RELATIVE LANGLANDS DUALITY

DAVID BEN-ZVI, YIANNIS SAKELLARIDIS AND AKSHAY VENKATESH

ABSTRACT. We propose a duality in the relative Langlands program.
This duality pairs a Hamiltonian space for a group G with a Hamiltonian
space under its dual group G, and recovers at a numerical level the
relationship between a period on G and an L-function attached to G;
it is an arithmetic analog of the electric-magnetic duality of boundary
conditions in four-dimensional supersymmetric Yang—Mills theory.
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1. INTRODUCTION

One of the fundamental properties of automorphic forms is that, when
integrated against certain distinguished cycles or distributions, they give
special values of L-functions. The study of these integrals, or “periods,” has
a long history starting at least with the 1937 work of Hecke [Hec37|. Now,
the Langlands program posits that automorphic forms correspond to Galois
representations, and Hecke’s formulas and their sequels can be expressed as
a commutative diagram:

(1.1)

automorphic forms Galois representations

period
-function

complex numbers.

That is to say, “periods” and “L-functions” are specific ways to extract
numerical invariants from the two sides of the Langlands program; and in
interesting cases, they match with one another. We are going to propose
that:

(i) We should index both periods and L-functions by suitable Hamilton-
ian spaces — these are, in particular, symplectic algebraic varieties
with a group action.

(ii) The passage from Hamiltonian space to period or L-function can be
considered as (an incarnation of) quantization.

(iii) “Relative Langlands Duality:” when viewed from this point of view,
the relationship between L-functions and periods becomes symmet-
ric.

(iv) Similar structures exists at all “tiers” of the Langlands program (global,
local, geometric, arithmetic, etc.). In the local tier, point (ii) is fa-
miliar: it is the philosophy that one can construct representations of
Lie groups by quantization.

For example, two of the earliest and best-studied periods are the Godement—
Jacquet integral and the Rankin—Selberg integral, both for the groups G =
GL,, x GL,. They are switched under the duality of (iii); let us sketch what
this means in the global context. Firstly, to these periods will be associated
certain Hamiltonian spaces Mgy and Mpg for G, explicitly

M =T*[G x AGLn A"] and Mps = T* [n x n matrices.] .

Now, the group G being self-dual, it plays a symmetric role on the auto-
morphic and spectral (Galois) sides of the Langlands program. We will see
that, when considered on the automorphic side, the data Mgy or Mg index
periods — distributions on the space of automorphic forms; and when placed
on the Galois side they index certain L-functions. For ¢ an automorphic
form on G we will then have

(1.2) Mg j-period of ¢ = L-function for ¢ indexed by Mgg.
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(1.3) Mpg-period of ¢ = L-function for ¢ indexed by Mg .

How to turn translate these words into the more standard language of
periods will be explained in Part 3 of this paper. When thus translated, (1.2])
and are exactly the results proved in [GJ72) [JS81al [JS81b]; however,
what is made clear by this phrasing is that there is a duality between the
two results. Thus, we can regard the “L-function for ¢ indexed by Mpgg” as
the “spectral period for Mpg.”

The duality is perhaps more visible when the same statements are formu-
lated in the context of geometric Langlands. Writing Mqy; = T*Xgs and
Mps = T* XRrg, we can consider two constructions:

e Automorphically, we consider G-bundles on a curve together with a
section of the associated X j-bundle. We push forward the constant
sheaf on this space to moduli of G-bundles.

e Spectrally, we consider G-local systems on a curve together with
a flat section of the associated Xpgg-bundle. We push forward the
dualizing sheaf on this space to moduli of G-local systems.

The geometric analogue of is now that the constructions of (i) and
(ii) should match with respect to the conjectural geometric Langlands equiv-
alence; corresponds to switching the roles of Xgrg, Xgs above.

A simpler but conceptually significant example is the duality of Whittaker
and trivial periods. Manifestations of this duality account for the central role
of the Whittaker model in many contexts; from our point of view it should
not be distinguished from other dual pairs of periods. A more interesting
example is the duality between the Gan—-Gross—Prasad period [GGPI12| and
the #-correspondence between equal rank orthogonal and symplectic groups
|[Ral84b]. Other examples are given in

Although much of the ultimate payoff may be investigating periods whose
duals are not currently known, our focus here is to formulate carefully the
duality at least in a certain very well-behaved setting, spell out what it
predicts, and see how it unifies a large class of phenomena in the Langlands
program.

Overview of the introduction: The complexity of our situation warrants
a longer explanation of what we are trying to do, and how we think about
the situation. To that end, we will first review in §1.1| various objects that
enter into the relative Langlands program. These objects are the analogues
of periods/L-functions in other “tiers” of the Langlands program. The dis-
cussion of §I.Torganizes the situations of the paper into a tesseract, rendered
in figures [1.1.1] and [1.1.2] These figures invoke a great variety of different
mathematical structures and therefore may seem very confusing at first; for-
tunately, the ideas of quantum field theory give rise to a very appealing
metaphor with which to organize them, as we explain in and — skip
forward to Table to get a sense of what this discussion aims at. Finally,
in we will spell out what we actually accomplish in this paper.
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1.1. What is a “period?” As mentioned above, the current subsection
spells out some of the data on the automorphic and spectral sides of
the relative Langlands program. On both sides, the data will be organized
into diagrams — Figures and [I.1.2]- and the proposal, is, of course, that
these diagrams should match. More organized ways of thinking about these
diagrams will be given in subsequent subsections.

1.1.1. The automorphic side of the Langlands program. Take G a reductive
group — split, for simplicity.
Some key objects of study in the Langlands program are:
e the trace formula for G (output a complex number);
e automorphic functions for G (a vector space);
e representations of G(R) or G(Q,) (a category).

The geometric Langlands program, in the setting of curves over alge-
braically closed fields, adds to these objects “categorified” analogs:

e automorphic sheaves for GG — that is, sheaves on the moduli Bung of
principal G-bundles on a curve (a category);
e categorical representations of the loop group LG (a 2-category).

There is a rich web of interconnections between these objects, and we will
examine how to organize all this information in §1.2| and (see in partic-
ular Table . We preview the discussion of in particular by noting
that the “categorical complexity” of the output is tied to the “arithmetic
dimension” in a way reminiscent of topological field theory: global fields
(which should be considered as 3-dimensional objects) are assigned vector
spaces, arithmetic local fields and geometric global fields (of dimension 2) are
assigned categories, and geometric local fields (of dimension 1) are assigned
2-categories.

A core goal of the Langlands program is to give a “dual description” of all
these objects in terms of Galois theory and the dual group G, compatible
with these various connections. In all cases the key player is the space of
representations of a Galois group into G.

1.1.2. Relative Langlands: Automorphic Side. Now let X be an algebraic
variety with G-action. It produces objects of study in the various “tiers” of
the Langlands program, whose unified study forms the topic of the relative
Langlands program. Some of the most familiar are:
e the X-theta series, or X-period functional (a vector in the space of
automorphic functions), and
e functions L?(X(F)), for F a local field (a representation of G(F),
and a classical object of harmonic analysis)
These objects are often studied through their “squares” or self-pairings,
after the insertion of Hecke operators:
e the relative trace formula for X, the self-pairing of the X-theta series
(output in C, or generally functional on the global Hecke algebra);
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e the Plancherel formula for spherical functions on X, obtained from
the self-pairing of the basic spherical vector with Hecke modifications
(output a functional on the spherical Hecke algebra).

As we detail in this paper, the geometric Langlands program also admits
categorified counterparts of these objects, which have not been studied before
in a uniform fashion:

e the X-period sheaf (an object in the category of automorphic sheaves);
e the category of sheaves on LX (a categorical representation of LG);

as well as “squares” or self-pairings:

e the RTF algebra: an associative algebra in the global Hecke category
(see which conjecturally encodes maps between Hecke functors
applied to the period sheaf;

e the Plancherel algebra: a commutative algebraﬂ in the spherical Hecke
category, which encodes all maps between Hecke functors applied to
the basic spherical sheaf on LX.

These objects and some of their relations are captured schematically in
the diagrams of Figure below. Here, as elsewhere in the paper, we
focus on the unramified settings (arithmetic and geometric) over function
fields — see Remark In particular, we replace the G(F')-representation
L*(X(F)) by its G(O)-invariants, a module for the spherical Hecke algebra.
Our conventions for these diagrams are:

e the top row lives in geometric Langlands, the bottom row lives in
arithmetic Langlands over a finite field; the left hand column is local,
and the right column is global.

e vertical arrows come from “trace of Frobenius.” Dashed horizontal
arrows suggest that the right-hand object has the nature of an “Euler
product” or “integrated version” of the left-hand object.ﬂ

e The diagrams come in pairs, which have been termed as “states” and
“observables.” In each case, the “observable” diagram arises from
self-pairings or endomorphisms of the “states” diagram, informally:

observables = (states, states),

The nomenclature arises from the analogy between these concepts
and states and observables in quantum mechanics (or between geo-
metric and deformation quantization), a recurrent theme in the pa-
per. See also Remark [T.1.6]

LAs we discuss at length, the Plancherel algebra is a derived object which is commu-
tative only on the level of cohomology, and its structure is closely related to that of little
3-disc algebras in topology.

2In each case, there are precise statements formalizing this, but we don’t need this level
of precision here.



RELATIVE LANGLANDS DUALITY 9

(A) Automorphic States:

Local Global
S Sheaves on Xp/Go X-period sheaf
eometric {7 esp. §10.3
A Functions on Xr/Go X-period function
rithmetic sm eSp. :

(B) Automorphic Observables:
Local Global

o . Plancherel algebra, | 416 X-RTF algebra
eometric =§ :

Avithmet: Plancherel measure |ISVi7| (a part of) X-RTF
rithmetic ,@ 41635

FIGURE 1.1.1. Automorphic states and observables

Remark 1.1.3 (Number fields and ramification). These diagrams cover
many interesting tiers of the Langlands program, but also omit many impor-
tant ones. For example, we do not discuss the case of number fields, local
fields of characteristic zero, or ramification.

However, we wish to emphasize here that we anticipate the general picture
should apply equally to these cases. That is, as we see it, the story we tell here
is not one specific to geometric Langlands or to the case of function fields,
but a general feature of the paradigm of Langlands duality. Incorporating
number fields and ramification would require the development of the local
theory over an archimedean local field, and for ramified representations over
nonarchimedean local fields; there should be many similarities between these
two cases. To examine these questions is therefore a very interesting open

problem. See also Remark [14.2.5

An important principle underlying this work is the microlocal nature of
periods. One manifestation of this principle is that many of the above struc-
tures can be thought of as associated not to the G-variety X, but to the
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Hamiltonian G-variety M = T*X. For example, the question of reconstruct-
ing L?(X (F)) from T*X has a standard name: it is the question of geomet-
rically quantizing the symplectic space T*X. This passage from G-varieties
to their cotangents as Hamiltonian G-spaces encodes important symmetries:
for example, in Tate’s thesis (independently due to Iwasawa: [[wa92, [Tat79|)
the functional equation of abelian L-functions derives from the Fourier trans-
form, corresponding to a symmetry of the Hamiltonian G' = G,,-space T*A!.

Another manifestation of the microlocal nature is that there are many
important examples of periods (such as the Whittaker periods and the ©-
correspondence) that carry structures that resemble the above, but arise not
from a G-space X but rather from a Hamiltonian G-space M which is not
a cotangent bundle. We shall think broadly of the passage from M to the
list of data above as a form of quantization. To avoid getting into it at the
moment, however, let us continue to work with the “polarized case” where
one has a G-variety X (or its cotangent bundle 7*X) rather than a general
Hamiltonian action.

1.1.4. Relative Langlands: Spectral Side. We now wish to propose a spec-
tral, or Galois, side for the relative Langlands program that matches the
structures enumerated above. The experience in the study of periods is that
the collection of X for which one has a satisfactory theory has rather large
overlap with the set of spherical varieties for G. We shall eventually extend
our setting to include a slightly larger class of examples, the “hyperspherical
varieties” of In any case the main goal of this paper is to propose that

For favorable G-spaces X (or Hamiltonian G-spaces M), the
various structures of the X-relative Langlands program are
simultaneously encoded, on the dual side, by a Hamiltonian
G-variety M.

We have already asserted that the passage from M to its associated au-
tomorphic data should be seen as a quantization. Similarly, the passage
from M to the associated spectral data should be seen as a quantization. If
we want to distinguish the two, we will say “automorphic quantization” and
“spectral quantization”. Thus the philosophy pervading the paper, sometimes
implicitly and sometimes explicitly, can be summarized as saying

The automorphic quantization of a favorable Hamiltonian G-
variety is Langlands dual to the spectral quantization of a
dual Hamiltonian G-variety M.

The notion of spectral quantization incorporates a new geometric per-
spective on the notion of L-functions of Galois representations, mirror to
the microlocal perspective on periods: we propose to think of an L-function
L(p, V) as associated to the Hamiltonian G-variety T*V by a form of geomet-
ric quantization. This is not completely achieved in this paper, but ideally
speaking the situation is as follows:
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o We first attach L-functions to G-varieties X, rather than linear rep-
resentationsﬁ of G— the familiar L-functions arise by linearization
at Galois fixed points on X as in e.g. .

e We then view the L-functions as attached not to X but to the Hamil-
tonian G-variety 7% X. This encodes additional symmetries, such as
the functional equation.

e Finally we seek to attach L-functions to Hamiltonian G-varieties that
are not necessarily polarized — in particular, to extract square roots of
L-functions associated to symplectic representations (see, e.g., ,
where we leave the signs unspecified, and compare with [AV22]).

As with automorphic quantization, spectral quantization manifests itself
in every tier of the Langlands program, which we predict match the corre-
sponding automorphic objects under Langlands duality. An informal flavor
of what is studied in this paper is captured by matching the two automor-
phic diagrams above with two spectral counterparts in Figure below,
which will follow the same conventions as for the previous diagrams. E| To
avoid getting into details of quantization we restrict to the case when M is
polarized, i.e., M = T*X.

New in this diagram, and of particular importance to this paper, are the
L-sheaves, new counterparts of L-functions in the setting of geometric Lang-
lands. These are objects of the categories of sheaves on moduli of Langlands
parameters given by considering algebraic volume forms on fixed point spaces
of Galois representations on X. They have not been systematically studied
in the literature, but in specific cases have been considered, most notably
the “Whittaker sheaf” and work of Lysenko (e.g. [Lys08], LysI11]).

1.1.5. Matching automorphic and spectral. In Figures[I.1.T]and [[.I.2] we have
summarized some data on the automorphic and spectral side of the rela-
tive Langlands program. The proposal, of course, is that each automorphic
square should match with the corresponding spectral square!

Precise conjectures to this effect are contained in the text (most impor-
tantly in @ , and . In the arithmetic setting —i.e., in the bottom
row of both squares — many of these conjectures, for specific choices of X, X,
are theorems in the relative Langlands program. In the geometric setting
they are mainly conjectural; we regard the lower row as being evidence for
them on the level of Frobenius traces.

Remark 1.1.6 (Squares and square-roots). Note that we see some appear-
ances of X and some of M. This is related to a more general phenomenon,

3A motivation for this passage, from a classical point of view, is that the local factor
of an L-function has the form of the trace of Frobenius on a symmetric algebra — i.e., on
the ring of functions on a vector space. This suggests, at leasts, that what one needs is
not the vector space but only its function ring.

A might be better to picture two matching cubes, or a single tesseract. We leave it as
an open problem to develop better visualizations of this dictionary.
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(A) Spectral states

Local Global
G coh. sheaves on L-sheaf for X,
eom. M/G, :
Asith functions on Frobenius L-function for X
e fixed points of M, 11]
(B) Spectral Observables
Local Global
o regular functions L-observable algebra,
on M 123 {187
Avith twisted character L-function for M
e of G on M §14] esp. (14.9)

FIGURE 1.1.2. Spectral states and observables

which will occur throughout this paper: frequently the “square” expressions
(the observables) on both sides can be formulated with reference only to M
or M, but to extract their “square-roots” (the states) requires extra structure.
Correspondingly, the “squared” version of the conjectures can be formulated
without reference to extra choices such as polarization. This reflects the fact
that the geometric quantization V of a symplectic manifold often requires
choosing some extra structure (such as a polarization), but its “square”, i.e.,
V ® V, is much more directly related to the symplectic manifold itself and
its deformation quantization.

For example, in relation to the square of a global period, such ideas will

be a running thread in this paper, discussed in §11.10] §12.§] and §I7]

1.2. Electric-Magnetic Duality and Topological Field Theory. The
picture that we just described has been very much influenced by ideas of
topological field theory. We will now explain this point of view in more
detail, before returning to our main goals in . At the moment (§1.2)

we will use the language of topological field theory, and then in §1.3| we
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will relate this language to our arithmetic setting. In order to understand
the utility of the language of TF'T for representation theory, we strongly
recommend the toy model provided by finite group gauge theory, a synopsis
of which is found in Appendix §D.2]

The seminal work of Kapustin and Witten [KW07| and subsequent de-
velopments demonstrated that the geometric Langlands correspondence can
be profitably seen through the lens of four-dimensional topological quantum
field theory (TFT), specifically as an aspect of electric-magnetic duality in
gauge theory. The idea of TFT, although formally inapplicable, remains a
powerful metaphor to structure discussion of the arithmetic Langlands pro-
gram, as we shall see in and for this reason we will review it now.

