 € E¥(E}), element id, € A¥PE*(E,), and pj from the proof of Thm. 5.8.
Step 1. We construct the symmetric monoidal functor

(A,Ca,24): (FMod,®, E*) — (Mod, ®, E*) .

Then A will take monoid objects in FMod (i.e. objects of FAlg) to monoid objects
in Mod (i.e. E*algebras).

By Lemma 4.16(a), we can construct the diagram (7.3) that defines ¥p and
verify its properties, which are dual to those of Q(¢) in Props. 6.15 and 6.20.
The counit ep: PE*(E,) — E* is the restriction of n*: E*(E,) — E*(T) = E*.
These make n — PE*(E,) an E*algebra object in FMod*°”, to which we ap-
ply [8, Lemma 7.14]. The necessary compatibility axiom [8, (7.13)] is the dual of
diag. (6.22). As stably, we use [8, (7.15)] to identify z4 with pr: E*(T) - AE*(T).

If E.(E,o) is also free, we can dualize Prop. 6.15(b) to see that the destabi-
lizations o}: E*(E,0) — PE*(E,,) form a morphism of graded monoid objects in
(FMod*°? | ®, E*). Then [8, Lemma 7.9(b)] shows that o: A — S is monoidal.

Step 2. The proof that p is monoidal is similar to the stable case. Here, the
universal example is X = E, and Y = E,, with the element ¢4 ® ty,. The two
elements of AF*™E*(E , xE,.) to be compared are

P —~ —~
PE*(E,,,) — PE*(E,)& PE*(E,,) C E*(E,)® E*(E,,)
and

* * ¢" *
PE (Ek-i-m) CE (Ek-‘rm) —F (Ek X Em)

These agree by diag. (7.3). The second condition needed is just z4 = pr.

Step 3. The analogue of diag. [8, (12.17)] for this situation is fig. 1. To establish
this, we proceed as in [8, Thm. 12.10]. Because p is monoidal and natural, we
have the commutative diagram fig. 2 (cf. diag. [8, (12.16)]) which includes an
isomorphism from Thm. 1.18(c). Figure 1 is obtained from this by restriction, using
the coaction (5.13) and diag. (7.3).

Step 4. The monoidality of ¢ follows formally from that of p, just as stably (cf.
diags. [8, (12.18)]). The universal example is M = PE*(E,,) and N = PE*(E,),
with element id,, ® id,,. We use fig. 1 instead of diag. [8, (12.17)].
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Figure 1. Additive operations and comultiplication

% Y * o *
PE*(E,,,) —— PE*(E,)®PE*(E,,)
lek®Ppm
Ppiosm APE*(E,)® APE*(E,,)

lCA
Ayp

APE*(E ) — A(PE*(E,)8 PE*(E,,))

Figure 2. The monoidality of p

~ PE®Pm ~
E*(B) 8 E*(E,,) — AE*(E,)& AE*(E,,)
Ca
Y
=% A(E*(E,)® E*(E,,))
>~ AX
0 \
E*(Ekxﬁm) AE*(EkxEm)
o Ag*
* Pl+tm *
E*(Ejym) AE*(E jym)

Step 5. The proof that € is monoidal is formally the same as stably, except for
the insertion of indices.

In Thm. 7.12(b), C has comultiplications 1c: C*¥t™ — C* & C™ and a counit
€c:C° — E* which make n = FMod(C™,E*(X)") a graded ring. For each n,
Thm. 5.12(c) provides a morphism f":C" — PE*(E,,) in FMod. For the universal
example (7.2), the multiplicativity (6X)(zy) = ((6X)z)((6X)y) reduces to the
commutativity of the outside of the diagram in fig. 3. The lower rectangle is
diag. (7.3). It follows that the upper square commutes, so that f preserves the
comultiplication. Similarly, (87')1 = 1 yields fig. 4, which shows that f preserves
the counit. O

Proof of Thm. 7.11. We use the isomorphism (6.7) to translate the monoidal
structure of A to A'. From (4, which is given by [8, (7.11)], we obtain eq. (7.8). We
have identified both z4 and z4r with the coaction pr. O
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Figure 3. Comparison of comultiplications

Yo

chtm ctee™

fk+'m. lfk®fm

* 4 * > *
PE*(Eyy,) — PE*(E})®PE*(E,,)

e

Y

c E*(E;)®E*(E,,)
"
E*(Ek-l—m) E*(Ekxﬁm)

Figure 4. Comparison of counits

0

Proof of Lemma 7.5. Theorem 7.9(a) shows in particular that ¢: A — AA and
e: A — I are monoidal natural transformations. By the isomorphism (6.24), so are
P A" — A'A" and €: A" — I. Evaluation of the relevant diagrams involving ¢
for M = N = E* show precisely that Q(y) and Q(e) are multiplicative. Since
zp = nr:E" = E* ® Q(E)! = Q(E)", the two diagrams involving z show that
11 =1®1 and el = 1, simply because ng1 is the unit element of Q(E)%. O

Proof of Thm. 7.7. Part (a) follows from Thm. 7.12(a). In (b), Thm. 6.36(c)
provides for each n the E*module homomorphism f”: Q(E)? — B that induces
6X:E"(X) — E*(X)®B. As in the proof of [8, Thm. 12.8(b)], the resulting
f:Q(E)t — B is an E*algebra homomorphism. O

Connectedness. There is a particular operation that is useful for expressing the
concept of connectedness in a cohomology algebra. It sees only the path components
of a space.

Definition 7.13. For each n, we define the collapse operation k,:n — n as the
map kn: E,, — E, (well defined up to homotopy) that sends each path component
of E,, to one point in that path component.
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It is clearly additive, multiplicative (k(zy) = (kx)(ky)), unital (kolx = 1x), and
idempotent. It commutes with all operations in the sense that k,, or = rokg:k = m
for all r:k — m; in particular, k is E*linear. It is zero in any degree n for which
E™ = 0. In spite of being defined in all degrees, it is not at all stable, as Qk,, = 0. All
these properties carry over to any additively unstable algebra M; in particular, we
always have the E*module decomposition M = Im k @ Ker &, with (E*)1ps C Im «.

For a connected space X with basepoint o, it is clear that the augmentation ideal
E*(X,0) C E*(X) is precisely Ker k. In general, Ker k = F1E*(X) for any space
X, the first stage of the skeleton filtration. This suggests the following definition.

Definition 7.14. We call the additively unstable algebra M connected if Imk =
(E*)1p. We call M spacelike if it is a product (in FAlg) of connected algebras.

In particular, for a space X, E*(X)" is always spacelike, and is connected if and
only if X is connected.

8. What is an unstable object?

In this section, we interpret what it means to have an algebra over all the unstable
operations on E-cohomology. Tensor products rapidly become unworkable for non-
additive operations, with the effect that only the First and Fourth Answers from
section 5 survive intact.

We generally assume that E.(E ) is a free E*-module for all k. Then Thm. 1.18
provides all the Kiinneth and duality isomorphisms and homeomorphisms we need.
Of course, when we compare with the additive or stable theory, we impose the
appropriate extra conditions.

As in (2.1), we identify:

(i) The cohomology operation r: E*¥(—) — E™(-);
(i) The class r =r(1x) € E™(E});
(iii) The representing map r: E, — E;
and write any of these as r:k — m. (We shall retain the parentheses in r(x)
whenever r is nonadditive.)

We first deal with the constant operations r: k — m, those of the form r(z) =
vlx € E™(X) for all z € E*(X) and all spaces X, where v € E™.

Lemma 8.1. Any operation r: k — m decomposes uniquely as the sum of a based
operation s:k — m and a constant operation.

Proof. We set v = r(0) € E™(T) = E™ and define the operation s by s(z) =
r(z) —vly in E*(X), to make s(0) = 0. O
First Answer. Since E¥(—) is represented in Ho by E;, we have as in (5.1) the
actions

o: E™(E,) x E¥(X) — E™(X), (8.2)
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except that we cannot write them using tensor products. Instead, we need a Cartan
formula for r(z+y) as well as for r(zy).

To find r(z+y), we consider the abelian group object E,, of Ho provided by [8,
Cor. 7.8], which is equipped with the addition map uy: E, x E, — E, and zero
map wy:T — E,. By Lemma 8.1, we may restrict attention to based operations r.
The group axioms on E ; lead (as in any Hopf algebra) to a formula of the form

pir=rx 14+ 3 rhxrt 4 1xr  in B*(E,xE,) = B*(E) 8 B*(E),

a

where the r/, and r! are also based. The only novelty is that the sum may be
infinite. This translates into the desired Cartan formula

r@+y) =r(@) + Y ra(@)rly) +r(y) i EY(X) (8.3)

for any =,y € E*(X).
There is a similar Cartan formula for multiplication, given z € E¥(X) and y €
E™(X), of the form

r(ay) =Y ra(@)raly) i BY(X), (8.4)

for certain (other) based operations 7/, and r!] (which depend on k and m).

This suggests that an unstable algebra should consist of an E*algebra M
equipped with operations r that compose correctly and satisfy both Cartan for-
mulae. This requires knowing the operations r/, and r! in egs. (8.3) and (8.4) for
all 7. In section 10, we shall in effect expand both Cartan formulae explicitly.

Second Answer. We convert the First Answer to adjoint form, corresponding to
the Fourth Answer in section 5. (We skip the Second and Third Answers.) Every-
thing becomes far cleaner, more evidence that this is the natural answer.

Any element z € E*(X), regarded as a map x: X — E, induces the continuous
homomorphism z*: E*(E ;) — E*(X) of E*algebras. By Thm. 1.18(a), E*(E,,) is
Hausdorff and so in FAlg; we may therefore define, for any object M of FAlg,

UM = FAlg(E*(E}), M), (8.5)

the set of all continuous E*algebra homomorphisms E*(E ) — M. This encodes
the set of all possible actions on a typical element of degree k. We convert the action
(8.2) to what we continue to call a coaction,

px: BM(X) — UMNE*(X)") = FAlg(E* (E}), E*(X)"), (8.6)

by defining pxx = x*, completing E*(X) if necessary to get it into FAlg. We
assemble the sets U¥M to form the graded set UM, which has the component
(UM)*¥ = U* M in degree k, and obtain px: E*(X) = U(E*(X)").

We compare UM with the stable and additive versions. Restriction to PE*(E},)
induces the natural transformation

(tM)*:U*M = FAlg(E*(E ), M) — FMod(PE*(E ), M) = A*M . (8.7)
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These form 7TM:UM — AM. Composition with o M: AM — SM (see eq. (5.7))
yields
U*M = FAlg(E*(E,), M) — FMod"(E*(E,0), M) = (SM)*,

which is induced by the destabilization o} : E*(E,0) - PE*(E,) C E*(E,).

Apparently only a morphism of graded sets, px has far more structure, thanks
to the rich structure on the spaces E ..
Theorem 8.8. Assume that E.(E}) is o free E*-module for all k (which is true
for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then:

(a) We can make the functor U, defined in eq. (8.5), a comonad in the category
FAlg of filtered E*-algebras;

(b) If QE.(E ) is a free E*module for all k, 7: U — A (see (8.7)) is a morphism
of comonads in FAlg;

(c) If E.(E,0) is a free E*module, co:U — S (see (8.7) and (5.7)) is a
morphism of comonads in FAlg.

Our main definition is now clear.

Definition 8.9. An unstable (E-cohomology) algebra is just a U-coalgebra in FAlg,
i.e. a complete Hausdorff filtered E*algebra M equipped with a continuous mor-
phism ppr: M — UM of E*algebras that satisfies the coaction axioms [8, (8.7)].
We then define the action of r € E*(E ;) on z € M* by r(z) = pu(x)r € M.

A closed ideal J C M is called (unstably) invariant if the quotient algebra M/J
inherits a well-defined unstable algebra structure from M.

It follows that the Cartan formulae (8.3) and (8.4) hold in M. The constant
operations behave correctly because pr(z) is required to be a morphism of E*
algebras. We need to be able to recognize invariant ideals.

Lemma 8.10. Given an unstable algebra M, a closed ideal J C M is unstably
invariant if and only if r(y) € J for all y € J and all based operations r.

Proof. To make pys/; well defined, we need r(z+y) = r(x) mod J, for all z € M
and y € J. This is trivial for constant operations r, and so by Lemma 8.1, we need
only check for based r. The stated condition is obviously necessary, by taking x = 0.
It is also sufficient, by eq. (8.3). O

Theorem 8.11. Assume that E.(E},) is a free E*~module for all k (which is true
for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then:

(a) For any space X, the coaction (8.6) factors through E*(X)" to make E*(X)"
an unstable E-cohomology algebra;

(b) We recover the additively unstable coaction (5.6) from px as
B*(X) —— U(E*(X)) — A(B*(X));
(c) If E*(E,0) is Hausdorff, we recover the stable coaction [8, (10.10)] from px

as

E*(X) /= U(E* (X)) — A(E*(X)") — S(B*(X)");
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(d) p is universal: given an object B of FAlg and an integer k, any natu-
ral transformation of sets 6X: E*¥(X) — FAlg(B,E*(X)") (or 6X:EF(X) —
FAlg(B, E*(X)"), that is defined for all spaces X, is induced from px by a unique
morphism f: B — E*(E,) in FAlg as

6X: E*(X) —— U(E*(X)") = FAlg(E*(E,), E*(X)")

Mor(fvl)
FAlg(B, E*(X)")

Proof of Thms. 8.8 and 8.11. The proof breaks up into the same seven steps
as additively (and stably), in Thms. 5.8 and 5.12. However, it is far simpler than
Thms. 7.9 and 7.12 on algebras, because we are able to treat the multiplicative and
module structures together. At each step, we also discuss 7 and 7o o, assuming the
extra conditions hold.

Corollary 7.8 of [8] provides the E*algebra object n — E,, in Ho. We again write
pr for px when X = E .

Step 1. We endow the functor U with an E*algebra structure. For each object
M of FAlg, we observe that according to [8, Lemma 6.9], the functor

E*(=)" Mor(—, M)
FAlg(E*(-=)", M): Ho ——— FAIg°®® ———— Set

preserves enough products that by [8, Lemmas 7.6(a), 7.7(a)] it takes the E*algebra
object n — E, to the E*algebra object UM in Set; i.e. UM is an E™algebra. It
is clear that UM is functorial in M. We shall filter it in Step 3.

To see that 7M is a homomorphism of E*modules, we apply [8, Lemma 7.6(c)]
to the E*module object n — E, in Gp(Ho), using the natural transformation

FAlg(E*(-=)", M) — FMod(PE*(—)", M)

defined by restriction. To see that 7 is monoidal, we apply [8, Lemma 7.9(b)]. The
monoidal structure of U is simply the multiplicative part of the algebra structure,
and diag. (7.3) shows that the inclusions PE*(E,) C E*(E,,) form a morphism
of graded monoid objects in FMod®?. The units are correct by definition. For 7o,
we bypass PE*(E,,) and use the duals of diags. (6.16) and (6.17) instead.

Step 2. In order to define px (in (8.6)) as a morphism of E*algebras, we consider
the Set-valued natural transformation

Ho(X,—) — FAIg(E*(=)", E*(X)")

induced by E*(—)": Ho°® — FAlg. We apply [8, Lemma 7.6(c)] to the E*algebra ob-
ject n — E, , to obtain Thm. 8.11(a). Then Thm. 8.11(b) is clear by comparing with
the additive coaction (5.6), and for Thm. 8.11(c), we combine with Thm. 5.12(b).

Step 8. For U to take values in FAlg, we must filter UM . If M is filtered by the
ideals F'* M, we filter UM by the ideals

F(UM) = Ker [UM —U (F]‘i/IM)]
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Just as stably, this filtration is complete Hausdorff and makes px continuous by
naturality. This allows us to factor px through E*(X)". Similarly, 7M and o M o M
are also filtered and therefore continuous.

Step 4. We convert the object E*(X)" of FAlg to the corepresented functor
Fx = FAlg(E*(X)",-):FAlg — Set. For example, when X = E,, Fx = UF.
As suggested by [8, (8.16)], we also convert the coaction px to the natural trans-
formation px: Fx — FxU: FAlg — Set. Given M in FAlg, pxM: FxM — FxUM
is thus defined on f € Fx M = FAlg(E*(X)", M) as

(pxM)f =Ufopx: E*¥(X)" — U(E* (X)) — UM, (8.12)
an element of FixUM.
Step 5. We define the natural transformation

YM:U*M = FAlg(E*(E},), M) — FAIg(E*(E,),UM) =U*UM (8.13)
by taking X = E in eq. (8.12). On the element f: E*(E ;) — M of UXM, it is

%)
(M) f: E*(E,) — UE*(E,) —— UM .
(In terms of elements, this is r — [s — f(r*s) = f(sr)].) If we substitute the
E*algebra object n — E, for X in eq. (8.12), [8, Lemma 7.6(c)] shows that ¢ M
takes values in Alg. Naturality in M shows that ¢ M is filtered and so takes values
in FAlg as required.
Step 6. The other required natural transformation,
eM:U*M = FAlg(E*(E,), M) — M,
is defined simply as evaluation on ¢y, € E*(E ). As before, naturality in M shows
that eM is filtered, but we have to calculate that € is an E*algebra homomorphism.
Take any binary operation s(—,—) in E*algebras (addition, multiplication, or
any other), represented in Ho by the map s:E, x E,, — E_, which therefore

=q>
induces s*ty = s(pf ik, Pitm). We need to show that the square

UM x UM —— UM

Jox |

ME x M™ : M1

commutes. We evaluate on f € UFM and g € U™M. Because E*(E ,xE,,) is by
[8, Lemma 6.9] the coproduct in FAlg, there is a unique h: E*(E, xE ) = M in
FAlg such that hop] = f and hop} = g. Then by definition of the algebra structure
of UM, 5(f,g) = hos*: E*(E,) — M. Since h is an algebra homomorphism,

€s(f,9) = hs™in = hs(pitr, Pstm) = s(hpite, hpsim) = s(fir, gtm) = s(ef, €g).

For unary and 0-ary operations, we may adapt the above proof, or simply throw
away any unwanted arguments. (For example, given v € E*, we could define the
constant binary operation s(x,y) = vl in any E*algebra, to deduce that ev = v.)
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Step 7. The proof that E*(X)" is a U-coalgebra and that U is a comonad is
formally identical to the stable case, except that we need versions of [8, Lemmas
8.20, 8.22] for graded objects.

We use [8, Lemma 8.24] to show that 7:U — A is a natural transformation
of comonads. We take R as n — E*(E,), R' as n — PE*(E,), 1z = 1j as
n > iy, and u: PE*(E,) C E*(E,,) as the inclusion. The first hypothesis on u is
the commutativity of the diagram

PE*(E,) - - B*(Ey)
Poy, FAlg(E*(E},), E*(E}))

|

FMod(PE*(E ), PE*(E,)) —— FMod(PE*(E,,), E*(E,))

which is obvious by construction, as r € PE*(E ) yields r*|PE*(E,).
The proof of Thm. 8.11(d) is formally the same as stably. Since E¥(—) is repre-
sented by 1, € E¥(E ), 0 is classified by f = (E ,)u, € FAlg(B,E*(E})). 0

9. Unstable, additive, and stable objects

In previous sections and [8], we constructed five different kinds of object: stable
modules and algebras, additively unstable modules and algebras, and unstable al-
gebras. In this section we compare them all. Unstable modules are conspicuous by
their absence; Thm. 9.4 will show that they cannot be defined compatibly with our
other objects.

Each kind of object is defined by a comonad. Theorems 8.8(b) and 7.9(b) provide
natural transformations

U—5A4-"58 inFAg (9.1)

between the comonads that define unstable, additively unstable, and stable alge-
bras. Theorem 5.8(b) provides the natural transformation

1733  in FMod 9.2)

between the comonads that define additively unstable and stable modules (where
we temporarily rename the module versions of A and S to A and S). They are
related to the algebra versions by the forgetful functor V: FAlg — FMod, so that
VA=AV and VS = SV.

We have the category, e.g. U-coalgebras, of each kind of object. We consider
the diagram of categories and functors in fig. 5. For example, a stable algebra B
with coaction pp: B — SB in FAlg yields the stable module VB with coaction
Vpp:VB — VSB = SVB in FMod.



Section 9 Unstable cohomology operations 47

Figure 5. Five kinds of object

additively

unstable T o stable
algebras g{lgsetggs algebras
v J
additively _
unstable —Z » st?iblle
modules modules

Theorem 9.3. Assume that E.(E ), QE.(E}), and E.(E,0) are free E*-modules
for all k (which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)
and [8, Lemma 9.21]). Then we have the diagram fig. 5 of categories and functors.

For any space X, E*(X)" is an object in each of the five categories, related by
these functors.

Proof. The last assertion combines Thms. 5.12, 7.12, and 8.11 with Thms. 10.16
and 12.13 of [§]. a

There is a glaring gap: we have not defined unstable modules. We now show
that this gap cannot be filled, for rather silly reasons. In fact, the three most
natural definitions are for stable modules, additively unstable modules, and unstable
algebras. We can enrich the two kinds of module with multiplicative structure, but it
is not possible to remove the multiplicative structure from the definition of unstable
algebra. This is already strongly suggested by the appearance of multiplication in
the Cartan formula (8.3) for r(z+y).

We ignore most of the structure and the topology, fix k, and restrict attention to
the two functors U*: FAlg — Ab and A*: FMod — Ab and the natural transforma-
tion Tk: UFV — Ak,

Theorem 9.4. Even in the classical case E = H(F,), unstable modules do not
exist in the sense that we cannot insert o suitable comonad U into diag. (9.2).
Specifically, for fixed k > O there do not exist:

(i) a functor T*: FMod — Ab;
(ii) a natural isomorphism UkV =~ Uk: FAlg — Ab;
(iii) a natural transformation ?k:Uk — AF of functors FMod — Ab;

such that on FAlg, ?kV:UkV — AF agrees with T%: U* — Ak,

Proof. We assume that Uk and 7* exist as stated and derive a contradiction. Given
any (filtered) graded F,-module M, we construct the F,-algebra M+ = F, & M
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with the unit element 1 € F, and 2y = 0 for all z,y € M. Then M is a retract in
FMod of VMt and we can compute 7% M from the commutative diagram

FAlg(Ag, M)

l:

2

UM v'vmMt —— UtMTt
i?’“M i?kVMJr lTkM+
A'um Avut Akt
FMod(P Ay, M) FMod(P A, M)

where A, = H*(H ). Because Mt has no decomposables, every homomorphism
PAj, — M in the image of 7% M kills the decomposable elements of P.A;, (of which
there are many).

But for a general algebra B, 7" B:U*B — A* B does not have this property, e. g.
(7% Ap,)idg € A* Ay is the inclusion PAy C Ay. Taking M = V B shows that 7V B
does not agree with 7% B. 0

Objects in ordinary cohomology. Theorem 9.4 demands an immediate expla-
nation of our terminology even in the case of ordinary cohomology. We give details
for E = H(F,); the case E = H(F,) for odd p is similar, with the usual changes.

The Steenrod algebra A = E*(E,o0) is exactly as expected: it is the Fy-algebra
generated by the Steenrod squares Sq* for ¢ > 0, subject to the standard Adem
relations. Tt is useful to write Sq° = :. We note that for E = H(IF):

(i) o makes PE*(E ;) a quotient of E*(E,o);
(ii) E*(E,) is a primitively generated Hopf algebra.

Below, M is to be an object of FMod (or FAlg), i.e. a complete Hausdorff fil-
tered graded Fa-module (or commutative Fa-algebra). Topological conditions apply
(which we ignore for now). We list the five kinds of object we have defined, under
our names for them:

(i) A stable module M is an A-module.
(ii) A stable algebra M is both an Fy-algebra and an A-module that satisfies
the Cartan formula
k
Sq* (zy) = (Sqt 2)(Sq* " y) for k > 0.
i=0
It follows by induction that Sq* 157 = 0 for all & > 0.

(iii) An additively unstable module M is an A-module that satisfies the extra
condition

Sqiz =0  forall z € M and all i > deg(x). (9.5)
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Since Sq° z = =, it follows that M™ =0 for all n < 0.
(iv) An additively unstable algebra is a stable algebra that satisfies (9.5).

(v) An unstable algebra M is a stable algebra that satisfies (9.5) as well as the
extra condition

Sq* z = 2? for z € M and k = deg(z).

The objects normally known as unstable modules appear here as additively unstable
modules (although the word “additively” could well be omitted, there being no
danger of confusion with something that does not exist).

However, we do have two kinds of unstable algebra. We emphasize that in (iv),
the squaring operation M* — M?* given by  + 22 (which looks additive but
from our point of view is not, because it is defined only when M is an algebra) is
unrelated to Sq*.

We have equivalent comodule descriptions in terms of E.(E, 0) = F2[£1,£2,&3, .. ]
and the corresponding bigraded algebra Q(E): = Fa[&,&1,&2, . . .], which has poly-
nomial generators & € Q(E)j; (as we shall see in Thm. 16.2):

(i) A stable comodule M has a coaction
pM:M — M(/X\)E*(E,O) = M®F2[£17§27€37"']

that satisfies the usual axioms [8, (8.7)]. Then Sq* is dual to &F.

(ii) A stable comodule algebra M is both a stable comodule and a commutative
F,-algebra, in such a way that pj, is an algebra homomorphism.

(iii) An unstable comodule M has coactions
pu: MY — MP®; Q(E)f ¢ MRy [&,&1, &, .- ]

that satisfy the coaction axioms (6.33). The unstable operation Sq*: k —
k + i is now dual to &7¢! for i < k, or is zero if i > k.

(iv) An unstable comodule algebra M is an unstable comodule that is also a
commutative Fy-algebra, in such a way that p,s is an algebra homomor-
phism.

The special features of H(F,) allow us to handle unstable algebras too:
(v) For any x € M*, pyra contains the term z? ® £F.

Remark. There is one candidate for an unstable module, but it does not work.
One could try defining G¥M = FMod(E*(E ), M) for any object M of FMod, with
px: E¥(X) = GFE*(X) defined as usual, by pxz = z*. We would like px to be at
least additive, but the standard additive structure on FMod does not give this.

Indeed, it is easy to see that in general no abelian group structure on G¥ M makes
px additive (not even for E = H(F,)). By [8, Lemma 7.7(d)], such a structure would
have to be induced by some morphism ¢: E*(E,) - E*(E,) ® E*(E,) in FMod.
Take any r € E*(E ;) and write ¢r = (r',r""). Then additivity of px translates into
r(z+y) = r'z + r'"y for all 2,y € E¥(X), which is absurd unless 7 happens to be
additive.
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In fact, these objects appear to be particularly devoid of interest. In the case E =
H(F,), for example, they are modules equipped not only with Steenrod squares Sq’
that behave as expected, but also operations such as = — (Sq” £)(Sq® ), without
having cup products.

10. Enriched Hopf rings

In Defn. 8.9 we condensed all the structure of an unstable algebra down to the
single word U-coalgebra. In this section, we unpack the information again to give a
complete description of an unstable algebra in the language of Hopf rings, enriched
with certain additional structure. This description is summarized in Thm. 10.47,
which may be regarded as the unstable analogue of Thm. 11.14 of [8] and Thm. 6.36.
Indeed, we find a whole new paradigm for handling unstable operations, making
computations with them reasonably practical and efficient. It serves as the true
successor to the Second Answer of section 5 and [8, §10].

We assume in this section that E.(E,) is o free E*module for all k, which is
true for our five examples by Lemma 4.17(a). Thus all the results of section 8 are
available, and by [8, Lemma 6.16(c)], the topological dual FMod*(E*(E},), E*) of
E*(E}) is E.(E})-

We shall consistently identify (with some abuse of notation):

(i) the cohomology operation r: E¥ (=) — E™(=);
(ii) the cohomology class r(ux) € E™(E}), which we often write
simply as r € E™(E,); (10.1)
(iii) the representing map of spaces r:E, — E . ;
(iv) the E*linear functional (r,—): E.(E,) — E* of degree m.

Remark. In some situations, these identifications can obscure the correct signs in
formulae. Considered as a cohomology class or functional, r has degree m, while its
degree as an operation is m—k, and as a map of spaces, r has no degree at all.

In any unstable algebra M, including E*(X)" for any space X, Defn. 8.9 gives,
for each z € MP*, the homomorphism py(z): E*(E,) — M. Then we defined
r(z) = pu(z)r € M for any operation (i.e. class) r € E*(E ). In practice, we find
it more convenient to revert to the First Answer r(z) of section 8, although the
Second Answer, in terms of pys, will continue to inform us as to what to do, even
when only implicit. Classically, one investigates cohomology operations by studying
what happens to r(z) when r is fixed and z varies; but it is clear from section 8
that what we should do is fix z and allow r to vary.

Linear functionals. We need to develop a computational description of pas in
an unstable algebra M. We start from the fact that par(z) is E*linear, i.e. r(z) is
E*linear in r.
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Definition 10.2. Let M be an unstable algebra, and fix an element z € M*. We
say r(z) is written in standard form if

r(z) = Z(r, Ca) Ta in M (for all r), (10.3)
[e3
for suitable choices ¢, € E(E ) and zo € M, where deg(zo) = — deg(cq). If the
sum is infinite, we require each ideal F®*M in the filtration of M to contain all
except finitely many of the x,.

This is the closest we will come to an unstable replacement for the tensor products
and homomorphisms of section 6 and [8, §11]. Our convention here and in all similar
formulae is that r runs through all unstable cohomology operations having the
correct domain degree (different in nearly every formula, and rarely specified) but
arbitrary target degree. The indexing set for « is often left implicit.

