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PLAN OF PRESENTATION

» Main theorem 1:
A geometric Jacquet-Langlands transfer
» The principal ingredient: main theorem 2
The geometric Satake equivalence
» Discussion on the geometric Satake equivalence

» Sketch of the proof of main theorem 1
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A GEOMETRIC JACQUET-LANGLANDS TRANSFER

Set up
Let (G1, X1) and (G, X2) be two Hodge type Shimura data:

» G;: reductive group over Q
» X;: Gi(R)-conjugacy class of homomorphisms
i - S:= Resﬁ%@m — Gjr-
» assumptions for Shimura data
> there exists an embedding (G;, X;) < (Sp,,. Hif), where

HE = {A € M,(C)|AT = A, Im(A) # 0}.
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» Let {4} denote the conjugacy class of Hodge cocharacters
determined by X;.

» Let E; denote the reflex field of (G;, X;).
> Let K; C G;(Ay) be a sufficiently small open compact
subgroup.
Assumptions
> 0 GlAf ~ GZA;-
» there exists an inner twist ¥ : G — Go.
> Ki,(=~ Kyp) is hyperspecial.
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> Let G; denote the integral model of G; g, over Z,
determined by K; p- Then G; >~ G,.

> We identify their Langlands dual groups and write it as G.
» Choose an isomorphism ¢ : C >~ Q,.
» Write o for the arithmetic Frobenius morphism of [,.

» Let V; := V,, be the irreducible representation of G/Qq of
highest weight ;.
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» Let v | p be a place of E1E; (determined by our choice of
isomorphism ¢).

» Let Sh,, denote the mod p fiber of the canonical integral
model for Shg, (G, X;), base changed to k.

» Let H? denote the prime-to-p Hecke algebra.
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THE CATEGORY Coh®(Go)

» Let Go be the cosetin G x (o).

» Denote by [Go/G] the stack of unramified Langlands
parameters over Q.

> Let Cth(Ca) denote the abelian category of coherent
sheaves on [Go /G].

» Let J denote the global section of the structure sheaf on
[Go/G].
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MAIN THEOREM 1

Let £; be an /-adic the étale local system on Sh,,,. Under a mild
technical assumption.

Theorem (Y.)

There exists a map

Spc : Hom V1, V) = Homype 7 (H:(Shy,,, £1), H (Shy,, £2)),

COhG(GU)(
which is compatible with compositions on the source and target. If
Shy, = Shy, is a Shimura set, the action of End . . ¢ (o) (V) on
He (Shy, Qo) = Ce(GQ\G(Ar) /K, Qr)

coincides with the usual Hecke algebra action under the Satake
isomorphism.
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» The theorem generalizes a previous construction of
Xiao-Zhu
> Gg,-

» L;equals to the constant sheaf.

» This result is about Q-sheaves, but the integral coefficient
geometric Satake equivalence is indispensable.
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THE GEOMETRIC SATAKE EQUIVALENCE

Background: the Satake isomorphism

» Let F be a non-archimidean local field with O its ring of
integers and k = [, its residue field. In other words, F is a
finite extension of Q, or is isomorphic to F;((w)).

» Let G be a split connected reductive group scheme over O.

» We fix a choice of a Borel subgroup and a maximal torus
TcBcCG.

» Let X, := Hom(G,,, G), and X* := Hom(G, G,,) denote the
group of cocharacters and characters of G.

» Let W denote the Weyl group of T, and X{ := X, /W
denote the semigroup of dominant cocharacters.
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THE SPHERICAL HECKE ALGEBRA

» We can endow a topology on G(F) such that it is a locally
compact topological group.

» Let K := G(O), then K is a maximal compact subgroup of
G(F).

» Choose the unique Haar measure such that the volume of
K equals to 1.

Definition
The spherical Hecke algebra of G is defined to be

He = C.(K\G/K,Z).
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The following results are well-known
» (Gelfand’s trick=-) the convolution of functions

(f +9)(x) = /G F)g(yx)dy

endows H; with a commutative algebra structure.

» (Cartan Decomposition theorem=>) the set of characteristic
functions

{Tkg | 8 € XT}

forms a set of Z-basis of H.
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THE LANGLANDS DUAL GROUP

» Let E be an algebraically closed field.

» Associate the root datum (X*, X,, A, AY) to our choice of
TCBCG.

> Let (X,,X*, AV, A) denote the dual root datum.