Recall that (in the mathematical viewpoint) an extended 4d TFT is a
representation of the higher category of bordisms of manifolds of dimension
< 4, with its symmetric monoidal structure given by disjoint union. It
assigns data to manifolds of dimension < 4, as follows:

4-manifolds are assigned numbers;

3-manifolds are assigned vector spaces;

a bounding 4-manifold produces a vector in the space.
2-manifolds are assigned categories;

a bounding 3-manifold produces an object in the category.
1-manifolds are assigned 2-categories;

a bounding 2-manifold produces an object of the 2-category.

In practice only the invariants associated to manifolds of dimension less
than 4 can be made to fit this rigid algebraic formalism; defining partition
functions, numerical invariants of 4-manifolds (possibly with boundaries or
corners) requires analytic renormalization procedures, which are closely anal-
ogous to the issues one encounters in handling the trace formula.

Before proceeding any further let us note the analogy with the data on
the automorphic and spectral sides of the Langlands program:

Kapustin and Witten study a specific pair of 4d TFTs sometimes called
the 4d A-model and B-model, associated to a compact Lie group (or its
complexification, a complex reductive group G). A special case of a fun-
damental conjecture in gauge theory, “electric-magnetic S-duality of N' = 4
super-Yang-Mills”, implies an equivalence of 4d TFTs

Ag ~ Bg

associated to Langlands dual groups.ﬂ When evaluated on a 2-manifold ¥
we obtain an equivalence of categories Ag(¥X) ~ Bx(X), which Kapustin
and Witten then interpret as identifying the automorphic and spectral sides
of the geometric Langlands correspondence. This gauge theoretic perspec-
tive on geometric Langlands has been extensively developed in subsequent
physics papers, including [GWO08, [FWO08|, Wit08, [Wit10al Wit10bl [Gail8],

5This can be considered as a 4-dimensional counterpart to the celebrated mirror sym-
metry identifying the 2d A-model associated to a real symplectic manifold and the 2d
B-model of a holomorphic mirror manifold.
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FG20, Witl8] (see the reviews [WitlOc, [Frel0]) and, to a lesser extent, in
the mathematics literature, see in particular [EY18| [BZN18| [EY19, [ EGW24].

The structure of a topological field theory imposes strong relations be-
tween its outputs, and can be used to constrain — and sometimes charac-
terize — the values on higher dimensional manifolds in terms of those of
lower dimension. A crucial part of this package is the study of defects —
roughly speaking, field theories living on embedded submanifolds of space-
time. Defects of dimensions 2,1, and 0, known respectively as surface, line
and local operators, account in the physical interpretation for much of the
rich structure of the geometric Langlands program (ramification [GWO0S§|,
Hecke operators [KWO07| and singular support [EY19], respectively). The
duality Ag =~ B of field theories implies a duality for defects of all dimen-
sions, which in the case of line operators was interpreted by Kapustin and
Witten as recovering the geometric Satake correspondence.

The most subtle and interesting defects are those of dimension 3 (i.e.,
of codimension one) — these form boundary theories or more generally do-
main walls or interfaces, the natural class of morphisms between TFTs. In-
deed a crude paraphrase of the Cobordism Hypothesis [BD95, [Lur09b] (see
also [Frel3al, [AF17]) is that the collection of domain walls completely deter-
mines a fully extended topological field theory. Among the many structures
induced by a boundary theory, we may now formally view an n + 1-manifold
N (n < 4) with marked boundary as a new closed manifold, and every n-
manifold M as bounding a new n + 1-manifold (M x [0, 1] with M x {0}
marked by the boundary theory), thus defining a distinguished element of
the invariant of M. Therefore, a TFT together with a choice of boundary
theory induces the following data:

e a 4-manifold with marked boundary is assigned a number;
e A closed 3-manifold acquires a vector in its vector space;

a 3 manifold with marked boundary is now assigned a vector space.
e A closed 2-manifold acquires an object in its category;

a 2-manifold with marked boundary is now assigned a category, etc.

The study of boundary theories in the physical setup for the geometric
Langlands correspondence, and in particular the effect of electric-magnetic
(Langlands) duality on such boundary theories, was pioneered by Gaiotto
and Witten [GW09b), (GW09a], explored further in [Gail8| [FG20], and stud-
ied mathematically recently by Hilburn and Yoo [HY].

The study of boundary theories is a natural generalization of geometric
quantization — by which a symplectic manifold M defines a quantum me-
chanical theory, i.e., 1-dimensional quantum field theory — and the orbit
method — by which a Hamiltonian G-action on M upgrades this quantum
mechanics to a representation of G, i.e., a boundary theory for a suitable 2d
QFT (a gauge theory with gauge group G). In the higher-dimensional set-
ting of Gaiotto-Witten, the quantization of a hyperkdhler manifold M defines
a 3d QFT (an N = 4 supersymmetric sigma model), while an action of G
by isometries upgrades this 3d QFT to a boundary theory for a 4d G-gauge
theory (4d N = 4 super-Yang-Mills). If we are interested in the underlying
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topological field theories we only need M as a holomorphic symplectic mani-
fold, and the G-action as a holomorphic Hamiltonian action. (On the B-side
the 3d TFTs are the well-studied Rozansky-Witten theory, while the A-side
theory — the 3d analogs of the A-model in mirror symmetry — are much less
understood.)

Thus the work of Gaiotto and Witten suggests that

e one should study a higher form of geometric quantization for holo-
morphic Hamiltonian G- and G-spaces which outputs boundary con-
ditions for the topological field theories Ag and B, respectively;
and

e the electric-magnetic duality Ag ~ B implies an identification of
boundary conditions for the two theories, which we might expect to
lead to a correspondence between Hamiltonian actions of the two
dual groups.

Not all boundary theories come from Hamiltonian actions. However, any
boundary theory can be approximated by one coming from a Hamilton-
ian action — the “Higgs branch” of its moduli space of vacua — and it also
gives rise directly to a Hamiltonian action of the dual group — the “Coulomb
branch”, mathematically described by the “relative” variant [BEN19| of the
construction of Braverman-Finkelberg-Nakajima [BFN18§].

Thus the electric-magnetic duality for boundary theories of Gaiotto and
Witten suggests a correspondence (or partially defined duality) between
Hamiltonian actions of Langlands dual groups. We propose in this paper
that the dual of a boundary condition coming from a hyperspherical action
is again of the same type, so that we obtain a duality between hyperspher-
ical varieties for Langlands dual groups. In fact, we are proposing that the
hyperspherical actions have the feature that the “approximation” alluded to
above is exact — the boundary theory is entirely determined by the Hamilton-
ian action. Moreover we explain how the structure of boundary theories for
the field theories Ag and B provides both a geometric counterpart to the
relative Langlands program and a new perspective on the theory of periods
and L-functions.

Remark 1.2.1 (Gaiotto-Witten data, Nahm poles and Whittaker induc-
tion). In Part 1 of this work, we prove a general structure theory for hyper-
spherical varieties. The data entering into this structure theorem, on the one
hand, aligns with invariants studied in the Langlands program (cf. Remark
, but is also closely related to the indexing of Gaiotto and Witten,
as we will explain (in reading the following, it will be helpful to be familiar
with the notation of .

Gaiotto and Witten describe 1/2 BPS boundary conditions as associated
to a triple (p, H, Z) of data, where p is an sla-triple in G, H < G is a subgroup
and Z is a 3d superconformal field theory with H-symmetry. These data line
up precisely with the description we give for hyperspherical varieties. First,
Gaiotto-Witten used the datum p alone to specify a new family of Nahm pole
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boundary conditions. These correspond to the Whittaker period T*G//wU
we associate to p — more precisely, our construction corresponds to the topo-
logically twisted form (of either A of B-type) of this boundary condition,
when considered on two-manifolds times R using the R-symmetry provided
by the G4,-action. (See also Remark ) Next, the special case when Z
is a theory of free hypermultiplets — the o-model into a vector space, which is
a quaternionic representation of H — corresponds in our language to the pe-
riods specified by the underlying complex symplectic representation. Finally
the full data (p, H, Z) labels what we study (in this vectorial case) as the
Whittaker induction of Z. In other words, the boundary conditions we study
— Whittaker-inductions M from H to G of special symplectic representations
— are natural special cases of the Gaiotto-Witten classification.

A key contribution of our work, as paraphrased in [Gai23|, is to isolate
within this broader class the hyperspherical varieties. These appear to form
a subclass of boundary conditions that are exceptionally well behaved, see
the subsequent remark. Our prediction is that, when the assembled Hamil-
tonian space M is hyperspherical and anomaly-free, then the dual boundary
condition is also hyperspherical and anomaly—free, i.e., of the same special
form, and no exotic CFTs appear on either side of the duality.

Remark 1.2.2. Why hyperspherical?

As just noted, a key feature of this work is the notion of hyperspherical
variety. We arrived at this by abstracting the role of “multiplicity one” in
the Langlands program.

Namely, a key guiding principle in the study of automorphic periods is the
following: for X a G-space, the X-period of an automorphic form is closely
related to L-functions when the following multiplicity one property holdsﬂ

for a local field F', every representation of G occurs at most
once inside functions on Xp.

Abstracting this leads to at least part of the definition of hyperspherical
variety (although we emphasize this is a simplified picture: the multiplicity
one property certainly does not hold for all X such that T* X is hyperspher-
ical.)

1.3. Arithmetic Field Theory. We now explain that the zoo of data from
§1.1] looks very structured when viewed through the lens of topological field
theory.

The central metaphor of arithmetic topology (as suggested by Mazur and
developed by Kapranov, Reznikov, Morishita and others [Maz73, Rez97,
Mor(2]) is that objects of number theory are analogous to manifolds of a
suitable dimension. In our case, the “manifolds” of interest are globalﬂ and

6We have phrased this informally, ignoring details of functional analysis — i.e. what
exact space of functions on Xr to choose.

"More precisely, instead of talking of a global field, we should talk about its ring of
integers or a curve with this function field, but for brevity we will not do so.
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local fields, or their geometric analogues, i.e., the function fields of curves
over an algebraically closed field I, or the Laurent series field F((¢)). In the
arithmetic topology metaphor, then, global fields are akin to 3-manifolds,
local fields and geometric global fields to 2-manifolds, and geometric local
fields to 1-manifolds.

Kim [Kim18| suggested the notion of 3d arithmetic quantum field theory
— namely, that one consider these “new” manifolds as inputs to topological
quantum field theories, assigning numbers to arithmetic 3-manifolds (global
fields) and vector spaces to arithmetic 2-manifolds (local fields). Specifi-
cally Kim and collaborators have studied arithmetic analogs of 3d TFTs
including Chern-Simons theory and Dijkgraaf-Witten theories with varied
applications [Kim20, (CKK™ 20, [CKK'19, [CK22, ICCK™ 24|, see also [Pap21].

We are interested in applying this notion, but one dimension higher: Ob-
serve that the various items in our discussion of the Langlands program
( loosely resemble the structure of a four dimensional topological field
theory evaluated on manifolds of different dimensions |§| , while the items
in the relative Langlands program (§1.1.2)) resemble the data provided by a
bounding manifold — or more precisely, the extra data of a boundary theory.

Let us then informally say that a “4-dimensional arithmetic quantum field
theory” is a mechanism that associates to arithmetic j-manifolds (for 1 <
Jj < 3) vector spaces, categories or 2-categories as appropriate, satisfying
various natural compatibilities with reference to the arithmetic analogue of
one manifold bounding another. Moreover, we expect such a theory to carry
the rich structure of defects - local, line and surface operators as well as
boundary theories.

The duality posited by the Langlands correspondence can be described
as an equivalence of two 4d arithmetic quantum field theories associated to
Langlands dual reductive groups G, G:

automorphic theory Ag =~ spectral theory B.

Thus we think of the arithmetic correspondence as the same duality as in
the Kapustin-Witten interpretation of geometric Langlands, but where we’ve
extended the possible inputs into the arithmetic regime.

The descriptions of the automorphic and spectral theory are “mirrors” of
each other: the automorphic theory studies the topology of moduli spaces of
algebraic G-bundles (or arithmetic locally symmetric spaces), while the spec-
tral theory studies the algebraic geometry of moduli or deformation spaces of
topological G-bundles (local systems or Galois representations). For exam-
ple, in the everywhere unramified geometric setting, the automorphic theory
attaches to a smooth projective curve the constructible sheaves on the space
of G-bundles of ¥, and the spectral theory attaches the coherent sheaves on
the space of G-local systems on ; the basic structure of both sides is the
same, but different topologies have been used in defining sheaf theory, the

8An apparently different analogy between the Langlands correspondence and topolog-
ical quantum field theory was proposed by Kapranov in [Kap95].
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notion of bundle, and on G itself. This parallel is much more visible in the
geometric than the arithmetic aspects of the Langlands program. Indeed one
of the great advantages of the physical setting of electric-magnetic duality
is that it provides complete symmetry between the two sides. In this paper,
we have tried to systematically take this perspective in studying the spectral
counterpart of the theory of periods.

Our proposal is that the theory of periods attached to a spherical G-variety
X (or its cotangent M, as Hamiltonian G-variety) can profitably be viewed
as defining a boundary theory ©jp; for the automorphic field theory Ag.
Informally this means for any arithmetic j-manifold N we have a new kind
of arithmetic j + 1-manifold bounding N (the product of N by an interval
with one end labelled by ©)/), producing an object in Ag(IN). Moreover we
explain that various structures in the theory of periods fit naturally into this
framework.

In Table [I.3.1] we explain what the automorphic theory for G attaches to
various arithmetic manifolds, both without and with “boundary.”

Remark 1.3.1 (The fourth dimension). Note that the 4th dimension in
this picture — “time” — plays a formal role and is not carrying any arithmetic
structure. There are no genuine 4-manifolds in the arithmetic analogy, but
nonetheless we can build objects from the available arithmetic 3-manifolds
that behave like 4-manifolds insofar as our arithmetic TQFT goes. For ex-
ample, the relative trace formula and the period functionals on automorphic
forms arise as partition functions of the automorphic theory on what can be
considered “arithmetic 4-manifolds.”

For example, the action of Hecke operators on automorphic forms associ-
ated to an arithmetic 3-manifold M should be considered as the invariant
associated to M x I with a line defect inserted along a knot in M. The trace
formula arises as the invariant associated to M x S! (with the insertion of
line defects / Hecke operators), while the relative trace formula for G-spaces
X, Y arises as the invariant associated to a 3-manifold times an interval, with
the two ends marked by X and Y respectively (see also Remark [1.1.6).

Likewise, a Hamiltonian G-space M indexes a boundary theory £ o for
the spectral theory By, which (in the polarized case M = T*X) encodes
the structure of Galois fixed points on X and associated L-functions. Our

proposed duality (*) can be understood in terms of a meta-conjecture (for-
mulated more precisely, in the function field case, in Conjecture |D.8.1):

Conjecture 1.3.2 (Meta-conjecture). Under the conjectural Langlands cor-
respondence of arithmetic quantum field theories Ag ~ Bz, we have an iden-
tification of boundary theories

@M € .AG «— ‘CM € BG
associated to dual hyperspherical varieties G O M — GOM.

This meta-conjecture encodes, in particular, all the matching of data be-

tween Figures and Figures [[.1.2]
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TABLE 1.3.1. F a global field, X,Y spherical varieties, F, a
local field; F' a geometric global field e.g. Fy(t), F, a geomet-
ric local field e.g. F,((t)).

Dim. “Manifold” “boundary” Field theory
4 global F sph. var. X; Relative trace formula(Xy, X5) € C
4 global F sph. var. X X-period functional € H
3 global F ‘H=Hilbert space of automorphic functions
3 local F, F aut. forms with ramification at v € C
3 local F), X functions on X (F,) € C
2 local F, category C of G(F)-representations
3 geom. global F X period sheaf € A
2 geom. global F A = category of automorphic sheaves
2 geom. local F, X cat. of aut. sheaves w/ ramification € €
2 | geom. local F, b cat. of sheaves on X (F,) € ¢
1 geom. local F, 2-category € of G(F,)-categories

1.4. Aims and outline of the current paper. Informally, the aim of this
paper is

to put the meta-conjecture just described on a rigorous foot-

ing, at least in a certain subset of the phenomena it covers.

That is: we shall try to formulate precise conjectures in both arithmetic
Langlands (everywhere unramified over a function field) and geometric Lang-
lands in a reasonable level of generality, clarify their relation to existing
(proved or conjectural) numerical statements in the relative Langlands pro-
gram, and provide where possible other supporting evidence for them. The
primary contribution of this paper, then, is in finding what we hope are
appropriate definitions and formulations.

To describe things more formally we need to introduce some more precise
notation.

Let G be a split connected reductive algebraic group over a local or global
field F, with dual group G, which we will regard as a split reductive group
over a coefficient field k in characteristic zero (for example, k = Q).

In this paper, by a graded Hamiltonian G-space we will mean a smooth,
symplectic variety M over F', equipped with an action of G and a commuting
“erading” action of G, such that

(1) there is a G-moment map
p:M— g

(i.e., a map such that the vector field induced by Z € g is the Hamil-
tonian vector field associated to the function M 3 x — (Z, u(x)));

(2) the action of G, scales the symplectic form by the square of the
tautological character, i.e.,

a*w = a’w.
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In particular, the moment map is Gy,-equivariant when G,, acts by the
square of the tautological character on g*. The spaces M that we consider
will satisfy certain other conditions, involving “parity” and ‘“anomaly”, which
we will discuss later e.g The G,,-factor in the condition
above will be a component of the “extended reductive group” that we will
define in [2.8] This is a group that appears naturally on the spectral side
of the Langlands correspondence, and, in order to distinguish it from other
instances of G,, we will denote it throughout this paper by G, and call it the
“grading group.” Its action on the spectral side is related to a cohomological
grading in a geometric setting, and to the Frobenius in an arithmetic setting.