It is easy to achieve eq. (10.3) in the universal form

r(z) = Z(r, Ca) Ta(T) in M (for all r), (10.4)

a

by allowing ¢, to run through some basis of E.(E ), which forces us to take z, =
rqo(z), where r, denotes the operation (linear functional) dual to ¢,. Continuity
of py(z): EX(E,) — M assures the finiteness condition in Defn. 10.2. We may
therefore always assume that r(z) is written in standard form.

Where we depart from tradition is in not picking a definite basis of E,(E ) in
advance. We do not even insist on the ¢, being linearly independent. Nor do we
require the ¢, to span; we may obviously omit zero terms. This does not affect
the linearity of eq. (10.3) and allows the flexibility that our formulae require. One
consequence is that most cohomology operations will never acquire names.

We have the analogue of Prop. 6.44.

Proposition 10.5. Given x € E¥(X), regarded as a map of spaces v: X — E,,
assume that r(z) is given by eq. (10.3). Then z.: E.(X) — E.(E,) is given by

Tz = Z(_1)deg(ca)(deg(wa)+deg(Z))(mm 2) Co = Z CalTa,2) . O
@

a

The nonuniqueness in eq. (10.3) is really not a problem because we are using it
to describe, not define the structure on M. The real definitions are all in section
8; here, we are only reinterpreting them. Nevertheless, it is easy to convert one
standard form to another.

Lemma 10.6. Any standard form (10.3) can be transformed into the universal
form (10.4), and hence into any other standard form, by iterating three kinds of
replacement (in either direction):

@) (re+c)a' = (re)a’' + (r,c)2';
(ii) (ryvey z' = (—1)de8(c)de8(¥) (. ¢ 4z
(iii) Ar,c)z’' +{r,c)z" = (r,c) (' +z").
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(Infinitely many replacements may be needed; however, each F*M contains x' for
all except finitely many of them.) O

Stabilization. We need to record how eq. (10.3) behaves when we restrict the
operation r to be additive or stable. We recall from [8, Defn. 9.3] the stabilization
homomorphism oy,,: E«(E ) — E«(E,0) and from eq. (6.2) the algebraic homomor-
phism gx: E«(E ;) — Q(E)¥, both of which have degree k under our conventions.

Lemma 10.7. Let M be an unstable algebra, and assume that r(x) is expressed in
the standard form (10.3), where x € M*. Then:

(a) The unstable comodule coaction ppr: M*¥ — M @ Q(E)* is given by

pMT = Z(_1)deg(wa)(k*deg(wa))l-a ® QiCa in M ® Q(E)*,
[e%
provided QE.(E},) is a free E*module;
(b) The stable comodule coaction par: M — M & E,(E, o) is given by

puz =Y _(—1)t8@)b=des@)ly @ oy 0o in M & E.(E,o0),

«
provided E.(E,0) is a free E*module.

The signs are as expected, once we remember that if deg(z,) = 4, then deg(cy) =
—i and deg(qrcy) = deg(og.Ca) = k — 1.

Proof. For additive r, Prop. 6.11 converts eq. (10.3) to raz = ) _(rQ, qxCa)®a-
We deduce pupz in (a) by comparing egs. (6.38) and (6.39). Part (b) is similar,
using [8, (11.18), (11.19)] instead. a

Unstable algebra structure. Our task is to convert all the algebraic structure
of an unstable algebra M in Defn. 8.9 into the current context. There are in effect
four pairs of axioms:

(a) Two axioms to make py(z): E*(E ) — M an E*algebra homomorphism,
rather than merely E*linear: (r — s)(z) = r(z)s(z) and 1(z) = 1,7, which
will become egs. (10.14) and (10.15);

(b) Two axioms to make ppr: M — UM E*linear: pyr(z+y) = par(z)+par(v)
and pps(ve) = vppr (z), which will become egs. (10.20) and (10.16);

(¢) Two axioms to make ppr: M — UM multiplicative: ppr(1p) = lym and
pyv(zy) = pam(x)pa(y), which will become eqs. (10.41) and (10.34);

(d) Two axioms to make M a U-coalgebra: (sr)(z) = s(r(z)) and (yz = =z,
which will become egs. (10.45) and (10.43).

The natural language for expressing the first three pairs is that of Hopf rings, while
the last requires some additional structure.

Hopf rings. We recall from [8, Lemma 6.12] that in Coalg, tensor products of
coalgebras serve as products and E* is the terminal object. A commutative (graded)
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ring object in Coalg is called a Hopf ring over E*. (The terminology and some of
the notation were suggested by Milgram [17]; see [23, §1] for a detailed exposition.)

We start from the E*algebra object n — E,, in Ho provided by [8, Cor. 7.8]. We
apply [8, Lemma 7.6(a)], using the homology functor E,(—), which takes values in
Coalg on the spaces we need and preserves enough products to make n — E.(E,,)
an E*algebra object in Coalg. In particular, this is an E*module object, and each
E.(E,) is an abelian group object in Coalg and thus a Hopf algebra.

There are seven parts to the Hopf ring structure of n — E,(E ,,): two from the
coalgebra, three from the abelian group object E,, and two from the multiplicative
monoid object, in addition to the underlying E*module structure on E-homology.
They are as follows (for each k and m, where relevant):

(i) Y:E.(E}) = E(E,) @ E«(E}), the comultiplication induced by the di-
agonal map A:E, - E, x E,;
(ii) e: EL(E}) — E*, the counit for ¢, induced by the map ¢: E, — T}
(iii) *: EL(E,)QE«(E,) —» E.(E,), a multiplication, induced by the addition
map pp: By X By — Ey;
(iv) 1 = wiel € Eo(E}), the x-unit element, induced by the zero map
wp:T = E;
(v) x: E«(E}) = E«(E}), the canonical (anti)automorphism of the Hopf al-
gebra E,(E ), induced by the inversion map vy: E, — E ;
(vi) o: E4(E}) ® E(E,,) = E«(E,,,), another multiplication, induced by
the multiplication map ¢: E;, x E,, = E;,.;
(vii) [1] = n«1 € Eo(E,)), the o-unit element, induced by the algebra unit map
T = E,.
Because n — E,(E,,) is an E*algebra object rather than merely a ring object,
we have, for each v € E", the actions (£v).: Ex(E ) = E«(E ;). As in section 6,
this reduces to a simpler structure.

Definition 10.8. We define the right unit function ng: E* — E.(E,). We regard
v € E" = EMT) as a map v:T — E,, and use the induced homomorphism
v E* 2 E, (T) = E.(E}) to define [v] = vil € Eo(E}) and nr(v) = [v].

In particular, this includes [1] = 7,1 as in (vii), and [0x] = wk«l = 1 asin (iv). It
is clear from Defn. 6.19 and [8, Defn. 11.2] that gp[v] and op.[v] are the additive and
stable versions of nrv. The elements [v] determine the E*module object structure
completely, because when we apply E-homology to [8, (7.5)], we obtain

(€v)sc=[v]oc for all c € E.(E,). (10.9)

For the sake of completeness, we list all 33 laws that a Hopf ring satisfies, beyond
the usual axioms for an E*module. (Your count may vary.) Most need no comment.
They are as follows, where in several we write ¢ =", ¢} ® ¢}":

(i) The five operations are (bi)additive: 1 (b+c) = b + ¢c, e(b+c) = eb + ec,
(a+b) x ¢ = axc+ bxe, x(b+c) = xb+ xc¢, and (a+b) oc = aoc + boc;
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(i) The five operations are E*linear: ¢)(vc) = ), vc, ® ¢, e(vc) = vec, (vb) *
c=wv(bxc), x(ve) = vxe, and (vb)oc =v(boc), for all v € E*;

(iii) Three coalgebra axioms: 1) is coassociative and cocommutative (with the
standard sign), and € is a counit: )_.(ec})ci = ¢;

(iv) The five parts of the ring object structure respect 1: ¥ (b*c) = (1b) * (¢c)
(where we give E,(E ) ®E.(E},) the obvious *-multiplication, with signs),
P(boc) = (1hb) o(oc) (similarly), Y1 = 1k ® 1k, Pxc = 3, xc; ® xcf, and
P[1] = [1] @ [1];

(v) The five parts of the ring object structure respect e: €(b * ¢) = (eb)(ec),
€l =1, exc = ec, e(boc) = (eb)(ec), and €[1] = 1;

(vi) Four abelian group object axioms: associativity (a * b) x ¢ = a * (b * ¢),
commutativity b* ¢ = (—1)¥c * b (where i = deg(b), j = deg(c)), unit
1 x ¢ = ¢, and inverse ), xc} * ¢ = (ec)1y;

(vii) Three axioms for a commutative monoid: associativity (aob)oc =
a o(boc), commutativity, which takes the somewhat complicated form (see
[23, Lemma 1.12(c)(v)])

boc=(=1)Yx*"cob (10.10)
for b € E;(E,) and c € E;(E,,) (where x*™ = x if k and m are odd, and
is the identity otherwise, as in Prop. 10.12(b) below), and [1]oc = ¢;

(viii) Three ring object axioms to state that — oc respects the abelian group
object structure: for addition, which yields the distributive law, in the
complicated form [ibid. (vi)]

(axb)oc="Y (—1)deslci)dee®)goc, x hocl; (10.11)
for the zero, 1,,0¢ = (€)1t [ibid. (ii)]; and for the inverse, x(boc) =
(xb) oc.

Many standard laws follow from these axioms. In order to simplify notation in
eq. (10.11) and elsewhere, we give o-multiplication greater binding strength than
x-multiplication, so that a xboc always means a x (boc¢), never (a *b) oc. In all our
Hopf rings, Prop. 11.2 will provide the laws relating the added elements [v] and
identify the useful element x[1] with [—1].

Proposition 10.12. In any Hopf ring, the operation x has the following properties:
(a) xc = x[1] oc, so that x[1] determines x;
(b) x
(c) x(axb) = xaxxb;
(d) x[t]ox[1] = [1].

Proof. For (a), xc = x([1]oc) = x[1] o c. Since 9[1] = [1] ® [1] and hence P x[1] =

x[1] ® x[1], the distributive law gives (c), by

Xx(a xb) = x[1] o(a * b) = x[1]oa * x[1]ob = xa * xb .

Xc = ¢;
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Also, we have x[1] * [1] = 1o and similarly xx[1] * x[1] = 1o, which yield

xx[1] = xx[1] * To = xx[1] * x[1] * [1] = 1o * [1] = [1].
But (a) gives xx[1] = x[1] o x[1], and hence (d) and the general case of (b). O

Generators. We wish to use the laws to reduce any element of a Hopf ring to
some standard form. The distributive law (10.11) plays a key role. We shall describe
our Hopf rings H by specifying two sets of elements:

(i) the o-generators of H;

(ii) the *-generators of H, each of which is a o-product of o-generators and
possibly x[1], where we allow the empty o-product [1].

We require every element of H to be an E*linear combination of x-products of the
x-generators of H; in other words, the x-generators generate H as an E*algebra.
For each o-generator g, we need formulae for ¥g (so we can expand eq. (10.11)),
€g, and xg. Although Hopf rings tend to be huge, each of our examples (see section
17) has a conveniently small set of o-generators.

Hopf rings over [,. One can define the Frobenius operator F'c = c*P in any
algebra with multiplication %, and it is multiplicative if * is commutative. It is
additive if also the ground ring has characteristic p. It is most useful when the
ground ring is I, because it is then automatically [F,-linear. Commutativity of
s-multiplication implies that Fc = 0 whenever ¢ has odd degree (unless p = 2).

Moreover, in a Hopf ring (or cocommutative Hopf algebra) H over F,, one has
dually the Verschiebung operator V: H — H, defined so that DV = F: DH — DH
in the dual Hopf algebra. It divides degrees by p. Then V¢ = 0 unless deg(c) is
divisible by 2p (if p # 2). Both F' and V preserve all the Hopf algebra structure:
F(axc)=FaxFe, Fl, = 13, WFc = (F ® F)Yc, eFc = ec, and dually V(a xc) =
VaxVe, V1 = 1, Ve = (V@ V)e, and €Ve = ec. For o-products, we can iterate
eq. (10.11) and obtain the identity

ao(Fc) = F(Vaoc), (10.13)

which is useful for reducing elements of the Hopf ring to standard form. (Normally,
a and ¢ both have even degree.)

Multiplication of operations. The first pair of axioms on M we listed earlier,
that for fixed © € M, pa(z) is a homomorphism of E*algebras, is easily translated
into Hopf rings. Because the diagonal map in E, induces both the cup product
r ~— s and the comultiplication ¢ on E,(E ), we can write down the cup product
from eq. (10.3) as

(r~— s)(z) =Z<TVS,CW):E7 = Z(r@s,d}cw)mv in M.

ol ol

The product r(z)s(x) becomes, after some shuffling,

r(;[;)s(;[;) = Z Z(_l)deg(za)deg(zﬂ)<r ®8,Cq ® Cﬁ) TaZs.
a B
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Since (r — s)(z) = r(z)s(z) has to hold for all r and s, we deduce the identity

Z Yy @ Xy = Z Z(—l)deg(“) deg(@s) e, @ ¢5 ® Tats (10.14)
Y a B

in (E.(E,)® E,(E,))® M, where the tensor products are formed using only the
usual left E*actions.

The identity element 1, € E°(E) is the constant operation E*¥(X) — E°(X)
that sends everything to 1x; regarded as a linear functional, it is simply €. In terms
of eq. (10.3), the axiom 1 (z) = 15 becomes

D (o) Ta = 1u in M. (10.15)

a

Linear structure. We next decode the statement that ppr: M — UM is linear,
namely that py(z+y) = pum(z) + pr(y) and par(ve) = vpu(x). Related to the
first is the formula for 7, (b * ¢), which can be shown to be the translation of the
statement that Yy M:UM — UUM is additive. We assume that r(z) is given by
eq. (10.3), where z € M*.

The v-action U¥M — UF+h M was given by composing with (§0)*: E*(E ;) —
E*(E,); dually, we use eq. (10.9) to translate ppr(vz) = vpp(x) into

r(vz) = Z(r, [v] o Co) T in M (for all r). (10.16)
«
For addition, the idea is that pz: E, x E, — E, induces both the additive
structure in UM and the x-multiplication in E,(E ). Of course, r.c is not additive
in r. Given two operations r, s: k — m, their sum may be constructed as

A TXSs Hm
r+s:kE, —E, xE, —E _xE ——FE_,

as we can check by composing with z: X — E . When we apply E-homology, we
find

(r+8)c= Zr*cg xs«ci  in EJ(E,,), (10.17)
i

if we write Yc = Y, c; ® ¢ for ¢ € E.(E}). (In other words, we add 7, and s,
according to the group structure on Mod(E.(E ), E«(E,,)) described by Milnor
and Moore in [19, Defn. 8.1], which makes use of the coalgebra structure of E,(E,)
and the algebra structure of E.(E,,).) To add more than two operations, we need
iterated coproducts: given any finite indexing set A, we write the iterated comulti-
plication ¥: E.(E}) = Quen E«(E},) in the form

e=>)_ ®cia  in Baca Ba(Ey) (10.18)

for suitable elements ¢; o € E(E ;). We can of course replace E; by any space for
which we have the necessary Kiinneth formulae.
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Theorem 10.19. Let M be an unstable algebra and assume that E.(E ) is a free
E*module for all k. Take x,y € M* and assume that 7(x) is in the standard form
(10.3). Then:

(a) We have the Cartan formula for addition

r(z +y) Zma " for all r: k — m, (10.20)

where for each a, the operation r!l:k — m + deg(c,) is defined as having the
functional

(r' ) = (—1)deslca)(mtdes(ca)) (1. ¢ xc) forall ce E.(E,); (10.21)

(e8]

(b) If, similarly, r(y) has the standard form
T(y) = Z(T; dﬁ) Ys, (1022)

B

then we have the full Cartan formula for addition,

r(z+y) = Z Z deg(za)deg(yﬁ)@-, Ca*dﬁ) TolYp (10.23)

for all r:k — m;

(c) Assume a,b € E.(E,). Let cq Tun through a basis of E.(E,), and denote
by !, the operation dual to c,. Let ¥a =), Qq ai o and ¥b = Zj ®a bj,a be the
iterated coproducts of a and b as in eq. (10.18), where in both cases, we ignore those
a for which

T Gia = (€aiq)l for all 4 (10.24)

(see the Remark following). Then the homology homomorphism r.:E.(E},) —
E.(E,,) satisfies

(axDb) ZZ:&*ra*a,aora* ia i BJ(E,), (10.25)

where rl is defined by eq. (10.21) and the only signs come from shuffling the factors
to form ¥(a x b).

Remark. The formula (10.25) demands some explanation. The proof will show
that the relevant set of « is in fact finite, so that the iterated coproducts ¥a and
¥bh are defined.

If « satisfies eq. (10.24), we have

@i 0Ty Do = (€05,0) 1070, bj 0 = (€ai 0)ernbjo = (€aia)(€bja)lm

In the usual (and sufficient) case when ea = eb = 0, we can easily arrange for each
a;,« and b; , to be 1 or lie in Ker ¢, by breaking up terms and shuffling as necessary.
Then the ij-term contributes nothing to r,(a*b) unless a; o = 1 and b; , = 1 for all
a € A that satisfy eq. (10.24). Such an index a may be omitted from the *-product
in eq. (10.25) and the iterated coproducts ¥a and ¥b.
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Proof. We first assume that the ¢, form a basis of E.(E ), so that z, = . (x)
as in eq. (10.4). By the Kiinneth homeomorphism, we can write

prr =Y rh Xt in EX(E,xE,), (10.26)
a

for uniquely determined elements 7/, € E*(E ). In other words, in the diagram

7 "

X —% v E . xE, 2% E,xE
=k L — Lo =7

¢ (10.27)

E, r E

m

the map 7o uy, is expressed as the sum of the maps g, = ¢o(r), xr)), and is the
universal example for computing r(z+y), where u: X — E , x E; has coordinates
2:X = E, and y: X — E,. Evaluation on ¢, x c identifies 7/} as in eq. (10.21),
with the help of

<:U/2Ta Ca X C> = <Ta ll’k*(ca X C)> = <Ta Ca*C> .
Then eq. (10.20) is induced from eq. (10.26). To deduce (b), we substitute eq. (10.22)
in eq. (10.20) and watch the signs.

To remove the requirement that the ¢, form a basis, we note that by linearity,
eq- (10.20) is preserved by each of the replacements listed in Lemma 10.6. (The
operation !, is no longer defined, but appears only in (c).)

For (c), we apply homology everywhere. We have to add the homomorphisms gq.«
in the sense of eq. (10.17), using the iterated coproduct ¥(a x b), which is obtained
from ¥a x ¥h by shuffling. We note that any a € E.(E,) comes from some finite
subcomplex Y of E,. All but finitely many of the r/, vanish on Y, by the strong
duality for E,; these « satisfy eq. (10.24), as we see by computing the iterated
coproduct Pa first in Y, since the zero operation 0: K — m induces 0.c = (ec)1,,. O

Similarly, the zero map wy:T — E , and inversion map vy: £, — E, of E yield
the useful formulae
r(0k) = (r, 1) 1m in M (for all r) (10.28)
and
r(—z) = Z(r, XCa) ZTa in M (for all ). (10.29)

(67
For some applications, it is useful to cut out the finiteness argument in the proof
of Thm. 10.19(c) and work directly in a finite space Y.

Proposition 10.30. Let f:Y — E, be a map, where E.(Y) is a free E*module
of finite rank, with basis elements z,. Let yo, € E*(Y) be dual to zo. Then for any
a€ E.Y), be E.(E}), and operation r:k — m,

re(fraxb) = Z Z + f’: Yaxisa Ty bja in B (E,,),
i g



Section 10 Unstable cohomology operations 59

where rll:k — m + deg(z,) denotes the operation having the functional

(i) = (~1)s(e) descer, £z, w0),

Wa and Tb are computed as in eq. (10.18), and we use you: Ex(Y) = E(E-).

Proof. By Thm. 1.18(a), E*(Y) is dual to E.(Y) and y, is defined. We modify the
proof of the Theorem by composing the square in diag. (10.27) with fx1: Y x E, —
E, xE,. We work in E*(Y xE ) instead of E*(E , xE ) and write (fx1)*ujr =
> o Ya X 7. We evaluate this on z, X ¢ to determine 77,. O

Remark. The commutativity of *-multiplication ensures that r(z+y) = r(y+1z).
Conversely, one could say that x +y = y + = in M requires *-multiplication to
be commutative. The universal example has M = E*(E, xE,), x = ¢ x 1, and
y =1 X 1, and ¢, and dg run through bases of E.(E ). Then r(z+y) = r(y+z)
for all r implies that ¢, *dg = £dg * ¢, for all @ and 3. The commutativity of * in
general follows by linearity.

Similar discussions hold for other laws in a ring. In particular,  + 0 = x corre-
sponds in this way to ¢x 1 = ¢, —(—z) =z to xxc = ¢, —(z +y) = (—z) + (-y)
to x(a *b) = xa * xb, and the associativity of + to the associativity of x.

Given a prime p, we can iterate eq. (10.23) to get

r(pz) =r(z+z+...+x) = Z:I:(r, Cay ¥Can* ++ - ¥Cq,) Tay Tay - - - Ta

» *

If the indices a; are not all the same, we can permute them cyclically and obtain
p distinct terms which by commutativity are all equal, with the same sign. This
leaves only the terms with a; = a for all 4, and we find

r(pz) = Z(r, Fey) Fxy mod p. (10.31)

a

This is particularly useful when E* has characterisitic p, so that px = 0, because
comparison with eq. (10.28) then yields

Z(r, Feo) Fag = {r, 1) 1y in M (for all r). (10.32)

[e3

Multiplicative structure. The multiplication maps ¢: E ;< E,, — E ., induce
both the multiplication in UM and the o-multiplication in E.(E ). This allows us
to translate the axiom that pys is multiplicative, par(zy) = pm(x)pm(y) in UM.

Theorem 10.33. Let M be an unstable algebra, and assume that E.(E ) is o free
E*-module for all k. Take x € M* and y € M™ and assume that r(x) is in the
standard form (10.3). Then:

(a) We have the Cartan formula for multiplication

r(zy) = Z Torh (y) for all m:k +m — h, (10.34)
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where for each a, the operation rl:m — h + deg(c,) is defined as having the
functional

(r'" ¢) = (—1)de8lca)htdes(ca)) (¢ oc)  forall c€ E (E,,); (10.35)

(b) If, similarly, r(y) is given by eq. (10.22), we have the full Cartan formula for
multiplication,

= 37 ST (—1)dese) desws) 1 ¢y 0d) ways (10.36)

for all r:k +m — h;

(c) Take a € E.(E;) and b € E.(E,,). Assume that ¢, runs through a basis
of E.(E}), and denote by v, the operation dual to co. Let ¥a =), ®q a;q and
Tb =3, Qabj,a be the iterated coproducts of a and b as in eq. (10.18), where in both
cases, we ignore all « that satisfy eq. (10.24). Then the homology homomorphism
T By (E ) = Ex(E ) satisfies

rv(aob) = Z Z + * T Qia ooy bi o in E.(E,,), (10.37)

i

where r} is defined by eq. (10.35) and the only signs come from shuffling the factors
to form ¥(a x b).

The Remark following Thm. 10.19 applies.

Proof. This is formally identical to the proof of Thm. 10.19, with py: E, x E, —
E, replaced everywhere by ¢: B, X E,, — E ., .. O

By naturality, we can adapt eq. (10.36) to x-products.

Corollary 10.38. Given spaces X and Y and elements x € E*(X) and y €
E™(Y), assume that r(x) and r(y) are given by egs. (10.3) and (10.22). Then we
have the Cartan formula

r(zxy) Z Z 1)de8(@a) dee(vs) (1 ¢ 0dg) T4 X yp (10.39)

in E*(X xY), for any operation r:k +m — h. O
We have also the analogue of Prop. 10.30.

Proposition 10.40. Let f:Y — E, be a map as in Prop. 10.530. Then for any
a€ E.(Y),be E.(E,), and operation r:k +m — h,

f*ao b Z Z + * Yax i, ao”'g*bj,a in E*(Eh)7

where rii:m — h + deg(z,) denotes the operation having the functional

(T‘” C) — (_l)deg(zc,)(m—{—deg(za))<T,, f*ZaOC)

a’

and Pa and Ub are computed as in eq. (10.18). O
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Since the unit element of UM is npron*: E*(E,) — E* — M, the axiom
pym(1ar) = lym translates easily into
r(1ar) = (', 1) 1pgr = {ryme1) 1ag = (r, [1]) 1ns in M (10.41)
for all r.
Just as with addition, certain laws in the Hopf ring correspond to laws in an
E*algebra M. For example, associativity of o-multiplication corresponds to asso-
ciativity of multiplication in M. Commutativity is slightly trickier: given z € M*

and y € M™, r(yz) = r((=1)*™2y) leads to the identity (10.10), thus explaining
the signs and the appearance of x.

The comonad structure. Finally, we translate the two axioms which state that
pum makes M a U-coalgebra. Since we have in effect returned to the First Answer of
section 8, these are the usual axioms for an action, (sr)(z) = s(r(z)) and 1z = =.

The second is easily handled. From Prop. 6.11, we can use (6.41) to express the
identity operation ¢ as the functional

(th, =) = Q(€) oqr: E(E}) — Q(E)* — E.(E,0) — E*.  (10.42)
When we put r = 1, eq. (10.3) expands easily to yield the axiom

> (Qe)grca) Ta =2 in M (10.43)

a

for z € M*. We have thus interpreted the counit natural transformation eM:UM —
M of the comonad U, which was defined by (eM)f = fi. The functional €g ooy,
is mot part of the Hopf ring structure as given so far, so we add it. (It is unrelated
to the counit e: E,(E ) — E* of the Hopf algebra E.(E,).)

It is easy to recover the functional {r, —) from r,, as in eq. (6.50), in the form

(r,=):E,(E,) — E.(E, ) — E,(E,0) —» E*, (10.44)

by writing (r,c) = (r*tm,¢c) = {tm,r+c) and using eq. (10.42). In the additive
context, the reverse construction of r, from (r,—) was neatly encoded in the co-
multiplication Q(v)) on Q(E)%. Here, we have no such map and must rely on the
definition of ¢ M, which explicitly uses r*. In effect, we dualize and use r, instead.

The first is the most complicated of all the axioms. When we substitute sr and
r in eq. (10.3) and use (sr,cq) = (r*s, ca) = (8, 7+Cq), the axiom (sr)(x) = s(r(x))
expands to

Z(s,r*ca) ZTo = s(r(z)) = S(Z(r, Ca) ma> in M, (10.45)
for all r, s. The right side is to be expanded using eqgs. (10.20) and (10.16), and in
general is extremely complicated.

Our conclusion is that we need to know the induced homology homomorphism
r«: E.(E,) = E.(E,,) for every operation r: E¥(—) — E™(-). This is the final
piece of structure to add to the Hopf ring. To compute it successfully, we need r.c
for each o-generator ¢ of E,(E,), and then use formulae (10.25) and (10.37) for
r«(a*b) and r.(aob).

*



62 Boardman, Johnson, Wilson Chapter 1

Summary. We collect the various formulae to form the main theorem of this
section. In addition to the Hopf ring structure on E.(E,), we need:

(i) The element [v] € Ey(E ) for each v € E* (see Defn. 10.8);
(ii) The augmentation (see eq. (10.42))
Q&) o qu: Ex(E,) — Q(E)} — E.(E,0) — E*
which may be written €g o op;

(iii) The homomorphism r.: E.(E ;) — E.(E,,) induced by each
operation r: k — m.

(10.46)

These constitute what we mean by an enriched Hopf ring structure.

Theorem 10.47. Let M be an object of FAlg, i.e. a complete Hausdorff filtered
E*-algebra, and assume that E.(E ) is o free E*-module for all k (which is true for
E =H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then an unstable algebra
structure on M consists of a value r(x) € M for all € M and all v € E*(E},)
(where k = deg(z) and r(x) € M™ if r € E™(E,)), which is E*linear in r and
therefore (for fized x) expressible in the standard form (10.3)

r(z) = Z(r, Ca)To in M (for all r).

These values are subject to the following axioms:

(a) For fized x € M*, r(x) satisfies the three consistency conditions:

(i) Z ’gbc,y Ty = Z Z(_l)deg(wa)deg(wﬁ)ca ® 5 ® Tola
e a f

in (B.(E,) ® E.(E,)) ® M;
(ii) D (eCa)Ta =1u  in M;

a

(iii) Z(esak*ca) To =2 in M;

a

(b) As x varies, r(x) satisfies the following identities in M for all v, where we
assume similarly (as in eq. (10.22)) that r(y) = >_5(r. dg) ys:

—~
—-
~—

r(a) + y) = Z Z(_l)dEg(za)dEE(yﬂ)<r7 Co * dB) ZTays;
a B
i) rlz) =) (rP]oca) zas
(iii) r(zy) = Z Z(_l)deg(ma) 4e8(U8) (1, ¢4 0 dg) Tayp;
a B

(iv)  r(la) = (r, [1]) 1as;
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(¢) The composition law

3 (s, 7ca) Ta = s(r(2)) = s(Z(r, ca)wa) in M

a a

holds for all r, s, and all x € M;
(d) For each of the ideals F*M in the filtration of M :

(i) For fixred x € M, all except finitely many of the x, lie in F°M;

(ii) There exists F*M such that r(z) € F*M for all x € F*M and all based
operations r.