Definition

We define the Langlands dual group G/E of G to be the unique
(up to isomorphism) reductive group over E determined by the
dual root datum (X,,X*, AV, A).
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Here is a list of examples to be kept in mind.
Example
G | GL,

G | GL,

PGL,

502,41
SPZn

S OZn
S OZn
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THE CLASSICAL SATAKE ISOMORPHISM

N

» Let Rep,(G) denote the category of finite-dimensional
C-representations over E.

> Let R(G) denote the Grothendieck K-ring of Rep(G).

The Langlands’ reinterpretation of the classical Satake
isomorphism states the following.

Theorem
There exists an algebra isomorphism

He ®E ~ R(G) ® E.
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SLOGAN OF GEOMETRIC SATAKE

Motivation:

“Categorify” the classical Satake isomorphism.

> Categorifying R(G) gives rise to RepE(é).
» Question: how to categorify Hs?
The idea to answer the above question is

» Endow the quotient G(F)/G(O) with an algebro-geometric
structure.

» Consider the G(O)-equivariant perverse sheaves on

G(F)/G(O).



TITLE PLAN A Geometric J-L Transfer GEOMETRIC SATAKE Proof

[©] [©] 0000000 0000000 @0000000000000000 0000000000000 0
: :

AN ATTEMPT

Let G = GL, and F = Qp.
» By a lattice in F”", we mean
» afinitely generated projective O-module A, together with
» anisomorphism A ®p F ~ F".
» Write Ag := O" for the standard lattice.
» The quotient G/K maybe identified with the set of lattices

via
gK € G/K — gAy.

> Let w; := diag{1/0" '} be viewed as a dominant cocharater.
The quotient Kew"K/K maybe identified with lattices

A | wO" ¢ A Cc O, and length (O"/A) = i}.
g



TITLE PLAN A Geometric J-L Transfer GEOMETRIC SATAKE Proof
[} [} 0000000 00000000000 000000000000 0000000000000 0

There is a canonical bijection between K™ K/K and the set of
k-points of the Grassmannian variety Gr(n — i,n) of
(n —i)-planes in a fixed n-dimensional space.
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WHY GEOMETRIC SATAKE

The geometric Satake equivalence has found profound
applications in
» Langlands program: V. Lafforgue proved Langlands
correspondence for reductive groups over function fields.
» number theory: Xiao-Zhu proved the “generic” case of the
Tate conjecture on the mod p fibres of some Shimura
varieties.
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THE WITT VECTOR AFFINE GRASSMANNIAN

We slightly change our setups.

» Let k be a fixed algebraically closed field of characteristic
p > 0.

» Let W(R) denote the ring of (p-typical) Witt vectors of any
perfect k-algebra R.

» Let F be a totally ramified finite extension of W(k), and O
its ring of integers.

» Choose w € O to be a uniformizer.

v

Let G be a split connected reductive group over O.

» Let A = Z, or Fy be the coefficient ring of sheaves
considered later.
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Let R be a perfect k-algebra, and H an affine group scheme of
finite type defined over O.

> WO,n<R> = W(R) SOw(k) C’)/w”

> Wo(R) :=lim Wou(

» Dy := Spec(Wo(R))

> Dy = Spec(Wo(R)[1/w])
Definition
The the (p-adic) jet group (resp. p-adic loop group) of H is defined
as the presheaf

L*H(R) := H(Wo(R))(resp. LH(R) := H(Wo(R)[L/]))

over the opposite category of perfect k-algebras.
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Definition
The Witt vector affine Grassmannian of G over k is defined as the
fpqc quotient
Grg = [LG/LTG],
over the opposite the category of perfect k-algebras.
It also has the following moduli interpretation

& — Dgis a G-torsor, and
GrG(R) = (5a ¢)/ = ;

¢2€ ’D;Z 50 ’DE

where £° denotes the trivial G-torsor.
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Is Gr¢ representable by nice geometric objects?
Answer

YES!
Theorem (Bhatt-Scholze)

The Witt vector affine Grassmannian Grg is represented by an
inductive limit of the perfection of projective varieties over IFp.
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THE GEOMETRY OF AFFINE GRASSMANNIAN

» Let 8 be a modification of two G-torsors & and &,.
» Choose isomorphisms ¢; : & ~ &£°.

Considering the following diagram

The Cartan decomposition identifies ¢3¢, ! as an element in X
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Definition
We denote the dominant cocharacter ¢,3¢; ' by Inv(3) and call
it the relative position.