The paper is organized as follows. (We give here a high-level description;
each section begins with a detailing of its contents.)

e Part 1: Structure theory ( — : In we introduce the hy-
perspherical varieties, a convenient class of graded Hamiltonian G-spaces
that is closely related to the class of cotangent bundles of spherical varieties.
Formally, they are are affine Hamiltonian varieties with a suitably normal-
ized commuting Gg,-action whose invariant functions Poisson-commute (for
example, cotangents to affine spherical varieties), which also satisfy mild
conditions on the moment map and generic stabilizers.

We establish a rigid structure theorem for hyperspherical varieties, The-
orem [3.6.1] — they are all given by Whittaker-twisted symplectic induction
from symplectic representations of reductive subgroups H < Gﬂ

We then introduce the notion of “distinguished polarization” for a hyper-
spherical variety, and show that it is essentially unique when it exists. Here
the notion of distinguished polarization is slightly weaker than requiring
that M be equivariantly a cotangent bundle, and in particular it includes
the Whittaker case.

In §4| we attach a dual Hamiltonian G-space to a polarized hyperspheri-
cal variety. This dual is built explicitly as a Whittaker-twisted symplectic
induction using three main ingredients:

e the dual subgroup Gx < G associated to a spherical G-variety [GN10,
SV17, [KS17];

e the commuting SLy — G of [SV17, [KS17], and

e a symplectic representation of Gx, denoted Sy.

duality M < M (see in particular Expectation |5.2.1) and also tentatively
discusses issues of rationality, i.e., what the “split” form of a hyperspherical
variety is when the ground field is not algebraically closed.

In summary, this part of the paper produces an explicit and readily com-
putable class of pairs (M, M ) that are candidate pairs for relative Langlands
duality. They are all “Whittaker induced” from symplectic representations —

Finally, §5| discusses our expectations concerning the exact domain of the
i

INote that, although all hyperspherical varieties arise thus, the converse is not the
case - it is, in general, not obvious when a Whittaker-twisted symplectic induction will be
hyperspherical.
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which allows us to reduce many questions to the case where M or M is in
fact a symplectic representation.

e Part 2: Local Theory. ( - In these sections we formulate and
study our general story in the local unramified setting. That is to say, given
(M, M) as above, we will spell out the matching between “automorphic”
and “spectral” data corresponding to M and M under certain restrictions —
in particular, the existence of a polarization on M — starting from a finite
characteristic local field such as F' = Fy((t)), or its “geometric” analogue
F = C((t)). As we have explained in this matching takes the form of
an equivalence of categories in the geometric case, and an isomorphism of
Hilbert spaces in the F,((t)) case.

e In §6] we discuss the notion of shearing, or shifting cohomologically
graded vector spaces according to their weights. This basic opera-
tion is familiar from Koszul duality (or from considerations of Tate
twists), as reviewed in this section, but thanks to the machinery of
higher category theory [Gail5¢| it can be carried out in very general
settings. The widespread systematic use of shearing is an underlying
current in our work, especially in describing the spectral sides of our
conjectures; in particular it will be used in §7}

e In §7]we attach a category of “spherical sheaves on a spherical variety”
- the automorphic quantization of M = T*X over F a geometric
local field. We formulate a spherical counterpart to the geometric
Satake correspondence, identifying this category with the spectral
quantization (a category of coherent sheaves) associated to the dual
hyperspherical variety M. This conjecture encounters many technical
complications related to sheaf theory on infinite dimensional spaces;
these are important issues for further study. We also spell out various
constraints this equivalence is expected to satisfy.

e In §8 we explicate a part of the local conjecture from §7] that avoids
most of the intricacies of sheaf theory from the previous section. By
studying the internal endomorphisms of a certain basic object — the
so-called Plancherel algebra — we deduce a version of the conjecture
that is simultaneously related to the study of the Coulomb branch
by Braverman, Finkelberg and Nakajima [BENI1S]|, and, as we see in
the next section, very closely related to the study of the Plancherel
measure.

e In §9] we establish the conjecture of §§ at the level of Frobenius
traces, in many cases, by relating it to the known description of the
Plancherel measure for spherical functions (as computed in [Sak13
SW22]). This also accounts for our name “Plancherel algebra,” which
we have used in preference to “Coulomb branch” for our purposes be-
cause it is more evocative of its arithmetic role.

e Part 3: Global Theory ( - §14)) We study the global story, by
which we mean the story over a curve over either a finite field or the complex
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numbers, with function field F. Just as in Part 2, we will start with (M, M)
as in Part 1, and use M to construct additional data on the automorphic side
of the global Langlands program (as in and we use M to construct
corresponding data on the spectral side. The central proposal is that they
match; for example, in the “arithmetic”’ case, this amounts to the diagram

D).

. constructs an automorphic quantization (here, a automorphic
sheaf or an automorphic function, depending on context) when M is
polarized and F is a global field or a geometric global field. These
are “periods” or “period sheaves.”

° Constructs a spectral quantization (here, an object of the spectral
category — a sheaf on the moduli space of local systems) when M is
polarized and F' is a geometric global field. These are termed L-
sheaves and we will explain how their stalks recover L-functions.

e §I2|formulates the geometric matching statement: “period sheaf matches
L-sheaf” in the settings specified in the prior two sections. Interest-
ing subtleties arise here, for the sheaves do not always live in the
most natural categories for the Langlands correspondence, and have
to be forced into them. We then study various formal properties of
the conjecture as well as some examples, and formulate a conjecture
in some unpolarized cases.

. performs a useful reality-check by studying the matching of pe-
riod and L-sheaves in the case of the projective line P*.

° passes to the arithmetic setting of everywhere unramified forms
over a global field of finite characteristic. We formulate the match-
ing of automorphic and spectral quantizations in this context — this
amounts to (|1.1)), that is, to the matching of a period and an L-value.
This is part of the “classical” setting for relative Langlands duality
and so can be compared with numerical predictions. Our analysis
gives evidence for the Conjecture of §121 We study several phenom-
ena of independent interest in passing, in particular the star-period.

e Part 4: Local-to-Global and Factorization Aspects (§15]-

In Part 4, we work in a geometric setting and relate the local theory
from Part 2 with the global theory from Part 3. This gives rise to rich
algebraic structures of interest in their own right. A key role here is played
by factorization.

. introduces the (one-point, unramified) ©-series functors on the
automorphic and spectral sides, and formulates the local-global com-
patibility conjecture: the O-series intertwine the local and global
period conjectures of §7] and

° describes the role of factorization structures on the automorphic
side. In particular we explain how the Plancherel algebra (categori-
fying the Plancherel measure for spherical functions) extends to a
factorization associative algebra on any curve, closely related to the
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relative trace formula, and also to a factorizable form of the ©-series
construction.

° describes factorization structures on the spectral side with much
greater precision but at the cost of restricting to the Betti setting.
We formulate the notion of a “spectral deformation quantization,”
producing the spectral counterpart to the factorizable Plancherel al-
gebra, and construct one when M is a (possibly twisted) cotangent
bundle.

o I8 studies the algebra of L-observables and its action on the L-sheaf,
a geometric counterpart of the L-function of M and its square root
given by the L-function of X, via coherent sheaf forms of microlo-
calization and quantization. We also explain a spectral construction
of “geometric Arthur parameters” using the tools of shearing and
L-sheaves.

We refer here to page and the section introductions for lengthier and
more motivated discussions of the contents of this part.

e Part 5: Appendices In Appendix §A] we collect basic properties of
Koszul duality that appear repeatedly in the text. We also introduce a simple
gadget, the “spectral exponential sheaf”, which underlies our approach to
Whittaker-type constructions on the spectral side.

we survey the menagerie of sheaf theories that we use throughout.

§C|gathers background regarding the geometric Langlands correspondence
in its various forms.

contains a discussion of structures coming from topological field theory.
After reviewing factorization and FE,-algebras we sketch a formal approach
to the definition of algebraic quantum field theory on curves, capturing part
of the rich structure predicted by the metaphor of arithmetic quantum field
theory. We explain how this formalism conjecturally houses many features
of the Langlands program and its relative version.

§E] is a garbage can full of miscellaneous computations, which we could
neither bring ourselves to discard entirely, nor to leave in the main part of
the file.

1.5. Some examples. The following tables give a list of sample examples
of hyperspherical dual pairs (M, M). Many of these examples are discussed
in some more detail in the paper, and the notation explained in more detail.
This list is very far from comprehensive, and are chosen to some extent to
reflect examples discussed in the paper. Not all examples are, to our knowl-
edge, studied in the automorphic literature; but some cases have been so
extensively studied that is impossible to even begin to summarize the work.
We have at least tried to give representative citations to papers discussing
the associated global period, from which precise details can be extracted.
We have separated them into three general classes. The first are the sim-
plest class, where both M and M are polarized by G-varieties. The second
are also polarized but now allowing “twisted” polarizations, as indicated by
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TABLE 1.5.1. Examples of hyperspherical dual pairs

[ attribution/name | G/H or (G, X) [ G/H or (G, X) [ attribution/name |
Hecke PGL2/A (SL2, A%) normalized
Eisenstein
Iwasawa—Tate (G, AT) (G, AT) Iwasawa—Tate
|[LM15] H x H/AH H x H/A'(H) [LM15]
JRI6 GL2n+1/GLn X GLn+1 GL2n+1/Sp2n
TR96 GL2,/GL,, x GL, Glan Xspy, std
GJT72 GL, x GL,, M, G xaL, A" [JTPSS83)|
[Wanlgl SO4n+1/GL2n G XSP%.,L std?
point G/G G/(U, ) Whittaker, [LM15]
[JS90] GLan/GLy (Mo, 0) GL3,/Spoy, [TRO2]
“std. L-function” (GL,,, Std). (GL,,,GL,, /G, - (U, %)) |JS81al [JS81b]
“sph. harmonic” SO2,,/SO2,—1 SO2,,/S0s3.(U, ) Bessel
SO4W,/GL27,, SOu4n X Spoy (U.4) std?
[BG92| GSPg XGLy.(Up) A (GSpin,, spin x G,)
[Gin95] GEs XgLg.(U,yp) A (GEg,stdar x Gy)

[ attribution/name | G/H or (G, X) [ M, not X [ attribution/name
lGGP12J SOs2, X SOQn+1/802n SOs2, X Sp2n, std ® std [Ral84aj
Gan—Gross—Prasad Rallis” inner product

[GRO0] (PGLo, (GL2)* - (V, 9)/Gum) (ST, M = 2%)
WZ21] GSpg x GSp,/(GSpy x GSp,)” | (G, M = spin, ® spiny)
WZ21 E7/PGLs - (U, 9) (G, M = wr)
[WZ21] GSO12/CLa - (U, ) (G, half — spin x T*G,,)

the presence of W. Finally, in the third class, one side does not admit a
polarization; in the examples we present, these cases have vectorial M with
Gy action by scaling, which corresponds to an automorphic period which
squares to the central value of an L-function. We also warn that, although
we often listed X and not M, it is really the latter and not the former that
is intrinsic, cf. Examples

The generality we propose above is certainly far from the end of the story;
we have many interesting examples of duality-type phenomena when M is
either:

e a graded Hamiltonian space that is hyperspherical ezcept for the
connectedness condition in the definition therein, or

e not affine, or

e not smooth, or

e not even a variety (e.g., a stack or derived scheme),

and indeed some of the most interesting consequences for number theory
may reside in such instances.

A simple but already important example is the case of M = T*(U\G), con-
sidered as a space under T’ x G its putative dual should be M = T*(U~\G)
considered as a space under 7' x G. This example is related to the theory of
Eisenstein series, but does not fall in our general framework because M is

not affine. See in particular Example [12.3.5 EGI

101, this connection it is interesting to observe that the Whittaker model, which is
related to a bundle over U\G, is very well behaved; and this is precisely because the
associated M, which is a twisted cotangent bundle of T*(U\G), in fact is affine.
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1.6. Some open questions. Put charitably, this paper leaves open many
more questions than it answers. Some of these are formulated as conjectures
throughout the paper; but we also take the opportunity to draw attention
to some that are perhaps less clearly formulated but seem important.

e Can we extend the theory of spherical varieties to a theory of hyper-
spherical Hamiltonian spaces? Many of the Knop’s techniques for
studying spherical G-varieties X already go through the cotangent
bundle 7*X; many of his results have been generalized to Hamil-
tonian spaces by Losev [Los09]. The ideas of Knop and Losev are
used heavily in §3| It would be particularly desirable if the duality
(G, M) < (G,M) could be read off from matching combinatorial
invariants.

e From the point of view of supersymmetric quantum field theory, one
should consider not just symplectic varieties with Hamiltonian G-
action, but hyperkéhler manifolds with isometric actions of the com-
pact real form of G. So it is natural to ask if complex hyperspherical
varieties admit such metrics. This is known in the abelian case (the
theory of hypertoric varieties) as well as for cotangent bundles of flag
varieties and symmetric spaces.

e What is the precise role of (hyper-)sphericity? (cf. Remark .
In the local setting, our conjectures (for M = T*X) predict strong
rigidity for the categories of spherical sheaves H~X of spherical sheaves
on LX. In particular, we predict they are generated by the basic
sheaf, admit a “graded” lift in the spirit of Koszul duality [BGS96],
and admit a locally constant factorization structure (an algebraic
analog of a braided monoidal structure in topology), see Problem
[16.2.11] These properties appear to be strongly tied to sphericity,
and it would be very useful to have a formal statement to this effect.

e The singularities present in local loop spaces pose a number of in-
teresting questions that are important for a better understanding of
the local conjecture. This is discussed at varoius points in see for
example Remark [7.5.4] and §7.3.9] for some specific problems.

e The papers [Sak13|, [SW22] of the second-named author, the second
in collaboration with J. Wang, provide a computation of spherical
Plancherel measure for a large class of spherical varieties. This is the
numerical form of the local conjecture (cf. ; so is it possible to
categorify the proof of [SW22] to give a parallel proof of the local
conjecture 7

e What is the dual version of the theory of asymptotics and boundary
degenerations of spherical varieties, as in [SV17]?

e A crucial question for applications is to extend the applicability of
the theory past the split case (and indeed to study more carefully
the properties of the split form of a Hamiltonian space) cf. .
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Extend the global story to number fields, and to ramified situations.
For example, to do so, one should — starting from (G, M) — specify
for each local field F, a representation Qs of G(F'); and for each
global field F' with ring of adeles A, a specified morphism © from the
restricted tensor product of the €27, to the space of automorphic
functions, and (the hard part) give compatible descriptions of both
data on the spectral side in terms of M.

The star-period, discussed in §10.3.1] is obviously also an important
numerical object, and deserves further examination.

Clarify the global quantization of non-polarized M:

— On the automorphic side, the theory of the Weil representation
does this, but one needs to systematically understand the split-
ting in order to have a fully satisfactory theory (see § for
a suggested answer).

— On the spectral side, one needs to construct a spectral analogue
of the Weil representation, which would be sufficient to spec-
trally quantize general pairs (G, M). We have carried this out
in the Betti case and will present it separately.

Develop spectral quantization ( in the positive characteristic
setting. What is the counterpart of Es-algebras and braided tensor
categories as the algebraic structure underlying locally constant fac-
torization algebras? What takes the place of shifted differential op-
erators and relative flat connections in the description of the global
Hecke category and L-observables?

An extremely intriguing direction is to find new “exotic” examples of
dual pairs (G, M) and (G, M) that are outside the framework of this
paper. Already many Rankin-Selberg integrals seem to require that
we allow M or M to be singular, or stacks, to properly fit into this
framework. In some cases these Rankin-Selberg integrals are still
related to spherical varieties, but which fail some of our assumptions
— for example they are singular [Sak12], or they possess roots of type
N. See also [CV24] for some preliminary work in this direction.
The field theory perspective suggests a higher categorical structure to
the collection of periods for GG. In particular it is natural to consider
morphisms of periods, given by (quantizations of) Lagrangian corre-
spondences of Hamiltonian G-spaces. Examples of this appear in the
theory of unfolding, and it would be interesting to place these exam-
ples in a more structured framework, in particular to study duality
on morphisms of periods.

Periods for product groups G x H are closely related to instances
of Langlands functoriality. The field theory setup suggests that it
may be interesting to consider an expanded notion of functoriality:
to study linear maps from the vector space of automorphic functions
for H to the vector space of automorphic functions for G which arise
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from Hamiltonian actions of G x H rather than only homomorphisms
H— G.

1.7. Recent developments. There have been substantial pieces of work
around the topics of interest in this paper, during the time that the paper
was being prepared. We try to summarize a few of the relevant works known
to us here. Note that our description of these papers are often incomplete;
we note only the results that they contain that are most directly related to
this work.

o For recent results related to geometric local duality, see {7.6.5
In the setting of local fields:

e Wee Teck Gan and Bryan Wang Peng Jun have provided evidence
[GJ24a], arising from #-correspondence, for the role of hyperspherical
duality in ramified local Langlands.