Proof. The equations in (a) are (10.14), (10.15), and (10.43). Those in (b) are
(10.23), (10.16), (10.36), and (10.41). The equation in (c) is (10.45). In (d), (i)
states that pp(z): E*(E,) — M is continuous for each z, while (ii) states that
pum:M — UM is continuous. O

Remark. By (b), an unstable algebra structure on M is determined by the values
r(x) on a set of (topological) E*algebra generators z of M. Moreover, the Hopf ring
laws imply that it is sufficient to verify axioms (a) and (d)(i) on these generators.
In practice, the topological conditions (d) rarely cause us any distress.

11. The E-cohomology of a point

In this section, we study the first of our test spaces, the one-point space T', for which
E*(T) is by definition the coefficient ring E*. Its unstable structure is completely
determined by egs. (10.41) and (10.16) as

r(v) = (r, [v]) in E* = E*(T) (for all r), (11.1)

which may be taken as an alternate definition of the Hopf ring elements [v], instead
of Defn. 10.8.

It is easy to deduce how [v] interacts with each piece of the structure on E,(E,).
Much of this can be read off from the Hopf ring structure in section 10. In particular,
ng is still in some sense a ring homomorphism.

Proposition 11.2. The Hopf ring elements [v] € Eo(E,) for each v € E" have
the properties:

(b) e[v] = 1;

(c) [v+ '] = [v] x [v'] for v' € E";
(d) [=v] = x[vl;

(e) [vv'] = [v]o[v'] for v' € E*;

() 1mofv] = Lmin;

(8) r«fv] = [(r, [v])] (for all r);
(b) rolp = [(r, 1))
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(i) gnlv] = nrv in Q(E)g;

(§) one[v] = ngrv in E_p(E,0), under stabilization.
Proof. For (a) and (b) we substitute eq. (11.1) in egs. (10.14) and (10.15). For (c)
and (e), we write down the Cartan formulae (10.23) and (10.36) for r(v+v') and
r(vv') and compare with eq. (11.1). For (d), we write down r(—v) from eq. (10.29)
and compare with eq. (11.1). For (g), we use eq. (11.1) to compute s(r(v)) =
(s, [{r, [v])]); by eq. (10.45), this must agree with (s, r.[v]) for all s. Since [0,] = 1,,
(f) and (h) are special cases of (e) and (g). For (i) and (j), we compare eq. (11.1)
with eq. (6.43) and [8, (11.23)], and use egs. (6.14) and (6.13). O

Constant operations. Constant operations were introduced briefly in section 8.
Although they are of no real interest and contain no information, they are undeni-
ably natural and we have to be able to recognize them in their several disguises.

Proposition 11.3. Let r: k — m be the constant operation defined by r(x) = vlx
for all x € E¥(X), where v € E™. Then:

(a) As a class, r = vl € E*(E});

(b) As a map, r is the composite voq: E,, - T = E,,

(¢) As a functional, {r,c) = (ec)v in E* for all c € E*(Ek);

(d) re: Ex(Ey) = E(E,,) is given by roc = (ec)[v] for all c € E(E,,). O
Based operations. Given a based space (X, 0), we consider the naturality of an

operation r:k — m with respect to the inclusion of the basepoint. We augment
Lemma, 2.3.

Proposition 11.4. The following conditions on an operation r:k — m are equiv-
alent:

(a) r(0) =0 in E*(T) = E*, i.e. r is based in the sense of Defn. 2.2;
(b) 7(0) =0 in E*(X) for all spaces X ;

(c) The operation r induces r: E¥(X,0) — E™(X,0) for all X;

(d) The class r lies in E™(E,0) C E™(E});

(e) The map r:E, — E,, is based (up to homotopy);

(f) The linear functional (r,—) satisfies {r,1;) = 0;

(g) The homomorphism r.: E.(E,) = E.(E,,) satisfies rilp = 1,

Proof. Part (b) is equivalent to (a) by naturality. Because r(0) = (r,1;) 1x by
eq. (10.28), (f) is equivalent to (b), and with the help of Prop. 11.2(h), to (g). O

We can generalize (f).

Lemma 11.5. Let (X,0) be a based space. Then for any x € E*¥(X,0) and any
operation r:k — m, we have r(z) = (r,1;)1x mod E*(X,o0).

Proof. We use eq. (10.28) and the naturality of r in diag. [8, (3.2)]. O
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It is sometimes useful to be more specific. If we choose a basis of E,(E,) con-
sisting of 1 and elements ¢, € Kere, then for any 2 € E¥(X,0), eq. (10.4) takes
the form

r(z) = (r, 1) 1x + Z(T, Ca) Ta in EB*(X)" (for all 7), (11.6)

where the elements z, € E*(X,0)".
Formulae are often simpler for based operations, but the case of general r can be
recovered easily enough by decomposing as in Lemma 8.1.

Lemma 11.7. If we write r(z) = s(z) + vlx, where s is a based operation and
v € E™, the homology homomorphism r.: E.(E,) — E.(E,,) is given by r.c =
s«C* [v], where we recognize v = r(0) = (r, 1).

Proof. We write r as the composite

A 1xq sXv Km
E,—E, xE, — E, xT——FE, xE, ——FE,

and take E-homology. The first two maps just give £, =2 E, x T. O

12. Spheres, suspensions, and additive operations

So far, except for adding an extra grading, our additive results are formally very
similar to the stable case discussed in [8]. What is new is that suspension is no
longer an isomorphism, but defines a new element e. The stable results can all be
recovered by stabilizing, which consists merely of setting e = 1.

We assume throughout that E.(E,.), QE.(E,), and E.(E,o0) are free E*
modules, so that we have available the machinery of comodule algebras of sec-
tions 6 and 7 as well as the stable results of [8]. In particular, the coaction
px: E*(X) = E*(X) ® Q(E)* is a homomorphism of E*algebras for any X.

Spheres. Our second test space, after the one-point space T, is the circle S!.
Its cohomology E*(S!,0) is a free E*module with the basis {1s,u1}, where
the canonical generator u; € E'(S',0) is provided by [8, Defn. 3.23]. Thus
ps: E*(S') = E*(S') ® Q(E)* is determined by psu;.

Definition 12.1. We define the suspension element e = eg € Q(E)} by the iden-
tity

psui =u; ®e  in E*(S1,0) @ Q(E). 2 Q(E)!. (12.2)
It has degree zero.

More generally, for the k-sphere S*, E*(S¥) is free on the basis {u, 15}, where
uy € E¥(S*,0).

Proposition 12.3. The suspension element e € Q(E)} has the following proper-
ties, where k > 0:

(a) psur = ug @ e* in E*(S*) @ Q(E)%;
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(b) ruy, = (r,e*Yuy in E*(S*) for any additive operation r:k — m;

)
(c) The class uy € E*(S*), regarded as a map uy: S* — E,, induces qrug.z =
ek € Q(E)k, where z € Ej,(S*) is dual to uy;
)
)
)

(d) In the coalgebra structure on Q(E)%, Q()e =e®e and Q(e)e = 1;
(e) Q(v)(veFw) = ve* @ e*w in Q(E): ® Q(E)%, for anyv € E* and w € npE*;
f) Given v € E* and w € nrE", the homomorphism Q(r): Q(E)kth — Q(E)™
ed on homology by any operation r:k + h — m satisfies
Q(r)(ve*w) = verng(r,efw)  in Q(E)T;
(g) Under stabilization, Q(c)e =1 in E.(E,o0).

.
3
IS
I3
(%)

Proof. We prove (a) for £k > 0 by induction on k, starting from eq. (12.2). If it
holds for k£ and m, the multiplicativity of p gives

plug Xum) = (up Xupy) @ eFT™ in B*(S* xS™).

The projection map ¢: S* x S™ — S¥+™ induces ¢*upym = up X Uy, which gives
(a) for k+m. The result is true also for k = 0, if we make the obvious identification
€? = 1. Then (b) follows by eq. (6.39) and (c) is an application of Prop. 6.44.

To prove (d), we evaluate both axioms (6.33) for M = E*(S!) on u;. Part (e)
follows immediately from (d) and the fact that Q(¢)) is a homomorphism of algebras
and of E*bimodules. Then (f) follows from (e) and Lemma 6.51(c). For (g), we
apply 1 ® Q(o) to eq. (12.2) and compare with the stable coaction psu; = u; ® 1
in [8, (11.24)]. 0

Remark. As v, k, and w vary, the elements ve*w span Q(E)* ® Q as a Q-module.
(In fact, Q(o) induces Q(E)* ® Q = E,(E,0) ®Q if E is (—k—1)-connected.) Thus
in the important case when Q(F)* has no torsion, the innocuous formulae in (e)
and (f) are powerful enough to determine () and Q(r) completely.

Corollary 12.4. Let r: k — m be an additive operation, regarded as a map of H-
spaces m: B, — E, . Then the induced homomorphism on homotopy groups

* 21 (B, 0) — Tul(E ,0) = E*
is given onv € E~" by r,v = (r,eftingpo).

Proof. We reinterpret r, as the action of the operation r on E¥(S*+" o). The
element v corresponds to the class vugyp. From Prop. 12.3(b) and eq. (6.40),

r(vugen) = (r, ¥ npv) upn in E*(Sk*th o) . O

Suspensions. More generally, the action of the operations on the suspension X
of a based space X is easily deduced from the action on X.

Lemma 12.5. Given a based space (X,0) and x € E*(X,0), the coaction psx Xz
is the image of pxx under

Y ® e: B*(X,0)® Q(E)" — E*(£X,0) ® Q(E)**,

where e denotes multiplication by the element e € Q(E)L.
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Proof. The projection map S* x X — ¥ X embeds E*(X,0) in E*(S'x X, S x0).
Here, Yz corresponds to u; X x, whose coaction is known. O

We can mimic this algebraically. We defined the formal suspension XM of any
E*module M in [8, Defn. 6.6], merely by shifting all the degrees up one.

Definition 12.6. Given any unstable comodule M, we make the suspension XM
of M an unstable comodule by equipping it with the coaction psjps defined by the
commutative square

M@Q(E)*

~ l b} l YRe
PM

The axioms on px s are readily verified.

13. Spheres, suspensions, and unstable operations

In this section, we continue section 12 by computing all the unstable operations on
E*(S*) for the spheres S*, which requires one new Hopf ring element, the suspension
element e. This leads to the unstable structure of E*(XX) in terms of E*(X).

We recall that E*(S¥) is a free E*module with basis {1g,u}, where uy, is the
standard generator. The algebra structure is given by u2 = 0, except that of course
u3 = ug. By the Remark after Thm. 10.47, we have only to find r(uy). Lemma 11.5
gives partial information.

We assume that E.(E,) is a free E*module for all k.

Definition 13.1. We define the suspension element e = ey € Ei(E,) by the
identity

r(ur) = (r,11) 1s + (r,e) us in E*(S1) (for all r). (13.2)

Here and in similar definitions, we use the freeness of E*(S') and the duality
FMod*(E*(E ), E*) = E.(E,) to ensure that e exists and is well defined. We note
that ee = 0 from eq. (10.15). Rather than develop all the properties of e now, we
include them below in Prop. 13.7 as the special case e; = e.

Suspensions. We deduce from eq. (13.2) the behavior of unstable operations under
the suspension isomorphism X: E*(X,0) = E*(XX,0). We take an element x €
E*(X,0) C E¥(X) and assume that () is given by eq. (11.6), so that ec, = 0. The
quotient map ¢: S* x X — £X embeds E*(XX) in E*(S'x X) = E*(S!) @ E*(X);
under this embedding, Xz corresponds to u; x z. We compute r(u; X z) from the
Cartan formula (10.39) and find

r(52) = (r, 1) Inx + D (—1)%EC)(r, eocq) Tz (13.3)
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for all r. The other terms drop out because 11 0cy = €c, =0 and eo 1, = ee = 0.

This suggests how the suspension of an unstable algebra should be defined. The
treatment is slightly different from the additive version in section 12. First, we need
a basepoint.

Definition 13.4. We call the unstable algebra M based if we are given an aug-
mentation M — E* of unstable algebras. Then the kernel M is an invariant ideal,
and we have the splitting M = E* @ M as E*modules.

We define the unstable suspension Yy M of M as the subalgebra

YuyM = (1sQE*) @ (u1@M) C E*(S*) ® M. (13.5)
The action of r is given on u; ® M by eq. (13.3) and on 15 ® E* by eq. (11.1).

For example, if (X,0) is a based space, we have the augmentation E*(X) —
E*(0) = E*, with kernel E*(X,0) (as in [8, (3.2)]). Inspection shows that much of
the structure on M is not used. The multiplication on M is totally ignored. Indeed,
we do not need an unstable structure on M at all.

Theorem 13.6. Given an additively unstable module M, we can make E* & SM
an unstable algebra, with 1 € E* as the unit element and trivial multiplication on
YM, as follows. If x € M and r(x) = >, (rQ,ca)ro for additive operations r,
where ¢, € Q(E)X, we lift each cq to &, € E.(E}) such that qxés = co, and define
the action of unstable operations r on Xx by

r(Xz) = (ru, lg+1) 1 + Z(—l)deg(z“)(ry, €oly) XXy

Proof. Because eol = 0 and eo(bxc) = 0 whenever eb = 0 and ec = 0, 7(3z) is
independent of the choices of the é,. The definition (with signs) has been chosen
so that: (a) the additive unstable structure on E* @ ¥ M restricts to that on SM
given by Defn. 12.6, and (b) it includes eq. (13.5) for a based unstable algebra M.
(For (a), we note that diag. (6.16) gives gri1(ev oéa) = (—1)Fegc,.) Verification
of the axioms of Thm. 10.47 is tedious but routine. O

The elements e;. It is convenient to use eq. (13.3) to find the structure of E*(S*).
We deduce the fundamental properties of the Hopf ring element e.

Proposition 13.7. We define the Hopf ring elements e, € Ep(E ) for k > 0 in
terms of e € Fy(E,) by e, = (—1)¥*=1D/2¢°k for k > 0 (so that e; = e) and
eo = [1] — 1o. They have the following properties:

(a) In E*(S*) we have, for any k > 0:

r(ug) = {r, 1) 1s + {r, ex) ug (for all r); (13.8)

(b) The class uy,, regarded as a map uy: S* — E ., induces ug.z = ey, € Ex(E},)
in homology, where z € Ey(S*) is dual to uy;

(c) exoem = (=1)™mepp if k>0 or m > 0;

(d) ver = er®1+ 1Qey, for all k > 0;

(e) ee, =0 € E* for all k > 0;
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(f) xer = —ey, for all k > 0;

(g) er o[A] = Xey for all rational numbers X\ € E® and all k > 0;

(h) reer = [{r, 15)] * [(r, ex)]oer for all k >0 and all r: k — m;

(i) qrer = e’é =ef in Q(E)¥, for all k > 0, for additive operations;
() orver =1 in EL(E,0), for all k > 0, under stabilization.

Remark. The results make it clear that the correct interpretation of e°? is [1] —
1o = [1] — [00], as in [28] and elsewhere, rather than just the element [1].

Proof. We give extensive details of this proof (only), as a good example of our
machinery in action.

We establish eq. (13.8) for k¥ > 0, and thus (a), by induction on k. It holds for
k = 1 by definition. We recognize £.S* as S*¥*1 and Suy, as ug1; then by eq. (13.3),
eq. (13.8) holds for k + 1 if it holds for k, provided that e;y1 = (—1)Feoe;. Our
definition of ey is designed to do exactly this. More generally, we have (c).

For k = 0, we write E*(S°) = E* @ E*. In Alg, this is a product of algebras,
with the projections induced respectively by the inclusions of the basepoint and
the other point. In this presentation, ug = (0,1), and of course 1g = (1,1). By
eq. (11.1), the action on wug is

r(uo) = r((0,1)) = ({r, 1o), (r, [1])) = (r, 10} (1s — o) + (r, [1])uo,
which gives (a) if we define eg = [1] — 1o.

Then (b) is an application of Prop. 10.5. When we substitute eq. (13.8) into
eq. (10.14), we find, for k& > 0,

Y1 R1s + YerQur = 1,013, ®1s + 13, Qer Qui, + e @ 1x ug,

since u = 0. This gives (d). (But teo acquires the extra term ey ® eg, because
u? # 0; this is obvious anyway from Prop. 11.2. Also, (c), (d), and (g) are clearly
false for kK = m = 0.) Similarly, eq. (10.15) yields 1g + (eex)ur = lg (even for
k = 0), which gives (e).

For (g), which includes (f) as the special case A = —1 (by Prop. 10.12(a) and
Prop. 11.2(d)), the distributive law (10.11) and (d) yield e, o[A+p] = ego[A]+exo[u]
for all \, u € E°. Since ey, o[1] = ey, (g) follows. (We are in effect expanding r(Aug).)

For (h), we substitute eq. (13.8) into eq. (10.45). On the left, we have

(s7)(uk) = (8,72 1k) Ls + (s, 7w€) g,

while on the right, iteration of eq. (13.8) yields, after simplification,

s(r(ur)) = (s, [(r, 1e)]) Ls + (s, [(r, 1)] * [(r, €x)]oex) us,
with the help of egs. (10.16) and (10.23). Comparison of these gives re.
For k =1 in (i) and (j), we stabilize eq. (13.2) by Lemma 10.7 and compare with
Defn. 12.1 and [8, (11.24)]. For general k, we use the multiplicative properties in
diag. (6.16) of ¢x and . O

We have the analogue of Cor. 12.4. By Lemma 2.3(d), a based operation r: k — m
is represented by a based map r: (E ,0) = (E,,,0). We need to know its effect on
homotopy groups.
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Lemma 13.9. Given a based operation r:k — m, the induced homomorphism on
homotopy groups
E*h = (B, 0) — 7h(E,,,0) = E™"
is given on v € E*=" for any h > 0 by
r«v = (r, [v]oep) in Em—h
Proof. Viewed cohomologically, the element v € E¥~* or map v:S*" —» E,

corresponds to wvup, € E¥(S" 0). From eqgs. (10.16) and (13.8), we compute
r(vup) = (r, [v]oen) up, which simplified because r is based, so that (r,1x) =0. O

14. Complex orientation and additive operations

In this section, we study the effect of a complex orientation on additive operations.
The relevant test space is CP*°, for which E*(CP*°) = E*[[z]] by [8, Lemma 5.4],
where z = z(£) is the Chern class of the Hopf line bundle £. All the stable results
carry over, almost without change, except that now b; = e? instead of 1.

We assume that E.(E ), Q(E)¥, and E.(E, o) are free E*-modules.

Definition 14.1. We define elements b; € Q(E)3; for all i > 0 by the identity
pr=>b(z) =) «' @b  in B"(CP®)®Q(E): =Q(E)[]], (14.2)
i=0

where b(x) is a convenient formal abbreviation that rapidly becomes essential.

We use eq. (6.39) to convert eq. (14.2) to the equivalent form

re = Z(r, bi) x' in E*(CP*) = E*[[z]], for all r . (14.3)
i=0
Since the Hopf bundle is universal, egs. (14.2) and (14.3) hold for the Chern class
x = z(0) of any complex line bundle 6 over any space X (after completion, if
necessary).

Proposition 14.4. The elements b; € Q(E)%, have the following properties:

(a) bo =0 and by = €2, so that b(z) = TRe? + 22 Rbz + 2°Rb3 + ... ;

(b) The Chern class x € E*>(CP>), regarded as a map of spaces v:CP>® — E,,
induces gax.; = b; € Q(E)3;, where B; € E;(CP*>) is dual to z';

(¢) Q(¢)by is given by

Q)b = ZB(i,k) ®b  in Q(E):®Q(E)?,
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where B(i, k) denotes the coefficient of ¥ in b(x)!, or formally,

(d) Q(€)br, =0 for k > 1, or formally, Q(e)b(z) = z;

(e) The stabilization Q(0): Q(E)2 — E.(E,0) sends the element b; € Q(E)3; to
the stable element b; € Ea;_2(FE,0) of [8, Defn. 13.1].

Proof. For (a), we restrict eq. (14.2) to CP! = S? and compare with eq. (12.2).
For (b), we apply Prop. 6.44. For (c) and (d), we substitute p into diags. (6.33) and
evaluate on z. For (e), we compare Defn. 14.1 with [8, Defn. 13.1]. |

Still following the stable strategy, we next apply p to the multiplication map
p: CP>° x CP* — CP®°, to obtain the formal identity

b(F(z,y)) = Fr(b(z),b(y)) = b(x) + b(y) + Z b(x)' b(y)’ nrai;  (14.5)

in Q(E):[[z,y]], which looks exactly like the stable version [8, (13.6)]. Again,
Fr(X,Y) is a convenient abbreviation. The consequences are the same.

The p-local case.

Lemma 14.6. Assume that E* is a p-local ring. Then the generator by of Q(E)?*
is redundant unless k is a power of p.

Proof. The proof of [8, Lemma 13.7] applies without change. O

We therefore reindex the b’s.
Definition 14.7. When E* is a p-local ring, we define b(;y = by: for each i > 0.

As in [8, §13], we obtain
b([p](@)) = [p]r(b(x)) = pb(z) + Y b(x)"* nrg; (14.8)
>0

in Q(E)?[[z]], which looks exactly like the stable version [8, (13.11)] but is in a
different place. Again, we extract the coefficient of zP".

Definition 14.9. For each k > 0, we define the kth main (additively unstable)
relation as

(Ri):  L(k)=R(E) inQE)?, (14.10)

where L(k) and R(k) denote the coefficient of zP* in the left and right sides of
eq. (14.8) respectively.
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15. Complex orientation and unstable operations

In this section, we extend our study of the test space CP*° to all unstable oper-
ations. Everything we did in section 14 carries over, with a lot more complication
but no essential difficulty. Again, it is enough to know r(z) for all operations r,
where x = x(£) € E?(CP*) is the Chern class.

We assume that E.(E ) is a free E*-module for all k.

Definition 15.1. We define elements b; € E2;(E,) for ¢ > 0 by the identity

oo

r(z) = Z(r, b))zt = (r,b(z)) in E*(CP*®) = E*[[z]] (15.2)

=0
for all r, where we take z* inside the ( , ) and write formally b(z) = 3, b;z’.
We first determine how the elements by interact with the Hopf ring structure.

Proposition 15.3. The elements by, € Eo,(E ) of the Hopf ring E.(E ) have the
properties:

(a) bo = 15 and by = es = —e°2, so that b(z) = 15 + b(x) if we define
= Z bz in E.(E,)[[=]]; (15.4)
i=1

(b) The universal Chern class x € E*(CP™), regarded as a map z:CP>® — E,,
induces z.8r = by € Ear(E,), where B € FEa,(CP*®) is dual to z* (as in [8,
Lemma 5.4]);

(€) ¥br =3 ;4 j=k bi ® bj, or formally, Pb(zx) = b(x) ®b( )i

(d) eb, =0 if k > 0, and ebg = 1, or formally, eb(zx) =

() xb(@) = (12 + b(z))* 1)—12—1)( ) +b(z)*? = b(z ) +.o

)

(f) For all rational numbers \ € E°,

b(z) o[A] = (1o + b(z))*> = 15 + Nb(z) + ’\()‘2_1) b(x)* +...; (15.5)

(g) For all v, r.by is given as the coefficient of z* in the formal identity
rb(e) = [ 1]« K b@Iolnb)]  in BB
(h) gobr = by € Q(E)2,,, the additively unstable element in Defn. 14.1;

(i) oaxbr, = by € Eap_2(E,0), the stable element in [8, Defn. 13.1].

Remark. The sign in (a) is absent from [23, Prop. 2.4]. The commutativity of
diag. (6.16) requires
Q)1 ®q)(e®e) = —(qie)(q1e) = —g2b(o) = —gae2 = g2(eve),

bearing in mind that deg(¢qi) = 1. The unexpected sign first appeared in
Prop. 13.7(c).
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Proof. Naturality for the inclusion S? = CP! C CP* gives (a), by comparison
with Prop. 13.7. Part (b) comes from Prop. 10.5. We read off (¢) and (d) from
egs. (10.14) and (10.15). Part (e) is the special case A = —1 of (f). For (f), eq. (10.11)
and (c) give b(x) o[A+u] = b(z)o[A]*xb(x)o[u] for all A\, u € E*. Since b(z) o[1] = b(x)
and we are working in the *-multiplicative group of formal power series over E,(E )
of the form 1+ ..., which has no n-torsion if 1/n € E*, the result follows. (We
are in effect expanding r(Az); cf. eq. (10.16).) For (g), we apply eq. (10.45) to
x € E?(CP*) and expand. For (h) and (i), we stabilize eq. (15.2) by Prop. 6.11
and compare with the additive and stable versions, eq. (14.3) and [8, (13.3)]. O

From (c) and eq. (10.11), we deduce the convenient distributive law
(a*c)ob(z) = aob(x) * cob(x), (15.6)

where a and c¢ are allowed to involve z. This formal device will prove extremely
useful for computations in Hopf rings. We have one immediate application to the
Frobenius operator F' defined by Fc = ¢*P.

Corollary 15.7. For any element c¢ in the Hopf ring E.(E ),

F(cob,) mod p, if k=pn;

(Fe) o by = { 0 mod p, if k is not divisible by p.

Proof. By iterating eq. (15.6) we have (F'c) ob(z) = F(cob(x)). We pick out the
coefficient of z*, working mod p. 0

We next study the naturality of operations with respect to the multiplication
u: CP>® x CP>* — CP>. We expand p*r(z) = r(u*z) by the formal group law
[8, (13.5)] and the Cartan formulae, to obtain the analogue of eq. (14.5). The
complicated result is best expressed formally as

b(F(z,y)) = Fr(b(z),b(y)) = b(z) x by) * flj (b(z)" *ob(y)® I ofai])  (15.8)
as in [23, Thm. 3.8(i)], where Fr(X,Y) = X xY x %k, ; X°%Y°Jo[a; ;], in the sense
that the o- and *x-multiplications apply only to Hopf ring elements, not to x and y.

The p-local case. Lemma 14.6 carries over.

Lemma 15.9. Assume that E* is a p-local ring. Then the o-generator by of the
Hopf ring E.(E ) is redundant unless k is a power of p.

Proof. As before, we take the coefficient of z'y’ in eq. (15.8), where i +j = k. On
the left, there is a term (%), from bi(z+y)*, and this is the highest b that occurs;
on the right, no b beyond b; or b; occurs. We choose ¢ and j as in [8, Lemma 13.7],
to make (¥) not divisible by p and therefore invertible, which shows that b, is
redundant. O

We therefore reindex the b’s as usual.

Definition 15.10. When E* is a p-local ring, we define b(;) = b, for each i > 0.
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We extend standard multi-index notation slightly by defining

bl = g0 o bY 0 byy? o bl o (15.11)

for any multi-index I = (ig, %1, 42, ...). We also need a shift operation.

Definition 15.12. Given a multi-index I = (ig,%1,12,-..), we define the shifted
multi-index s(I) = (0, 49,41, %2, - ..). We iterate this process h times, for any h > 0,
to form s"(I) = (0,...,0,4q,41,42,...). We even undo it, by defining s~*(I) =
(1,142,143, . ..), provided 9 = 0; our convention is that this is undefined if ig # 0.

This notation allows us to iterate Cor. 15.7 neatly in the form

ob* Dy mod p if ig = 0;
Foyope ! = Fleob )mod p if ip = 0; 15.13
(Fe) {Omodp if i # 0. ( :

We follow the stable plan and study instead of y the much simpler p-th power map
(:CP>® — CP®. Naturality of the general operation r is expressed by (*r(z) =
r(¢*z). When we substitute the p-series [8, (13.9)] and expand, we obtain, as in [23,
Thm. 3.8(ii)],

(,ng, ) =0y s o) el (15.14)

in E,(E,)[[z]], or, in condensed notation, b([p](z)) = [p|r(b(z)).

Definition 15.15. For each k& > 0, we define the kth main unstable relation as
(Re) : L(k) = R(k) in E.(E,), (15.16)

where L(k) and R(k) denote respectively the coefficient of zP" in the left and right
sides of eq. (15.14).

Thus L(k) is the coefficient of z*" in b([p](z)), exactly as in Defn. 14.9. However,
R(k) is vastly more complicated than before, and we study it in more detail in
section 19 in the case E = BP. The work of Ravenel-Wilson [23], which we review
in section 17, implies that, despite appearances, the relations (R,,) contain all the
information present in eq. (15.8), with the understanding that we use eq. (15.8), by
way of Lemma 15.9, only to express the redundant b;’s (which still appear in by,
b(k) °[A], and r.by)) in terms of the b;).

16. Examples for additive operations

In section 5, we developed a comonad to express all the structure of additive unsta-
ble E-cohomology operations, for favorable E. In section 6, we developed a bigraded
algebra Q(F)* that contains equivalent information, where Q(E)¥ has degree k —i.
In this section, we describe Q(E)% for each of our five cohomology theories E*(—),
namely £ = H(F,), MU, BP, KU, and K(n). (The first example splits into two,
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and we break out the degenerate special case K(0) = H(Q).) As stably in [8], our
purpose is to exhibit the structure of the results, not to derive them.

All the results here are formally very close to the stable results. By Prop. 12.3(g),
Q(o)e = 1. As E,(E,0) = colim; Q(E)* by eq. (4.8), where the suspensions
Q(E)* — Q(E)*+! have been revealed in Lemma 12.5 as simply multiplication by
e, we stabilize everything merely by setting the suspension element e = 1. In this
way, we recover all the corresponding stable results. Indeed, in the case £ = KU,
we have to obtain the stable structure this way.