Definition
For each u € XJ, we define the Schubert cell (resp. Schubert
variety) Gry, (resp. Gr<,,) as

Gr, :={(&,9) | Inv(¢) = pu}(resp. Gr<, :={(€,¢) | Inv(¢) < u}).
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Lemma
Let p,v € X, then

» the Schubert variety Gr<,, is the perfection of a projective variety
defined over k,

» L+G acts on Gr,, through a finite type quotient,
» Gr, C Gryifandonlyif p <v,

» the Zariski closure of Gry, equals to Gr<,,, and
Grey = Upw<uGr-
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Example (Minuscule case)

Let G = GL,, and w; = diag{1:0"~'}.

An element (€, 5) € Gry,(R) maybe identified with a
Wo(R)-lattice i.e.

» a finitely generated projective Wp(R)-module A, with

» anisomorphism 3 : A @w,,r) Wo(R)[1/@] ~ Wo(R)[1/=]".
Then Inv(5) = w; if and only if

» [ extends to a genuine map A C Ag := Wp(R)"

> wAyg C A

» length (Ag/A) =i
Then Gry, = Gr(n — i,n) which agrees with our previous
discussion.
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Example (Non-minuscule case)
Let G = GLy, and ¢ = (2,0).

» Gr<, has the following moduli interpretation
GrSM(R) = {Az C Ay | length (Ao/Az) = 2}
» Gr<, admits a resolution é;; — Gr<,,, where

length (Ag/A1) = 1}

r<u(R) { 2= Olength (A1/A2) =1

In fact, the resolution é;;u is isomorphic to the Hirzebruch
surface X, := P(Op, @ Op, (—2)).
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THE SATAKE CATEGORY

It makes sense to consider the category P;+5(Gr<,, A) of
A-coefficient L1 G equivariant perverse sheaves on Gr<,,.
Finally, we define our principal object of study.

Definition
We define the category of A-coefficient L*G-equivariant
perverse sheaves on Grg to be

Pr+c(Grg, A) := liﬂPLJrG(GT’SM, A).
n

We call this category the Satake category and will denote it by
Satg A for simplicity. In fact, Satg A can be endowed with a

i

monoidal structure ”x”.
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THE GEOMETRIC SATAKE EQUIVALENCE

Now we have two monoidal categories

» The Satake category Satg s

> The category of finitely generated G-modules over A
Rep, (G).
The expected relation between these two categories is
established by the following theorem.

Theorem (Y.)
There is an equivalence of monoidal categories

Satg p ~ RepA(G).
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HISTORICAL REMARK

The geometric Satake equivalence in different settings are
proved by
» Lusztig-Ginzburg-Beilinson-Drinfeld-Mirkovié-Vilonen

» G is a connected reductive group over C.
» A is a Noetherian local domain of finite global dimension.

» Zhu
» G is a connected split reductive group scheme over the ring
of integers of a mixed characteristic local field.
> A=Qy.
» in current setting, Scholze announced the geometric Satake
equivalence for integral coefficients using the theory of
diamonds.
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DIFFICULTIES

The following new difficulties arise in our setting

» Lack of mixed characteristic analogue of Beilinson-Drinfeld
Grassmannians (without appealing to Scholze’s theory of
diamonds).

» The integral coefficient Satake category is NOT
semisimple.

» For a general object 7 € Satg », H*(Grg, F) may have
torsions.
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SKETCH OF PROOF OF MAIN THEOREM 1

We explain some of the main ingredients of the proof
» Local Hecke stacks

» Moduli of local Shtukas

» Cohomological correspondences

From now on R will denote a perfect k-algebra.
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LOCAL HECKE STACKS

Let He = (Ml?,uQv T aMﬂ) € (Xj‘)n’y. = (V17' c 77/111) € (Xj—)m
Definition

» The local Hecke stack Hkij’f(R) classifies the chain of
modifications

En - Enct —=o e o o

of G-torsors on Dg with relative positions < yi, - -+, < piq.
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Definition
1 o pe . pe .
The stack Hkg’ T; (R) classifies the rectangles of modifications
L] (]
En-->&1--2 -2 &
/ / /
gm -7 gmfl Tt T 50
of G-torsors on Dy with relative positions < y,,
SVma"' 7§Vl'

-+, < pp and
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We need the finite type version of the local Hecke stacks
1
> HK2C),
> HkO,loc(s)

e|ve

to apply the /-adic formalism.
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MODULI OF LOCAL SHTUKAS

Let He = (Ml?,uQv T aMﬂ) € (Xj_)nv Ve = (V17 T an) € (Xj—)m
Definition

The moduli of local Shtukas Shtif_c(R) classifies sequences of
modifications

En - Ent = 0 g — 7&,

of G-torsors over Dg with relative positions < p, -+, < pu1.