In the global setting:

e Eric Chen has studied [Che24l [CV24], partly in collaboration with
the third author, several examples of numerical global duality involv-
ing singular spaces.

e Tony Feng and Jonathan Wang have examined [FW24| the geomet-
ric conjecture in the Hecke case, and proven it up to an issue of
identifying two extensions.

e Zhengyu Mao, Chen Wan, Lei Zhang [MWZ24a] have proposed a
relative trace formula comparison to reduce a version of the global
numerical conjecture (even allowing ramification!) to the “strongly
tempered” case; this is based on related conjectures (not following
from hyperspherical duality) about degenerate Whittaker models.
They have also [MWZ24Db] provided a classification of a large class
of strongly tempered hyperspherical varieties.

e Gan and Jun have also checked in [GJ24Db|, in the same set of ex-
amples as [GJ24a], the validity of the results of our §9| as well as
the global conjectures of §14 (allowing ramification, although they
do not examine the constant).

On the general geometry of hyperspherical varieties:

e Finkelberg, Ginzburg, Travkin have proposed [FGT23| the statement
that, given dual hyperspherical varieties M, MY, there is a close re-
lation between “symplectic Borel orbits on M” (by which we really
mean Borel orbits on X if M = T*X, which can be formulated purely
in terms of M), and symplectic Borel orbits on M.

e In the context of his study of endoscopy for symmetric varieties,
Leslie [Les24] has both clarified some of the constructions of our Part
1, in particular explicating the symplectic representation that enters
the definition of the dual hyperspherical variety and confirming our
Conjectures [£.3.16] [£.8-§ in that case. Much of Leslie’s work applies
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to general symmetric varieties, not only those with hyperspherical
cotangent.

e Work of Jiajun Ma, Congling Qiu, Zhiwei Yun, Jialiang Zou in
progress provides a categorification of the work of [FGT23] and proof
of this statement in some cases related to 6 correspondence.
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2. NOTATION AND CONVENTIONS

We are going to summarize here some of the notation and conventions
used throughout the paper. Since we will endeavor to also define notation
where it is used, the reader should refer to this section only as needed.

2.1. The coefficient fields F and k. There will be two base fields used in
the paper.
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The field F will usually be the base field on the automorphic side. It will
(most of the time) either be the algebraic closure of a finite field, or the field
of complex numbers, according to context.

By k we will denote a (usually algebraically closed) coefficient field of
characteristic zero, which will be the base field on the spectral side. When
F = E , this coefficient field will be taken to be Qy, for some [ different
from the characteristic of F. Moreover, in this case, we will fix once and
for all a square root ,/q of the order of F, inside k, which will permit us
to think about half-Tate twists. In particular, we assume the existence of
such a square root, when half-integral Tate twists appear. Our conjectures,
however, will not depend on this choice, and we discuss at various points
how to formulate statements in an invariant fashion, see in particular §C.7

We also fix, once and for all, an additive character ¥ : F;, — k*. In §
we will, correspondingly, fix an Artin—Schreier sheaf on which all “Whittaker-
type” constructions will depend.

2.2. Curves and their fundamental/Galois groups. We fix a smooth
projective curve X over the field F. The symbol F will we will be used
to denote a variety of fields, depending on the setting, loosely related to
functions on Y. This includes:

the function field of X;

the completion of the above at a point of the curve;

when ¥ is equipped with a model over Fy, the function field of ¥, ;
occasionally, we will also use F' to denote number fields and their
completions.

2.2.1. Global setting. When F' is a global field, i.e. the function field of a
curve over [F, or a number field, we denote by A its ring of adeles, and for a
linear algebraic group G over F we set [G] = G(F)\G(A).

There is an adelic norm

(2.1) AXJF* o kX o |2

which sends each uniformizer in the adeles to the inverse of the associated
residue field cardinality.

Let I' = I'r be the Weil group of F when F' is a function field of a curve
over [F,. This comes with the cyclotomic character:

(2.2) w:p — Q%
which sends a(n arithmetic) Frobenius element to ¢ € Q*. The chosen square

root of ¢ in k defines in particular a square root @w'/2: I'p — k*.

2.2.2. Local setting. Let F' =TF((t)), with integer ring O = F[[¢]].
In the case when F = F, and we need to distinguish, we will use the
notation f, o for the same objects defined over the finite field Fy:

f=F,((t) and o =[]
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We will also use the following notation for arc and loop spaces: For X a
scheme, we shall write X for the formal arc space, representing the functor

R — R|[[t]]-points of X,
a scheme over IF; and X for the formal loop space, representing
R — R((t))-points of X,
which for X affine is represented by an ind-scheme over [, see

2.3. Reductive group notation.

2.3.1. Let G be a split reductive group over F. (Our reductive groups will be
understood to be split by default, unless otherwise stated). We will usually
use

UcBcd

to denote a maximal unipotent subgroup and Borel subgroup of the reductive
group G. A pinning of G is as usual a choice of T' < B and an isomorphism
G4 ~ U, of each root space. In this situation there is a distinguished char-
acter B — Gy, (descending to the torus quotient), given by the sum of all
positive roots. We will denote it by €2 or by 2p at the Lie algebra level.

We denote by G the Langlands dual group to G, which we take as a split
pinned group over k.

The ezxponents G of a reductive group are, by definition, the dimension
of homogeneous polynomials generating the polynomial ring of G-invariant
regular functions on g. For example, the exponents of SL,, are 2,3,...,n.

2.3.2. The duality involution. There are two closely related involutions de-
fined for a pinned reductive group, which we review now. The first version is
the Chevalley involution, and we will denote it by c. It is uniquely character-
ized by the fact that it preserves the pinning and acts on the torus according
to t > w(t™1).

The second is what D. Prasad has called the duality involution [Pral9],
and we will denote it by d. It is the composite of the Chevalley involution
with conjugation by e”(—1), i.e., it is uniquely that it negates the pinning
and acts on the torus according to t + w(t~1).

For example, for SL,,, the duality involution is given by

g — Ad(w)(g") ",

where w is the matrix with all entries 1 on the anti-diagonal, and other
entries zero.

We will use a superscript d for various involutions induced by the duality
involution. For example, for X a G-variety we denote by X the same variety
but with G-action twisted by means of d.
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2.3.3. The notation H and Gx ; the Arthur SLas. Let G, G be a pair of dual
reductive groups as above. We will often deal with a Hamiltonian G-space
M and Hamiltonian G-space M that will be, in a suitable sense, in duality
with each other. Because of Theorem [3.6.1] we will be particularly inter-
ested in a cases where both sides are determined by linear-algebraic data:
an SLy in the group, a commuting reductive subgroup, and a symplectic rep-
resentation of that subgroup. The notation we will use for this data will be,
however, somewhat asymmetric, reflecting notation used in the automorphic
literature, where the symmetry of the two sides is not apparent:

(a) On the G side, we will use the notation
(2.3) (H c G,sly g, S a symplectic H-representation)

for the data defining M. )
(b) On the spectral side, in the case when M is in duality with M = T* X,
we will rather use the notation

(2.4) (Gx < G,sly c g, Sx a symplectic G y-representation)
for the corresponding data defining M.

Remark 2.3.4. (Whittaker and Arthur role of SLy): This linear-algebraic
data for M and M play an important role in shaping the automorphic and
spectral quantizations in the sense of The role of sl is quite different
on the two sides: informally, automorphically it measures the involvement
of “Whittaker characters,” whereas spectrally it relates to the “Arthur” SLo
that quantifies the failure of temperedness.

2.4. Navigating the assumptions on hyperspherical spaces. In Sec-
tion [3] we will introduce the central objects in the relative Langlands duality
that we propose in this paper, the hyperspherical Hamiltonian spaces. Since
the definitions are given at first over algebraically closed fields in characteris-
tic zero, while these spaces are used later over non-algebraically closed fields
in arbitrary characteristic, we would like to point the reader to the places
where this leap is explained.

Central in our use of hyperspherical spaces over arbitrary fields will be
the Structure Theorem which states that hyperspherical G-spaces over
algebraically fields in characteristic zero are obtained by a process of “Whit-
taker Hamiltonian induction” from symplectic representations of reductive
subgroups of G. It is such a structure that we assume over different fields,
in order to talk about hyperspherical spaces there, as outlined in the prelim-
inary discussion of rationality issues in §

Moreover, at many points in this paper we will need our spaces to admit a
distinguished polarization, in the sense introduced in , over algebraically
closed fields in characteristic zero, and in § over more general rings. Such
spaces are closely related to spherical varieties, with additional assumptions
(such as smoothness) inherited from the conditions defining “hyperspherical,”

see Proposition [3.7.4]
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In Section 4] which deals mostly with such polarized hyperspherical spaces,
proposing a construction for their Hamiltonian dual, the effect of working
over a non-algebraically closed field is discussed in § In particular, when
the field of definition of is not algebraically closed, the dual side should
come with additional structure, which extends the definition of the L-group
of G; we define the L-group of a spherical variety (Definition , and
discuss, but do not quite define, the action of the Galois group on the dual
hyperspherical variety (see Conjecture .

Finally, in § we postulate that there should be a distinguished “split”
form of a hyperspherical variety over general rings, and provide our working
definition for split forms, Definition [3.9.9] which is used throughout the
paper. This definition requires some split form of the data that go into
the structure theorem to descend in a unique way from Z localized at a
finite number of places, an assumption that does not always hold. However,
it works in large enough characteristics and over large enough finite fields
(Proposition , allowing us to talk about a distinguished split form in
those settings in the absence of an abstract theory for those.

For the remainder of the paper, whenever not specified, a hyperspherical
(possibly polarized) hyperspherical variety is one constructed as in the struc-
ture theorem over C (as in § , and it is called split whenever it satisfies
our working definition of §

2.5. Shifting, super-vector spaces and Frobenius traces. For V a vec-
tor space over k the dual of V' will be denoted by V'V, pronounced “vee-vee,”
and the symmetric algebra on V' will be denoted by Sym*V or simply SymV
to keep typography simple. We denote by

det(V) or [V = AdmVy

the top exterior power of V. If V is equipped with an action of the Galois
group of a finite field F,, we define

[V] = trace of geometric Frobenius on V

where the geometric Frobenius is inverse to  — z9. The geometric Frobenius
will be denoted by Fr. The notation [...] will also be used for shifts (see
below), but we hope this will not cause too much trouble.

2.5.1. Sheaf-function correspondence. We record the normalization of sheaf-
function correspondence to try to clarify signs.

For X a variety over a finite field F, and a étale sheaf F over X with
coeflicients in k, the associated trace function is, by definition, that function

X(Fy) — k
whose value at x is given by [Fz], with the bracketed vector space the stalk

F at a geometric point SpecF, — X above z, and Gal(F,/F,) is acting by
pullback (note that this is a left action, because the association from fields

to their spectra is contravariant).
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2.5.2. Shifting. For a complex of vector spaces V with a Frobenius action,
we denote by
V(a,b] = V[t @ k(a),
the combination of a cohomological shift by b and a Tate twist by a. The
latter means that we twist the Frobenius action by ¢~%; note this is well-
defined for a € %Z because we have fixed /q € k.
In particular, we have

(2.5) [V(6,6/2]] = (=1)’q*2[V].

The sign (—1)® that appears here comes from the fact that trace on a complex
is an alternating construction.

2.5.3. Multiplication by \/q is super. Throughout this paper we will have to
deal with supervector spaces, and it is important to clarify why this is.

There are many contexts in number theory over I, where one wants to
multiply by /g or q Y2, This requires supervector spaces to properly ge-
ometrize! Indeed, equation can be considered as a first attempt to do
this categorically, while preserving purity (thus, the cohomological shift).
However, this has the unfortunate feature of introducing the sign (—1)°.
To have a way of multiplying trace by ¢~%2, without any sign, we want to
include in our twist a change of parity.

More formally, following [BD], we work with supercallifragalisticexpialodocious-
vector spaces over k, which will be abridged for typographical reasons to
“supervector spaces.” That means we consider Z/2-graded vector spaces, but
with the symmetric monoidal structure given by the Koszul rule of signs. As
a formal result of the theory of traces, the trace of an endomorphism (such
as Frobenius) in this context becomes the supertrace, and we will use the
extra freedom to fix the signs.

Let us now introduce a special notation for the pure twisting with the
right sign:

(2.6) V{b) = T1°V[b, b/2)
where II is the shift of parity functor. We then have
(2.7) V)] = a"?[V]

and [|[VD)[] = ¢ V2[|V|]. We will also use the notation V{b) in
contexts where there is no Frobenius action to mean the super-analog T1°V []
of the shift.

For obvious practical reasons, we will not refer to the super-grading every
time that such shifts are introduced, i.e., we will often write V{b) = V'[b,b/2),
recalling the super-grading when it is relevant.

Remark 2.5.4 (Super-vector spaces and Galois descent). The role of super-
vector spaces in this paper can be nicely encapsulated in the idea [JE17] that
Vect* P’ is a Z/2-Galois extension (in fact algebraic closure) of Vect in the
world of tensor categories. Various constructions, most notably shearing
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(§2.5.7, §6.1)), are naturally defined as operations on super vector spaces
which we descend to less evident operations involving ordinary vector spaces.

2.5.5. Shifting of complexes and super signs. To avoid any confusion, and to
illustrate the role of super-vector spaces, we are going to describe carefully
various signs that occur in shifting of complexes, deriving from the “super”
symmetric monoidal structure on complexes (the Koszul rule of signs). The
reader may want to skip this discussion on a first reading.

Let k[a] be the complex consisting of a copy of k in degree —a. There
are “evident” identifications k[a] ® k[b] ~ k[a + b], which are not naively
compatible with the symmetric monoidal structure, in that the composite

kla + b] — k[b] ® k[a] — k[a] ® k[b] — k[a + 0]

is not the identity.
For a complex of k-vector spaces M, we denote by M|[a] the shift, which
is convenient to regard as the tensor product

Mla] = kla] @ M

with respect to the symmetric monoidal structure on complexes. With this
convention the differential is multiplied by (—1)%. We may then identify

(2.8) M[a]® N[b] ~ (M ® N)[a + b]

using the symmetric monoidal structure and the noted identification k[a] ®
k[b] ~ k[a + b]. The identification is associative, i.e., the two resulting
identifications M [a]®N[b]®O0[c] — (MRN®O)[a+b+c] coincide. However
as before there is a sign that enters into the commutativity. Similarly, we
may identify
Hom(M]Ja], N[b]) ~ Hom(M, N)[b — a,

in a fashion that is compatible with composition. Here one must take care
with sign; these can be handled abstractly using the fact that complexes
form a closed symmetric monoidal category, and are therefore enriched over
themselves, and then considering the convolution action of the invertible
objects k[a].

On the other hand, if we consider instead the superlines {k{a)}qez (with
k{ay in super-parity (—1)® and in cohomological degree —a) then these sign
issues disappear, and the composite of natural maps

kla + by — k(b) ® k{ay — k{a) ® k{by — k{a + b)
is the identity.

Remark 2.5.6. A formal way to encode these signs can be expressed as
follows (see |[Kap21, [Dugl4] for more comprehensive accounts of the under-
lying issues). The tensor-invertible graded vector spaces — the full subcat-
egory {k[a]}qez — form the Picard groupoid (commutative group object in
groupoids) of Z-graded lines, which is a nontrivial extension of Z by BGy,,
even though on the level of monoidal categories (and underlying group ob-
jects) this extension does split. In other words in a suitable higher-categorical
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sense the action of Z by shifts is only a projective action, but lifts to a gen-
uine action of a BG,, (or in fact BZ/2) extension. By contrast the Picard
groupoids formed by the coreresponding super-lines form the trivial exten-
sion Z x BG,,, and we have a genuine action of Z by shifts.

Thus if we denote
M{a) = k(a)® M,
we again have identifications

M{a) ® N{by ~ (M ® N)a + b

and
Hom(M<{a), N(b)) ~ Hom(M, N){b— a),

but now without any signs modifying the commutativity.

2.5.7. Shearing. Given a G,-equivariant complex N € Rep(G,,,) of k-vector
spaces, we define its shear as a G,,-equivariant complex of super k-vector
spaces by combining the cohomological and G,,-grading of N, and modifying
the parity accordingly:

N =@ N; — N .= @ N:Gi PIN;[4] <;>
i €L 1€Z
Here N; is the component upon which G, acts by A — A’. Here and below, as
remarked after (2.7), our convention is that the Tate twist (i/2) embedded
in the definition of (i) is to be ignored for the moment since we have no
Frobenius action; but we will continue to write it because it is very helpful
to keep in mind for settings where a Frobenius will be present.

Note that even shifts don’t involve parity shifts, so that even iterates of
the shearing operation don’t require super vector spaces. In general when
the symmetric monoidal structure is not needed we can apply the forgetful
functor from super to ordinary vector spaces, and abuse notation to write

N — N/

for the resulting endofunctor of Rep(G,).
The process of shearing will be discussed in more detail in Section [6]

2.5.8. Shearing in the presence of a Frobenius action. In the case that N
has an action of Frobenius (or other Galois or Weil groups) the Tate twist
included in the shear modifies the Frobenius action.

In particular, observe that:

e If N is pure, the action of Frobenius on the sheared vector space N/
is obtained by introducing half-integral Tate twist to preserve purity;
e In particular, for N in degree zero with trivial Frobenius action,
the action of Frobenius on N7 will be very easy to remember and
reconstruct from the shearing: vector spaces in cohomological degree
(—n) will be twisted by k(%5). In particular, for odd cohomological
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degrees, this will depend on the choice of a square root k:(%), i.e., on

the fixed choice of square root q% € k.