All four answers of section 5 are of course available, but the Second Answer
remains the most practical, consisting as in Thm. 7.7 of the coactions

px: EM(X) — E*(X) ®Q(E)L.

These coactions are automatically additive, multiplicative (for cup products and
x-products), and unital (px1x = 1x ® 1). (We simplify notation by suppressing
redundant completions and suffixes.)

We use exactly the same test spaces and test maps as we did stably. The point
remains that complete knowledge of the behavior of E*(—) on these is sufficient to
suggest the correct structure of Q(E)* (except that the case E = K(n) requires
some extra work). By Prop. 6.42(b), the one-point space T in effect defines the right
unit ng, and the circle S defines e € Q(E)! by eq. (12.2). As all our examples have
complex orientation, we have available the elements b; of Defn. 14.1.

In each case, we list the generators and relations for the bigraded E*algebra
Q(E)%, describe the right unit ng, and give the values of the algebra homomor-
phisms ¢ = Q(¢): Q(E): — Q(E): ® Q(E): and e = Q(e): Q(E); — E* on each
generator. In some cases, we can express the universal property of Q(E)% very sim-
ply. The stabilization ()(o) maps each generator to its stable namesake, except that
of course Q(o)e = 1.

Example: H(F;). We take E = H = H(F2), the Eilenberg-MacLane spectrum.
Our test space is RP*, for which H*(RP>) = F;[t], a polynomial algebra on the
generator t € H'(RP>). We define elements ¢; € Q(H)! by the identity

=Y Fee  n H(EP®)E QU = QUL

Restriction to S = RP! shows that ¢y = 0 and ¢; = e. As stably, the multiplication
p:RP* x RP* — RP® implies that ¢; = 0 unless ¢ is a power of 2. We therefore
write & = coi € Q(H)J;: for each i > 0, so that

pt= " 0& i H'RP®)EQH)L = Q)] (16.1)

which looks just like the stable version [8, (14.1)], except that now & = e.

Theorem 16.2. For the Eilenberg-MacLane ring spectrum H = H(Fy):

(a) Q(H): = Fa[éo,&1,62,&5,--.], a polynomial algebra over Fy on generators
& € Q(H)S: fori >0, where & = e;
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(b) In the complex orientation for H(F2), by = & foralli >0, and b; =0 if j
is not a power of 2;

(c) ¢ is given by
Ve =Y & 06  inQUH):® Q)Y
i=0

(d) € is given by €&, = 0 for n > 0 and €& = 1.

Proof. Part (a) is of course a reformulation of classical results. For fixed k, the
stabilization Q(c): Q(H)¥ — H.(H,o0) is the monomorphism that is dual (with a
shift in degree) to the well-known epimorphism oj: H*(H,0) — PH*(H ;) that
tells which Steenrod operations can act nontrivially on H*(—). The proof of (b) is
the same as stably. We prove (c) and (d) by taking M = H*(RP®) in diags. (6.33)
and evaluating on t. 0

As stably in [8, §14], we combine the universal property of the polynomial algebra
]F2 [&0, fl; 62, .. ] with Thm. 77(b)

Corollary 16.3. Let B be a discrete commutative graded Fs -algebra. Assume that
the ring homomorphism 0: H*(X) — H*(X) ® B is natural for spaces X. Then on
t € HY(RP>), 0 has the form

6t=> " ®¢  in H'(RP®)® B = B[t]],
=0

where the elements £, € B~'=1 determine 6 uniquely for all X and may be chosen
arbitrarily. O

Example: H(F,) (for p odd). We write H = H(F,), the Eilenberg-MacLane
spectrum. The complex orientation defines elements §; = b(;) for i > 0, and, just
as stably, b; = 0 whenever j is not a power of p. The only difference now is that
& = by = €? instead of 1.

The other test space is the lens space L = K (F,,1), for which H*(L) = F,[z] ®
A(u). As z is a Chern class, prz is given by eq. (14.2). This leaves only pru, which
reduces (as stably) to

o .
pru=u®e+y ¥ @7 in H(L)®Q(H)L, (16.4)
1=0

for certain elements 7; that it defines.
Theorem 16.5. For the Filenberg-MacLane ring spectrum H = H(F,), with p odd:
(a) Q(H)% is the commutative algebra over F, with generators:
e € Q(H)}, a polynomial generator;
& € Q(H)gp,. for all i > 0, a polynomial generator for i > 0;

T; € Q(H)épi for all i > 0, an exterior generator;
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subject to the relation & = €?;
(b) 9 is given by Ye=eQe,

koo
Y& =Y &, ®&  in QUH):®QH)? (16.6)
=0
and
k i
e =Tk @e+ Y & @7 in QH)IBQH)L;
1=0

(c) € is given by ee =1, ¢, =0 for i > 0, and er; =0 for all 1.

Proof. Part (a) is again a reformulation of classical results, which may be recovered
in this form from [27, Thm. 8.5], in somewhat different notation, by taking the
indecomposables. We obtain (b) and (c) by substituting pr, in diags. (6.33) and
evaluating on z and u. 0

We have the analogue of Cor. 16.3.

Corollary 16.7. Let B be a discrete commutative graded F,-algebra. Assume that
the ring homomorphism 0: H*(X) — H*(X) ® B is natural for spaces X. Then on
H*(L) =TF,[z] ® A(u), 6 has the form

0z = z@e” + Zx”i@&

i=1

oo
fu = u®e' + Zx”l@m—{
=0

where the elements ' € B°, & € B_2(”i_1), and 7, € B~CP'=1) determine 0
uniquely for all X and may be chosen arbitrarily. 0

Example: H(Q). We write E = H = H(Q), the Eilenberg-MacLane spectrum. As
always, there is the suspension element e € Q(H(Q))!, whose properties we know
from Prop. 12.3. There is nothing else.

Theorem 16.8. For the ring spectrum H = H(Q):
(a) Q(H): = WYe], a polynomial algebra on e € Q(H)};
(b) The coalgebra structure is given by Ve = e ® e and ee = 1. 0

Example: MU. The coeflicient ring is MU* = Z[z1, %2, z3,...], with a poly-
nomial generator z; in degree —2i¢ for each ¢. These give rise to the elements
nrr; € Q(MU)y?. We have complex orientation, almost by definition, and there-
fore the elements b; € Q(MU )%z, with by = 0 and b; = e2. We have the relations
(14.5) between the b’s and the ngv, but unlike the stable case, because e is no
longer invertible, they do mot render the generators ngrx; redundant. Implicit in
[23, Cor. 4.6(a)] is that this is the whole story.
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Theorem 16.9 (Ravenel-Wilson). For the unitary Thom ring spectrum MU :
(a) Q(MU)* is the commutative algebra over MU* with generators:
nri € QMU)G? (fori>0);
e € Q(MU)i;
bi € QMU)3; (fori>1);
all of even degree, subject to the relations (14.5) and b; = €?;
(b) v is given by Ye =eQ® e and

k
Wb =Y B,k &b in QMU):® QMU)? |

i=1
where B(i, k) denotes the coefficient of z* in b(x)?;
(c) € is given by ee =1 and eby, =0 for k > 1. O

Although we no longer have a polynomial algebra, part of Cor. 16.3 carries over.
It applies equally well to the two following cases, which we include here.

Corollary 16.10. Let B be a discrete commutative E*-algebra, where E = MU,
BP, or KU. Then a ring homomorphism 0: E*(X) — E*(X) ® B that is natural
for spaces X is uniquely determined by its values on E*(S') and E*(CP>). O

Example: BP. The coefficient ring is now BP* = Zy[v1,va, 3, ...], with polyno-
mial generators v, in degree —2(p™—1). We have complex orientation, but because
BP* is p-local, we need only the generators b;) € Q(BP)gpi, where b(g) = €. Again,
[23, Cor. 4.6(b)] implies that this is all there is; in particular, eq. (14.5) is redun-
dant, except to express the other b; in terms of the b(; and the elements v; and

W; = NRY;-

Theorem 16.11 (Ravenel-Wilson). For the Brown-Peterson ring spectrum BP:
(a) Q(BP)% is the commutative algebra over BP* with generators:

w; = nrv; € QBP)TP ™Y (fori > 0);
e € Q(BP)i;
by € Q(BP)3,: (fori>0);

subject to the main relations (Ry) (from eq. (14.10)) for k > 0 and by = €?;
(b) v is given by Ye =e®e and

pk
Ybuy = Y B(i,p*) @b in Q(BP): ® Q(BP)?,
=1

where B(i,p*) denotes the coefficient of " in b(z)?;
(c) € is given by ee =1 and ebyy =0 (for k> 0). O



Section 16 Unstable cohomology operations 79

We discuss the structure of Q(BP)* in more detail in section 18.

Remark. Alternatively, we could use the generator h; instead of b(;, as in [6];
however, Quillen’s element t; (see [21] or Adams [1, I1.16]) does not exist in this
context for ¢ > 1, for lack of conjugation in Q(BP)%.

Example: KU. Wetake E = KU, the complex Bott spectrum, with the coefficient
ring KU* = Z[u,u™!] (where u € KU~2), right unit ng: KU* — Q(KU)} given by
nru = v, and Chern class z given by [8, (5.2)]. The simple form [8, (5.16)] of the
formal group law reduces eq. (14.5) to

b(z +y + uzy) = b(z) + b(y) + b(z)b(y)v, (16.12)

which looks like the stable version [8, (14.13)], with b(x) = b1z + baa® + b3a® + . ..
, except that now b; = e # 1. The coefficient of ziy’ yields the relation

b-b-:mmfj) TRITEY (0 gy ! (16.13)
105 i k i+j—k ) .

k=0

like [8, (14.15)], except that the case i = 1 now gives the reduction formula

bib; = (i+1)bipv ! + dubyt for ¢ > 0. (16.14)
The results here are much clearer than in the stable case, and there is some overlap
with the work of tom Dieck [10].
Theorem 16.15. For the complex Bott spectrum KU :

(a) Q(KU)? is generated as an algebra over KU* = Z[u,u™!] by the elements:

v =ngru € Q(KU)y?%;

vt = nru~t € Q(KU)3;

e € Q(KU)L, the suspension element;

b; € Q(KU)3; fori > 0;
subject to the relations by = €2 and (16.13) for i >0, j > 0;

(b) Q(KU)? is a free KU*module, with a basis consisting of all monomials of
the forms v™, b;v™, ev™, and ebv™, for i >0 and n € Z;
(c) ¢ is given by Ye =e® e and

k
vbe =) B(i,k) @b in QKU): ® QKU
=1
where B(i, k) denotes the coefficient of z* in b(x)?;
(d) € is given by ee =1 and eby, =0 for all k > 1.
Proof. We start with (b). We take the Hopf line bundle £ over CP> and regard the

element u~![¢] € KU2?(CP>) asamap f: CP® — KU, = 7Z x BU. By Lemma 4.6,
f induces an isomorphism of KU*modules

KU,(CP®) —s QKU.(Z x BU) = KU* ® QKU,(BU),
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which we compute. By the definition [8, (5.2)] of the Chern class z, v 1[{] = vl +x
in KU?(CP>); geometrically, the components of f are the map CP>® — Z with
image 1, and z: CP* — BU.

Thus ¢of«B0 = v ! and qofsf; = qx.f; = b; for i > 0, with the help of
Prop. 14.4(b); we have the desired basis of Q(KU)2. For Q(KU)2", we multiply by
v~ "1, an isomorphism.

For the odd case, the description of KU, (U) in [8, Cor. 5.12] in terms of the Bott
map b: X(Z xBU) — U shows that multiplication by e induces an isomorphism
QKU = Q(KU )+,

We have specified enough relations to reduce any monomial in the b’s, e, v, and
v~! to a linear combination of the elements in (b), which proves (a). Parts (c)
and (d) are included in Props. 14.4 and 12.3. |

Now that we know the additive situation, we return to finish off the stable case.
We may discard the odd spaces in eq. (4.8) and write

KU,.(KU,o0) = colim Q(KU)?".

Corollary 16.16. In the stable algebra KU,(KU,o0):
(a) Every element of KU,.(KU,o0) of even degree can be written in the form

c=u'Mu 4+ Xou by + ..o+ Ay "b)u ™

for some integers q, m, n, and A;;
(b) This element ¢ = 0 if and only if \; =0 for all 3.

Proof. By Thm. 16.15(b), we can write the general element of Q(KU)%ZLH
uniquely in the form

c=ul ()\ov_l + Z )\iu_ibi) v~ ™

i=1

with integer coefficients. Since e? = by, eq. (16.14) yields

e =yt ()\ou_llh + Z(’l + I)Aiu_i_lbiﬂ + Zi)\iu_ib@) pmL

i=1 i=1
in Q(KU)3m%", which gives (a). Further, e*c = 0 only if ¢ = 0, which implies (b). O

Example: K(n). The coefficient ring is K(n)* = F,[vs,v,'], where v, €
K(n)~20" -1 We write w, = ngvn, as we did for BP. Obviously, w, and v,
are no longer equal as they were stably, because they lie in different groups.

We have a complex orientation, and therefore the usual elements b;. Because
K (n)* is p-local, we need only the b; for i > 0. (In fact, b; = 0 if j is not a power
of p and j < p", for dimensional reasons, but not in general if 5 > p".) When we
apply p to the p-th power map ¢: CP* — CP*, which induces (*z = vpzP" as in
[8, (14.26)], we obtain b7 w, = v}b;, and therefore

b

(= o8 bywr! in QUK (n)>" (16.17)
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for ¢ > 0. This stabilizes to [8, (14.27)].

In particular, bfg) = vnbioyw,, L. As always, by = e2. A more sophisticated anal-
ysis, involving other cohomology theories as in [28, Prop. 1.1(j)], shows that this
relation can be desuspended once to give

eb’(’g)_1 = vew, in Q(K(n))f”n_l. (16.18)

The other test space is the skeleton Y = L?*"~! of the lens space L, for which
K(n)*(Y) = A(u) ® K(n)*[z:2P" = 0]. We know pyz, because z is inherited from
CP>. As stably, we define elements a;,c; € Q(K(n))! by the coaction

p"—1 p" -1

PYU = Z ' ®a;+ Z ur' @ c; . (16.19)
=0 i=0

By restriction to S' C Y, we see that ap = 0 and ¢p = e. Then eq. (16.18) is
equivalent to the statement pyy = y ® e, where y = vyuz?” ! € K(n)*(Y); in
other words, y behaves like u; € K(n)'(S!). The same partial multiplications
p: LR+ x I[2™ Y as in [8, §14] show that ¢; = 0 for all i > 0 and that a; = 0
for i not a power of p. We therefore reindex, as usual.

Definition 16.20. We define a(;) = a, € Q(K)j,:, for 0 <i < n.
In the new notation,

n—1 )
pyu=u®e+ » z” ®ag  in K(n)*(Y)® Q(K(n))! . (16.21)
=0

Having odd degree, the a;) are exterior generators of Q(K (n));. This is not all; we
again appeal to [28, Prop. 1.1(i)] to find that one more factor e can be squeezed
out of eq. (16.18) if we first multiply by ag), to give the relation

ao)blyy | = vnawy'in Q(K(n)2 . (16.22)

Theorem 16.23. For the Morava K -theory ring spectrum K (n):
(a) Q(K(n)): is the commutative bigraded algebra over K(n)* = Fy[vn,v;1],
where v, € K(n) 2"~V with generators:
wa = g € QUK ()" 7Y;
w;t = nrvy Y
e € Q(K(n))i;
ag) € Q(K(n))%p (for 0 <i<mn);
by € QK (n))3,: (fori >0);
subject to the relations by = €?, (16.17), (16.18), and (16.22);
(b) v is given by Ye=eQe,

k

Yagy = am®e+ Y Wy ®am i QEM):® QEm)L, (16.24)
=0
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and

pk

Ybuy = Y B(,p") @b in Q(K(n)): ® Q(K(n))2, (16.25)

i=1

where B(i,p*) denotes the coefficient of 2" in b(z)? (and Lemma 14.6 is used to
express b(z) in terms of the b(;y, v, and wy);

(c) € is given by ee =1, eaqy)y =0 (for k> 0), and eby = 0 (for k > 0).

Proof. The algebra structure (a) is implicit in the main theorem of [28], by taking
indecomposables. As always, we obtain a; and ea(; by evaluating the coaction
axioms (6.33) on u € K(n)*(Y). The rest of (b) and (¢) can be obtained similarly,
or by appealing to Props. 12.3 and 14.4. O

Corollary 16.26. Let B be a discrete commutative K (n)*-algebra. Then a ring ho-
momorphism 6: K (n)*(X) — K(n)*(X) ® B that is natural for spaces X is uniquely
determined by its values on K (n)*(CP*) and K(n)*(Y). O

Remark. If k < n, eq. (16.25) simplifies just as in [8, Thm. 14.32] to

k .
Yy = Y 0, ®by  in Q(K(n)):® Q(K(n)?,
=1

which resembles eq. (16.6).

17. Examples for unstable operations

In this section, we discuss the enriched Hopf ring for each of our five cohomology
theories E*(—), namely for E = H(F,), MU, BP, KU, and K(n). According to
section 10, this is what we need to handle general unstable operations. As in section
16, we divide the case H(F,) in two and treat K (0) = H(Q) separately. Even more
than before, our intent is to exhibit the structure of the results, not to reestablish
them.

Our strategy is the same as in the stable and additive contexts, using exactly the
same test spaces and test maps. Each E has a complex orientation, which provides
by Defn. 15.1 the elements b; of the Hopf ring, in addition to e and the [v]. We have
x[1] = [-1] by Prop. 11.2(d), and its properties were listed in Prop. 10.12.

As pointed out in (10.46), we need more than just the Hopf ring and the elements
[v]. The elements Q(€)grc = esop«c are given by section 16. We also need r.c for
each operation 7; by Thms. 10.19(c) and 10.33(c), it is in principle enough to know
these for each o-generator c.

Our presentation changes somewhat from section 16. Each family of o-generators
has its own Proposition, which lists all the pertinent information. It is therefore
sufficient to describe each Hopf ring by listing its o-generators and the defining
relations, and to refer to these propositions for further details. We recover all the
results for additive operations merely by taking the indecomposables.
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Example: MU. We recall that MU* = Z[z;1,22,23,...], where deg(z;) = —2i,
is better described as generated by the elements a; ;, as in [8, §14]. We have the
elements b;, as well as e and [v] = ng(v). Stably, [8, (13.6)] gave an inductive formula
for nga; ; in terms of MU* and the b;. Unstably, eq. (15.8) is only a relation between
these elements. Corollary 4.6(a) of [23] says in effect that this is all there is.

Theorem 17.1. (Ravenel-Wilson) For the unitary cobordism ring spectrum MU,
MU.(MU ) is the Hopf ring over MU* = Z[x1, %2, T3, ...] with o-generators:

[zi] € MUo(MU _,;) for each i > 0 (see Prop. 11.2);

e € MU (MU ) (see Prop. 13.7);

b; € MUy (MU ) for i > 1 (see Prop. 15.3);

subject to the relations e°® = —by and eq. (15.8). m|

Example: BP. The main reference is still [23]. As BP* is p-local, Lemma 15.9 and
Defn. 15.10 apply, to define the elements b(;) of the Hopf ring. We have as always
e and the elements [v] for each v € BP*.

Theorem 17.2. (Ravenel-Wilson) For the Brown-Peterson ring spectrum BP,
BP,(BP ) is the Hopf ring over BP* = Z;)[v1,v2,v3, . ..] with the o-generators:

[A] € BPo(BP,), for each X\ € Z(y) (see Prop. 11.2);

[vs] € BFo(BP _s(yn_1)), for i >0 (see Prop. 11.2);

e € BP,(BP,) (see Prop. 13.7);

b(iy € BPayi (BP,) fori >0 (see Prop. 15.3);
subject to the relations [A] o[X'] = [AN], [A]*[X'] = [A+ X], eo[A] = Ae, by o[A] = ...
(see Prop. 15.3(f)), e°2 = —b(oy, and the main relations (R,) for n > 0 as in
eq. (15.16).

We implicitly use eq. (15.8), but only to express inductively the b;, for j not a

power of p, in terms of the b(;), v, and [v]; this is needed for computing by, xbi),
biy o[A], and 7.bg;).
Proof. This is the content of [23, Cor. 4.6(b)]. By Prop. 11.2, each [v] for v € BP*
can be expressed in terms of the [\] and [v;]; we have enough generators. The listed
relations come from Props. 11.2, 13.7, and 15.3, and eq. (15.16). This reduces the
*-generators (see section 10) to three types:

(i) b T ofv];
(ii) eob° ! o[w’]; (17.3)
(i) [’
in terms of the multi-index notation b° introduced in eq. (15.11).
For each k, the x-generators that lie in BP,(BP ;) generate it as a BP*algebra.

Assume first that k is even, so that we have only types (i) and (iii). We write
BP, = BP* x BP', as in Lemma 4.17; then

BP.(BP,) = BP.(BP*) ® BP.(BP',), (17.4)
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where we recognize the first factor as the group ring over BP* of the abelian group
BP* with basis elements [v] for v € BP¥. The type (i) generators lie in BP,(BP',)
and the type (iii) in BP,(BP*), which is described by Lemma 4.4. Because [Av’] *
[Nv7] = [(A+X)v?], we have enough relations for the type (iii) generators. The
work of [23] reduces the type (i) generators to certain allowable generators b° ! o[v”7],
which form a system of polynomial generators BP,(BP",). Since this reduction (see
section 19) uses only the relations (R, ), we have enough relations.

If k£ is odd, only generators of type (ii) occur. These reduce similarly to the
allowable generators of type (ii), which are exterior generators of BP.(BP ;). O

Example: H(Q). This example is of course classical.

Theorem 17.5. For the ring spectrum H = H(Q), H.(H ,) is the Hopf ring over
Q with generators:

[A] € Ho(H ) for each X € Q (see Prop. 11.2);
e € Hi(H,) (see Prop. 13.7);

subject to the relations [A]o[A'] = [AN], [A] * [N'] = [A+ '], and eo[\] = Je.

Proof. For k <0, H; =T, and we have only the Q-basis element 1.

For £k = 0, H, = Q, regarded as a discrete group, and the group ring
H.(H,) = QQ] has a basis consisting of the elements [A]. The first two relations,
from Prop. 11.2, show how these multiply.

For k > 0, the third relation, from Prop. 13.7(g), reduces us to the single -
generator e°* € Hy(H ;) of H.(H ). We have the polynomial algebra Qle° *] if
is even, or the exterior algebra A(e°*) if k is odd. O

Example: H(F,). We write H = H(F,). As H,(H ,) is a Hopf ring over Fa, we
have the Frobenius operator F' and the Verschiebung V.

We imitate Defns. 15.1 and 15.10 in a mod 2 version, using the same test space
RP*® = K(IFy,1) as before, for which H*(RP>) = F,[t]. We define ¢; € H;(H ) =
H;(RP*>) for i > 0 by the identity

oo
r(t) = Z(r, ci)tt = (r, c(t)) in H*(RP*>) (for all r), (17.6)
i=0
where we write formally c(t) = 3, ¢;t' as in Defn. 15.1. In other words, ¢; is dual
to t! and the elements c¢; form an Fy-basis of H.(H ,).

We are primarily interested in the accelerated elements c(;y = cy:. As before, we
have the suspension element e. The complex orientation provides elements b; which
are redundant, as in section 16.

Proposition 17.7. The Hopf ring elements c; € H;(H ) (for i > 0) and c;) =
Coi € Hoi(H ) (for i > 0) have the following properties:

(a) co =11 and co) = c1 = ¢€;

(b) er =344 jok Ci ® ¢j, or formally, e(t) = c(t) ® c(t);

(¢) Vewy = ¢i—1) fori >0, and V) = 0;
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(d) ec, =0 if k>0, and eco = 1, or formally, ec(t) = 1;

(e) xc(t) = c¢(t)* 1, expanded as in Prop. 15.3(e);

(f) ci*xcj = (H_J)CH-J:

(g) FC,) = C(3) * C(4) =0y

(h) b; =c;joc; in Hoy(H,);

(i) For all v, rycy is the coefficient of t* in the formal identity
rec(t) = ,-fo e(t)*? o[(r, ;)] in H,(H.,)I[]];

() qici) = & in Q(H)L, and qic; =0 if j is not a power of 2;
(k) o1.cy = & in Hy(H,0), and o1,c; =0 if j is not a power of 2.

Proof. The naturality of r for the multiplication u: RP*® x RP* — RP°, which
induces p*t = tx 14 1xt, yields the identity

Z(T,Ck)(tXI—l-lxt ZZ'I‘CZ*CJ tixt!

k

in H*(RP>* xRP*) = Fy[tx1,1xt], with the help of the Cartan formula (10.23).
The coefficient of #* x ¢/ gives (f). The special case (g) of (f) also follows from
eq. (10.32). We expand r(t?) for the Chern class t? by egs. (17.6) and (10.36) and
compare with eq. (15.2); most terms cancel, to give (h).

The other parts are formally as in Prop. 15.3, with all degrees halved, except
that (c) is immediate from (b). O

Just as in Lemma 15.9, except that everything is now explicit in (f), ¢; is redun-
dant unless j is a power of 2. This leads to the following elegant description of the
Hopf ring, which is a reformulation of classical results.

Theorem 17.8. For the Eilenberg-MacLane ring spectrum H = H(Fy), H.(H,)
is the Hopf ring over Wy with generators c;y € Hyi(H ) fori > 0 (see Prop. 17.7),
subject to the relation [1]*? = 1,.

Proof. By Prop. 17.7(c), we can write ¢°! = Ve *() for any multi-index I =
(i0,i1,%2,...). Then Fcol = F([1]oc’t) = F[1]oc**@ = 0 by eq. (10.13), as in
eq. (15.13), and H,(H ,) is an exterior algebra on those generators ¢°! for which
> ¢t = k. Here, ¢! is dual to the primitive element Sq**%* 1 in cohomology (in
terms of the Milnor basis [18] of H*(H,0)). (The index iy serves only as padding,
to ensure that 41 +is + i3+ ... < k.) O

Example: H(F,) (for p odd). We write H = H(FF,). We have, as always, the
suspension element e. The complex orientation defines elements b; for all ¢ > 0; but
Lemma 15.9 shows that only the b(;) = by for i > 0 are needed. Also, bp = 1> and
b1 = es = —e°2. However, the b; for j not a power of p do not vanish, but satisfy
bixb; = ( ; )bzﬂ, which is all that survives from eq. (15.8). In partlcular, b(’; =0

for all ¢ > 0, as is also clear from eq. (10.32) applied to z.
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For the other test space L = K (IF,, 1), we have H*(L) = F,[z] ® A(u). We only
need to know r(u). We define elements a; € Ho;(H ;) and ¢; € Ha11(H ;) by

o0 oo
r(u) =Y (ra;)zt + Z(r, ;) ux’ in H*(L),
=0 =0

which we condense formally to (r,a(z)) + (r, c(z)) u by writing a(z) = >, a;x' and
c(z) = Y, ¢;x’. Thus a; is dual to z?, ¢; is dual to uz’, and the a; and ¢; form a
basis of H,(H ,)-

Again, we accelerate the indexing by defining a(;y = a,: for i > 0.
Proposition 17.9. The Hopf ring elements a; € Ha;(H ,), agy = api € Hopi (H 1),
and ¢; € Hai 11 (H ), (for i > 0), have the following properties:

(a) ap =11 and cog = ¢;

(b) var =324 - @i ® aj;
(c) Vagy = agi—qy for i >0, and Vag = 0;
(d) ear, =0 for all k > 0;
(e) xa(z) = a(z)*V), expanded as in Prop. 15.3(e);
(f) ai xaj = (") air;;
(8) Fa(i) =ap = 0;
(h) ¢; = e *x a;;
(i) For all v, r.ay is the coefficient of z* in the formal identity
rea(e) = X b(a)of(r )] » X a(e)ob(e) Fol(r,c] i HL(H )]}

() qragy =T in Q(H)L, and qra; =0 if j is not a power of p;
(k) o1.a(;) = 7; in Hi(H,o0), and 01,.a; = 0 if j is not a power of p.

Proof. We consider naturality of operations with respect to the multiplication
p: L x L — L, for which p*u = ux1+ 1xu. In condensed notation, we compare

pw'r(u) ={rya(zx1+1xz)) + (r,c(zx1+1xz)) (ux1+1xu)
with r(u*u), which we expand by eq. (10.23) as

r(p*u) =(ra(zx1) *a(lxz)) + {r,c(xx1) xa(lxz))ux1
+{(r,a(zx1) *c(Ixz)) I1xu+ {r,c(zx1) xc(lxx))uxu.

The coefficient of z? x z7 gives (f), which implies (g). (Alternatively, (g) follows
from eq. (10.32) applied to u.) The coefficient of u x 2% gives (h). The other parts
require no new ideas. O

In particular, all the ¢; and most of the a; are redundant. We trivially have the
relation [1]*? = [p] = [0] = 1, from which it follows, as in the previous example,
that (a°?)*» = 0 and (b°?)*? = 0 for all I. Once again, this is the whole story.
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A detailed exposition by Ravenel and Wilson from this point of view is presented
in [27, Thm. 8.5] (with slightly different notation: a(; is written a(;), and b is
written f;)).