There is a natural morphism

. 1 1
¥ : Shtl% — HKI,
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Similar to the local Hecke stacks, we define
> Shtloc

1 |ve and its substack Sht™ IIOC
> Shto<"" and Shty ll";(’” )
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COHOMOLOGICAL CORRESPONDENCES

» Let k be a perfect filed of characteristic p > 0
» All stacks will be algebraic stacks which are perfectly of

finite presentation in the opposite category of perfect
k-algebras

Definition

Let X1, X» be two stacks and F; € D(X;, A). A cohomological
correspondence (C,u) : (X1, F1) — (X2, F2) is a stack

Cc 84X, Xy x Xo,and u : ¢} Fp — C!2]:2. We define the space of
cohomological correspondences by Corrc((X1, 1), (X2, F2)),
and

Corrc((X1, F1), (X2, F2)) = Homp(c a) (¢} F1, 63F2).
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KEY THEOREM

Let V € Rep, (Ga), we produce a perverse sheaf S(V) on Sht*
as follows

» integral geometric Satake equivalence = S(V') € Satg 4.
> descent = S(V) e P(HK').
» pullback along ¢ =

U : P(HK!®) — P(Sht')

S(V) :=¥(5(V)).
We write the support of $(V) as Shtlé’c(m’") for some proper

choice of integers (1, n). We similarly define Shtl‘grévm/ﬂ/)
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Theorem (Y.)

For any projective A-modules V1, V> € Rep A(GA), choose
appropriate integers (my, ny, mp, ny) and a dominant cocharacter \.
Consider the Hecke correspondence

he h
loc(my,ng) | "1 Mloc(my,ng) V2 loc(my na)
Shtv1 — ShtV1 Vs — Shtv2

Then there exists the following map

~ ~ S ~ ~
Hom (V1,V2) =22 Corrgee (S(V1),S(V2)), (1)

Coh®(Go) Vi 1Vy

which is in independent of auxiliary choices.
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We make the following remarks

» for A = Qy, the operators are constructed by Xiao-Zhu

» the map Sy w may be regarded as a local analogue of V.
Lafforgue’s S-operators.
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PROOF OF THE MAIN THEOREM 1

Recall our main theorem 1.

Theorem (Y.)
Under a mild technical assumption, there exists a map

Spc : Hom (V1, V) = Homypg 7 (H:(Shy,, £1), H: (Shy,, £2)),

Coh® (Go)
which is compatible with compositions on the source and target. If
Shy, = Shy, is a Shimura set, the action of End . | ¢ (o) (V) on
He (Shy, Qo) = Ce(GQ\G(Ar) /K, Qr)

coincides with the usual Hecke algebra action under the Satake
isomorphism.
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Sketch of Proof
» Choose a lattice A; € RepZz(CZZ) of V;.

» Hom (\71, \72) =~ Hom (/~X1, 7\2) ®z, Qe

Coh®(Go) Coh®(Go)

» Key Theorem =

Hom ‘71, ‘72) — COI'I'Shtloc (S(/N\l), 5(7\2)) K7z, Qy

cOhG(éa)(
» “the mild technical assumption” =
Corrgy jioc (5(7\1), S(KZD ®z, Q

ullback
})4>(30fr5hmm2 ((Shyy, Ze(dr)), (Shy,, Ze(da))) ©z, Qe
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!
» "“construct on each level” ~~

Corren, |, ((Shyy, Ze(d1)). (Shyy, Ze(d2))) @z, Qo

_>C0rrShH1 ™ ((Shm s Lw.q, <d1 >) ) (Shuz Lw,, <d2 > )
» pushforward the cohomological correspondence

Corrsh,, \,,, (Shys Lw.g,{d1)), (Shyy, Lw,g,{d2)))

_>H0m'H’”®J7 (H: (Shul ) 'CW,QZ <d1>)7 H? (Shuzv ‘CW,Qe <d2>>)
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Thank You!
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