Example 2.5.9. Take G to be a split reductive group over a finite field.
Then there is an isomorphism in the derived category of Qg-vector spaces
with Frobenius action:

H*(BG,Qy) ~ (G-invariant regular functions on Lie algebra g, )/,

where on the left we have geometric etale cohomology, and on the right we
regard the functions on the Lie algebra to have trivial Frobenius action and
grade according to the squaring action of G, on the Lie algebra. Thus, for
example, quadratic functions lie in degree —4, and are sheared to cohomo-
logical degree +4 and with a Tate twist —2, so the statement says:

H*(BG, Q) ~ (invariant quadratic functions on g)(—2).

2.5.10. Shifting of vector bundles. V continues to be a vector space over k,
which we shall consider now as an affine scheme over k. The “shifted vector
space V[—1]” is understood to be the derived scheme with ring of functions
O = SymV™*[1], which is abstractly an exterior algebra (note that there is
no parity shift on the right).

By contrast, when we attempt to apply positive shifts to V', we encounter
coordinate rings such as SymV*[—2] which are cohomological (i.e., cocon-
nective rather than connective or homological) graded rings, and thus are no
longer affine objects in derived algebraic geometry — we will use them only
as convenient placeholders for their rings of functions and the corresponding
categories of modules. We warn the reader that another possible interpre-
tation of V[2] is the coaffine stack represented by this coconnective ring,
which has the same ring of functions, and this is never what we refer to: its
category of quasicoherent sheaves is different from the category of modules
for the ring.

For a variety Y, we denote by TY and T*Y its usual tangent and cotangent
bundle (or (co)tangent complex for V' singular). We will denote by T[—1]Y
the shifted tangent bundle, i.e. if 7 is the tangent sheaf, then T[—1]Y
is the relative spectrum of the symmetric algebra of 7*[1]. Similarly we
define other shifts; particularly important for us will be 7%[2]Y, the formal
placeholder object whose ring of functions is the symmetric algebra of 7[—2]
and whose quasicoherent sheaves are modules over this ring. Note that
T[—1]Y is a derived scheme, whereas T*[2]Y is graded in cohomological
degrees, and in both cases there are no parity shifts unless explicitly stated
otherwise.

As an example of our notation, suppose that G4, acts on the vector space
V by scaling. Then:

e We do not use the object T*[2]V directly, but will allow ourselves to
refer to its ring of functions Orx[g)y: this is the symmetric algebra

on V*@ V[-2].
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e The sheared ring 04*[2]‘/ is (therefore) the symmetric algebra on

V*[—1] @ V[—1] where both factors are put in odd parity; thus this
“symmetric algebra” is infinite-dimensional.

2.6. Inner products of functions and sheaves. The following lemma
relates sheaf homomorphisms to inner product of trace functions. It will be
used at various points in the text to connect sheaf-theoretic and function-
theoretic considerations.

Lemma 2.6.1. Given two Weil sheaves F,G on an Fq-variety X, let f and
g be the trace functions associated to, respectively, F and DG; then

Z f(z)g(z) = (geometric) Frobenius trace on Hom(F,G)".
zeX (Fq)

Here, and in what is written below, we will keep denoting by Hom(F,G)
the (derived) homomorphisms over the base change of schemes and stacks
to F = IFT] — not on the corresponding stacks over Fy, even if the sheaves
descend there.

The same holds true replacing X by a quotient stack X /G of X by a con-
nected linear algebraic group (hence, F,G are Weil sheaves in the equivariant
derived category), where, on the left, we understand each point F,-point x of

X /G to be counted with weight equal to m.

Note that if G is pure of weight zero, then the left hand side is (up to a
power of ) the usual inner product Y. f(z)g(x). Then the statement says
precisely that “inner product” corresponds to sheaf Hom under the function-
sheaf dictionary. Taking F = G = k£ and X smooth, the equality of the
Lemma is the assertion

¢ XX (F,)| = (geometric) Frobenius trace on H*(X, k)Y

which follows readily from the Grothendieck—Lefschetz trace formula and
Poincaré duality.

Proof. We first take the case where G is trivial. Writing (—) for “trace of
Frobenius on”, and writing underline for the Hom-sheaf rather than its global
sections, the right hand side above equals

(DHom(F,G)) = (HDHom(F,G))
= ), @GDHom(F.G) =}, (i(F®DG)),
zeX (Fy) zeX (Fq)

where we used the canonical isomorphism DHom(F,G) ~ F ® DG.

In the case of nontrivial G we observe that the dual of G as a usual sheaf
on X is obtained by shifting via (+2dim(G)) its dual as an equivariant
sheaf (i.e., a sheaf on X /G); thus, the trace function geqvt associated to DG
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dualized as an equivariant sheaf differs from the same function computed as
a regular sheaf:

geqvt = qdim(G) g

On the other hand we have a spectral sequence

H'(BG; k) @ Extyy (F, G))(—2dimG) — Ext\{/,(F,9),

from which we see that the right-hand side (2.6.1)) is altered from the corre-
sponding non-equivariant computation by the factor
qdim(G)
Frobenius trace on H*(BG, k)Y = ————,
’ #G(Fy)
the equality verified by passing from G to its reductive quotient (since the
cohomology of connected unipotent groups is trivial), where one can explic-

itly compute in a standard way. On the other hand, by the connectedness of
G (Lang’s theorem), the Fg-points of X /G coincide with X (F,)/G(F,). O

Remark 2.6.2. Note that, in the equivariant setting, the graded vector
space Hom(F, G) is, in general, infinite dimensional. The lemma above en-
tails the assertion that the corresponding series of Frobenius traces converges.

2.7. Analytic versus arithmetic normalization. Parity. In many areas
of mathematics we see arising half-twists — square roots of various types —
when we pass from functions to half-forms. The latter manifestly have a
unitary structure and the former are often easier to manipulate because of
the absence of a twist. In our context we will often use the words

analytic and arithmetic
or occasionally
normalized and un-normalized

to denote, respectively, the “unitary picture” and the “untwisted picture.”

The origin of these terms is the theory of L-functions, where are two
standard conventions as to how to index an L-function. One, which is often
called “analytic normalization”, has the property that the center of symmetry
of the L-function lies at s = 1/2, and is commonly used in analytic number
theory. The other, which differs from it from a half-shift, and could be
called “motivic” or “arithmetic’ normalization, has the property that the
points of arithmetic interest are always integral s € Z. Mathematically,
these conventions are entirely equivalent.

Correspondingly, all the principal conjectures of this paper can be ex-
pressed in two forms:

o Analytic normalization — better suited to L?-theory, tends to be nat-
urally self-dual, but involves taking square roots (e.g. ,/q is chosen).

e Arithmetic normalization — better suited to arithmetic situations, no
need to choose ,/g.
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We have chosen the analytic normalization as our primary way to formu-
late statements, although we have also included in the text discussions of
the arithmetic reformulations. Both pictures have benefits:

e The analytic picture corresponds to a geometrically natural G, grad-
ing on the hyperspherical spaces.

e The arithmetic picture interacts better with parity considerations, as
discussed below.

In any case, however we choose to express things, there are various half-
twists of various sorts embedded in the story. This brings us to the concept
of parity. Informally, when we refer to “parity” conditions, they all have the
following feature:

(2.9) Parity is extra structure that causes all half-twists to cancel out.

Our conjectures a priori depend on square roots (square roots of ¢, square
roots of canonical bundles...). The validity of the conjectures is in fact in-
dependent of these choices; this is not a formality, but follows from certain
constraints — which we call “parity” constraints — on the data entering into
them. Such parity constraints exist, of course, in either the analytic or arith-
metic version, but they look more transparent in the latter.

Here are some places in the paper where the reader will find versions of
the analytic/arithmetic dilemma:

e the arithmetic version of geometric Satake is discussed in and
§6.6} more generally, the distinction between analytic and arithmetic
is discussed extensively in and

e the arithmetic version of the local conjecture is stated in Remark

e In the discussion of the global conjecture, “normalized” periods cor-
respond to the analytic picture, and unnormalized periods to the
algebraic picture;

e the arithmetic formulation of the global conjecture is given in

2.7.1. The grading G4-. Throughout this paper, we will frequently encounter
objects that have both a G-action and a commuting G,,-action. We will often
use the word “graded” to connote or remind the existence of this G,,-action.

Now, the G,, has nothing to do with Gj it is auxiliary, and we will use a
special name for it:

Ggr = an “auxiliary” copy of G, often used to shear or regrade.

From a formal point of view, then, Gy, means ezxactly the same thing as Gy,
i.e., the multiplicative group GL;. However, the notation is meant to hint to
the reader that this plays a different role to the reductive group G or G.
Frequently, the parity considerations and the arithmetic/analytic dilemma
mentioned above will be encoded by this G4,. For example, parity will be
related to the action of —1 € Gy, and passage from analytic to arithmetic will
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often be effected by modifying the G, action through a central co-character
of G or G.

2.7.2. Parity and superspaces. Analytic formulations involve half-twists and
V4, and, as we discussed in the appearance of super-vector spaces is
essential to the algebraic formulation of such half-twists.

The super-structure can, however,often be forgotten — it needs to be re-
membered only for certain specific purposes.

Here is a simple example. The shearing operation

E— E/

briefly discussed in and examined at more length in §6] can be used to
define two closely related equivalences of categories:

(a) amonoidal functor from the dg category of complexes of G,,,-representations
to itself, or

(b) a symmetric monoidal functor from the same category, to the cate-

gory Rep?“P¢" G, of G,,-representations on super vector spaces with

the property that their parity coincides with the action of —1 € G,,
(§6.1).

We obtain version (a) from version (b) simply by forgetting the super-
structure. Version (b) is appropriate if one is interested in issues involving
the symmetric monoidal structure; for us, the most important such issue is
involving traces, for shearing preserves traces only in the sense (b), as we
already noticed. However, if one is not interested in such computations, it
is perfectly fine to work with version (a).

In our text, all our equivalences of categories can be formulated in the
general form of (b). However, (b) is admittedly something of a mouthful, and
to avoid weighing down our discussion with super-vector spaces we will often
formulate the equivalences in the form (a), and then describe the relevant
information for form (b) in subsequent remarks.

2.8. Extended dual group. The material here is related to the considera-
tions of parity mentioned above in We will sometimes use an extended
version of the Langlands dual group — called the C-group in [BG14], and the
Langlands-data group in |[Ber20b]. See for a more thorough discussion
of the role of the extended group in defining a cleaner form of the Langlands
correspondence.

Let “G be the quotient of G x G, by the central element (e*’(—1),—1).
We remind that Gg, denotes the group G,,, but we use different notation in
order to refer to this distinguished instance of the group, and sometimes refer
to it as the “grading group”. The canonical map “G — G,,, descending from
(g,t) — t? will also be called the cyclotomic character. For example, if G =
SLs, then “G 5 GLy via (g, \) — Mg, and the “cyclotomic character” just
defined is the determinant. With this notation we have an exact sequence

1-G—->°G—>G,, —> 1.
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We apply the same definitions to the Langlands dual group G of G to define
the C-group ©G, though note that the C-group is not the Langlands dual of
the group ¢G.

For a G x Gy,-space (such as the graded Hamiltonian spaces that are
the main concern of our paper), the condition that the G x G,,-action on
M descend to “G is the condition that e?’(—1) € G acts the same way
as —1 € G,,. This condition, or variants of it, will arise often as parity
conditions in the sense of §2.71 To keep track of these variants, we will want
to use to other central elements besides e?’(—1) and accordingly given a
central involution z € G, we will occasionally use the following notation:

(2.10)  9G, := quotient of (G x G,,) by the central element (z, —1).

The notation is regrettably heavy, but will be used only in a very few points.

2.9. Langlands parameters, extended Langlands parameters, and
their L-functions. In what follows, we restrict k to be an algebraic closure
of Qy and we fix an isomorphism k ~ C, and F' will be a global function
field.

A Langlands parameter ¢ is a Frobenius-semisimple morphism I'r —
G(k). A Langlands parameter into G = GL, gives rise to an L-function
L(s, ¢), defined by the analytic continuation of the usual Euler product with
factors the inverse characteristic polynomial of geometric Frobenius on in-
ertial invariants. For example if ¢ is trivial the resulting function is the
zeta-function of the field F' and has poles at s =0 and s = 1.

We will usually use the term extended Langlands parameter to mean

e a Langlands parameter with the role of G replaced by G x G,,, pro-

jecting to the positive square root w? of the cyclotomic character in
Gy, (“positive” with reference to an isomorphism k ~ C).

Obviously, there is a bijection between Langlands parameters and ex-
tended Langlands parameters, once k ~ C (or simply the square root of ¢)
has been fixed. In practice, all that matters will be the projection of this
parameter to a C-group G, ~ G x G,,/pa of i.e., a homomorphism
from T'z to ©G., projecting to the cyclotomic character under Gm/p2 ~ Gy,
and we will also allow ourselves occasionally to use “extended Langlands pa-
rameter” in this context. In the arithmetic context, this type of parameter is
more canonical, while the other versions are obtained from it by noncanon-
ical choices of w%, k ~ C, etc. However, since the relevant parity element
z will vary, it is more convenient for us to work with the less intrinsic form
above.

Our convention will be that:

e ¢p,Yg ... will denote an extended Langlands parameter, and
e ¢r,%r,... will denote usual Langlands parameters, and
o pa,Ya,... will denote Arthur parameters,
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with the indices omitted when the type of parameter used is clear from the
context.
Moreover,
e fy will denote an automorphic form attached to a parameter ¢g/¢r/d 4.

When ¢ is fixed or clear from the situation we will abridge this simply to f.
Given an extended Langlands parameter

¢:T - G xG,y,

and a representation G x G,,, — GL(V), we define the associated L-function
to be the composite Langlands parameter into GL(V'). We denote this bym

L(¢, VL, s) or L(V/, ¢, s) or L(V/,s) :=
L-function of the composite T'x — G x G, — V.

The //in the notation reminds us that the G, action is relevant here. More
explicitly, the G,, action on V grades it as V = @ Vi, and then

(2.11) L(Vls)=]]L(s+ g Vi).
k

Indeed, we can think of L(V7, s) as either:

e an Fuler product, whose local factors come from characteristic poly-
nomial of Frobenius on the sheared local system V7, or

e the characteristic polynomial of Frobenius on (H*V/) = (H*V)/,
where H*V denotes the étale cohomology of the curve associated to
F with coefficients in the local system defined by V, and (H*V)/
denotes its shearing with respect to the grading induced by that on
V.

In both cases it is important that we take account of the super-structure on
shearing in considering determinants, e.g. the characteristic polynomial of
Frobenius on V{1) equals det(1 — ¢~ /2Fr|V) and not its inverse.

Other notation on L and e-factors is set up in

2.10. Function spaces, left and right actions. We will want the freedom
to use both left and right actions for G x Gy, acting on X or M. To pass
between the two we shall use equivalence of categories

2.12 left G x G spaces < right G x G, spaces
g g

wherein we invert the G-action but not the Gg,.-action.
In Parts 2 and 3 of the paper (local and global theory), our convention
about these will be

(2.13) Automorphic actions on right, spectral actions on left.

Hwe will use the notation L(V7,s) in situations where there is no ambiguity as to
what ¢ could be.
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That is to say, when considering the role of (G, M) on the automorphic side,
we will use right actions, and when considering the role of (G, M) on the
spectral side, we will use left actions. The switch is somewhat unfortunate,
but the former is more in line with conventions about automorphic periods,
and the latter is more in line with conventions about L-functions.

In any case, for the action of G and Gy, on functions, sheaves, forms etc.
derived from this we will always use left actions, derived in the standard way
from the left or right actions of G on M, and the action of Gy,.

For a a symplectic vector space (V,w), the identification ¢ : V ~ V* is
defined by contraction in the first variable, i.e., (¢(v), w) = w(v,w). Similarly,
for a symplectic manifold M the isomorphism T, M ~ T¥M is defined by
contraction in the first variable, so that the Hamiltonian vector field Xg
associated to a function H satisfies dH (Y) = w(Xpg,Y).

Given G acting by symplectomorphisms on M, a moment map for the
G-action will then be a map p : M — g* with the property that for any
X € g, the vector field X defined by the infinitesimal action of X satisfies

(2.14) w(X,Y) = dux(Y),

where dpx is the pairing of p with X and Y € T M is any tangent vector.
Note that this implies, in particular, that when we translate between left
and right actions as above, the moment map gets reversed. In particular for
right actions:

- For M = T*X such a moment map is given simply by dualizing the
orbit map g — 7, X. To make this valid, we adopt the following
normalization for the symplectic form: writing € for the tautological
1-form on T*X, which pairs tangent and cotangent directions, we
take the symplectic form to be

Wr*x = —db.
- For a symplectic vector space (M, w), the moment map paired with
Z € sp, is the function

1
(2.15) M>m — iw(Zm,m).

- The cotangent bundle 7#G has a right action of G x G which arises
from the action (z,y) : g — 2 'gy of G x G on G. Let us label the
two copies of G acting as G| x G, to distinguish “left” and “right.” If
we identify TG = g x G according to the rule where

(2.16) (Xeg,ge@)

is sent to the derivative of the curve e/ - g at t = 0, and correspond-
ingly identify T*G = g* x GG, then the moment map for the G; x G,
action on T*G just mentioned is

(Eeg® g)— (£ Ad(g)E) € g % gr
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and the action of Gj x G, on T*G is given by

(91, 9) - (& 9) = (Ad(g; )&, g7 "ggr)-

Here, Ad denotes the left (co)adjoint action of G, which we will
also denote by Ad(g)Z = 9Z. We will denote the corresponding right
action by Z9 := Ad(¢g~1)Z.