Theorem 17.10. (Ravenel-Wilson) For the FEilenberg-MacLane ring spectrum
H = H(F,), H.(H,) is the Hopf ring over F, with the o-generators:

e € Hi(H,) (see Prop. 13.7);
agy € Hypi(H 1), for i > 0 (see Prop. 17.9);
beiy € Hopi(H 5), for i > 0 (see Prop. 15.3);

subject to the relations [1]*? = 1o and e°? = —b(q). a

\\/ \\/

Example: KU. We recall that KU* = Z[u,u~1]. The complex orientation defines
elements b; for i > 0. As before, these, along with elements [Au"] = [A] o[u”] and e,
are all we need.

In view of the formal group law F(z,y) = z+y-+uzy, the relation (15.8) becomes

1+ b(z+y+uzy) = (1+b(x)) * (1+b(y)) * (1 +b(z)ob(y)olu]) (17.11)

which is more complicated than the additive analogue (16.12), but still manageable.
Again, we take the coefficient of ziy’. The left side is the same as before. On the
right, we may choose z°y* with s > 0 and ¢ > 0 from the third factor, which forces
us to take x*~® from the first factor and y?/~* from the second; or we can take all
of ztyl from the first two factors. The result, after some rearranging, is

min(i,5) , . . .
i+j—k ) _
wn= 3 (™ )(k)u'“bw—w[u 1]

k=0

i—1 j—1
> bisgouT % bj_yofuT"]  byob
ot (17.12)

s§=

—sz s° *b ob Zb] t° *bobt
—bjo[u™" ] x bjofu"]

This serves as an inductive reduction formula for b; o b;, for any ¢ > 0 and j > 0.
In particular, the suspension formula becomes
brob; = (j+1)bjt1ofu™"] + jubjo[u™]

(17.13)
— > b koluT ] xbroby — byo[uT % bjolu]

Theorem 17.14. For the complex K -theory ring spectrum KU, KU,(KU ,) is the
Hopf ring over KU* = Z[u,u™!] with the o-generators:
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[u] € KUg(KU _,) (see Prop. 11.2);

[u='] € KUp(KU,) (see Prop. 11.2);

e € KU;(KU,) (see Prop. 13.7);

b; € KU (KU ,) for i > 0 (see Prop. 15.3);

subject to the relations [u]o[u™!] = [1], xe = —e, xb; = ... (see Prop. 15.3(e)),
e°? = —by, and eq. (17.12).
Explicitly, for the even spaces we have

KU.(KU,,) = @ [mu="] * KU*[byo[u=""], byofu™"], bgo[u="H],.. ],
mEZ

a direct sum (over m) of polynomial algebras, and for the odd spaces
KUL(KU y,,,,) = Aleo[u™], eobyofu™1], eabgolu="1],...),

an exterior algebra over KU* (where we use [mu~"] = [m]o[u™"], [u"] = [u]°™,
™) =[u™']°", W] = [1], [n] = [1]*", end [-n] = [-1]*" = (x[1]))*").

Proof. We computed KU,(BU) in [8, Lemma 5.6]. By Prop. 15.3(b), the Chern
class £: CP*® — KU, induces z.(3; = b;, so that we may write KU,(0 x BU) =
KU*[by, by, .. .]. For the copy KU,(m x BU), we x-multiply this by [m]. This gives
KU,(KU ,). For other even spaces, we apply the -isomorphism — o[u"].

For the odd spaces, we quote [8, Cor. 5.12].

To see that we have specified enough relations, we note that every x-generator
reduces to e o[u™] or e o b; o[u™] on the odd spaces, or b; o[u”] or [A] o[u™] on the even
spaces, where A € Z. We allow n = 0 and A = 1 and use [u™]o[u"] = [u™*+"] and
[A] o[A'] = [AXN]. In the even case, we need at most one *-factor of the form [A] o[u™],
and we may always insert the redundant factor [0] o[u"] = 1. Thus we can reduce
any expression in the generators to standard form. O

Example: K(n). We use the same test spaces as before, CP* and the finite lens
space L?" 1 and follow the same strategy. The main reference is [28]. Some of the
algebra resembles the case E = H(IFp).

As usual, the complex orientation determines Hopf ring elements b;, where by = 15
and by = e; = —e°2. As K (n) is p-local, Lemma 15.9 shows that the b; other than
the b;y = by: are redundanfc. If we apply eq. (10.32) to the Chern class x, we obtain
the identity > ;(r, Fb;) 2?7 = (r,1>) 1. This shows that Fb; = 0 for all j > 0; in
particular, b’(kl.’; =0.

Next, we apply the general operation r to (*z = v,2?” by eq. (15.2) to obtain
b(v,zP") = b(x)°P" o[v,]. Equating coefficients of 22" ™ yields the relation

b?f))n =02 by ofvy ], (17.15)

the obvious analogue of eq. (16.17).
For the other test space Y = L?" 1, we have K (n)*(Y) = A(u) @ K (n)*[z: 2P" =
0]. The class z is a Chern class, which we know all about. Parallel to eq. (16.19),
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we use u € K(n)1(Y) to define elements a;,¢; € K(n).(K(n),) for 0 <i < p™ by
the identity

p"—1

r(u) = Z rya;) Tt + Z () in K(n)*(Y) (for all r).
=0

Proposition 17.16. The Hopf ring elements a; € K(n)«;(K(n),) (for 0 < i <

P"), ai) = api € K(n)oyi (K(n),) (for0<i<n), andc; € K )2,+1(K1n)1) for
0 <@ < p™) have the following properties:

(a) ag =11 and co = ¢;

(b) Yar = Ez—i—g k Qi ®aj;

(c) Vagy = ag—1) for 0 <i<n, and Vag = 0;

(d) ear, =0 for all k > 0;

e) xa is the coefficient of x* in a(x)*(=Y, expanded as in Prop. 15.3(e);
)

)

)

)

(1))

(

(f) aixa; = (Jg Jaiv; if i+ <p";

(g Fa,)—a .):0for0<i<n—1;

(h) ¢; =e*a;;

(i) For all r, r.ay is the coefficient of z* in the formal identity

p"—1 pt—1
rea(z) = ::ko b(@)" o[(r, a;)] ¥ ::ko a(@)ob(x)" *o[(r, c;)]
in K(n),(K(n),)z:2z?" =0];
() @ag) = ap) € Q(K(n))k, and qra; =0 if j is not a power of p;
(k) o1.a4) = a) € K(n).(K(n),0), and o1,a; = 0 if j is not a power of p.

Proof. All the proofs are formally identical to those of Prop. 17.9, except that we
use the space Y instead of L. As in section 16, the partial multiplications p: L2*+! x
L?™ - Y yield (f) and (h).

For (g), we apply eq. (10.32) to u and obtain Y, (r, Fa;) z¥* = 0. But because
zP" = 0 already, we are able to deduce that a;” = 0 only for 0 < i < p"~'. (We
shall see in a moment that a " 1) #0.) a

We have to rely on [28, Prop. 1.1] for two facts, just as in section 16. The first is
that when ¢ = 0, eq. (17.15) desuspends once, exactly as eq. (16.18) suggests, to

eob(o) = vpeofv, '] (17.17)

In other words, the class y = wvyuz? ' € K(n)'(Y) still behaves like u; €
K(n)}(S') and satisfies eq. (13.2). The second is that when we take account of
decomposables, eq. (16.22) acquires an extra term,

(n 1) = = UnQ(0) — G(g) © b [’Un] (17.18)

This complements (g). We have the material for the main theorem of [28].
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Theorem 17.19. For the Morava K -theory ring spectrum K (n), K(n)«(K(n),) is
the Hopf ring over K (n)* = F,[v,, v, '] with the o-generators:

[vn] € K(n)o(K(n) _y(ym_1)) (see Prop. 11.2);

[v'] € (n)O(MZ(p"—l)) (see Prop. 11.2);

e € K(n);(K(n),) (see Prop. 13.7);

agy € K(n)gpi (K(n),), for 0 < i <n (see Prop. 17.16);
beiy € K(n)ayi (K(n),), for i >0 (see Prop. 15.3);

subject to the relations [1]*P = 1, [v,]o[vy '] = [1], €°? = —b(y, (17.15), (17.17),
and (17.18). O

Thus we have the %-generators:

(i) a°Tob°’ o[vk] in even degrees;

(ii) eca°? ob°’ o[vk] in odd degrees;

where I = (ig,%1,---,4n—1), with each i, = 0 or 1, and J = (jo, j1,J2,---), with
0<j<p and k € Z. In (ii), we may assume jo < p™ — 1 by eq. (17.17). The
relations a;f) = 0 (for ¢ <n — 1) and b7 = 0 (for all i) follow from [1]*” = 1o by
eq. (10.13), as in Thm. 17.10.

18. Relations for additive BP-operations

In this section, we discuss relations in the bigraded algebra Q% = Q(BP)*, following
[23], in preparation for discussing additive unstable operations in BP-cohomology.
In view of Thm. 16.11(a), Q% is spanned as a BP*module by the monomials

e‘blw’ = efb(o) (1) cwltwd L (18.1)

where € < 1 and we use standard notation with multi-indices I = (ig,%1,42,...) and
J= (31,32, ..). We define the length of I as |I| =", iy, and similarly |J| =", j;.
We also need the special multi-index Ag = (1,0,0,...).

The main relations. For £ = BP, we easily compute the first main relation from
Defn. 14.9 and [8, (15.4)] (or equivalently from egs. (14.5) and [8, (15.3)]) as

(R1) : v1beoy = pb1) + bz()o)wl in Q(BP)? . (18.2)

(Indeed, this is the only candidate that stabilizes correctly to [8, (15.6)].) We still
have b; = 0 whenever {—1 is not a multiple of p—1. We can use the p-series [8,
(15.5)], just as stably, to simplify the higher relations (Ry) by neglecting enough.
Denote by U and 20 respectively the ideals (p,v1,vs,...) and (p, w1, ws,...) in Q%,
which correspond to the left and right actions of the ideal I,,. We also need the
ideal 9 = (e, b(o), b(1), b(2), - --) C @3, so that M + LV is the obvious augmentation
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ideal consisting of all the Q¥ for i > 0. In particular, b; € MM + U for all i. From
Defn. 14.9 and [8, (15.7)], the right side of (R}) has the form

k-1 X
R(k) =) b _ywi+bhywy  mod B+ MA?, (18.3)
=1

while the left side L(k) € 9 and will not much concern us here. The new feature is

k
that because wy, appears in the form b’(’o)wk, where b(g) = €” is no longer 1, (Ry)
fails to express wy in terms of the other generators, and 20 # 92; this made it
necessary to add wy, as a new generator of Q% in Thm. 16.11.

The Ravenel-Wilson basis. The relations (Ry) show that many of the monomi-
als (18.1) are redundant. In defining the basis, it is easier to specify which monomials
are not wanted.

Definition 18.4. We disallow all monomials of the form
2 7 - . .
bz()’l'l)bl()’lé) . ..b{’i")wnc (i1 <i2 < ... <ip,n > 0), (18.5)

where ¢ stands for any monomial in the b(;), w;, and e (¢ = 1 is permitted). All
monomials (18.1) not of this form are declared to be allowable.

Nevertheless, we need a positive construction of the allowable monomials, and
we need to know how they behave under suspension. Given any indices

0=Fko <ki <k <...<kp, where n > 0, (18.6)
we define the monomial
L 2 n L—A
b = b(ko)b?kl)b’(’h) ... b?k,,) = bo)b 0, (18.7)

It is easy to see that every allowable monomial can be written uniquely in the
canonical form

epL—AopM, J _ _e 2 "
b opMw’ =e b?kl)bz()kg)“'bijkn)

where e =0 or 1 and M and J satisfy the conditions:

c=e¢e

M’ (18.8)

(i) t < ky implies my < p*, for 0 < u < n;
(i) t > k,, implies m; < p™*1; (18.9)
(iii) j = 0 for all t < n;

as well as (18.6). In detail, we choose, by induction on u, the smallest k, such

that bfkl)bf;) ... b’(’;u) divides ¢, to make (i) hold for u. If no such k, exists, we set
n = u — 1 and have (ii). Since c is allowable, it can have no factor w,,, which gives
(iii) for ¢ = u. (In case n = 0, we have merely ¢ = e‘b™w”’, (i) and (iii) are vacuous,
and (ii) says only that m; < p for all ¢.)

The main technical result is that there is only one way the suspension ec of ¢ can
fail to be allowable. (This is in effect equivalent to the discussion in [23, §5].) We

recall from Defn. 15.12 the shifted multi-index s(I).
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Lemma 18.10. Assume that the monomial b = by, bp ’(’z; divides bLbM,
where bY (with the same n) is as in eq. (18.7), i S ... K ip, and M satisfies
conditions (i) and (ii) of (18.9). Then:

(a) iy = ky for 0 <u < n, so that H =pL;

(b) We can write M = (p—1)L + s(M"), where M' again satisfies (i) and (i1).

Proof. We show first that i, > k, for all u. For any ¢t < k,, we have m; < p* by
(i). Then the exponent of by in b“bM is at most

A+p+p"+...+p" )+ " — 1) <p"*,
which shows that ¢ # i,,.
We proceed by induction on n. For n = 0, bfio) divides b(o)bM , where m; < p for
all t. We must have ig = 0 and mo = p — 1, which gives M the required form.
For n > 0 we must have i,, = ky, since i,, > ky, is forbidden by (ii). Let a > 0 be
the smallest index such that k, = k,,; then we must have i, = ig41 = ... =i, = ky,.
From I, = p® + p®*t! + ... +p™ and my, < p™*! we deduce

mk, —(p— 1), <p"T' —(p-1)(p*+ ... +p") =p" T —(p"'—p*) = p*. (18.11)

If k, = 0 we clearly have a = 0 and hence mo = (p—1)lo, and can write M =

(p—1)L+s(M"). If k,, > 0, we have a > 0. We delete the factors b” ) " for a <ugn
from both sides of our hypothesis, as well as any factors b for t > ky, to deduce
that b’(’io)bfil) ...bfia_l) divides b(ko)b(kl) ... b(ka__ll)b M where M" satisfies (i) and
(ii) for the sequence (kg, k1, - --,kq_1)- By induction, we deduce that H = pL and
that M has the form (p—1)L + s(M").

If t > k,, we have m), = myy1 < p™!, which gives (ii) for M'. To establish
(i), assume that t < k. If also t + 1 < k,, we have m} < myq1 < p%, as desired.
Otherwise, k, = t + 1. Let 8 be the smallest index such that kg > ¢ + 1, so that
ky=kyt1 =...=kg_1 =t+1. Then my; 1 <p® and l;41 > p*+p*Ht+.. . +p°~L.
As in eq. (18.11), we find m} = myy1 — (p— 1)1 < p™. O

Lemma 18.12. In the bigraded algebra Q* = Q(BP)*:

(a) Every allowable monomial can be written uniquely in the form (18.8), subject
to the conditions (18.6) and (18.9), and conversely, every monomial of this form is
allowable;

(b) The suspended monomial from eq. (18.8)

boyc = eb*oMuw’ = efb(o)b’(’kl) ... bl(’kn)waJ

is disallowed if and only if g1 > 0 and bP~ D divides bM | in which case we can
write w! = wn_Hw and bM = p(P— 1)Lb“](M) with bL=BopM' 4T allowable;

(¢) Every allowable monomial can be written uniquely in the extended canonical
form

¢ = ef pL—Bo p(p=1)(Lts(L)+s*(L)+...4+s" 71 (L)) ps" (M) wh, w? (18.13)
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with L as in eq. (18.7), where h > 0, either b®~VL does not divide b™ or j,i1 =0
(or both), and conditions (18.6) and (18.9) hold;

(d) In (c), the monomial bYbMw’ is allowable.

Proof. In (a), we need to establish the converse. If ¢ is disallowed, so is b(g)c. By
Lemma 18.10(a), b()c can be disallowed only if H = pL; but by Lemma 18.10(b),
the necessary factors b(g) are not present in c.

Moreover, b(g)c is disallowed if and only if it contains bPLw, 1 as a factor (using
the same n). If so, we write b = bP-DLps(M") where bL—2opM 7" is allowable
by (a). This proves (b).

Parts (c) and (d) follow by induction on h. We take h maximal. O

Lemma 18.14. In the stable range defined by i < pk, every allowable monomial in
Q¥ = Q(BP)¥ has the form e Db - - -» with no factors of the form wy .

Proof. For each monomial ¢ € Q%, we define g(c) = i — pk, where ¢ € QF. We
compute g from g(b,)) = 0 if n > 0, g(wn) = 2p(p"—1), gle) = —(p—1), and
9(by) = —2(p—1), using g(ac) = g(a) + g(c). Thus if ¢ contains wy, as a factor,
g(c) > 0 unless c contains at least {2p(p™—1) — (p—1)}/2(p—1) factors by, which
disallows it. O

Theorem 18.15. (Ravenel-Wilson) The allowable monomials (18.1) form a basis
of the free BP*module Q% = Q(BP); .

This is proved in [23, Thm. 5.3, Prop. 5.1]. We content ourselves with showing,
as part of Thm. 18.16, that the allowable monomials span @Q%, assuming that it is
spanned by all the monomials (18.1). We shall obtain for each disallowed monomial
(18.5) a reduction formula that expresses it in terms of other monomials. A finite-
ness argument then implies that the allowable monomials must span. A counting
argument is needed to show they in fact form a basis. As only the relations (Ry)
and €2 = by are used in the reduction, they constitute sufficient relations in
Thm. 16.11.

Knowing that the allowable monomials form a basis of Q% is not enough. In order
to work with this basis, we need to know how the ideal 2 looks in terms of the
basis. We therefore define 2,,, for any m > 0 as the BP*submodule of @} spanned
by all the allowable monomials e‘b’w’ that have I # 0 and |J| > m. Although
A, is not an ideal for m > 0, it is convenient for computation, because when an
element ¢ € @} is expressed in terms of the basis, it is obvious whether or not it lies
in A,,,. We shall prove the following parts of the structure of @}, after developing
the necessary reduction formula.

Theorem 18.16. In the bigraded algebra Q% = Q(BP)%:

(a) Ay + B =MW™ + B for any m >0 (or Ao+ V=M +V ifm =0), so
that the image of U in the quotient algebra Q. (see eq. (18.17)) is an ideal;
(b) The allowable monomials span Q% = Q(BP)% as a BP*module.
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Lemma 15.2 of [8] allows us to work mod 9, in the quotient F,-algebra

Q. =Q:/B=QH.(BP,F,). (18.17)

Better yet, we may ignore e and work in the subalgebra @iven

Higher order relations. As they stand, the relations (Ry) are not very practical.
We derive a more useful relation by eliminating the terms that come from b(z)?’ w,
for j < n in eq. (18.3) from the n relations (Rg,), (Rky), ---, (Rk,), as in [23,
Lemma 5.13]. The result is of course a determinant. For ulterior purposes, we make
the elimination totally explicit.

Definition 18.18. Given any positive integers i1, i3, .. ., in, where n > 1, we define
.. . .. . . i1 pia in—1 _in .
L(i1,i2,...,in) and R(i1,i2,...,in) as the coefficient of 2§ z8 " ...2P ", " 22" in

n—1

b(@1)Pb(@2)? ... b(@a—1)?" b([p](2n))
and
b(@1)Pb(@2)” ... b(@a1)?" [p]R(b(zn))

respectively. By eq. (14.8), these are equal in Q.
Then given any integers 0 < k1 < k2 < ... < ky, where n > 1, we deduce the nth
order derived relation

(Rkhkz,...,kn) : Z GWL(il, iQ, . ,Zn) = Z €7|—R(7:1,Z'2, . ,Zn)
(18.19)

in QF by summing over all permutations 7 € ¥,,, where €, denotes the sign of 7
and we permute the n entries in (i1,42,...,4,) = w(k1, k2,...,kn). (For n =1, it
reduces to L(k;) = R(k1), which is just (Rg,)-)

We note that this relation lies in Qf ("), where the numerical function

2(p" — 1) _ | deg(vn)|
p—1 p—1

fn)y=2(1+p+p*+...+p" 1) =

was introduced in eq. (1.4).
The left side of (R, ks,...k.) lies in U and will be of little interest here. By
eq. (18.3), the right side reduces to
2 n—1 i 5
> el sy V)Vl _jyws mod B MW?, (18.20)

™J

where we sum over all permutations = and all j > 0, and adopt the convention that
by = 0 for i < 0. However, we have arranged matters so that no (explicit) terms
in w; with j < n survive; when we interchange ; and ¢,, we find identical terms
having opposite signs. The term of most interest is the leading term with 7 =id,

L 2 n
b wy, = b€k1—1)bfk2—2) ...b{’kn_l_nﬂ)bfk"

n—1

Wy (18.21)

—n)
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which is thereby expressed in terms of other monomials and hence redundant. (The
multi-index L serves only as a convenient abbreviation, unrelated to eq. (18.7). The
indices k, are different, too.)

To make this more precise, we note that all terms b’w; in the sum (18.20) have
I = |L| = p+p*>+...+p"if j = n, or |I| > |L| if j > n. We order the
terms that contain w, by defining the weight of any multi-index I = (ig, 1,2, ..)
as wt(I) = Y, ti¢ (which is not the weight used in [23]). This makes blw,, the
heaviest term with its length, because if we improve the ordering of the indices of
any other term in (18.20) by interchanging i, and is, where r < s and i, > i5, we
increase its weight by

(is=r)p" + (ir—38)p° — (ir—1)p" — (is—38)p° = (ir—is)(p°—p") > 0.

Thus (R, ks,....k,) Provides a reduction formula

blwn = bh BE o bR wn =Y b w; (18.22)
I.j

in @: mod 9 20?, where the sum is taken over certain pairs (I, j) with j > n, for
which |I| > |LJ|, or |I| = |L| and wt(I) < wt(L).

The first nth order relation (R 2,... ) is particularly important, as only one term
of the sum (18.20) is meaningful, namely bfg; wy, where m = f(n)/2. We observe
that this monomial lies just inside the stable range of Lemma 18.14. In this simple
case, we can do better with a little more attention to detail, to obtain the direct
analogue of [8, Lemma 15.8].

Lemma 18.23. In Q{™ = Q(BP)!™ we have the relation
bl(’g';'wn = vnb{y) mod InQ(BP)f(")
for each n >0, where m = f(n)/2=1+p+p*>+...+p* L.

Proof. We proceed by induction on n, starting from eq. (18.2), and work through-
out mod I,,Q%. On the left side of eq. (14.8) we have b([p](z)) = b(v,2?" +...), by
[8, (15.5)]. Then R(j) = L(j) = 0 for all j < n, and the only surviving terms in
(Ris,...n) are b?O)L(n) = b?O)R(n), where h = p+p? + ...+ p" L. On the left, we
clearly have L(n) = vnb(g). On the right, b?o)wj = 0 for all j < n, by the induction
hypothesis; by eq. (18.3) and dimensional reasons, the only surviving term in R(n)

is bf’o)wn. O

Proof of Thm. 18.16. We work entirely in the quotient algebra Q: defined by
eq. (18.17). We first generalize (18.22) to show that

MW™ C Ay, + MAW™ (18.24)

for any m > 1. As an F,-module, M W™ is generated by those monomials eb’w’
that have |.J| > m. These lie in 2,,, or M W™ except for the disallowed monomials
that have |J| = m. On comparing the monomial (18.5) with eq. (18.21), we see
that each such monomial has the form blw,c, where L is given by eq. (18.21)



96 Boardman, Johnson, Wilson Chapter 1

and ¢ = e‘blw?, with |[N| = m — 1. When we multiply eq. (18.22) by ¢, both
orderings are preserved, and we express the general disallowed monomial b%w,c
as a signed sum of monomials with greater length, or the same length and lower
weight, mod MM W™ . Because there are only finitely many monomials in each
bidegree, eq. (18.24) follows by induction.

For any i > m, eq. (18.24) gives

A + MW’ C Ay, + Ay + MW =2, + MW
Then by induction on i, starting from eq. (18.24),
MW™ C Ay, + MW’

for all i > m. In any fixed bigrading, M 20° is zero for large 3. Thus M W™ C Ap,
and we have (a) for m > 0. For m = 0, we note that every monomial in 97 either
lies in 920 C 2 or is automatically allowable and so lies in 2.

On reinstating the monomials of the form w”, which are all allowable, we see
that the allowable monomials span @Q,. Then (b) follows by Nakayama’s Lemma, in
the form [8, Lemma 15.2(d)]. |

The ideals J,,. Just as the ideal I, C BP* led to the introduction of the ideal
W C Qr, the ideal J,, needed for our splitting theorems, leads to an ideal in @}.

Definition 18.25. We define the ideal J,, = (Wpt1, Wnt2, Wnts,...) C QF.

We need to know how J,, sits inside Q. The answer is remarkably clean, in a
certain range.

Lemma 18.26. Assumen > 0. Then:
(a) If k < f(n+1), Q¥ NJ, is the left BP*-submodule of Q¥ spanned by all the
allowable monomials e¢b!w’ € Q¥ that contain an explicit factor w; for somet > n;
(b) If k = f(n+1), Q% N3, is the left BP*-submodule of Q* spanned by all the

allowable monomials as in (a), together with all disallowed monomials of the form
2 n+1 . . .

b{’il)b’()w) ...b’(’in+1)wn+1, where 0 <4y <ig < oor Klngt-

Remark. The first disallowed monomial in (b) is bfg;“ Wpt1, where m = f(n+1)/2.

Lemma 18.23 shows it definitely does not lie in the submodule described in (a).

Proof. The stated elements obviously lie in J,,. To show the converse, we fix k
and a large integer m, and prove by downward induction on h that all elements in
QF of the form cwy, lie in the indicated submodule whenever i < m. This statement
is vacuous for sufficiently large h (depending on m and k). We therefore fix ¢t > n,
assume the statement for all h > t, and prove it for h = t. We ignore e throughout
and assume k is even.

Case 1: ¢ = bl. The number |I| of b-factors in ¢ is k/2 + pt — 1. In (a), as
k < f(n+1) and t > n, this is always less than p + p? + ... + p’, which makes
cw; = blw; automatically allowable. The same holds in (b), except in the extreme
case blw, 1, which may be allowable or disallowed; either way, it is in.

Case 2: ¢ = blwpw’ allowable, with h < t. Then cw; = blwpwiw
allowable, by the form of Defn. 18.4.

J remains
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Case 3: ¢ = awp, with h > t, any a. Then cw; = (aw;)wy, is in by induction,
provided ¢ < m.
By Thm. 18.15, these ¢ generate Qf+2(p ~1 as a BP*module. O

19. Relations in the Hopf ring for BP

In this section, we develop the unstable analogues of the results of section 18,
working in the Hopf ring BP,(BP,) for BP. By taking account of *-decomposable
elements, we can improve many of these results by one. The structure of the Hopf
ring was described briefly in section 17. Before we can even state some of our results
precisely, it is necessary to clarify the concept of ideal in a Hopf ring.

Hopf ring ideals. As it is obviously impractical to retain everything in typical
Hopf ring calculations (the preceding sections should convince), we need to control
carefully what is thrown away. There is an obvious relevant concept, valid in any
Hopf ring H. We concentrate on the structure of H as a x-algebra, treating o-
multiplication chiefly as a means of creating new *-generators from old.

Definition 19.1. We call a bigraded R-submodule J of any Hopf ring H over R a
Hopf ring ideal if the quotient H/J inherits a well-defined Hopf ring structure from
H (over the possibly smaller ground ring R/€J).

If we ignore the o-multiplication and coalgebra structure, J must obviously be
a x-ideal in the ordinary sense, i.e. an R-submodule for which b x ¢ € J whenever
be H and ¢ € J.

Lemma 19.2. Let H be a Hopf ring over R and I C R an ideal. LetJ be the x-ideal
in H generated by the elements co. Then T is a Hopf ring ideal, with quotient a
Hopf ring over R/I, if and only if:
(i) Ycq € IQH + HRJ for all o;
(ii) ecq € I for all a;
(iii) aocq € T for all a € H and all o;
(iv) IH C 7.

Proof. The conditions are evidently necessary. Conditions (i) and (ii) ensure that
H/7J inherits a comultiplication ¢ and counit €. Condition (iv) shows that H/J is
defined over R/I. For any a,b € H, eq. (10.11) and (iii) show that ao(b*cy) € J;
this is enough to furnish H/J with a o-multiplication. All the necessary identities
in H/7J (see section 10) are inherited from H. O

Remark. It is clear from the Lemma that the sum J+ J of two Hopf ring ideals is
another Hopf ring ideal. However, their *-product ideal J * J (defined as the usual
product of ideals) need not be a Hopf ring ideal, as (i) can fail. We note that (ii)
and (iii) nevertheless continue to hold for J * J, with the help of eq. (10.11).

When R = IF,, we can define a rather more useful ideal.
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Definition 19.3. Given an ideal J in a Hopf ring over IF,,, we define F'J as the
x-ideal generated by {Fz : z € J}.

The ideal F'J is far smaller than J*7, and clearly is a Hopf ring ideal by
Lemma 19.2 whenever J is. (We use eq. (10.13) to verify (iii).)

The redundant generators. We proved in Lemma 15.9 that the generator b;
is redundant unless 4 is a power of p. As in (17.3), this implies that BP,(BP,) is
x-generated as a BP*algebra by o-monomials of the forms (cf. eq. (18.1))

b o[v”] = bg? o bl o big2 o o[u] vg? . ]

= D obi bl o ofur] T ofu] o,

(i) eob! ofv”],

(i) [o”] = [\ofon] 7 ofu]" 7o ..