2.10.1. Inner products. We will abuse the terminology and notation for inner
products, and use them for the corresponding bilinear forms instead. That
is, for measurable functions f, g on a measure space F, i1, we set

Sogyi= | f@g(e)de

This will make it easier to pass between algebraic considerations and analytic
ones.

2.11. Categorical background. We will make use of higher categories
throughout the paper. We will give details in §B.2} at the moment we just
point out some key features.

First of all, some words to orient the reader (particularly those whose
background is the arithmetic Langlands program) as to why we are using
such language. Loosely speaking, in the geometric statements that we study,

categories play the role of function spaces; and then:

e The fact that there are several different options for categories of
sheaves on, e.g., the space of G-bundles should be thought of as
related to the fact that there are many reasonable topological vec-
tor spaces incarnating the space of functions on an adeélic quotient
Gp\Ga. As in the latter case, this type of detail is important
to make a mathematically precise statement, but probably
should be ignored at a first reading, for it does not carry
the essential content of the conjecture.

e Why not work with triangulated categories? Unfortunately it is a
well-known problem that it is not easy to perform natural categorical
operations on triangulated categories, so for internal arguments it
is extremely convenient to work with dg enhancements. Again, the
reader can ignore this at a first reading, for the distinction between dg
and triangulated categories is of a nature orthogonal to the essential
content of our conjectures.

Unless otherwise specified, category will always mean a differential graded
(dg) category over a field k of characteristic zero. Moreover our dg cat-
egories will always be stable (i.e., pre-triangulated) — such categories are
equivalently described as stable k-linear co-categories, and are closed under
finite (homotopy) limits and colimits. Moreover, dg categories are consid-
ered up to quasi-equivalence, i.e., we work in a suitable co-category of dg

categories (again see for details).
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2.12. Categories of sheaves. Categories of sheaves will play an important
role. As just mentioned, all our categories of (coherent or constructible)
sheaves on various spaces will be, by definition and without extra mention,
k-linear dg-categories. These come in a variety of flavors, but a few general
words about the notation:

Our notation for “coherent” sheaves is straightforward: For X a (derived)
stack over k, QC(X) and QC'(X) denote, respectively, quasi-coherent and
ind-coherent sheaves on a scheme or stack. These are large versions of the
categories Perf(X) and Coh(X) of perfect complexes and bounded coherent
complexes. In between lie the categories QC} (X) (and Cohy (X)) in which
we specify singular support in the sense of [AGI15|. For details see

Constructible sheaves will come with a depressing number of variants.
These are described in more detail in §B.4] and and we will summarize
some important points. For Y a (derived) stack over F,

Shvz (X) or SHVZ (X)

will denote a LARGE (=presentable, see Appendix [B.2) or small B dg-
category of “constructible” sheaves on X with k-coefficients, and 7, ; will be
various adornments modifying the category. The options are:

e 7 = B dR,et: records whether we are in the Betti, de Rham, or étale
settings:

— Betti, see only applies when F = C, but with k arbitrary.
Sheaf theory is built from sheaves of k-vector spaces on Y (C)
for the complex analytic topology, and in particular contains
constructible complexes.

— de Rham, see §B.4.2} only applies when F = C, &k = C. Sheaf
theory is built from D-modules on Y.

— et, see applies for any F, with coefficients k = Q;. Sheaf
theory is built from constructible l-adic étale sheaves.

e ; = s denotes “safety,” and its absence denotes that we work with
the ind-finite category, see §B.6]

e ; = A records that we consider sheaves with fixed singular support
in the sense of [KS94].

2.12.1. Notation for automorphic sheaves. To avoid having to keep track of
this bewildering array of notation, we will specify in Appendix [C] a stan-
dardized set of options for “automorphic sheaves.” Thus, when we write
e.g.
Aut(Bung)

in the body of the paper, we actually have implicitly chosen various adorn-
ments 7, 7, which depend on the context (Betti versus de Rham versus finite)
in which we are working; the reader should refer to Appendix [C| as necessary
to recall.

1213 some situations ~where a category of sheaves is denoted by calligraphic font, e.g.
‘H, we use the notation H for the corresponding large category.
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2.13. Basic notation. The Index on p. contains many of the notations
we use; some of the more persistent ones include the following;:

Px,Lx: Period and L-sheaves (§
Px, Lx: Period and L-functions (§
k: Coefficient field (§2.1)).

F: (Algebraically closed) field of definition of the curve (§2.1)).

3 Curve.

/¢ Hamiltonian reduction (§3.3]).

//: GIT quotient.

A xH B: Contracted product, i.e., then A is a space with a right action
of a group H, and B is a space with a left H-action, this is the
quotient of A x B by the equivalence relation (ah,b) ~ (a, hb) (for
a€ A, be B, he H). Equivalently, it is the quotient of A x B by the
diagonal right H-action (a,b) - h = (ah, h~'b). Often, A and B will
be given with right actions (in which case it is the quotient by the
diagonal H-action), and typically they will be schemes, in which case
the quotient is understood as a stack-theoretic quotient (although,
in almost all cases, the action will be free and the quotient is again
a scheme).

Alg(C): Algebra objects in the category C.
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Part 1. Structure theory

In the next couple of sections, we discuss reductive groups and Hamil-
tonian spaces defined over an algebraically closed field F in characteristic
zero.

However, at the end of each section, we will discuss various issues related
to the general case where the field of definition is not algebraically closed, in
particular §4.8, and §5.3] We are particularly interested in the case of
F = E, with the varieties defined over [Fy.

3. HYPERSPHERICAL HAMILTONIAN SPACES

3.1. Introduction. Let M be a Hamiltonian G-space over an algebraically
closed field F in characteristic zero, by which, in this paper, we will always
mean a smooth, symplectic variety with a G-equivariant moment map p :
M — g*. Sign conventions related to moment maps and symplectic spaces
have been discussed in Our Hamiltonian spaces will almost always
be graded: equipped with a commuting action of the grading group G, (cf.
§2.7.1)) compatible with the action on g* and on the symplectic form by the
square character.

Example 3.1.1. If X is a smooth G-variety, we can grade its cotangent
bundle T*X by letting G4, act on the fibers by the square character.

The goal of this section is to explicate a class of such graded Hamiltonian
G-spaces that is well-adapted to relative Langlands duality. We do not claim
this is the correct generality for the story, only that it seems to be a context
where the relative Langlands duality plays out nicely. It is plausible that
relative Langlands duality in fact gives an exact duality on a slight restriction
of this class, and we formulate our preliminary expectations on this issue in
0.2

In more detail:

o § describes a class of “model examples” to motivate the later
reasoning.

e § gives background on the processes of Hamiltonian (also known
as symplectic) reduction and induction.

e § describes the process of Whittaker induction, which constructs
a Hamiltonian G-space from a datum

(3.1) (H c G, sly — g, S: a Hamiltonian H-space).

Whittaker induction carries vector spaces S to vector bundles over

H\G as is explained in §

L3Note that by general spreading out arguments, one can pass results from character-
istic zero to “large enough” characteristic: the spaces that we consider will admit models
over the S-integers of an algebraic number field, where S is a finite number of places, and
can then be reduced to finite fields; but we will be more precise where possible.
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The class of Whittaker inductions, and even the subclass of spaces
Whittaker-induced from symplectic representations of H, contains all
spaces of interest to us in this paper, but is too big; the remainder
of the section addresses this.

§ axiomatically describes a subclass of Hamiltonian actions, the
class of “hyperspherical ” Hamiltonian spaces, which is most relevant
for our story.

§ [3.6] proves that all hyperspherical spaces arise as Whittaker induc-
tions.

§ [3.7 examines when a hyperspherical space can be polarized.

e §[3.8| discusses volume forms on a polarized hyperspherical space.

e §[3.9) discusses rationality issues.

Remark 3.1.2. There is one important feature of graded Hamiltonian spaces
whose discussion is deferred to the next section (§4.6)), and that is the issue
of parity, cf. , and the discussion above ([2.10)): It will be important
in our later examples that there is a central involution z € G which acts on
M as the element —1 € G4,. But we will not impose this explicitly as part
of the definition.

Remark 3.1.3. Many of our constructions, both here and in later sections,
are conveniently expressed in terms of “the category of Hamiltonian spaces
and Lagrangian correspondences.” Unfortunately, for reasons of transversal-
ity, this does not form a category in the classical setting; see [Wei81] for dis-
cussion. This problem can be resolved by passing to derived geometry: the
language of shifted symplectic geometry [PTVV13, [Saf21], specifically the
higher category of Lagrangian correspondences of shifted symplectic stacks
constructed in [Haul8] (see [Cal2l]), give a convenient setting in which to
work. In this language, g*/G = T*[1]pt/G has a 1-shifted symplectic struc-
ture and Hamiltonian G-spaces M are identified with Lagrangians in this
space — more precisely with the structure of shifted Lagrangian (see [Call5])
on the equivariant moment map

M/G — ¢*/G.

We will not explicitly use this language in the current section, but it is often
helpful later in the paper when we come to consider quantizations.

3.2. Some motivating examples. Here are three important examples of
graded Hamiltonian G-spaces:

(a) Spherical case. Recall that a normal G-variety X is spherical if a
Borel subgroup of G acts with a Zariski open orbit of G. Attached
to a smooth spherical variety X, we have the Hamiltonian G-space

M=T*X

with Gg-action squaring along the fibers.
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(b) Whittaker-type cases.
The basic example here is obtained by twisting 7*(U\G) (where

U is a maximal unipotent subgroup) by an additive character 1 :
U — Gg: we take M to be the Hamiltonian reduction of T*G by the
character ¢, which is to say, we consider the preimage of diy) € u*
under the moment map T*G — u*, and take its quotient by U. The
action of A\ € Gy, composes left translation by A% on U\G with the
squaring action along fibers.

(c) The vectorial case; here

(3.2) (M,w)

is a symplectic vector space, G < Sp,,, and the moment map M —
g* factors through M — spj}, sendingm € M, X € sp,, to %(Xm, m).
Here, G4, acts on M by linear scaling.
The earlier work of Y.S. and A.V. [SV17] focused entirely on the first
2 cases. However, this class is certainly not closed under the conjectural
duality that we want to introduce, and it does not include many important
examples in the theory of automorphic forms, such as the theory of the theta
correspondence; as was observed in [Sak17], the conjectures of [SV17] extend
to that case.

3.2.1. Twisted cotangent bundles. It will be useful to reformulate case (b) in
a setting that is closer to that of (a), by considering twisted cotangent bundles
associated to affine bundles. Although this will be a special case of a more
general construction, we single it out here for its recurrent appearance in
this paper, and point the reader to § [3.3] [3.4] for more general constructions,
and a recollection of notions such as “Hamiltonian reduction.”
Let
U - X

be an equivariant G,-torsor over a G' x G, variety X, where Gy, acts on G,
by the character & — 22. To spell out, this means:

e U is a G,-torsor over X, which is to say that it is equipped with an
action of G, over X and is étale locally (on X) isomorphic to G, x X;

e The action of G, lifts to an action of G, x Gy on ¥, both commuting
with G.

The Gy, -action on ¥ induces an action on T#W¥; this is equivariant for the
moment map where Gy, acts on g} by the character A — A~2. We modify
this Gg,-action by composing it with the commuting Gg.-action wherein
A € Gy, scales fibers of T*W by A2. The resulting Ggr-action is equivariant
for the moment map

TV — g»
wherein G, acts trivially on the target. We now define the graded Hamil-
tonian G-space, the “twisted cotangent bundle” of (X, V),

M :=T*(X, V) := TiX := T*UJ| G,
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to be the Hamiltonian reduction of the cotangent bundle of the total space
¥ — X of ¥ under the action of G,, at the moment map value 1 € g?.

Example 3.2.2. Here is how the Whittaker case fits into this framework.
We may take X = U\G (where U is a maximal unipotent subgroup), and
U = Uy\G where Uy is the kernel of a generic additive character U — Gy;
and the Gg,-action is given by left multiplication by 2p. The G,-action arises
from left multiplication by U /Uy ~ G,.

Example 3.2.3. The twisted cotangent bundle M above is a torsor under
the usual cotangent bundle T X; the transition functions are obtained from
differentials of the transition functions for the G,-bundle ¥. A situation
more commonly encountered in representation theory is the twist of a cotan-
gent bundle associated to a line bundle, wherein the transition functions are
obtained by dlog of the transition functions of a G,,-bundle.

3.3. Hamiltonian reduction and induction. We review the operations of
reduction and induction of Hamiltonian spaces, usually called symplectic re-
duction/induction — but we will use the term Hamiltonian reduction/induction,
to emphasize the dependence on the Hamiltonian structure, i.e., on the mo-
ment map.

The Hamiltonian reduction of the Hamiltonian G-space M = T*X given
as the cotangent bundle to a G-space X is the cotangent bundle of the
quotient X /G (assuming the quotient exists in the desired category; for the
purposes of this paper, it is enough to consider quotients which are schemes).
Modelling on this example, we define Hamiltonian reduction in general as

MG = M x5 {0},

the quotient of the fiber of 0 under the moment map by G. More generally,
we may reduce at a different element f € g*, by the formula

M%G:ngoﬁ

where Oy is the G-orbit of f. (In particular, this operation depends only on
the coadjoint orbit of f.) In general, the Hamiltonian reduction is a derived
symplectic stack, but we will only use it in cases where the action is free,
hence is a symplectic variety.

Similarly, suppose H < G is an inclusionlﬂ of algebraic groups and S a
Hamiltonian H-space, the Hamiltonian induction of S to G is the semiclas-
sical version of induction of unitary representations. In the case when S
is the cotangent bundle T*Y of a smooth H-variety then the Hamiltonian
induction is simply the cotangent bundle of the G-space Y x G induced
from Y.

Modelling on this example, we define the “Hamiltonian induction”

h-ind%(S) := (S x T*G)//H,

e may also replace the inclusion H < G by an arbitrary morphism but will have
no need of this.
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the Hamiltonian reduction of S x T*G under H. Here, T*G is considered
as a right Hamiltonian H-space, with the action induced from the action
h:gw— h~lgof HonG.

Equivalently, we can consider the left action of H by left multiplication
on G, h-g = hg, and the induced Hamiltonian left structure (note that this
changes the H-moment map by a factor of (—1)), and then the right-hand
side is given by the contracted fiber product

(3.3) M =S x{% T*G,

that is, the fiber product over h*, divided by the equivalence relation (sh, &) ~
(s,hg) (for s€ S, £ e T*G, h € H, such that sh has the same moment image
as the left- H-action moment image of £). Taking account of our identifica-
tions of T*G, see , we see that this can also be written as

(3.4) M =~ (S xpx g%) x" G,

where H acts on g* by the right coadjoint action h : & — Ad(h™!)¢, and the
moment map for M is induced by the right coadjoint map g* x G — g*.

In particular, the Hamiltonian induction comes with the structure of a
fiber bundle h-ind%(S) — H\G. If S carries the structure of graded Hamil-
tonian H-space (, then so does the Hamiltonian induction, using the
diagonal G,,-action on S x T*G, which commutes with H and the moment
map (when G, acts on the fibers of 7*G by the square character). A relevant
notion to Hamiltonian induction is that of the symplectic normal bundle to
a G-orbit O in a symplectic manifold M: It is a vector bundle over O, whose
fiber over x € O is equal to the space S = Tx(’)L/(TmOL N T,0). This is a
symplectic vector space, equipped with an action of the stabilizer H = G,
of x, hence with a quadratic moment map S — h*. When M = h—indg(S ),
where S is a symplectic H-vector space with the quadratic moment map, the
symplectic normal bundle construction at the orbit @ = {0} x G = M re-
covers S. See Remark for the closely related operation of Hamiltonian
restriction.

3.3.1. Recognizing Hamiltonian induction. We spell out a property, analo-
gous to Frobenius reciprocity, that will be used later to recognize a Hamil-
tonian induction. Write L = S xpx g*; then, by , L is embedded in
M = h-ind%(S) as the fiber above the identity of M — H\G. The symplec-
tic form restricted to L is pulled back from S; said differently, L defines a
Lagrangian correspondence

(3.5) M° LS

where M° is the space M with the opposite symplectic form.

Now take any Hamiltonian G-space M equipped with such an H-stable
Lagrangian correspondence L as in 7 and with the property that the
composites

L—>M-—g"—>bh" L>5—>bh*

coincide.
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Then, there is an induced Lagrangian correspondence
(3.6) M° — L x G - h-ind%(9),

compatible with the moment maps of M and h-ind%(S). Indeed, consider
first the case H = {1}, and define the map as

LxG>3(l,9)— (m(l)g,s(l),u(l),g) e M° x S x g* x G.

Here, m x s is the given correspondence, and p is the pullback of the moment
map from M. It is easily verified that this is a Lagrangian. In the presence
of an H-action, this map is equivariant for the diagonal H-action on L x G
(by the given action on L, and left multiplication on G), and the H-action
on M x S x T*G which is trivial on M, the given one on S, and induced
by left multiplication on T*@; moreover, by our assumption on the maps
to b*, it lives over the kernel of the moment map for H, and the existence
of the Lagrangian correspondence follows from Hamiltonian reduction
by H and dimension counting. In favorable circumstances, one can argue
(e.g., by studying tangent spaces) that this correspondence comes from an
isomorphism between the symplectic spaces.

Remark 3.3.2 (Hamiltonian restriction). In the language of Remark
a Hamiltonian space S is encoded by the shifted Lagrangian S/H — b*/H
(i.e., a Lagrangian correspondence from a point to h*/H), and Hamiltonian
induction amounts to composing this map with the Lagrangian correspon-
dence g*/G «— g*/H — h*/H. Composing with this Lagrangian in the oppo-
site direction gives an adjoint operation of Hamiltonian restriction, through
which one can formulate the relevant Frobenius reciprocity above.

3.4. Whittaker induction. In this section we introduce the operation of
Whittaker induction of Hamiltonian spaces, associated to a homomorphism
H x SLy — G and a Hamiltonian H-space:

(graded) Hamiltonian H-spaces — (graded) Hamiltonian G-spaces,

reducing to ordinary Hamiltonian induction when the S Lo-homomorphism is
trivial. The class of Whittaker inductions of vectorial representations of sub-
groups H < G will subsume the examples of § [3.2] and have many favorable
properties; as G-spaces, they are simply vector bundles over homogeneous
G-varieties — see further Examples [3.4.3] [3.4.6]

3.4.1. The notion of an sla-pair. For what follows, one can think of a fixed
invariant identification

(3.7) g~g,
and a morphism
sly — g,
expressed via a triple (h, e, f) of elements in g.
More canonically, the construction that we are about to describe depends
only on an element f € g*, and a cocharacter w : G,, — [G, G], such that
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w normalizes f, and the pair (h = dw(1), f) belongs to an sls-triple (h, e, f)
under some (equivalently, any) invariant identification . Such a pair
(w, f) will be called an “sly-pair.” Notice that the centralizer of the triple
(h,e, f) does not depend on the identification , thus, it is a subgroup
(or sub-Lie algebra) associated with the sly pair. Throughout the discussion
that follows, the subgroup H < G is a subgroup of the centralizer of such an
slo-triple.

3.4.2. The Hamiltonian space (u/uy)s. Let (w, f) be an sly-pair as above.
When there is no danger of notational clash with a subgroup H, we will also
denote the cocharacter w by A — A\

Decompose

(3.8) g=jioueu’du,

where j is the centralizer of sl and 1@ u’@u is the sum of all nontrivial sly-
subrepresentations, decomposed into the sum of negative, zero, and positive
weight spaces for the left adjoint action of h; thus, f € u. We denote by
U,U the associated unipotent subgroups. Observe that the G,,-action \"
normalizes U, i.e., we consider u as a graded Lie algebra.

Let

(39) ucu

be the sum of all h-eigenspaces of weight > 2. Then u = u, exactly when
all the weights of the adjoint SLg-action on the Lie algebra are even, i.e.,
when —1 € SLy is central in . This situation is somewhat simpler, and we
recommend that the reader assume at first reading that all weights of u are
even, i.e., U = Uy.

Example 3.4.3. Suppose that S is trivial and there are no odd weights. In
this case,

Whittaker induction of trivial space from H to G = T*(HU\G, ¥),

with the notation as in Here, the element f defines an additive char-
acter HU — G, which gives rise to a G,-bundle ¥ over X = HU\G. Equiv-
alently, it is the Hamiltonian induction from pt, the trivial HU-symplectic
space with moment map pt — f € (h + u)*.

Let uy be as in (3.9) and let U, be the associated unipotent group. We
now treat f, restricted to u,, as a Lie algebra homomorphism 1, — g,. The
quotient u/uy carries an H-invariant symplectic form

(3.10) (z,y) e ux uw— {f, [z,y]).

Indeed, it descends to u/u; in both factors by weight arguments; also, the
right-hand side equals {[f,z],y), and if = # 0 has weight 1, then [f,x]
is necessarily nonzero of weight —1 and therefore there is a y € u with

([f,x],y) # 0. Now define

(u/ug)r = (u/uy) considered as a Hamiltonian HU-space
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where

the H-action is through the adjoint action;

U acts by translation via U/U; ~ u/uy;

the moment map on the H factor arises from the structure of sym-
plectic representation, i.e., through ;

e on U we use the f-shifted moment map

XoX+f
u-,

~ *
u/uy (u/u+)

3.4.4. Whittaker induction. For S a Hamiltonian H-space we put
(3.11) S =8 x (wuy)y,

which we consider as a Hamiltonian HU-space (with U acting trivially on
S). The Hamiltonian G-space giving the Whittaker induction will be, by
definition, the Hamiltonian induction

h-ind%,; S
of S from HU to G defined as in § Explicitly, by (3.3)),
(3.12) h-ind%, S = (5 x (u/u+)f) UL (% % G),

where, as before, g* x GG stands for T*G via .

Note that the Whittaker induction from a symplectic H-vector space S
(with its natural, quadratic, moment map to h*) contains a canonical base-
point, the point (0,0) x (f,idg), in the above presentation, whose moment
image is f. Note also that, when we choose an invariant identification g* ~ g,
identifying u* ~ u (opposite nilpotent subalgebra), the moment image of

(w/ug)sis f+u_y.

3.4.5. The Ggyr-action on a Whittaker induction. For S a graded Hamilton-
ian H-space the Whittaker induction inherits a natural grading. But the
definition of this grading is slightly more complicated than for symplectic
induction of a graded space; the space (u/uy)s is not naturally graded, be-
cause of the f-shift. We will write a formula below but the reader might
want to skip to the more conceptual reformulation outlined in § and
use the formula only in case of emergency.
Before we proceed to the formula we give an example:

Example 3.4.6. As described in Example the Whittaker induction in
the case of S trivial and even weights is M = T*(X, ¥) arising from an affine
bundle ¥ — X = HU\G.

The action of G, via left multiplication by w, on G descends to an action
on ¥ — X, and thereby to an action of G,, on T*W¥; but this action does
not descend to M. We modify this action by multiplying it by the action
on T*W¥ which scales by the squaring character along fiber. The resulting
Gy, action on T*V is now equivariant for the moment map 7*V¥ — g¥* and
descends to T*(X, ¥); this is the desired grading on T*(X, U).
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Explicitly, the fiber over T*(X, W) over the identity coset in X is identified
with the elements of g* that restrict to f € b* @ u*, i.e. f + (bu)t. The
action of GG then defines an isomorphism

(3.13) T*(X,¥) ~ HU\ (f + (hu)®) x G)

and the Gy, action is given by left multiplication by @ on the G factor, and
by the composition of the left adjoint action of w and squaring on the first
factor.

In the general case, referring to , we let Gy, act as follows:
(1) by the given grading on S;
(2) by the tautological character (scalar action) on the symplectic vector
space (u/u)y;
(3) by the square character composed with the left coadjoint action of
w on g*;
(4) by left multiplication by the left action of the cocharacter @w on G
(e, A:g—w(N)g).
In the next subsection we explain a more conceptual viewpoint on this action,
which in particular implies that it scales the symplectic form appropriately.

3.4.7. Shearing. Suppose that w : G4 — Aut(G) is an action of Gy ~ Gy,
on GG by automorphisms, i.e., G is a “graded group” — this terminology seems
most natural when G is e.g., unipotent, but we will be applying it to more
general affine groups, thinking of the grading of their coordinate rings. |E| It
is most convenient to denote this here as a right action. We let G, act on

g* by the induced action, composed with dilation by the square character.
Then:

A sheared Hamiltonian G-space M (relative to the grading on
G) will be a Hamiltonian G-space with Gg,-action compatible
with the grading on G and g*.

In other words, to give a Hamiltonian G-space M (with moment map )
the structure of a sheared space means that we should give a Gg4.-action on
M with the following properties for x € M, g e G, € G,

(3.14) T-g-A=xT- -\ gw()\) and H(x . )\) _ )‘2N(x)w()\)~

To avoid confusion, we emphasize that a graded Hamiltonian G-space, de-
fined in § is the same as sheared Hamiltonian G-space for the trivial
grading (i.e., Gg4-action) on G.
Here are some examples:
(1) If w is trivial, this recovers the notion of a graded Hamiltonian space.
(ii) If M is a graded Hamiltonian G-space, and w : G,,, — G is a cochar-
acter, we can alter the Gg-action by composing it with the (right)

151 our applications the grading will be either on a unipotent group or inner, in fact:
by left conjugation composed with a cocharacter w : G4 — G.
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action of @ on M, and this gives a sheared Hamiltonian space, where
G is graded through the right inner action of w.

(ili) The point as a space under G, (as a graded group with Gg,-action
by the square character), but with moment map image 1 € g¥, is a
sheared Hamiltonian space.

(iv) Let W be a symplectic vector space over F; then W is a sheared
Hamiltonian space under the Heisenberg group W x G, which acts
on W through translation by the quotient W; the Gg-action is by
scaling on W, by square scaling on the center of the Heisenberg
group, and the moment map is given by W — W* @ g} where the
first coordinate is the identification w — w(w,e) and the second
coordinate is 1.

(v) The Hamiltonian space (u/uy )y defined in §[3.4.2]is a sheared Hamil-
tonian space for U, when Gy, acts by left conjugacy on U via the
cocharacter w associated to the sly-triple (= right conjugacy through
w™1). The Gy-action on u/u is the induced left adjoint action,
namely, scaling by the tautological character. Combined with the
square action on u*, this causes the f-shifted moment map defined
in § 3.4.2] to be equivariant under the Gg.-action. Finally, this ex-
tends to the structure of sheared Hamiltonian space on HU, where
H is graded trivially.

Using this terminology, we can describe the Whittaker induction process
as follows: Fix the “sly-pair” (w, f) or, if desired, an isomorphism g ~ g*
and an slo-triple, and fix a subgroup H < G of the centralizer of the slo-
triple. We use the action induced by right conjugation action via w to define
shearing below. Whittaker induction is the process of assigning to a graded
Hamiltonian H-space a (non-sheared) graded Hamiltonian G-space, via

(3.15)

graded Hamiltonian H-spaces Xy s sheared Hamiltonian HU-spaces

hi8d sheared Hamiltonian G-spaces — graded Hamiltonian G-spaces.
For the last arrow, we use the fact — inverting (ii) above — that for the w-
grading on G, any sheared Hamiltonian space arises from a usual one by
twisting the Gg,-action through w.
This point of view on the Gg-action is more conceptual, and parallel
constructions will be very useful later on in describing L-sheaves and spectral
quantizations of Whittaker inductions.

3.4.8. The vector bundle structure of a Whittaker induction. We shall now
prove that, ignoring the symplectic structure, any Whittaker-induced linear
space (i.e., for S a symplectic H-representation, equipped with the scaling
action of Gg,) is simply a vector bundle over the homogeneous space H\G.
More precisely, as a G-space, we may identify

(3.16) M~V "G, vV.=[S® @bt ng)].
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Here g™ is the kernel of the action of e on g*, which under an isomorphism
g* ~ g can be identified with the centralizer Lie algebra g..

Moreover, the resulting isomorphism respects Gy, actions, where
Gy acts on G through left multiplication by w, and where the action on V'
is as follows:

e Gy ~ Gy, acts by linear scaling on S, and
e it acts with weight 24¢ on the weight-t component of g, under the left
adjoint action of @ (equivalently, the right adjoint action of ww™!).

This isomorphism is in some ways a little artificial — M is more canonically
an affine bundle over H\G, and some choices are required to make the above
identification — but in any case it is very convenient for our purposes. It
is in the form that the space M previously appeared in the theory
of automorphic forms. Moreover, the isomorphism has the following
perhaps surprising consequence:

Lemma 3.4.9. In the setting of §[3.4.8, if H is reductive, then M is affine.

Proof. 1t is enough to show that the natural map from the stack quotient of
V xG by H to the invariant-theoretic quotient (V' x G) / H is an isomorphism.
Both live over H\G (which is affine since H is reductive), and by reductivity
the restriction map F[V x G| — F[V x H]H is surjective. In other words,
the map is an isomorphism over the fibers of H\G, and by homogeneity it is

an isomorphism everywhere. ([
From (3.4) the Whittaker induction is identified with
(3.17) S xggu)* (g% x @), with S := 5 x (u/uy);.

Projecting to the S- and g*-coordinates defines an HU-equivariant iso-
morphism

(3.18) S x (u/ug)p X pwx 05 > {s€S,te f+uy:pu(s) =ty

Next, by the theory of Slodowy slices [GG02, Lemma 2.1], the action of U on
f —1—11}r is free, and admits a transversal section equal to f + g. (considered as
an affine subspace of g* under an identification g* ~ g — this subspace only
depends on the sly pair (w, f)). Note that this section is invariant under
the action of the group H, since this is contained in the centralizer of sls,
and the action of U does not affect the projection f + u}r — b*, by a simple
weight argument. Correspondingly, the map (s,z) — (s, f + z), together
with the identification g ~ g*, gives rise to an H-equivariant identification

[S xpx ge] x U—{seStef+ut:pu(s) =t}
In particular, (3.17) is identified with
(3.19) [S xps ge] xH G.

More canonically, one should replace g. by g*¢, and then the isomorphism
(3.19) depends only on the data of H and the sly-pair (w, f). Now, fixing
an H x SLo-equivariant splitting of g* — h*, we get an identification of
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S Xpx ge With the vector space V' appearing in (3.16]). Our description of the
Ggr action follows from § (see in particular after (3.13))).

Note, in particular, that when we embed

(3.20) G © 3G x Gy,

this G, fixes the identity coset of H\G, and provides a grading on V; we
will sometimes denote this copy of Gy, by G’gr .

Example 3.4.10. Consider the case when H and S are both trivial, and
all weights of the SLy on the Lie algebra are even. Then the Whittaker
induction M = T*(U\G, ¥) is the generalized-Whittaker twisted cotangent
bundle, and our above considerations reduce to the isomorphism

M ~g. x G.

Moreover, if we choose H commuting with SLo, this M can also be iden-
tified with the Whittaker induction from H of T*H, and correspondingly
acquires an H-action and moment map. The H-action is, explicitly, the
action arising from left multiplication on U\G, and the moment map is iden-
tified with the projection g, — bh*.

In other words (a point of view that will be useful later) we may identify
M/(H x G) ~ g./H as spaces over h*/H x pt/G.

3.5. Hyperspherical Hamiltonian spaces. In this section we shall de-
scribe a class of graded Hamiltonian spaces, which we will call “hyperspheri-
cal.” This class contains the cotangent spaces of smooth, affine spherical va-
rieties satisfying a certain connectedness condition on stabilizers (see Propo-
sition , and seems suitable for our conjectural duality. The most im-
portant property is the coisotropic property, which in representation theory
is closely related to the “multiplicity one” property, and plays an important
role in the theory of automorphic forms.

As a matter of notation, we will often refer to a “hyperspherical G-space
M.” In other words, we do not explicitly include the Hamiltonian structure
and grading in the notation, even though it is understood to be part of the
structure.

3.5.1. The conditions. Consider graded irreducible (and smooth, by defini-
tion) Hamiltonian G-varieties M satisfying the following conditions (which
we discuss in detail in the following sections); these spaces will be referred
to as “hyperspherical” in this paper:
(1) M is affine;
(2) the field F(M)% of G-invariant rational functions on M is commuta-
tive with respect to the Poisson bracket (i.e., M is “coisotropic”);
(3) the moment map image has nonempty intersection with the nilcone
in g%;
(4) the stabilizer (in G) of a generic point of M is connected;
(5) the Gg-action is “neutral” (to be defined in §[3.5.4).
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Neutrality will be introduced after we have seen some consequences of the
other conditions: the rest of the conditions imply the existence of a unique
closed G x Ggy,-orbit My < M, whose moment map image is a nilpotent
orbit, and neutrality essentially means that the Gg.-action near My is de-
termined by an sls-triple associated to that nilpotent orbit. It is the most
subtle condition, and perhaps least satisfying. The neutral Gg.-action is ge-
ometrically natural and quite rigid. It has one main drawback, namely, it
does not not always satisfy the even parity condition described in § ie.,
that the action of G4, x G factors through the extended dual group “@. For
this reason, we will sometimes modify it for specific purposes, but it is very
convenient as a general definition.

Any Whittaker-induced linear symplectic space will satisfy (3), and
. What we will show below implies, more precisely, that if we add (2 the
converse is also true: any such space must in fact arise from the construction

of § 44

3.5.2. Some consequences of the conditions on M. Passing to the invariant-
theoretic quotient

gt o> i=g" JG=0a" W,
we obtain the invariant moment map pg : M — ¢*. Following Knop, Losev
[Los09] introduces a Stein factorization of the invariant moment map

(3.21) M ES ko,

such that the first map is dominant with connected generic fiber, and the
second map is finite. The space ¢}, is defined as the spectrum of the integral
closure (normalization) of the image of F[c¢*] inside of the function field
F(M).

The condition of M being coisotropic is defined by either of the equivalent
criteria of the following proposition:

Proposition 3.5.3. The following are equivalent:

(i) the field F(M)C is commutative with respect to the Poisson bracket;
(ii) the generic G-orbit on M is coisotropic;
(iii) the generic fiber of fig contains an open G-orbit.

Proof. The equivalence (i) <= (ii) is essentially [Vin01l, II.3, Proposition
5], except that there it was stated in the differentiable setting. We repeat
the argument, with the details necessary for the algebraic setting:

It is known that, for any action of an algebraic group on an irreducible
variety M, a finite number fi,..., f, of elements of the field F(M)S of ra-
tional invariants separate generic orbits [Rosb6, Theorem 2|. In particular,
there is an open dense G-stable subset M’ where the f;’s are defined, and
the fibers of the resulting morphism M’ — A" are G-orbits (if nonempty).
If ¢ < A" is the spectrum of the subalgebra spanned by the f;’s, we may, by
further restricting M’ and ¢/, assume that the morphism M’ — ¢’ is smooth
and surjective. In particular, the differentials of the f;’s span the orthogonal
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complement to the image g, of g* — T, M’, at every point x € M’. It follows
easily from the definitions, now, that these functions Poisson-commute iff g,
is a coisotropic subspace of T, M’, for all x € M’. The equivalence of the
first two statements follows.