(i)
(19.4)

in the notation of eq. (15.11). To carry out computations, we need to express the
redundant b; in terms of these x-generators.

In order to make the finiteness of our computations apparent, we write b(z) =
1o + b(x) as in eq. (15.4) and use 1ob(x) = 0. Then eq. (15.8) expands to

15 +5(a: +y+ Za@jmiyj)

2

= (15 +B5(z)) = (1> + b(y)) * "j {12 +b(z)°"ob(y)° Y o[ai ;] }

(19.5)

As in Lemma 15.9, if n is not a power of p, we take s as the largest power of p less
than n, and the coefficient of x°y™ *® then yields a reduction formula for b,. For
the low b,’s we can be explicit; they are no longer trivially zero, as in section 18.

Lemma 19.6. For 1 < i < p we have b; = b?g)/i! .

Proof. All that is left of eq. (19.5) in this range is b(xz+y) = b(z) * b(y). Hence
b(x) must be the exponential series exp(byx), expanded using *-multiplication. ]

Beyond this range, we must settle for inductive formulae in terms of o-monomials
of the form

b, obiyo0...0b; o[v'] . (19.7)
We expand the formal group law F(z,y) fully, in the form
Flz,y) =z +y+ Z Mol 2ty
SRR

summing over appropriate quadruples (A, I, 4, j) consisting of a coefficient A € Z (),
a multi-index I, and exponents 7 and j. The right side of eq. (19.5) becomes

(12 +b()) * (12 +b(y)) * Aj;)j {1o +B(z)* b(y) Po [0},
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where {1+...}*} is expanded by the binomial series as in eq. (15.5). Every element
of the Hopf ring that appears here is a *-product of elements of the form (19.7).

This is still not enough! To make the induction succeed, we really need a reduction
formula for every o-monomial (19.7) that contains a o-factor b, with n not a power
of p, without relying on iterated appeals to the distributive law (10.11). A reduction
formula for b, o bp, o bp, o ...obp,, whenever n is not a power of p and the h; are any
positive integers, will suffice, as — o[v!] is a *-homomorphism and [v!] o[v”] = [vI*].

We therefore o-multiply eq. (15.8) by b(21) ob(22)0...0b(z4) (and thus work in
the (g+2)-fold product (CP>°)%+2). On the right, we use the distributive law (15.6)
to move all the b(—)’s inside the *-factors, to obtain

lag42 +5<a¢ +y+ Z /\vIariyj) ob(z1)0...0b(z,)
A L,i,g
= {12q+2 + B(x)og(zl)o ... ol_)(zq)} (198)
* {12q+2 +b(y)ob(21)o ... oE(zq)}

£ K {laga +B(@)" D) B(an)o . B(z)ofo ]}

*A

The coefficient of z°y" 21 .. .z,? ¢ yields the desired reduction formula. Inspection
of the o-monomials that appear on the right shows that they are all simpler, so that
the induction makes progress. (In detail, they all have lower height, or the same
height but more b-factors, if we define the height of the monomial (19.7) as >~ 4,.)

None of this is necessary for the other generators, (19.4)(ii). For these it is far
simpler to start from Lemma 14.6, work in Q(BP)%, and suspend by applying eo —.

The main relations. As given in Defn. 15.15, the main relations are particularly
opaque. We make eq. (15.14) more useful in our situation by first expanding the
p-series [8, (13.9)] for BP in full as

[pl() =pz+ Y Xo'a™, (19.9)
A I,m

much as we just did for F(z,y), and summing over appropriate combinations of
coefficient X € Z ), multi-index I, and exponent m. Then eq. (15.14) becomes

1o +5(px + Z )\vam) = {1, +5($)}*p *)\i_lfm {1, +I_)(1')°mo[’l)1]}*)\

A Im

(19.10)

where we again expand {15 +...}** by the binomial series as in eq. (15.5).
The first main relation, the coefficient of z?, simplifies (with the help of [8, (15.4)]
and Lemma 19.6) to

bro)
(Rl) : 'Ulb(o) = pb(l) + bEOI; O[Ul] - (pf)i)‘ in BP*(E2) (1911)
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(although it is far easier to extract this as the coefficient of zP~ly in eq. (15.8),
using [8, (15.3)]). Subsequent relations rapidly become extremely complicated and
can be handled only by neglecting terms wholesale. We need some ideals.

Let U be the ideal (p,v1,vs,...) in BP,(BP ) (more accurately, generated as a
graded #-ideal by all the elements pl; and v, 1; for each k). We need the unstable
analogue of the ideals 9 2™ of section 18, coming from the right action of I
on Q. It is obvious how to handle the generators v; of I,. For the generator p,
eq. (10.13) shows that in the quotient Hopf ring BP,(BP,)/% over F, = BP* /I,
we may write co[p] = co(F[1]) = F(Veo[1]) = FVe. Indeed, it is even more conve-
nient to ignore e and work in the Hopf subring

H = BP,(BP,,.,)/D = H.(BP...;F,), (19.12)

using only those elements that do not involve the o-generator e (though of course
we keep b(g) = —e°?).

even) even’

Definition 19.13. We define 9, as the *-ideal in H generated by all the elements
b° T o[v’] with T # 0, whether allowable or not. For m > 0, we define 9, inductively
as the x-ideal generated by F9,,_; and all elements b°! o[v”/] with I # 0, whether
allowable or not, that have |J| > m.

Equivalently, 9, is the #-ideal generated by all elements F"(b°!o[v”]) with
I #0and h+|J| > m. (Thus 9M,, is roughly, but not quite, the Hopf ring analogue
of the right BP*action of the ideal I"?.) We thus have the decreasing sequence of
ideals

ijoDmﬁjsz... .

We note that 91, is just the obvious augmentation ideal in H consisting of all the
H;(BP oyen; Fp) with i > 0.

Lemma 19.14. For allm > 0
(a) My, is a Hopf ring ideal in the Hopf ring H = BP.(BP .,e)/B;
(b) My, ovy] C Mt for all n > 0;
(€) My o[v?] C My gy
(d) M, o[p] C My

Proof. We first prove (b), from which (c) follows by induction. As —o[v,] is a
*-homomorphism, it is enough to check that co[v,] € M y41 for the generators ¢
of My,. For ¢ = b°L o[v’], we use [v!]o[v,] = [v/v,]. For ¢ = Fa = a*P, where
a € M,,_1, we have co[v,] = F(ao[v,]) by eq. (10.13). This lies in FI,,, by
induction on m.

We next apply Lemma 19.2 to prove (a). Clearly, et,,, = 0. For a generator
of the form ¢ = b°o[v!], with |J| > m, we have acc = (aob°)o[v!] € My,
by (c), since aob°I € M. Similarly, if we write ¢b° ! = Z B! ® B!, we find that
Ye =Y, Blo[v']®@ B! o[v”] has the required form, because for each i, either B} € My
or B} € M, for reasons of degree.

For a generator F'¢ with ¢ € 9M,,_1, we use induction on m. By eq. (10.13),
ao(Fc)=F(Vaoc) € FO,_1. Also, Fc = (F®F)ic has the required form.
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Because M, is now known to be a Hopf ring ideal, we have Va € I, for any
a € My,. Then (d) is immediate from eq. (10.13), using [p] = F[1]. O

We now have the tools to handle eq. (19.10). We work entirely in H, so that
by [8, (15.5)], the left side is trivial. By Lemma 19.14, b(z)°™ o[v'] € 90%);;. Most
x-factors on the right side of eq. (19.10) are trivial mod 9, and we are left with
only

{12+ Fb(a)} « % {12 +5(z)°” o[uj]} in H[[z]] mod 9, .
J
When we pick out the coefficient of 27" and neglect also certain products, we obtain

k .
R(k) = Fbg_1y+ Y b;,g’ij) o[v;]  in H mod My + My +M; , (19.15)
j=1
analogous to eq. (18.3). Although the ideal here is not a Hopf ring ideal, (ii) and
(iii) of Lemma 19.2 still hold, according to the Remark following that lemma.

The Ravenel-Wilson generators. We lift the allowable monomials of section
18 via the canonical projections qi: BP.(BP ;) — Q(BP), so that multiplication is
now to be interpreted as o-multiplication.

Definition 19.16. We disallow all o-monomials of the form

bzzli) ObZZZ) o...0 bzii) o['l)n] ocC (il <9 <L...<0p, N> 0), (1917)

where ¢ stands for any o-monomial in the b(;), [v;], and e (¢ = [1] is permitted). All
o-monomials (19.4)(i) and (ii) not of this form are declared to be allowable.

It follows from Thm. 18.15 (and local finiteness) that the allowable o-monomials
generate BP,(BP ,), but far more is true, by [23, Thm. 5.3, Rk. 4.9].

Theorem 19.18. (Ravenel-Wilson) In the Hopf ring for BP:

(a) If k is even, denote by BP', the zero component of the space BP, (so that
BP', = BP, if k > 0). Then BP.(BP',) is a polynomial algebra over BP* on those
allowable o-monomials b° T o[v”’] with I # O that lie in it. If k < 0, BP,(BP,) =
BP,(BP*) ® BP,.(BP',) as in eq. (17.4).

(b) If k is odd, BP.(BP,,) is an exterior algebra over BP* on those allowable
o-monomials eob° L o[v”’] that lie in it. 0

As in section 18, we need information on where the disallowed monomials lie.
The difficulty with eq. (19.15) is that it is hard to tell whether a given element lies
in 9. We therefore define analogous ideals in terms of the polynomial generators
in Thm. 19.18 for which this problem does not exist. Again, we ignore e and neglect
20 by working in the Hopf ring H over F, (see eq. (19.12)).

Definition 19.19. We define 2 as the %-ideal in H generated by all the allowable
o-monomials b° L o[v”/] that have I # 0. For m > 0, we define 2,,, inductively as the
x-ideal generated by F%,,,_1 and all the allowable o-monomials b° o[v”’] for which
I#0and |J| >m.
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In other words, 2, is the *-ideal generated by all the elements F"(b°{ o[v”]),
where b°{ o[v”] is allowable, I # 0, and h + |J| > m.

Theorem 19.20. For all m > 0, ™, = M, and is therefore a Hopf ring ideal in
H= ‘Bf)*(ieven)/SU = H*(ieven;Fp)'

This result we shall prove in full. For m = 0, it is part of Thm. 19.18.

Higher order relations. As in section 18, we derive a more useful relation by
elimination from the n relations (R, ), (Rky); --- (Rk, ), with multiplication now
interpreted as o-multiplication. We find it simpler to return to eq. (19.10) rather
than try to deal directly with eq. (19.15).

Definition 19.21. Given any positive integers i1, 2, ..., in, Where n > 1, we
. . . . . . . 1 2 in .
define L(iq,%2,...,i,) and R(i1,ia,...,i,) as the coefficient of z§ 25~ ... 28" in

b(@1)°P o b(@2)"? o 0b(zn-1)"""" ob([p](zn)
and

b(21)°P o b(22)°F o...0b(zn1)°""  oP(z,) (19.22)
respectively, where P(z) denotes the right side of eq. (19.10).

Then given any integers 0 < k; < k2 < ... < ky,, where n > 1, we define the nth
order derived relation

(Rs ko kn) - D en Llin, iz, - in) = Y €x R(in, iz, ..., in)
™ K
by summing over all permutations © € X,,, where (i1,42,...,in) = 7(k1, k2, ..., kn).

(For n = 1, we recover (R, ).)

This relation lies in BP.(BP 4(,,), where f(n) denotes the usual numerical func-

tion (1.4). To study it, we work in H. The left side of (Ry, ,,...k,) vanishes, as
before. To handle the right side, we first rewrite (19.22) just as we did eq. (19.8),
by using eq. (15.6) to move all the o-factors b(—) inside the x-factors. The term pz
of [p](z) produces the *-factor

{1 + E(m1)0p05($2)0p2° e °B(f‘7n—1)0pn_1 °E($n)} ’ J (19.23)
and the general term Av’z™ produces the *-factor
_ _ 9 _ ne1 — *A
{1 +B(21)°Pob(2)°P o ... ob(zp_1)°P ob(mn)"mo[vI]} ,

to be expanded as in eq. (15.5). By the form [8, (15.5)] of the p-series, the only
x-factors of the latter kind that are not trivial mod 9, are

14 Bb(21)°Pob(z2)° P o ... ob(Tn_1)°"" " ob(an)? ofv;] (19.24)
for j > 0. We can now efficiently extract the coefficient R(i1,i2,...,%n) of
2" gf? .. g™ . From the factor (19.23) we have the term

2 n—1
F (bau o1y o b8 gy ol gyomobi ),
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after some shuffling, while the factor (19.24) yields
n—1

op o p?
(in_1—n+1) oby;

(in —7) ov;].

(We continue the convention of section 18 that meaningless terms, those involving
any b(;) with ¢ < 0, are treated as zero.) We now sum over 7 and j, taking the
opportunity to permute the 4, in the terms with F (which introduces a sign), to
obtain (R, k,,....k.) in the desired form

Op Qp
Blia—1) °B(iz—z) -0

(_l)n—l Z €x F <b(i171) o bz:;_z) o...0 bZzI:L—_;))

o . ; (19.25)
D en bl yobil o 0Bl ynyobilyelvi] =0
’]

in H mod My + My +M; . As before, the terms involving [v;] for j < n cancel: when
we interchange ¢; and i,, we obtain two identical terms having opposite signs. We
therefore sum only over j > n. The terms of most interest are the two leading terms
with 7 = id:

1

(_l)n—lF (boL) — (_l)n—lF (b(k1—1) ° bzlfz—Q) o... obzkp::n)) (1926)

and
2 n
boIJL O[Un] = b(kI:)l—l) o b(lcpz_2) 0...0 b(:"_n) 0[7}”], (1927)
for a certain multi-index L (different from section 18).

The reduction formula. We obtain a reduction formula for the general disallowed
o-monomial (19.17) in BP,(BP,). First, we assume k is even. For any n > 0,
0< ki <ks<...<kpn, and multi-indices M and J, the desired formula is:

° o p? op™ oM J
b(kf)l—l) Ob(lg;—z) O"'Ob(lg)n—n)ob o[’l)nU ]

= - Z €x bEiI;—l) o...o0 b((JiI:L—n) ob° M O[Un’l)']]
w#£id

+(=1)"F (b(k1—1) obil 0.0 bz,f::n) o pe s O[UJ])

+ ()" Y e F (b(il—l) ol 0. obtt  ob T D O[UJ])
w#id
in H mod Mpto + Mp1 My,
(19.28)

where we sum over permutations © € X,,, (i1,42,.-.,%,) = 7w(k1, ka2, ..., ky), and
h = |J|. (Terms involving s~!(M) with mg # 0 are to be omitted.) To obtain this,
we first apply — o b°M to eq. (19.25), using eq. (15.13) to rewrite the terms involving
F. The suppressed terms lie in 9y 0b°M C My and (M * M) 0 b° M C My * My,
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as we know from Lemma 19.14(a) that 9%, and 9, are Hopf ring ideals. Then we
apply the *-homomorphism — o[v’] and use Lemma 19.14(c).

Remark. Strictly speaking, this is only a reduction formula mod 0, but it meets
our present needs. One can work modulo the slightly smaller ideal (vy,vs,...) in-
stead and extract a more complicated reduction formula that is valid in BP,(BP )
itself, without recourse to Nakayama’s Lemma.

For odd k, the reduction formula takes the far simpler form
o o 2 o ™ o M J
GOb(,fl_l)Ob(:;_z)O...Ob(,fn_n)Ob o[vpv?]
_ ° o p? op™ o M J
= - Zeﬂeob(izl’—l)ob(i2—2)°"'°b(ii—n)°b o[vpv’]
T#id
mod My 2. To see this, one can suspend eq. (19.28) by applying e o —, which kills
all #-products, including F'¢c; but it is far simpler to suspend eq. (18.22) instead.
Proof of Thm. 19.20. For m > 0, it follows from eq. (19.28) that
Mo C A + M1 + DM x My, + FMyy_q in H, (19.29)

by using exactly the same orderings of monomials (reinterpreted) as in the proof of
Thm. 18.16. For m = 0, we clearly have My = Ay + 91 because the generators of
Mo that are not in MWy are all allowable.

We show by induction on m that the term F9,,_; is not needed, that

M C A + M1 + N x M, (19-30)
for all m > 1. This is clear for m = 0. If it holds for m—1, applying F' yields
FMy 1 CFUpp 1 + FO, + FON 1 F O -

Each term on the right is already included in the other terms of eq. (19.29) and
may be omitted. )
Next, we dispose of M, * M,,,. On x-multiplying eq. (19.30) by IMM}* we have

My kI C A %I+ DMy 1+ + D 5 M
C Ay + My 1 + My T

It follows by induction on ¢ that
M C Arn + Miny1 + M+

for all i. Since Sﬁfi is zero in each bigrading for large enough i, we must have
M, C Ay + Mpt1. As in the proof of Thm. 18.16, this implies M, = Ay, O

The suspension. We can use eq. (19.28) to extract detailed information about
the suspension homomorphism eo—: Q¥ — PBP,(BP,,) when k is odd. (When
k is even, there is nothing to discuss: the allowable monomial b'w’ € Q¥ suspends
to the allowable o-monomial eob°! o[v’] € PBP.(BP;,).)
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By Lemma 18.12(c), we can write every allowable monomial in Q¥ uniquely in
the extended canonical form

¢ = e BEAO) pp (Lt (Eybets ™ ) " (D) b T,

where 0 = ko < k1 < k2 < ... < kpy,n 20,08 = Bko) Uiy ...bf’kn), M and J satisfy
the conditions (18.9), and h > 0 is maximal. What happens to eoc is that if h > 0,
it is disallowed, as the derived relation (Rkg+1,ky+2,... .k, +n+1) applies, and we pick
out the leading term (19.26) mod 0. If h > 1, we can repeat this cycle h times

(always with the same indices k). In all cases, e oc has the leading term
FhbeLobMo[pl]), (19.31)

where b°L o b° M o[v”/] is allowable by Lemma 18.12(d) and primitive in H because
b°L contains the factor b().

In fact, one can show that every primitive allowable o-monomial in BP,(BP, )
can be written uniquely in the form b°Lob°M o[v”], subject to the conditions
(18.9). We have a computational verification mod U of the isomorphism QF =
PBP,(BP, ) induced by suspension.

The first nth order relation. The relation (R1, . ,) is particularly important,
as only the two leading terms are meaningful. Bendersky has pointed out (during
the proof of [3, Thm. 6.2]) that with a little more attention to detail, one obtains
a sharper version, the unstable analogue of Lemma 18.23.

Lemma 19.32. (Bendersky) In BP,(BP ;(,) we have the relation

biy™ o[vn] = vnb(g} + (1)) mod I,BP.(BP ),  (19.33)

for eachn >0, where m = f(n)/2=1+p+p*>+...+p" L.

Proof. Although this result can be extracted from (R4 2,... ) by detailed examina-
tion, it is far simpler to return to (R,). We proceed by induction on n, starting from
q- (19.11) for n = 1. For n > 1, we assume the result for all smaller n, and obtain it
for n by evaluating b(o) o(Rp) mod I,, where h = f(n—1)/2 = 14+p+p?+...+p" 2.
We recall that (R,) is defined as the coefficient of z?" in eq. (19.10). On the
left, we have bz(shob(vnmp" + ...) by [8, (15.5)], which provides only the term
nbzo’ih“. The right side simplifies enormously, because h > 0 and b(g) o — kills
x-decomposables; we obtain

o P(z) = pbitob(a) + D bl eb(x)° ™olv'] .

A I,m

b

By induction, b(O’; o[v;] = 0mod I, for all j < n—1,since h = f(n—1)/2 > f(j)/2.
Thus the only terms of interest in [p](x) in our range of degrees are v,z?" and

Un_12?P" ", as it follows from [8, (14.26)] and the map BP — K (n—1) of ring spectra
that any terms in eq. (19.9) of the form Avi_;z™ with i > 1 have A divisible by
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p. The term v,zP" yields bzo’;h obzop) o[vp], which is the leading term (19.27). By
induction and eq. (15.13), v,_12?"  yields
oph ° -1 n— n—1 _ n— -1
b((ﬁ Ob(ﬁ ofvn—1] = (1) IF( (0)) b(f; =(-1) 1F(b(o)"b(o) ),
which is the other leading term, (19.26). O

The ideals J,. For the unstable version of our splitting theorems we need the
unstable analogue of the ideal J,, of Defn. 18.25.

Definition 19.34. For n > 0, we define J,, C BP.(BP,) as the %-ideal generated
by all elements of the form co([v;]—1), where j > n.

Lemma 19.35. J,, is a Hopf ring ideal in BP,(BP ).

Proof. We apply Lemma 19.2; only (i) requires any comment. It holds for [v;] —1,
by the identity

P([v] = 1) = (v] =D @[] + 10 ([v]-1), (19.36)
which is valid for any v € BP* by Prop. 11.2(a). We combine this with ¢ =
> ¢ ® ¢ to obtain

(co([v]— Zc o([v]—1) ® ¢ o[v] +Zc;~ol®c;~'o([v]—1), (19.37)

which shows that (i) holds for the typical x-generator of J,,. |
Lemma 19.38. [v] =1 mod J,, for all v € J,.

Proof. Suppose v =" + )\UjUK with j > n. As J,, is a Hopf ring ideal, we have
[v] = '] * PMoF]o[v;] = '] * Kol =[] mod J,, .
The result follows by induction on the number of terms in v. O

The unstable analogue of Lemma 18.26 requires more detail but no new ideas.

Lemma 19.39. For k < f(n+1), 3,NBP.(BP ) is the x-ideal in BP,.(BP,) gen-
erated by all elements that lie in BP.(BP ;) and have any of the following forms,
where v’ contains a factor vj with j > n:

(i) (if k is even) an allowable monomial b° ! o[v”’];

)

(ii) (if k is odd) an allowable monomial e ob° T o[v”];

i) (if k < 0 and is even) [Av’] — 15, with X € Z,);
)

(iv) (if k = f(n+1)) a disallowed monomial

(iii

nt1

2
op op
ob “Ob(kn+1—n—1) o[vnt1]

(k2-2) °
with 0 < k1 < ko <...<kn+1.

bz’fl—l)
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Remark. To make (i) correct for I = 0, it is necessary to define b°° = e°? = [1]—1
as in Prop. 13.7, so that b°° o[v’/] = [v/] — 1.

Proof. Denote by J the *-ideal in BP,(BP ;) generated by the stated elements. It
is clear from Lemma 19.38 that J C J,,-

To show the converse, we fix k and a large m, and prove by downward induction
on h that all elements in BP;(BP ;) of the form co([vy]—1) lie in J whenever i < m.
This statement is vacuous for sufficiently large h (depending on m and k). We
therefore fix t > n and assume the statement holds for all h > t.

Case 1: ¢ = [A”]. (This includes the degenerate cases [1] and 1}, = [0x].) Then
co([vg]=1) = [Aw’v;] — 1 is listed in (iii).

Case 2: ¢ = e‘ob°!. As in Lemma 18.26, co([v;]—1) = e‘ob°Lo[ty] has to be
allowable, except in the extreme case when k = f(n+1) and j = n + 1; either way,
it is a listed generator of J.

Case 3: ¢ = e o b° T o[upv”?] allowable, where h < t. From the form of Defn. 19.16,
co([vg]—1) = e o b° T o[upv;v”7] remains allowable and is thus a listed generator of J.

Case 4: ¢ = e‘oblofupv’], with h > t. We can write co([vy]—1) =
e ob° L o[vyv’] o([up] —1), which lies in J by induction, provided i < m.

By Thm. 19.18, we have enough *-generators c. If ¢ = axd, egs. (10.11) and (19.36)
give

c* ([v]—1) = ao([vg]—1) x dofvs] + aol x do([vs] —1),

which shows that the statement holds for ¢ = a * d whenever it holds for ¢ and d. O

20. Additively unstable BP-objects

In this section, we discuss the additively unstable structures developed in sections 5
and 7 in the case £ = BP, with particular attention to what becomes of the stable
results of [8, §15]. We easily recover Quillen’s theorem, that for any space X, the
generators of BP*(X) all lie in non-negative degrees. Our main result Thm. 20.11
says in effect that there are no relations there either; more precisely, all relations
follow from relations in non-negative degrees. We apply the theory to Landweber
filtrations of an additively unstable module or algebra M, and find that the presence
of additive unstable operations implies severe constraints on the degrees of the
generators of M; this may be viewed as a better version of Quillen’s theorem.

By Thms. 6.35 and 7.11, module and comodule structures are equivalent, with or
without multiplication. The most convenient context remains the Second Answer
of section 5, that an additively unstable BP-cohomology module (algebra) consists
of a BP*module (BP*algebra) M equipped with coactions

pa: M¥ — M ® Q(BP)k (20.1)

that (as k varies) form a homomorphism of BP*modules (BP*algebras) and satisfy
the usual coaction axioms (6.33). We continue to abbreviate Q(BP)¥ to Q%. The
bigraded algebra Q% was discussed in detail in section 18.
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Connectedness. The principle is that nothing interesting ever happens in negative
degrees. The first result in this direction is due to Quillen [22, Thm. 5.1].

Theorem 20.2. (Quillen) For any space X, BP*(X)" is generated, as a BP*-
module, (topologically if X is infinite) by elements of positive degree and exactly
one element of degree 0 for each component of X .

This will be an immediate consequence of Lemmas 4.10 of [8] and 20.5 (below).
Quillen’s proof is geometric; in contrast, section 6 provides a global algebraic proof
of the weak form of Quillen’s theorem.

Theorem 20.3. Given any integer k < 0, there exist for n > 1:

(i) additive unstable BP-operations r,, defined on BP*(—), with deg(r,) — o
and deg(ry) = |k| for all n;

(ii) elements v(n) € BP*;
such that in any additively unstable BP-cohomology module M (e.g. BP*(X)"
for any space X), any x € MP* decomposes as the (topological infinite) sum
x =), v(n)rpz, with deg(r,z) > 0 for all n.
In particular, M is generated (topologically) by elements of degree > 0.

Proof. Let {c1,¢2,c¢s3,...} be the Ravenel-Wilson (or any other) basis of the free
BP*module Q*. By eq. (6.39) and the following Remark, we can write

T =T = Z(Lk,cn) Zn (20.4)

n

with z,, = r,z, where r,, denotes the operation dual to ¢,. If ¢,, € Qf, we must have
j = 0; then deg(r,) = —deg(c,) = j — k > —Fk gives (i). We put v(n) = (1, cn)
and note that deg(z,) = deg(r,,) + deg(z) =3 > 0. |

Remark. The coefficients in eq. (20.4) are readily computed from eq. (6.41) as
v(n) = Q(e)cy. Thus v(n) = v’ if ¢, = efba’))wJ , and vanishes for monomials ¢,
not of this form, so that many terms in eq. (20.4) are zero.

If M is bounded above or X is finite-dimensional, the sum is finite and no topology
on M is needed.

To handle the generators in degree 0, we need a stronger hypothesis.

Lemma 20.5. Let M be a connected (see Defn. 7.14) additively unstable algebra
(e. g. BP*(X)" for any connected space X ). Then as a topological BP*-module, M
is generated by 1y € MO and elements of strictly positive degree. The generator
1, is never redundant.

Remark. Again, we may ignore the topology on M if M is bounded above or X
is finite-dimensional.

Proof. We choose a basis {c1,c2,c3,...} of Q2 with ¢; = 1; then given z € M°,
we have eq. (20.4) with deg(z,) = — deg(c,) > 0 for all n > 1. Thus z = (1, 1) 21
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mod L, where L denotes the BP*submodule of M generated (topologically) by the
elements of positive degree.

For the collapse operation kg introduced in Defn. 7.13, we similarly have Koz =
(ko,1) mod L. But (i9,1) = (ko,1) = 1. As M is connected, kgz = Al for some
A € Z(y), by Defn. 7.14. We deduce from Thm. 20.3 that M = L + (BP*)1,. Since
kL =0 and k(vly) = vly for any v € BP*, this is a direct sum decomposition. []

Primitive elements. We generalize the theory of Landweber filtrations to the
additive unstable context by following the same strategy as stably. We explore a
general unstable comodule M by looking for morphisms f: BP*(S* 0) — M, for
any k > 0. As a BP*module, BP*(S*¥, 0) is free on the canonical generator u. Thus
f is determined, as a homomorphism of BP*modules, by the element z = fuy € M.
Since psur = uy ® eF by Prop. 12.3(a), the condition we need is clear.

Definition 20.6. Let M be any unstable comodule. If £ > 0, we call z € MF*
additively unstably primitive if pyrz = = @ ¥ in M & Q*.

This obviously stabilizes to [8, Defn. 15.9], so that the additively unstable prim-
itives of M form a subgroup of the stable primitives of M. We do not define prim-
itives in negative degrees, for lack of a space S¥, and because e* is meaningless. In
fact, for ¥ < 0, z ® 1 does not in general lie in the image of the stabilization

M ® Q(o): M & Q¥ — M & BP,(BP,0) .
(Perhaps it never does?)

Remark. One might object that we have abolished primitives in negative degrees
by simply defining them away, while some alternate definition might work. However,
no such definition can be satisfactory.

It is obvious from Defn. 12.6 that if € M is primitive, so is Xz € ¥ M. On the
other hand, we shall find (nontrivially) in Cor. 20.12 that the only primitive in XM
of degree zero is 0 (at least, for the kind of comodule we discuss). It follows, by
suspending enough, that no definition of primitive can have both these properties
and produce anything interesting in negative degrees.

It is immediate from the definition that if z € M* is primitive,

pum(vr) =z ® efnro in M ®Q* (for v € BP*). (20.7)
We again recall from eq. (1.4) the numerical function
2(p" - 1)

f(n)= =2 ' +p" P+ +p+1)

p—1
and remind that deg(v,) = —(p—1)f(n) for n > 0.

Lemma 20.8. Let + € M* be a nonzero primitive element of the unstable BP-
cohomology comodule M, and take n > 0.

(a) If k < pf(n), then viz # 0 for all i > 0 and is not additively unstably
primitive;

(b) If k > pf(n) and I,x =0, then v,z is additively unstably primitive.
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Corollary 20.9. If the additively unstably primitive element x € M satisfies Inx =
0 and is a v,-torsion element, then:
(a) deg(viz) > pf(n) whenever vix # 0;

(b) viz is additively unstably primitive or zero for all i.

Proof. We apply the Lemma to véx by induction on i. Part (a) never applies
(unless v}z = 0); hence (b) must apply, to show that vitlz is primitive. a

All this follows easily from Lemma 18.23.
Proof of Lemma 20.8. From eq. (20.7) we have
pu(viz) =z @ efwt .
In case (a), we note that by Defn. 18.4, eFw! is a basis element of @, so that
pu(viz) is clearly nonzero. Even if k > 2(p"—1)i, v}z is not primitive because
pu(vhx) is different from

k—2(p" —1)i k—2(p" —1)i

i — i
v,T Qe =rQ®u,e

In case (b), we use the same formulae, with ¢ = 1. The difference is that by
Lemma, 18.23, they now coincide, since e? = by and Inz = 0. 0

Remark. For any z € M*, where k > 0, the coaction axiom (ii) of [8, (8.7)] forces
pmz to have the form

pM:c:x®ek+Za:a®ca,

a

where the ¢, are other Ravenel-Wilson basis elements and deg(zo) > k. Assuming
that k < pf(n), so that efw,, is a basis element, let r be the operation (or functional)
dual to it. Proceeding as in the proof of the Lemma, we obtain

r(vpe) =2 + Z(r, CaWn) Lo,

which shows that v,z # 0 if (for example) z is a module generator of M.

Landweber filtrations. The preceding results allow us to sharpen Thms. 15.10
and 15.11 of [8].

Theorem 20.10. Let M be the BP*-module with the single generator x € M* and
Ann(z) = I,,, so that M = X*(BP*/1,,).

(a) If n > 0, M admits an unstable comodule structure if and only if k > f(n)—2,
and it is unique. The additively unstably primitive elements are those of the form
ALz, where A € Fp, and k + deg(v}) = f(n) ifi > 0.

(b) If n = 0, M = X¥BP* admits an unstable comodule structure if and only if
k > 0, and it is unique. The additively unstably primitive elements are those of the
form Az, with \ € Z .
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Remark. Unlike the stable case, there are only finitely many primitives for n > 0.
Of course, our definition forces this by requiring the degree of a primitive element
to be non-negative. However, the theorem gives a much stronger condition.

Proof. By Thm. 20.3, we must have k > 0, the canonical generator z is necessarily
primitive, and p must be given by eq. (20.7). Thus in (a), p will be well defined if
and only if e¥(ngv) € I,,Q* whenever v € I,,. Lemma 18.23 shows that this holds
for v = v; for all ¢ < n, since k > f(n) — 2 > pf(4); this is sufficient. On the other
hand, if k¥ < f(n) —2 = pf(n—1), Lemma 20.8(a) (with n replaced by n—1) would
contradict v,_12 = 0.

Because p is a BP*module homomorphism (when it exists), the coaction ax-
ioms [8, (8.7)] need only be checked on z, where they are obvious. (Alternatively,
$*(BP*/I,) is a quotient of the geometric comodule BP*(S*,0).)

Since any additively unstably primitive element is also by design stably primitive,
[8, Thm. 15.10] restricts the candidates for primitives to Aviz. Lemma 20.8 shows,
by induction on i > 0, that vtz is additively unstably primitive if and only if
deg(viz) > pf(n). This is what we want, since | deg(v,)| = (p—1)f(n).

The proof of (b) is similar, but far simpler. O

With this restriction on the basic building blocks for an unstable module, we
obtain the expected improvement in [8, Thm. 15.11].

Theorem 20.11. Let M be an unstable BP-cohomology comodule that is finitely
presented as a BP*-module and has the discrete topology. Then there exists a filtra-
tion by subcomodules

0=J\4'()C.Z\41C...C.ZWmZ.ZW7

where each M;/M;_1 is generated, as a BP*module, by a single element x;, whose
annihilator ideal Ann(x;) = I, for some n;, and deg(x;) > f(n;) —2 (if n; > 0),
or deg(z;) >0 (if n; =0).

If, further, M is a spacelike BP*-algebra (see Defn. 7.14), for example BP*(X)
for any finite complex X, we can take each M; to be an invariant ideal in M. At
the last stage, we may take x,, =1 and ny, =0 or 1.

Unfortunately, although the statement of the Theorem is exactly as expected,
Landweber’s method fails; Lemma 2.3 of [16] does not appear to be available here.
(The BP*submodule 0: I,, = {y € M: I,y = 0} of M is defined but does not appear
to be unstably invariant, owing to the dimensional restriction in Lemma 18.23.)
Instead, we are forced to construct a suitable primitive z; € M directly. We would
have preferred Landweber’s construction because it guarantees that Ann(z;) is
maximal, which is useful in applications.

Proof. We start with a nonzero element x € M¥* of top degree; by Thm. 20.2, k¥ > 0
and z is automatically primitive. We construct a sequence of nonzero primitive
elements y, € M such that Iy, = 0, starting with yo = z. (Here, it is convenient
to write vg = p.) We stop when we reach an element y, that is v,-torsion-free
(viyn # 0 for all i > 0) and put ; = y,, and n; = n; this must occur eventually,
by Lemma 20.8(a) (e.g. when 2p™ > k). Assume we have y,, where s > 0. If it is
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vs-torsion-free, we stop; this is y,. Otherwise, take the smallest exponent g such
that vly, = 0 and put ys41 = vI~lys, to get Is11ys+1 = 0. By Cor. 20.9 (with s in
place of n), ys41 is primitive and deg(ys4+1) = pf(s).

We have found a primitive z; such that I,xy = 0, z; is v,-torsion-free, and
deg(z1) = pf(n—1) = f(n) — 2. (If n = 0, there was no induction, and deg(yo) =
k > 0.) As Ann(z,) is an invariant ideal (in the stable sense), its radical ideal must
be a finite intersection of invariant prime ideals in BP*, therefore be I,, for some
m. That is,

I, C Ann(z1) C \/Ann(z;) = L.

Since v, & \/Ann(z1), we conclude that m = n and Ann(zq) = I,,.

We finish as in the stable case, by setting M; = (BP*)z1, observing that this
submodule is invariant by eq. (20.7), and replacing M by M/M;. The induction
continues until M = 0, and must terminate (easily, unlike the stable case), because
each MPF is a finitely generated module over the Noetherian ring Z(py and we need
consider only k& > 0.

Now assume that M is a spacelike algebra, i.e. a product of connected algebras.
This product is evidently finite, otherwise M would be uncountable. We easily re-
duce to the case when M is connected, which includes the case when M = BP*(X)
for a connected finite complex X. By Lemma 20.5, the module (BP*)z is automati-
cally an ideal in M; by induction, so is (BP*)y; for each s, in particular M. At the
last step, the module M/M,,_; is also an algebra; we therefore have 1 = vz, and
z2, = v'z,, for some v,v' € BP*. Then z,, = 1z, = vz, = v'z,, = v'l, which
shows that Ann(1) = Ann(z,,) = I,,,, and we may replace the generator z,, by 1.
This implies n,, < 1, since f(n) > 2 for n > 2. |

Corollary 20.12. For M as in Thm. 20.11, the suspension LM contains mno
nonzero additively unstably primitive elements in degree zero.

Proof. We observe that
0=XMyCYX¥M;C...CE¥M,,=YXM

is a Landweber filtration of ¥ M. By Thm. 20.10, the only unstable comodule of the
form X*(BP*/I,,) that has a nonzero primitive in degree zero is BP*, which does
not occur as a Landweber factor XM;/XM; 1 of M. O

21. Unstable BP-algebras

In this section, we apply the theory of sections 10 and 19 to an unstable BP-
cohomology algebra M. Our main application is Thm. 21.12 on Landweber filtra-
tions of M, which contains Thm. 1.5 and improves on Thm. 20.11 by one degree.
Of course, we can always recover an additively unstable algebra from an unstable
algebra simply by discarding the nonadditive operations. As a general rule, we can
improve our results by one degree (but never more than one, in view of Thm. 13.6)
by retaining all operations, at the cost of working in a far more complicated and
unfamiliar environment. We developed the necessary machinery in section 10.
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Primitive elements. It is clear from section 20 that the way to study a general
unstable algebra M is to look for unstable morphisms f: BP*(S*¥) — M from the
(relatively) well understood object BP*(S*). Since BP*(S*) is a free BP*module
with basis {1g, ut}, f is uniquely determined, as a homomorphism of BP*modules,
by fls = 137 and the element z = fu;, € M*. We extend the concept of primitive
element to the unstable context, using Prop. 13.7 as a guide.

Definition 21.1. We call z € M* (where k > 0) unstably primitive if
r(z) = (r,1g) 1as + (r,ex) x for all r, (21.2)
where we interpret eg = [1] — 1o (as in Prop. 13.7).

This is a necessary and sufficient condition for f to be a morphism of unstable
algebras, by egs. (10.41), (10.16), and the Cartan formula (10.23). Among the un-
stable operations is the squaring operation, defined by r(y) = y? for all y, which
implies that f is a homomorphism of BP*algebras (even if kK = 0). When we re-
strict to additive operations, x is automatically additively primitive, and we have
available all the results of section 20.

Many elementary properties of primitives follow directly from the definition.
Proposition 21.3. Let M be an unstable algebra. Then:

(a) Unstable primitives are natural: if x € M is unstably primitive and f: M —
N is o morphism of unstable algebras, then fx € N is also unstably primitive;

(b) The elements 0 € M* (for any k > 0) and 1y, are unstably primitive;

(c) If x € M* is unstably primitive, where k > 0, then x> = 0;

(d) If x € M* is unstably primitive, where k > 0, then Az is unstably primitive
for any X € Zpy;

(e) If k > 0 is odd, the unstable primitives in M* form a Z()-submodule;

(f) If k > 0 is even and x,y € M* are unstably primitive, then x +y is unstably
primitive if and only if xy = 0;

(g) The only nonzero unstable primitive in BP* = BP*(T) is 1;

(h) Any unstable primitive x € M° is idempotent, x* = x;

(i) If x € M° is unstably primitive (and therefore idempotent), then the conju-

gate idempotent 1 —x is also unstably primitive, but —x is never unstably primitive
(unless —x = x).

Proof. Part (a) is trivial. Part (b) is clear from egs. (10.41) and (10.28). As noted
above, f is an algebra homomorphism, which gives (c¢) and (h). Then (g) follows
from (b) and (h).
In (d), eq. (10.16) gives
r(Az) = (r,1x) 1n + (r, [Aoer) 2 .
Since k > 0, Prop. 13.7(g) gives [A]o e = Aey, which shows that Az is primitive.

We prove (e) and (f) together. If z,y € M* are primitive, the Cartan formula
(10.23) yields

T($+y) = (T’, 1k) Im + (T’, ek) z+ <Ta ek) y+ (_1)k<r7 € * ek) ry,
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which is to be compared with eq. (21.2). The unwanted last term vanishes if k is
odd, because ey, is then an exterior generator; but if k is even, e * e is a basis
element of BP,(BP,). For (e), we combine this with (d).

For (i), we first use eq. (10.29) to compute r(—z) = (r, 1¢) 1ps + {r,[-1] — 1¢) =,
which shows that —z is not primitive. We then use egs. (10.23) and (10.41) to com-
pute r(1p—2) = (r,[1]) 1as + {r, 1o — [1]) , which shows that 1j; — z is primitive. O

We deduce that the Remark following Defn. 20.6 extends to show that unstable
primitives cannot usefully be defined in negative degrees, even though the unstable
suspension (see Defn. 13.4) had to be defined somewhat differently.

Corollary 21.4. Let M = BP* & M be a based unstable BP-algebra.

(a) If x € M is unstably primitive, so is $o € BP* ® LM ;

(b) If M is the kind of algebra considered in Thm. 20.11, there are no unstable
primitives of degree zero in BP* & XM other than 0 and 1 € BP*.

Proof. Part (a) is clear from eq. (13.3). For (b), take any primitive y € BP* ® XM
in degree 0. By Prop. 21.3(g), its augmentation in BP* must be 0 or 1; if 1, we use
Prop. 21.3(i) to replace y by 1 —y. Then y = Xz for some z € M. As y € ¥M is
also additively primitive, Cor. 20.12 shows that y = 0. O

If X is the disjoint union X; [] X5 of two spaces, we have BP*(X) = BP*(X;) ®
BP*(Xs), a product of unstable algebras. By Prop. 21.3, the elements (1,0) and
(0,1) are primitive idempotents in BP*(X). The converse is also true, algebraically.

Theorem 21.5. If x € M° is an unstably primitive element in the unstable algebra
M, other than 0 and 17, so that x and 1 —x are idempotents, we have the splitting
M=zM®(Apy—x)M of M as a product of unstable algebras.

Proof. By Prop. 21.3(i), both z and 15 —x are primitive and idempotent. We de-
fine the first projection px: M — K = xM by pky = zy; since z is idempotent, pg
is a homomorphism of BP*algebras. We define py,: M — L = (1py—x)M similarly,
by pry = (1p —x)y. These will give the desired splitting of M.

Given y € M, we assume that ra(y) is in the standard form (10.22), where 7
denotes the operation of r on M. By the Cartan formula (10.36),

rar(zy) =Y (r,loedg) ys + Y _(r,ds — loods) zyp
5 5

=ary(y) + Z(T, Loodg) (1 —2)yp-
B

Hence zrp(zy) = xry(y), which shows that px is an unstable morphism, provided
we define the action rg: K — K of r on K by rx(z) = zry(z) for z € K C M. All
the necessary laws are inherited from M. We treat pr, similarly. O

Landweber filtrations. We repeat the theory of section 20, with an improvement
of one in degree. If z € M* is primitive in the unstable algebra M, where k > 0,
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we compute from eq. (10.16) that

r(ve) = (r,1_p) 1ps + (r,ex o[v]) = (21.6)
for any v € BP~".
Lemma 21.7. Let M be an unstable algebra, and x € M* an unstably primitive el-

ement, where k > 0. Then the BP*-submodule (BP*)x generated by x is an unstably
inwariant ideal in M, provided it is an ideal.

Proof. We apply Lemma 8.10, with the help of eq. (21.6). |

It is still true that an element of positive top degree in M is automatically
primitive, for lack of any other possible terms in r(z).

We now use the additional structure of the unstable operations to sharpen
Lemma 20.8. We recall once more from eq. (1.4) the numerical function

2(p" - 1)

o =2(p" 4+ p" 24 41

fn) =

Lemma 21.8. Let x € M* be a nonzero unstably primitive element of the unstable
algebra M, and n > 0.

(a) If k < pf(n), then viz # 0 for all i > 0 and is not unstably primitive;

(b) If k > pf(n) and I,x =0, then v,z is unstably primitive.
Corollary 21.9. If the unstably primitive element x € M satisfies I,x = 0 and is
a v, -torsion element, where n > 0, then:

(a) deg(viz) > pf(n) whenever vix # 0.

(b) viz is unstably primitive or zero for all i.

Proof. This is formally the same as for Cor. 20.9. O

Proof of Lemma. Part (a) adds nothing to Lemma 20.8(a) unless k¥ = pf(n), in
which case we must take ¢ = 1 if we are to have deg(v}z) > 0.
To test whether or not v,z is primitive, we have to compare

r(vnx) = (r, 1j—q) 1ar + (r, ex o[vn])
from eq. (21.6) with
(r,1g—a) 1ar + (r,ex—q) vnz = (r, 1x_a) Las + (r, vner—a) @,

where we write deg(v,) = —d. For (a), we take k = 2pm, where m = f(n)/2.
Lemma 19.32 expands eapm, o[vr], to show that r(v,2) has the term %(r, ( ‘(’0’)”)*1’) x.
As big}' is a x-polynomial generator of BP (BP 9y), We deduce. that v,z cannot be
primitive or zero, whatever Ann(z) is. Similarly, for ¢ > 1, 7(v%z) has the term

=(r, (b)) P ooy ) @ = £(r, (b ooy, ' )T) @,

which shows that viz # 0.
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For (b), we apply a further suspension ex_spmo— to eq. (19.33), which kills
decomposables, to yield

€k—2pm © €2pm O[Un] = Un€k—2pm °© €2m = Un€i mod I, )

This shows that v,z is unstably primitive, a stronger statement than Lemma 20.8
provides. 0

As promised, these two results improve on Lemma 20.8 and Cor. 20.9 by one
degree. We use them to deduce the main theorems, which likewise improve on
Thms. 20.10 and 20.11 by one.

Theorem 21.10. Let M be the BP*module BP* @ (BP*)x, where the annihilator
ideal Ann(z) = I, and deg(z) = k > 0. If M is made an algebra by taking 1 € BP*
as the unit element and setting x2 = 0, then:

(a) If n > 0, M admits an unstable algebra structure if and only if k > f(n) —1,
and it is unique. The nonzero unstably primitive elements in M are 1y, and the
elements iz, where X € F, (A #0) and i satisfies i = 0 or deg(viz) > f(n).

(b) If n =0, M admits a unique unstable structure. The nonzero unstably prim-
itive elements in M are 1pr and the elements Az with A\ € Z,) (A #0).

Proof. In (a), we regard M as the quotient of the geometric unstable algebra
BP*(S*) with BP*basis {15,u} by the ideal I,,uj. The proof is formally the same
as Thm. 20.10, except that we use Lemma 21.8 instead of Lemma 20.8, Cor. 21.9
instead of Cor. 20.9, and eq. (21.6) instead of eq. (20.7).

To determine the primitives in positive degrees, we first note that Az is primitive
by Prop. 21.3(d) and apply Lemma 21.8 to Avi z, by induction on 4. The primitives
in degree zero are given already by Prop. 21.3. O

For completeness, we mention the analogous results for k = 0.

Proposition 21.11. For the unstable algebra BP*(T) = BP*:
(a) BP* has no proper nonzero invariant ideals;

(b) The unstable algebra BP*(S°) = BP* & BP* has the two copies of BP* as
its only proper nonzero invariant ideals.

Proof. In (a), assume J is a nonzero ideal, and take v # 0 in J. As the elements
[v] are linearly independent in the Hopf ring, we see from eq. (11.1) that there is an
operation r such that r(v) = 1 and r(0) = 0. Thus if J is invariant, we must have
1 € J, and therefore J = BP*.

In (b), the operations are given similarly by

r((v,v") = ({r, [v]), (r, ['])) € BP* & BP*,

from which it is easy to see that any invariant ideal J that contains an element (v, v')
with both v and v' nonzero must contain 1g = (1,1) and therefore everything. For
other ideals J, we can apply (a). O
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Theorem 21.12. Given any spacelike (see Defn. 7.14) discrete unstable BP-
cohomology algebra M that is finitely presented as a BP*module (e.g. BP*(X)
for any finite complex X ), there is a filtration by unstably invariant ideals

0=MyCcM;C...CM, =M
in which each quotient M;/M;_1 is generated, as a BP*-module, by a single element

x;, whose annihilator ideal Ann(z;) = I, for some 0 < n; < oo, and deg(x;) >
max(f(n;)—1,0). At the last step, np, =0 and we may take T, = 1pr.

Proof. This is formally identical to the algebra case of the proof of Thm. 20.11,
except that we use the corresponding results from this section instead of section
20. Lemma 21.7 shows that M; = (BP*)z; is indeed an invariant ideal. O

22. Additive splittings of BP-cohomology

Lemma 22.1 will construct idempotent operations §,, in BP-cohomology, from which
Parts (a) of our splitting theorems 1.12 and 1.16 will follow. In fact, we find a large
class of 6,,, among which none seems to be preferred. At the end of the section, we
give an example where no choice of 6, has the obvious image Z)[v1,...,v,] on
homotopy groups.

Lemma 22.1. Assume that k < f(n+1), where n > 0. Then there exists an addi-
tive idempotent operation 0,:k — k having the following properties:
(i) The image of 6,,: BP , — BP, can be canonically identified with BP{n) , ;
(ii) The map 0, factors to yield an H-space splitting 6,: BP{n), — BP, of
the canonical H-map m(n): BP, — BP{n),;
(iii) For all spaces X, 0, naturally embeds BP(n)*(X) C BP*(X) as a sum-
mand, in the sense of abelian groups (but not as BP*modules);
(iv) If also k > f(n), the H-space BP(n), does not decompose further.

Remark. This result is best possible, in the sense that no additive 6, exists
when k£ > f(n+1). (In more detail, choose m so that f(m) < k < f(m+1); then
m > n and 8, exists. Lemma 22.2 will show that if ,, exists, we automatically have
0y, 06y, = 0,,. The modified idempotent 8!, = 0, 8, satisfies 8], 0 0,,, = 6!, = 0,, 0 6,
and therefore decomposes BP(m) ,, further, contrary to (iv).) For k > f(n+1) this is
obvious, because H,(BP(n) ) then has torsion [26]. The borderline case k = f(n+1)
will be discussed in section 23, where we find that a nonadditive 8,, does exist.

Proof of Thm. 1.12(a) and Thm. 1.16(a) (assuming Lemma 22.1). The two
Theorems are equivalent by [8, Thm. 3.6(a)]. As indicated, we use the splittings
provided by Lemma 22.1, namely 8,: BP(n), — BP, and, for each j > n, the map

. gj* vj
J33 BP) jyo(pi—1) = BB jyo(pi—1) — BBy .
This 6; exists because
k+2(0' =1) < f(n+1) + (p=1)f(J) < pf(5) < fG+1).
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On homotopy groups, 8, induces a splitting of BP* — BP*/J,,, while f; induces a
splitting of J;_y = J;_1/Jj, in view of the commutative diagram

Vi

0;
BP*/ J; ~ BP* - Jj—1

b

BP*/Jj —— Jj-1/J;

in which multiplication by v; induces the isomorphism.

We use the H-space structure of BP;, to multiply the maps 8, and the f; together
to form a map f: W — BP, from the restricted product W (the union of the finite
subproducts) of BP(n), and the spaces BP(j) j2(,i_1) - The homotopy groups of
W are the direct sums

ws(W) = 7 (Mk) ® @Ws (Mkﬂ(w‘q))-
i>n

We have enough information to conclude that f induces an isomorphism of filtered
groups fi:m (W) = 7, (BP,,). For connectedness reasons, the above sum is in fact
a product of graded groups, which makes W homotopy equivalent to the desired
product of spaces. Finally, Lemma 22.1 shows that all factors of W after the first
are indecomposable, since

k+2(0 -1) > 207 -1) = (p-1)1(j) > ()
If k> f(n), so is the first. O

Construction of idempotent operations. To complete the proof, we need
an idempotent operation 6,. We actually construct the BP*linear functional
(0, —): QF = Q(BP)* — BP* that corresponds to it in the list (6.9). We recall the
coalgebra structure (Q(v), Q(€)) on Q% and the ideal J,, introduced in Defn. 18.25.

Lemma 22.2. Assume the linear functional (8,,—): Q¥ — BP* defined by the ad-
ditive operation 6,:k — k satisfies the conditions:

1) (6n, QENTn) = 0;

(il) (fn,c) = Q(e)cmod J, for all c € Q¥ . (22.3)

Then:
(a) The homology homomorphism Q(6,,): Q¥ — QF satisfies

(i) Q(en)ﬁn =0;
(i) Q) =id: Qf —» Q¥ mod Jp;

(b) Q(8,) induces a splitting of the short exact sequence
0—QiNJY, — QL — QL/(QINT,) — 0
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of left BP*-modules;
(c) m(n) o6, = m(n): BP, — BP(n),;
(d) The operation 0, is idempotent and has the properties listed in Lemma 22.1.
We shall write Q¥ /3, for the tedious but more accurate expression Q*/(Q*NJ,).

Remark. From a more invariant point of view, Q(¢) induces the quotient augmen-
tation Q(e): Q%/J,, — BP*/J,. The conditions (22.3) on (f,,,—) are conveniently
expressed by the commutative diagram

. (22.4)

Q%/3n — BP"/Jn

in which the vertical arrows are the obvious projections. In words, we plan to lift
Q(¢) to a homomorphism of BP*modules Q¥ /3J,, — BP* and define (,,,—) as the
composite. This is easy if Q¥ /J,, is a free BP*module (and in view of (b), impossible
otherwise).

Proof. We enlarge diag. (22.4) to the commutative diagram

Q(¢) 1®<6n77> A
QF ——— QreQk T » Q* ® BP* i k
™ 1w ™

R

W) - le0@ .
Q% /3n Q:®Q%/3, — Qi ®BP*/J,

Q%/3n

of BP*module homomorphisms, where Q(1)) and Agr are quotients of Q(z) and
Ar- By Lemma 6.51(c), we recover Q(6,) as the top row, while the bottom row
reduces by diag. (6.31) to the identity homomorphism of Q¥ /J,,. Thus the diagonal
provides a splitting j: Q¥ /3, — QF such that jor = Q(#,) and moj = 1.

This is enough to establish (a), that Q(6,) is idempotent with kernel exactly
Q*N3,,. Part (b) is merely a restatement of (a). It follows that 6,, also is idempotent.

By [8, Lemma 3.9], the idempotent operation 6,, is represented in Ho by the
idempotent map 6, = i3ops on the product W = W; x W> of H-spaces, where
ig:Wa — W and pa: W — Wa. Corollary 12.4 gives the effect of 6,, on homotopy
groups: eq. (22.3)(i) shows that 8,,,v = 0 if v € J,,, while (ii) shows that

0nv = Qe €k+h’l7RU =v mod J, in 7.(BP,) = BP*
k

for all v € BP~". These two statements identify m.(Ws) with BP*/J,; more pre-
cisely, the composite f = w(n)oisy: Wy — BP, — BP(n), induces the desired
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isomorphism on homotopy groups and is thus an isomorphism of abelian group
objects in Ho.

We need (c) to be sure our identifications are correct. Now that we know BP(n),,
is a summand of BP , it is enough to work in QBP,(—). By construction, Qm(n).
kills J,,; this, with (a)(ii), gives Qm(n)s c Qb,« = Qm(n),.

We can now define the splitting 6, = izo f~: BP{(n), — BP, of n{(n), so that
7(n) o8, = 1. From (c), we have 7(n) = m(n)o8,, = n(n)oisopy = fops, which
shows that the idempotent 8,, o 7(n) = 8, o f o py = is o ps = ,, is as expected. Now
we can read off properties (i), (ii), and (iii) of Lemma 22.1.

Property (iv) was proved in [26], but also follows from Cor. 12.4. Suppose there

is a splitting
EkﬁwleP’n kZW1XWXWI

of H-spaces that induces the decomposition BP* = J,®G®G' on homotopy groups,
where 1 € G, and let r be the idempotent that splits off W', so that (r,1) = 0 and
(r,Q* N 3,) = 0. Suppose that W' is (k+h—1)-connected, where we must have
h > 0. Then (r,c) = 0 for all ¢ € Q¥ whenever i < k + h.

Choose a nonzero element v € BP~" that lies in G’ and is not divisible by p.
Then r,v = v in homotopy and v ¢ I} + J, (recall that I; = (p)). Obviously,
v € I = I41 + Jp. There must be some integer m, satisfying 1 < m < n, such
that v € Iy1 + J, but v € I, + J,. We write v = pyo + Z;"Zl vjy; + 2, with
z € J,. Since

k+h>f(n)+2(p7 -1) = f(n) + (p—1)f(§) = pf (),

we have enough factors e to apply Lemma 18.23 for each j < m, in the form

(r, " P winpy;) = (1,02 DRy mod I
=v; (r, ek+h72(1ﬂ,1)nRyj) =0.
By Cor. 12,4, r,v = 0 mod I,;;, which contradicts our choices of v and m. 0

Proof of Lemma 22.1. Lemma 18.26(a) makes it obvious that linear functionals
(0, —) exist as in diag. (22.4), so that Lemma 22.2 applies. |

Example. Even in the simplest case, namely 6,: BP, — BP, for p = 2, 0;.
never induces the obvious splitting on homotopy groups. (Presumably, this failure
is completely general.) We compute 01,0} in terms of the Hazewinkel generators
[11]. The element b‘(lo)wf € @2 is not allowable; instead,

12 4 10
bzlo)w% = —7'1)1[)(0)1)(1)11}1 + (Uf + ?'1)2) b(O) — 7'1}%[)(1) —

4
7

8
b%O)WQ — ?b(Q),

as can be checked by stabilizing and working in BP,(BP, o). By construction, (61, —)
takes the values 1 on b, Ava on by for some A € Z), and zero on the other
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allowable monomials that appear. Thus by Cor. 12.4,

4 — 8\
7

which always contains a term in v,.

61,03 =vd +

V2,

Remark. It is often useful to arrange the operations 6,,: k — k compatibly as n and
k vary. However, we emphasize that Thm. 1.12 as stated requires no compatibility
conditions whatever.

For fixed n, compatibility in k is easily arranged. Given 6,,: kK — k that satisfies
conditions (22.3), the looped operation 20,,: k—1 — k—1 has the functional

k-1 _°© g (o) "
QT — Q. — BP
and clearly again satisfies (22.3). We may choose 0,,: k — k arbitrarily for k =
f(n+1) — 1 and use this approach for all lower k.

For fixed k, we have 6,, for all sufficiently large n. The compatibility condition
0p 06pt1 = 6, (equivalently, Ker8,; C Ker#,) is automatic, from Lemma 22.2.
The other condition, 8,11 o6, = 8,, (equivalently, Im8,, C Im#@,,,1), does not hold
in general, but can be arranged for all n simultaneously by replacing each 6, by
0, = ...00p1200,4106,. (The infinite composite presents no difficulty, as Q(6,) =
id: Q¥ — QF for i < k+ 2(p™*t! — 1).) This results in a sequence of commuting
idempotents 6,, that satisfy 6, 06,, = 0,, 8, = 8,, whenever n < m.

23. Unstable splittings of BP-cohomology

In this section, we improve the splitting in Lemma 22.1 by one by allowing the
idempotent operation 8, to be nonadditive. We defer the proof until after stating
Lemma 23.5. For this, we need the more detailed relations in the Hopf ring developed
in section 19.

Lemma 23.1. Assume that k = f(n+1), where n > 0. Then there is a nonadditive
operation 0,:k — k having the following properties:

(a) It satisfies the azioms [8, (3.11)] and so is idempotent;
(b) It has a coimage Coim @, which is represented by the H-space BP{n),;

(c) Its representing map 6,,: BP ;. — BP . factors to yield a section 8,,: BP(n) P
BP, (not an H-map) of the canonical H-map w(n): BP, — BP{n),.

Proof of Thms. 1.12 and 1.16, for k = f(n+1) (assuming Lemma 23.1). This
is almost identical to the proof given in section 22 for k < f(n+1), except that we
apply [8, Lemma 3.10] instead of [8, Lemma 3.9]. The maps f; appearing there are
still H-maps; only @,, is not. We can still represent Ker 6,, by [] jon BPUD) kyo(pi—1)-

If any of the spaces decomposed as a product, we could apply the loop space
functor (2 to obtain an H-space decomposition of BP ,,_, using additive operations,
which would contradict the part of Thm. 1.12 already proved. 0
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Of course, we know from Lemma 22.1 that for kK = f(n+1), 6,:k — k can never
be additive and that 6, is never an H-map. However, looping gives an additive
idempotent operation Q0,,:k—1 — k—1, which will be one of those provided by
Lemma 22.1. We have the converse, which we prove after stating Lemma 23.5.

Theorem 23.2. Let 0,,:k—1 — k—1 be any of the additive idempotent operations
provided by Lemma 22.1. Then:

(a) If k—1 is even, 6, can be delooped uniquely to an additive idempotent oper-
ation k — k as in Lemma 22.1;

(b) If k—1 is odd, 0,, can be delooped (not uniquely) to a nonadditive idempotent
operation k — k as in Lemma 23.1.

The next two lemmas constitute the unstable analogue of Lemma 22.2. They are
far more complicated, because instead of (1)), we have only the natural transfor-
mation 9: U — UU. This requires knowledge of the homology homomorphisms r,
induced by each operation r, which is provided by Thms. 10.19 and 10.33 and the
properties of each o-generator of BP,(BP,). We warn that as a consequence, the
form of the proofs runs totally counter to traditional proofs involving cohomology
operations. We abbreviate (r,J, N BP.(BP;)) to {r,J,), etc.

Lemma 23.3. If the unstable operation r:k — m satisfies (r,J,) = 0, then the
homology homomorphism r.: BP,(BP,) — BP.(BP ) satisfies 1«3, = 0.

Proof. Our plan is to show that r.c = 0 in three steps, depending on the form of
¢ € Jn, simultaneously for all operations r: k — m that satisfy (r,J,,) = 0, where
¢ € BP,(BP,,) determines k and m is arbitrary.

Case 1: ¢ = [vj] — 1, where j > n. By hypothesis, (r,[v;]) = (r,1). Then by
Prop. 11.2(g),

re([vj] = 1) = [{r, [o; )] = [(r, 1)] = 0.

Case 2: ¢ = ao([vj]—1), where j > n. Thus c is a *-generator of J,,. We apply
Thm. 10.33(c); the operations 7}, defined by eq. (10.35) satisfy our hypothesis

(r",d) = £(r,cood) =0 foraldey,

because ¢y od € J,,, 3, being a Hopf ring ideal by Lemma 19.35. Using eq. (19.36)
to compute the iterated coproduct ¥([v;]—1), we see that every term of r.c in
eq. (10.37) contains a factor ., ([v;]—1), which vanishes by Case 1.

Case 3: ¢ = ax b, with b as in Case 2. Since such elements span J, as a BP*
module, this will complete the proof. We apply Thm. 10.19(c); the operations r/!
defined by eq. (10.21) satisfy our hypothesis

(rh,d)y = £(r,co xdy=0  forallde€J,

because J, is a #-ideal. Using eq. (19.37) to compute the iterated coproduct
Ubh, we see that every term of r.c in eq. (10.25) contains a factor of the form
rh . (b'o([v;]—1)), which vanishes by Case 2. O
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Lemma 23.4. Let r: k — m be an unstable operation.

(a) If r satisfies (r,c) € Jy, for all c € BP,(BP ), then r.c = (ec)1,, mod J,, for
all c € BP.(BP,,);

(b) If r satisfies (r,c) = Q(€)grc mod J, for all ¢ € BP.(BP,,), then r.c = c
mod J,, for all ¢ € BP.(BP,).

Proof. We prove (a) in five steps, depending on the form of ¢, simultaneously
for all r:k — m that satisfy the hypothesis, where ¢ € BP,(BP,,) determines k
and m is arbitrary. We work throughout mod J,,, which is a Hopf ring ideal by
Lemma 19.35.

Case 1: ¢ = [v], for any v € BP*. By Prop. 11.2(g) and Lemma 19.38, r,[v] =
[{r,[v])] = 1. This includes the special case ¢ = 1 = [0].

Case 2: ¢ = e. By Prop. 13.7(h) and Lemma 19.38, r,e = 1 * loe=1%0=0.

Case 3: ¢ = b;, where i > 0. By Prop. 15.3, working formally in BP,(BP . .)[[z]],

rab(@) = [(r,12)] + X b(@) Tol(rbj)] = X ba) To1 = K eb(a)/ =1
The coefficient of z? gives r,.b; = 0.

Case 4: ¢ = aob, where b = e or b = b; for some i > 0. We apply
Thm. 10.33(c); the operations ri. defined by eq. (10.35) satisfy the hypothesis
(rl,dy = t{r,cqod) € J, for all d. Then using Prop. 13.7(d) or Prop. 15.3(c)
to compute the iterated coproduct b, we see that every term of r.c in eq. (10.37)
contains a factor 7, e or ri b; with j > 0, which lies in J,, by Case 2 or Case 3.
This, with Case 1, takes care of all the x-generators (19.4) of BP,(BP ).

Case 5: ¢ = axd, with d as in Case 4. We apply Thm. 10.19(c) and again find
that each r! satisfies our hypothesis (r? g) = £(r,cq *x g) € J, for all g. In the
iterated coproduct ¥d = j ®a dja, every term contains a factor dj, to which
Case 4 applies. Thus every term of r,c in eq. (10.25) has a factor /], d; o = 0.

As every #-monomial in the o-generators of BP,(BP ) is included in Cases 1 and
5 (by writing [v] % [v'] = [v+v']), this completes the proof of (a).

For (b), we recall from eq. (10.42) that (1x,c) = Q(€)gxc, so that (a) applies to
r — 1. We apply eq. (10.17) to r = (r—ux) + ¢ to deduce that for any ¢ € E,(E ),
rc =Y, (ect)cl = ¢, where as usual we write ¢Yc = >, i ® ¢} |

We need one more result before we prove Lemma 23.1 and Thm. 23.2. The struc-
ture of BP,(BP,,)/J, is much more opaque when k = f(n+1). We defer the proof
until after Lemma 23.12.

Lemma 23.5. For k < f(n+1), where n > 0:
(a) BP,(BP})/3n is a free BP*~module;

(b) The homomorphism Q(BP)*='/3, — BP.(BP)/3. induced by suspension
s a split monomorphism of BP*-modules.

Note that we have two different ideals J,, here. One is an ideal in the algebra Q3
in the ordinary sense, while the other is a Hopf ring ideal in BP,(BP ).
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Proof of Lemma 23.1 (assuming Lemma 23.5). To apply the method of
Lemma 22.1, we need an operation 6,:k — k that satisfies 6,3, = 0 and
0. = id mod J,. In view of Lemma 23.3 and Lemma 23.4(b), these conditions
are ensured by (and in fact equivalent to) the following conditions on the linear
functional (6, —):

(1) (0n:In) = 0;

23.6
(i) (fn,c) = Q(€)grc mod J, for all ¢ € BP.(BP},). (236)
Therefore we need to fill in the diagram
k—1 (07“_)
Q* BP, (E k) ........... » BP*
(23.7)

analogous to diag. (22.4) with a lifting BP.(BP})/J, — BP* of the homomor-
phism BP,(BP,)/3J, — BP*/J, induced by Q(€)oq, which then defines (6, —).
Lemma 23.5(a) makes this easy to do.

For (a), we must verify the axioms [8, (3.11)] on 6,. The first holds trivially,
for dimensional reasons. The second is the identity 8,(z+2) = 0,(x), for z =
y — 0, (y). We assume that the standard form r(z) = > (r,cq) z holds for all r,
as in eq. (10.3). Then by eq. (10.20), 8, (z+2) = > z.0.(2), where the operation
0% is defined as having the functional (87,c) = (6, cq *c). Because z = (11, —0,)(y),
we have only to prove that (1 —6,)*6) = (,,¢4) 1 in BP*(BP,) for each a. We
compute the associated linear functional as

(b —07)*0% ) = (0, (tk — 0n) xC) = (On, Ca * Lk —Op)xC) .

By Lemma 23.4(a), (¢t —6n)«c = (e¢)1 mod J,,. As (0,,—) kills J,, by Lemma 23.3
and J,, is an ideal, this agrees with (0, (e¢)cq) = (On,co)ec. Now we can apply [8,
Lemma 3.10] to construct the coimage of 8,,.

For (b) and (c), we have to check that €, acts as desired on homotopy groups.
By Lemma 13.9, 6,,. is given on v € BP~" 2 7, (BP ) by 0,0 = {6,,, €° FTho[v]).
For v € J,, we have [v] = 1 mod J,, by Lemma 19.38, so that 6,.v = 0 by (i). For
any v, (ii) gives 6p.v = Q(€)gx(e° ¥ o[v]) = v mod J,. 0

Proof of Thm. 23.2 (assuming Lemma 23.5). Part (a) is trivial and belongs
in section 22, as suspension induces an isomorphism Q*~' = Q¥ and preserves the
conditions (22.3).

In (b), we must have ¥ < f(n+1) for 6, to exist. In effect, the lifting
BP,(BP,)/3, — BP* in diag. (23.7) is prescribed on Q¥~1/3,. As we have by
Lemma 23.5(b) a split monomorphism with free cokernel, it is easy to extend the
given lifting over BP,(BP },)/Jn- O
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Resolutions. Lemma 23.5 is easy to prove when k < f(n+1). In the borderline
case k = f(n+1), the presence of the extra disallowed monomials in Lemma, 19.39
makes it necessary to do some homological algebra.

Lemma 23.8. In the sequence of homomorphisms of BP*-modules

0 0
02 > C1

assume that:
(i) Each C; is free of finite type;
(i

)
)

(iii) 91 002 = 0 (we do not assume exactness at C1);
)

Ly Co —r M — 0, (23.9)

We have exactness at Cy and M;

(iv) The sequence

0, ®F, 01 ®F, e®Fp
Co®F, —— C19F, —— Co®F, —— M ®F, (23.10)

is ezact at C1 QF, (as well as at Co Q Fp,).

Then:
(a) The sequence (23.9) is split exact in the sense that:

(i) Co splits as Co = M @& 0,1Cy;
(ii) C1 splits as Cp =2 0,.C1 @ 05C5;
(b) M is a free BP*module; explicitly, if Lo is a free module and the module
homomorphism go: Ly — Cy induces an isomorphism
Lo®F, BN F, — Coker(d; ® F,) = M @ F,,
the composite €o go: Lo — M is an isomorphism.

Proof. We build the following commutative diagram, which includes the projec-
tions from diag. (23.9) to diag. (23.10),

Ly Ly Ly
l 92 62 l g1 al l 90 )

Cy Cy Co M
l aZ®]Fp l 0. RFy, l eQF, i

CQ@IFP —_— Cl®1Fp —_— 00®Fp —_— M®1Fp

It is easy to construct go as in (b), by lifting a basis of Coker(d; ® F,) to Co.
Similarly, we construct gi: Ly — C4, with L; free, that induces an isomorphism
L; QF, = Coker(02 ®F,) = Im(0; ®F,), and again go: Ly — Cy, with L free, that
induces Ly ® F, = Im(02 @ Fp).

Then by Nakayama’s Lemma in the form [8, Lemma 15.2(a)], the homomorphism
Ly® Ly — Cy with components gy and 04 o g is an isomorphism, and similarly L; &
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Ly = (. These allow us to write g;: L; C C; for ¢ = 0,1,2, and the isomorphisms
simplify to Cg = Lo ® 01Ly and Cy = Ly ® 02L5. The latter gives 0:C, = 01Lq,
which shows that M = Coker[0; ® F,] = L is free. Moreover, because 01|L; is
monic, 05,Cy = 05Ls and we have split exactness at C;. O

For our application, we take a polynomial algebra
R = BP*[$1,$2,$3, e Y1,Y2,Y3, - - ]

on generators of negative degree, with deg(z;) = —oo and deg(y;) = —o0 asi — oo,
to make R a BP*module of finite type. We consider the quotient ring M = R/J as
a BP*module, where the ideal J = (2} —¢1,2} — ¢2,...). The elements ¢; are to be
in some sense negligible. We construct what we hope is the beginning (or end) of
an R-free resolution of M,

ag al
Cy = @Ruiuj —C1 = @Ruz —— Cy=R— M —0, (23.11)

i<j

with R-linear differentials given by 01u; = z¥ — ¢; and duu; = (2 —c¢;)u; —
(z-g.’ —cj)u;. This is part of a familiar Koszul-type resolution if the ¢; are in fact
zero, and the structure of M is then clear. Lemma 23.8 supplies conditions under

which M has the expected size, even when ¢; # 0.

Lemma 23.12. Assume that the sequence (23.11) induces an exact sequence
(23.10), and that the set B of monomials in R of the form

ey’ =gl vyl
with iy < p for all t, yields an F,-basis of Coker(91 ®F,). Then the sequence (23.11)
is exact, M = R/J is a free BP*module, and B yields a BP*-basis of it. O

Proof of Lemma 23.5. Nakayama’s Lemma [8, Lemma 15.2] and Lemma 23.12
allow us to work mod 2 everywhere.

For (a), we apply Lemma 23.12 to BP.(BP ;) /Jx, using the detailed information
on J, provided by Lemma 19.39. The *-ideal J,, N BP.(BP,) C BP.(BP,) has
two kinds of generator: the first kind are standard polynomial generators, but the
second kind (which occur only if ¥ = f(n+1)) are disallowed; we express them in
terms of allowable monomials by means of eq. (19.28), of which the leading term
(19.26) is of most interest.

We therefore classify the Ravenel-Wilson polynomial generators of BP,(BP )
into three types:

(i) The allowable b°!o[v?] in which v’/ contains some factor v;
with j > n;
(i) Monomials of the form b, obe? o...ob??"), where 0 < ko < (23.13)
ki <. < ks
(iii) All other allowable monomials b° ! o[v”].

The first type visibly lie in J,,, and we ignore them, by taking R in Lemma 23.12 as
the quotient polynomial ring (using *-multiplication, of course) on the second and
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third types, which serve as the z; and y; respectively. The interesting generators of
Jn then have the form 2 —¢;.
There are five types of term in the reduction formula (19.28) for the monomial

o o o n+1
b(lfl—l) o b(,g_Q) o...0 b(/fn+1—n—1) 0[vn+1]:

(i) by

(ii) F'(be, - l)ob( ISR °b(kn+1 1))}
)
)

P2 o pntl
(11 1) (z ‘)O"'ob(ii+1 —n—1) °[”n+1];

(b(ll 1)° b( —2) ©..-0 b(i1:.+1—n—1));
(iv) Terms in As;
(v) Terms in Ay 2y ;

where (1,42, ...,in+1) denotes any nontrivial permutation of (ki, k2, ..., kny1)-

Because the sufﬁxes in (i) are out of order, (i) is an example of a type (i) generator

n (23.13), which has been discarded. The term we want is (ii), which is 2¥. We
can take care of (iii) and (iv) by filtering R by powers of the ideal (y1,ys,...) and
working with the associated graded groups; if we have exactness in diag. (23.10)
after filtering, we had exactness before. In effect, we may ignore the y;’s. We take
care of (v) by filtering again, this time by powers of the ideal 2(; + (u1,us,...) in
(23.10). This done, we have effectively reduced ¢; to zero, when we have exactness.
Thus BP,(BP,)/3Jx is a free BP*module, and we have constructed a basis.

For (b), we have only to show that we have a monomorphism mod 2. By
Lemma 18.26(a) and Lemma 18.12(c), Q% 1/J, is a free BP*module with a basis
consisting of the monomials of the extended canonical form (18.13)

(iii

e bl B0 pLAs(L)+..+s" (L) ps" (M) wﬁle,

that lie in Q*~! and have no factor w; with j > n, where b’ = Bko) Ul ...b%’:m),
0=ko<ki<...<kmn,m>0,h>0,and the conditions (18.9) on M and J hold.
After suspension, we find the leadlng term (19.31), namely F?(b°Lob°M o[v’]),
which by Lemma 18.12(d) is the p"th power of an allowable monomial.

There are two cases:

Case m < n. The element b° L o b° M o[v”] is a generator y; of type (iii) in (23.13),
and therefore harmless.

Case m > n. Since j; = 0 for all t < m and t > n, we must have J = 0. Also,
h = 0. We must have m = n, otherwise we would have k¥ > f(n+1). We have a
generator z; of type (ii), but it is not raised to a power.

By Lemma 23.12, the elements F*y; and z; (for certain i) map to part of a basis

of Ff /3, which is sufficient. (Because ko = 0, it is clear that these elements lie in
PF’:. In view of the suspension isomorphism Q*~!/9 = PFI: in [23, Thm. 5.3],
all we really need to know is that enough basis elements of Pﬁf in each degree
remain linearly independent in Ff mod J,.) O
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This index lists most symbols in roughly alphabetical order (English, then Greek),
with brief descriptions and references. Several symbols have multiple roles.

A additive comonad, Thm. 5.8.

A’ additive comonad, (6.23).

—4 (subscript) additively unstable
context.

A additive comonad, on modules, §9
(only).

A augmentation ideal in algebra A.

A etc. generic category.

A°P  dual category of A, [8, §6].

A = E*(E,o), Steenrod algebra for

E, §2.

= E*(E,,), the operations on

degree k, §2.

A, ideal in Q(BP)%, §18.

2A,, Hopf ring ideal in H, Defn. 19.19.

Ab, Ab" category of (graded) abelian
groups, [8, §6].

Alg category of E*algebras, [8, §6].

a;, a¢;y Hopf ring element for H (I, ),
Prop. 17.9.

a;, a¢;y Hopf ring element for K (n),

Prop. 17.16.

additive element for K(n),

(16.21).

coefficient in formal group law, [8,

(5.14)].

BG classifying space of group G.

B(i,k) coefficient in b(z)?, Prop. 14.4.

BP Brown-Peterson spectrum, [8, §2].

BP(n) modified BP, §1.

b! etc. monomial.

b etc. o-monomial, (15.11).

b; additive element, Prop. 14.4.

b; Hopf ring element, Prop. 15.3.

b accelerated b;, Defns. 14.7, 15.10.

Ap

ai)

@i,

b(x) formal power series, (14.2),
_ Defn. 15.1.
b(x) series b(x) without the 1 term,

(15.4).
C the field of complex numbers.

CP™, CP* complex projective space.

Coalg category of E*coalgebras, [8,
86].

c etc. generic Hopf ring element.

¢, ¢(;y Hopf ring element for H ([, ),
Prop. 17.7.

¢; Hopf ring element for H(F,),
Prop. 17.9.

¢; Hopf ring element for K (n),
Prop. 17.16.

DM  dual of E*module M, [8,
Defn. 4.8].

d  duality homomorphism, [8, (4.5)].

E  generic ring spectrum.

E*  coefficient ring of E-(co)homology,
8, §53, 4]

E*(—) E-cohomology, [8, §3].

E*(-)" completed E-cohomology, [8,
Defn. 4.11].

E.(-) E-homology, [8, §4].

E, nth space of Q-spectrum E, [8,
Thm. 3.17].

e  suspension element, Props. 12.3,
13.7.

er, unstable k-fold suspension element,
Prop. 13.7.

Fc¢ = c*P, Frobenius operator, §10.

F3J3 Hopf ring ideal, Defn. 19.3.

F(z,y) formal group law, [8, (5.14)].

F*M  generic filtration submodule, [8,

Defn. 3.36].

category of filtered E*algebras,

[8, §6].

FIDM generic filtration submodule
of DM, [8, Defn. 4.8].

Fyr ete.  corepresented functor, [8, §8].

FMod, FMod* (graded) category of
filtered E*modules, [8, §6].

F, field with p elements.

FAlg



Section Symbols

Fr(X,Y) right formal group law,
(14.5), (15.8).

F?*E*(X) skeleton filtration, [8,
(3.33)].

f  generic map or module
homomorphism.

f*, fx homomorphism induced by
map £, [3, (6.3)]

f(n) numeric function, (1.4).

G generic group.

Gp(C) category of group objects in C,
[8, §7].

g; coefficient in p-series, [8, (13.9)].

H, H(R) Eilenberg-MacLane
spectrum, [8, §2].

H quotient Hopf ring, (19.12).

Ho, Ho' homotopy category of (based)
spaces, [8, §6].

I  identity functor.

I etc. generic multi-index.

|[I| length of multi-index I, §18.

I, I ideal in BP*, (1.1).

i1, iz injection in coproduct, [8, §2].

id identity morphism or permutation.

Jn ideal in BP*, (1.6).

Jn ideal in Q(BP)%, Defn. 18.25.

Jn Hopf ring ideal, Defn. 19.34.

K¢ unit object in (symmetric)
monoidal category C, [8, §7].

K(n) Morava K-theory, [8, §2].

KU complex K-theory Bott
spectrum, [8, §2, Defn. 3.30].

L infinite lens space.

L(k) left side of main relation (Ry).

L(i1,...,in) coefficient, Defns. 18.18,
19.21.

M etc. generic (filtered) module or
algebra.

M*, M completion of filtered M, [8,
Defn. 3.37].

M ideal in Q(BP):, §18.

9N, Hopf ring ideal, Defn. 19.13.

Mod, Mod* (graded) category of
E*modules, [8, §6].

MU  unitary Thom spectrum, [8, §2].

Unstable cohomology operations

129

o  generic basepoint, point spectrum.

PA the primitives in coalgebra A, [8,
(6.13)].

PE*(E,) the additive operations,
Prop. 2.7.

PE,(X) the primitives in homology of
space X, Defn. 4.13.

PE*(X) the primitives in cohomology
of H-space X, Defn. 3.1.

P(n) modified BP spectrum, §1.

p fixed prime number.

p1, p2  projection from product, [8, §2].
[p](z) p-series, [8, (13.9)].
[plr(z) right p-series, (14.8), (15.14).

—¢ (subscript) additive unstable
context, shifted degree.

QA the indecomposables of algebra A,
[8, (6.10)].

QE*(X) the indecomposables of
cohomology of space X, (3.5).

QE.(X) the indecomposables of
homology of H-space X, Defn. 4.3.

Q(E): Dbigraded algebra, Defn. 6.1.

Q(r) homology homomorphism

induced by operation r, (6.48).
¥ = Q(BP)%, abbreviation.

*

Q. quotient algebra of Q*, (18.17).
Q(e) counit of Q(E)%, (6.28).

Q(n) unit morphism of Q(E)%, (6.17).
Q(o) stabilization on Q(E)%, (6.3).
Q(¢) multiplication in Q(E)%, (6.16).
Q(¢) comultiplication on Q(E)%,

(6.27).
Q field of rational numbers.
q map to one-point space T'.
qr  projection to Q(E)*, (6.2).
RP real projective space.

R(k) right side of main relation (Rg).

R(i1,...,in) coefficient, Defns. 18.18,
19.21.

(Ri) kth main relation, (14.10),

(15.16).
(Rky,...,k.) mnth order relation,
Defns. 18.18, 19.21.
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r  generic cohomology operation.

(r,—) FE*linear functional defined by
operation r, (6.9), (10.1).

S stable comonad, [8, Thm. 10.12].

—gs (subscript) stable context.

S!  unit circle, as space or group.

S™ unit n-sphere.

S comonad S on modules, §9 (only).

Stab, Stab* (graded) stable homotopy
category, [8, §6].

Set  category of sets, [8, §6].

Set”  category of graded sets, [8, §7].

s(I), s"(I) shifted multi-index I,
Defn. 15.12.

T the one-point space.

T+ 0-sphere, T with basepoint added.

T(n) torus group.

t € H'(RP*), generator of
H*(RP™), (16.1).

U unstable comonad, Thm. 8.8.

—u (subscript) unstable context.

U,U(n) unitary group.

u € KU™2, generator.

u € E'(L), exterior generator of
E*(L), §§16, 17.

u1  canonical generator of E*(S!), [8,
Defn. 3.23].

u, canonical generator of E*(S™), [8,
§3].

V' generic (often forgetful) functor.

V' Verschiebung operator, §10.

¥ ideal in Q(BP)%, §18.

¥ ideal in BP,(BP,), §19.

v generic element of E*.

v =ngru € KUy(KU,o), Thm. 16.15.

[v] € Eo(E,), Defn. 10.8.

vy, Hazewinkel generator of BP*,

K(n)*, [11].

2 ideal in Q(BP)%, §18.

w  generic element of nrE*,
Prop. 12.3.

Wp = NRVn, §16.

wt(I) weight of multi-index I, §18.
X etc. generic space.
XT space X with basepoint adjoined.

Chapter 1

x  generic cohomology class or
module element.

x € E*(CP*), Chern class of Hopf

line bundle, [8, Lemma 5.4].

Chern class of line bundle 6, [8,

Defn. 5.1].

Y skeleton of lens space L, [8, §14].

Z  the ring of integers.

Z/p the group of integers mod p.

Z(py Zlocalized at p.

zr morphism for a (symmetric)
monoidal functor F, [8, §7].

a etc. generic index.

Bi € E2;(CP™), [8, Lemma 5.3].

vi € E2i+1 (U(n)), [8, Lemma 5].].]

A: X —- X x X diagonal map.

Ay =(1,0,0,...), multi-index, §18.

€  generic counit morphism.

¢  pth power map on CP*, [8,
(13.9)].

(r pairing for (symmetric) monoidal
functor F, [8, §7].

n  generic unit morphism.

nr right unit, Defns. 6.19, 10.8.

0  generic anything.

0, idempotent cohomology operation
on BP, Lemmas 22.1, 23.1.

0, splitting of m(n), Lemmas 22.1,
23.1.

1 € E°(E, o), universal class, [8, §9].

tn € E™(E,), universal class, [8,
Thm. 3.17].

Kn collapse operation, Defn. 7.13.

A(—) exterior algebra.

A generic action.

A numerical coeflicient.

Ar  left E*action on Q(E)%, §6.

Ar right E*action on Q(E)%, (6.21).

p addition or multiplication in
generic group object, [8, §7].

v inversion morphism in generic
group object, [8, §7].

¢ Hopf line bundle over CP™.

¢  generic line or vector bundle.

& element for H(F,), (16.1).

z(0)
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&  element for H(F,), Thm. 16.5. : A — S natural transformation of
&v  action of v on E*module, [8, (7.4)]. comonads, on modules, §9 (only).
7w generic permutation in ¥,,. or:E, — E stabilization map, [8,
m+(X) homotopy groups of space X. Defn. 9.3].
w(n): BP — BP{n) projection, (1.8). 7:U — A natural transformation of
p  generic coaction. comonads, Thm. 8.8.
pm  coaction on module M. 7; element for H(F,), (16.4).
px coaction on E*(X) or E*(X)". ¢  generic multiplication.
3, 3%  suspension isomorphism, [8, X canonical antiautomorphism of
(3.13), Defn. 6.6]. Hopf algebra.
¥X, ¥¥X suspension of space X. ¥ iterated coproduct, (10.18).
YM,¥*¥M suspension of module M, ¢ generic comultiplication.
[8, Defn. 6.6]. QX loop space on based space X.
3, permutation group on Qr looped operation, Prop. 2.12.
{1,2,...,n}. w  zero morphism of generic group
0:A — S natural transformation of object, [8, §7].

comonads, Thm. 5.8.
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