To prove their equivalence with the third statement (iii), we use [Los09)
Theorem 1.2.4], which states that F(M)® is the fraction field of F[M];
equivalently, the generic fiber of M — M )/ G contains a dense G-orbit.
Moreover, [Los09, Proposition 5.9.1] identifies regular functions in the image
of fig as the intersection of F[M]“ with the Poisson center of F(M)%. Hence,
if F(M)Y is Poisson-commutative, we have a dense embedding M /G < ¢%,,
and the generic fiber over ¢}, contains an open G-orbit. Vice versa, if the
generic fiber of fig contains an open G-orbit, the fact that the elements of
F[c};] Poisson-commute in F(M) implies, by the same argument as before,
that the generic G-orbit is coisotropic. O

To emphasize some corollaries of the preceding proof, under the equiv-
alent conditions of Proposition [Los09, Proposition 5.9.1| states that
the invariant-theoretic quotient M // G is equal to the image of fig, and
[Los09, Theorem 1.2.4] identifies F(M)® with the quotient field of F[M]% =

FImfic].

Next, condition that the moment map image meet the nilcone is equiv-
alent to asserting that 0 € a* / W is in the image of the invariant moment
map pg. This has several important consequences:

(i) ¢}, contains a unique point (also to be denoted by 0) over the point
0 € ¢*. Indeed, the Ggy-action lifts to ¢}, by functoriality, and the
points over 0 will be the closed G4,-orbits. Hence, they are the points
in the spectrum of the 0-th graded piece of F[¢},]. By finiteness of
the morphism ¢}, — ¢, the latter is an integral extension of F = the
0-th graded piece of F[¢*], and therefore equal to F.

(ii) The image of fi¢ is all of ¢};. Indeed this image is open by [Los09,
Theorem 1.2.2], so its complement is a closed set that is stable by
Ggr; since it cannot contain the unique point over 0 € ¢*, it must be
empty.

(iii) There is a unique closed G x Gg-orbit My < M. Indeed, this is
equivalent to F[M]¥*Csr = F, which follows from F[M]%*Car =
(F[M]C)Cor = F[ck,]Cor = F.

Note a special case of this is when the Ggy.-action on M is con-
tracting, in which case the image of My is the origin of g*.

(iv) The closed G x Ggr-orbit My is in fact a single G-orbit. This is
because all of them map to 0 in ¢}, = M / G, whose preimage
contains a unique closed G-orbit; but, by Gg,-transitivity, if one of
those orbits is closed, all of them are.
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Finally, condition [4] seems to be of technical nature, but is essential for
the form of the conjectures that we present here. For example, in the spher-
ical case M = T*X, it is essentially equivalent to the statement that the
Langlands dual of the “universal Cartan” of X embeds into the Langlands
dual of the Cartan of G, see § [£.2l Without this condition, we do not fully
understand, even conjecturally, the Langlands dual picture, but any such
duality would involve different constructions, such as covering groups like
the ones introduced in [SV17, § 3.2|, stacks, or, in more complicated cases,
quantum groups such as in [MT24], see §.

3.5.4. Neutrality. Choose x € My (the closed G' x Ggp-orbit), and let f be
its (nilpotent) image in g*. (It is easy to see that the definition of neutrality
that follows will be independent of choice of x.) Since My is affine, the
stabilizer H := G, of x inside G is reductive.

Remark 3.5.5. A priori, the group H may be disconnected. We do not
know of such examples, and we expect that H will always be connected, but
we only have a proof in the polarized case, see Proposition

Now, H fixes f under the coadjoint action, and the moment map on My ~
H\G is given by Hg — f9. The Ggy,-action on My commutes with G and
therefore is given by left multiplication by a cocharacter w : G,, — N(H)/H,
such that f@WN) = \2f.

This cocharacter can also be thought of as a cocharacter

w: Gy — Zg(H)/Z(H)
(where Zg(H) is the centralizer of H in G, and Z(H) is the center of
H). Indeed, both H and N(H) are reductive groups, hence at the level

of Lie algebras we have n(h) = 34(b) x30) p: therefore, the embedding
Za(H)/Z(H) — N(H)/H is an isomorphism on identity components.

Definition 3.5.6. With notation as above, the Gg.-action on M will be
called neutral when both of the following conditions are satisfied:

(i) The pair (w, f) lifts to an sly-pair for G (§ , that
is, under an invariant identification g ~ g*, the cochar-
acter w lifts to a cocharacter of the form X\ — A\, for
an sly-triple (h, e, f).

(ii) (i) implies that the action of (A", \) € G x Gy, stabilizes
x,; write

(3.22) @yt A= (AT M) € G x Gy,
for this one-parameter subgroup. Then w, acts by the
identity cocharacter (i.e., by simple scaling) on the fiber
S of the symplectic normal bundle (cf. § to the orbit
My < M

16Since the moment map for the fibers of the symplectic normal bundle is quadratic,
this requirement is compatible with our condition that G4, act on g* by squares.
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Let us observe that:

e The lift h of w has image in Zg(H). Indeed, otherwise, by the theory
of sly-modules, ad(f)(h) # 0; however, the intersection of ad(f)(g)
with the centralizer of f is normal in the latter, and nilpotent [Kos59,
Theorem 3.6], while H does not contain a normal unipotent sub-
group, a contradition.

e Since H centralizes both f and h, it commutes with the correspond-
ing sly-triple (obtained by an identification g ~ g*) in full.

e The slo-triple occurring here is unique. Indeed, for a given f, any
other choice necessarily has the form b’ = h+ 2z where (by definition)
z lies in the center of H. By [Kosbh9, Theorem 3.6], however, z
necessarily has negative weight under A, contradicting the fact that
h centralizes H.

e The unique sly will sometimes be called the Arthur-sly attached to
M, for reasons motivated by the role it will play when M is placed
on the spectral side of the Langlands correspondence.

In other words, we have extracted from M a commuting pair H X sly in
G, as well as a symplectic H-vector space S; we will prove in Theorem [3.6.1
that, in fact, M can be identified with the Whittaker-induction of S.

3.6. The structure theorem. Let M be a Hamiltonian G' x Gg-space
satisfying the conditions of § Recall that it admits a unique G x Gg,-
closed orbit My. Fix a point z € My as above, with stabilizer G, = H
and image f under the moment map, and recall from the discussion after
Definition that its image f € g* (under the moment map) belongs
to a unique sly-pair (w, f) (or, after fixing g ~ g*, an sly-triple (h, e, f)),
commuting with H and describing the action of G4, near M.

Theorem 3.6.1. Let M be a Hamiltonian G-space satisfying the conditions
of §[3.5.1) Let x € My be a point in the closed G x Gg.-orbit My, with
stabilizer H, and let S be the fiber of the symplectic normal bundle to My at
x. Then, there is a unique G x Gg,-equivariant isomorphism of Hamiltonian
G-spaces

(3.23) M ~ Whittaker induction of S from (H,sla)

which carries x to the basepoint of the Whittaker induction (see discussion
after (3.12)) and induces there the identity on symplectic normal bundles.

Remark 3.6.2. The inducing space S of (3.11)) is coisotropic for H, and in
fact also for a smaller subgroup — see Proposition below.

The idea of the proof is as follows. Recall, from the discussion of §[3.3.1]
that one can “recognize” M as a Hamiltonian induction from HU by produc-
ing an HU-stable Lagrangian correspondence between M and a Hamiltonian
HU-space. Fix x € My and let G,,, act by ; the Hamiltonian HU-space
S of will be the weight-one subspace of T, My; the Lagrangian corre-
spondence will have image the set of points that contract to z under .
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Proof. We use the sla-pair to decompose g as in (3.8]) and use notation as
described there. Let G, act by the cocharacter

we: (A" N) € G x Gy,

on M, so that it stabilizes z, by condition ({5)).

Let My < M be the subscheme of points that this G,,-action contracts
to x; as a functor, for a test scheme T', M, (T) is the set of G,,-equivariant
maps m : Al x T — M such that m({0} x T) = x. In particular, there is a
morphism

m: Gy x My — M,

classified by the identity morphism of M. By the theorem of Bialynicki-
Birula [BB73|, Theorem 4.1|, M is a smooth scheme, whose tangent space
at x is identified with the sum of positive weight spaces for G, on T,M.
Moreover, M is (non-canonically) G,,-equivariantly isomorphic to this tan-
gent space. M, is fixed under HU because H fixes x, and G,, contracts U;
that is to say, for z € M, \ € G,,,u € U we have

(3.24) zou-we(N) = 2 we(N) - [NuAT"].

(For example, in the setting of Example if we take x to be the
basepoint f x idg, then M, is identified with a single cotangent fiber of
T*(X,¥).)

Repeating the same considerations for the coadjoint representation g*,
where G, is now acting through the product of the scaling square action
and the left coadjoint action of A", we see that the map m lives over a
correspondingly defined

Go x (f+95 1) = (f+959).

Here, g% _; is the sum of weight spaces with weights > —1 for the left coad-
joint action of h, so that (f + g% _;) is the subset of points contracting to f
under the G,,-action.

Let us study the tangent space T, M. It contains T,My, which is the
tangent space to the G-orbit through z and so identified with g/h. The
orthogonal complement to this orbit is the kernel of the derivative of the
moment map at x. Recalling the convention d(Z, u) = w(Z,e) for the mo-
ment map, we see that T, My n (T Mo)* = gs/h (with gy the stabilizer of
feg*). We get a filtration

(3.25) 0c T, My n (T My)t < g/ < TpMy + (T, M)+ < T, M,
——

v v
V1=gf/b Ty Mo ‘/2:‘/1l

about which we know the following:

(1) The orbit map gives an injection g/h — T, M, and the restriction of
the symplectic form to g/b is given by

w(Z1, Z2) = (ad™(Z1)(f), Z2) = =}, 21, Z2]) -
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The quotient V5/V; is symplectic, and g/gs, endowed with the sym-
plectic form above, injects into it. Let S be the orthogonal com-
plement of g/g inside V5/V1; hence, S is a symplectic vector space,
and

Va/Vi = S® /gy,
an isomorphism of symplectic vector spaces.
The G,,-action via @, on the embedded g/h is given by A — Ad(A\?)
(left adjoint action), and the restriction of this to Vi = gs/h has
weights < 0. Since G, acts on the symplectic form through squaring,
the weights of w, on V; are < 0, and its weights on its dual, T, M /V3,
are = 2.
The weights of G, on T, M /T, M, are, by the discussion above, all
> 1, since they are all either weights on S or on Tx M /V5.

It follows that the weight-1 subspace of T, M, can be identified with the

weight-

space

(3.26)

(3.27)

(3.28)

1 subspace of Vo/Vi, which in turn is identified with the symplectic

S:=S®u/u,
Claim: There is a unique HU x Gy,-equivariant morphism
A . M+ - g

(where G, is embedded in G x Gy, by w,), sending x to 0 and
such that the differential at x induces the natural projection
T,M — S to the weight one subspace. It has the properties
that the restriction of the symplectic form to M, is obtained
by pullback, and is compatible with moment maps, in the
sense that the diagram

oo
g* — (b +u)*

commutes; the right vertical arrow here is the moment map
for HU acting on S, defined as in (3.11)). The induced map

My — 8 X(gix 8°

is an isomorphism.

Proof of claim: Set A : My — T, M, to be the partial differential of m at

0 € Gy,

dg,m : 8o x My — T, M,

evaluated at 1 € g,. Clearly, A takes image in the weight-1 space S:= Sou.
Then the differential dA : TM, — S < T, M, can also be computed as the
limit limy_,o A(t) where A\(¢t) : TM; — TM, is induced by the w,-action
on M, multiplied by the inverse of the scaling action on the fibers — this
can easily be inferred from the existence of a (noncanonical) G,,-equivariant
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isomorphism M, ~ T, M, , guaranteed by the theorem of Bialynicki-Birula.
Clearly, A(t) preserves symplectic forms, so A also preserves symplectic pair-
ings. Uniqueness of A follows from the fact that the coordinate ring of M
is graded by the G,,-action, with the 1-graded piece identified with the dual
vector space to S.

The map A is H-equivariant because the H-action on M, commutes with
the Gy,-action. It is also U-equivariant with reference to the natural action
of U on S — trivial on S, and translation on u; via U — u/uy >~ ug; this
follows from . Since any two moment maps for the action of HU differ
by translation, to verify that the diagram commutes it is enough to
show that they agree at a single point. Taking x to be that point, we see
that both routes evaluate to the image of f in (h + u)*.

The induced map is an isomorphism because its differential at x
induces an isomorphism (because there are compatible G,,-actions on both
sides with unique fixed point = and its image). In more detail, given the fact
that the moment map S — h* is quadratic, the tangent space of S x (h+u)* 8

at the image of  is naturally identified with S ®(bu)*; hence, the differential
at x is a map

T.M, — S& (hu)*.

The projection to S is the natural projection to the weight-1 subspace, whose
kernel is the sum (7, M )>? of weight spaces on T, M, with weight > 2, or
equivalently the corresponding definition (T,M)>2 for M. The differential
of the moment map gives T, M — g*: the image of this map is h* and its
kernel is TJCMOL. The weight > 2 subspace of this kernel is however trivial,
because it is a subspace of the weight > 2 subspace of of (T, M /T, My)*.

Therefore, (T, M, )>? is identified by means of the moment map with the
weight > 2 subspace of h*, which is the same as (h + u)*. This concludes
the proof of the claim.

We are now in the situation discussed in (3.5)) and the subsequent discus-
sion, namely, we have a Lagrangian correspondence as in (3.5)):

(3.29) My ——=M

SO
where as before the superscript o means that the symplectic form has been
negated. Then, as in , M, xHVU G gives a Lagrangian correspondence
between M and the Hamiltonian induction of S, and the induced map to
this Hamiltonian induction is an isomorphism, by what we just proved in
(13.28)). That is to say, we get a G-equivariant map

@ : h-indG; S(= My xHV G) - M

preserving symplectic forms. Since — examining (3.25) — both sides have
the same dimension, w is an isomorphism on tangent spaces everywhere.
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Therefore w is an unramified morphisms between smooth varieties of the
same dimension; it is then automatically étale.

We will now argue that w is an isomorphism. To do so it is enough to
argue that w is finite; it is then a finite étale cover, and its degree is constant
on the target; then use the fact that the preimages of points in My under w
have size 1, which will follow from inspection of what is happening on the
closed orbit.

To verify the desired finiteness, we invoke a lemma of Luna [Lun73|
Lemme, p89| deduced from Zariski’s main theorem. Set M’ to be the source
h—indfwé’ of @w; so we have a morphism

w:M — M
of G x G,,-varieties. Luna’s lemma shows that finiteness is assured if both
varieties are affine and = has finite fibers, carries closed orbits to closed
orbits, and induces a finite map on invariant theoretic quotients.

That M’ is affine follows from the structure theorem for vectorial
Whittaker induction. The only G x G,,-invariant functions in F(M) are
constants. Therefore, F(M') being algebraic over F(M), the same is true for
M’. Therefore, F[M'|¢*®m = F; so M’ has a unique G x G,,-closed orbit,
which by construction is carried to the closed G x Gy,-orbit on M, and
moreover the invariant theoretic quotients are both points. By inspection,
the map w : M’ — M is an isomorphism on these closed orbits. This
concludes our proof that w is finite, and therefore, as argued above, that it
is an isomorphism.

Regarding uniqueness, take any G' x Gg4,-equivariant automorphism of M
as a Hamiltonian space preserving x and acting trivially on the symplectic
normal bundle S. This induces an automorphism of My that is necessarily
trivial by the uniqueness statement of the Claim above. Thus the original
automorphism of M is also trivial on G- M, which contains an open subset of
M (e.g., by consideration of tangent spaces at x), and so the automorphism
is trivial. O

The following proposition provides sufficient and necessary conditions for
a Whittaker induction as in the Structure Theorem to be coisotropic.

Proposition 3.6.3. For a Whittaker-induced space M as in , if the
subgroup H is Teductive the quotient Y = HU\G 1is quasiaffine. The Whit-
taker induction is coisotropic if and only if Y is spherical, and the
inducing symplectzc space S (in the notation of-) s coisotropic for the
generic stabilizer of G on T*Y . It is hyperspherical under the Gg,-action

described in § iff, in addition, it satisfies .

Proof. To prove that Y is quasiaffine, it is enough to show that H is contained
in the kernel of a P-regular dominant character of L, where P = LU is the
parabolic defined by the nonnegative eigenspaces for the element A of the
slo-triple. (We call a character P-regular if it does not extend to a larger
Levi subgroup.) Such a character is provided by the element h itself, which
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becomes the differential of a character by means of an invariant isomorphism
g* ~ g (restricted to the Lie algebra of L). This character is trivial on H
because h belongs to an sly < g that commutes with . This proves the
quasiaffine property.

By Proposition[3:5.3] M is coisotropic iff the general nonempty fiber of the
invariant moment map M — ¢* contains an open (not necessarily dense) or-
bit. In our arguments, we will repeatedly use partial “Springer—Grothendieck
resolutions” of g*, determined by classes O of parabolics, and defined as

§% ={(Z2.Q)|Z e ug = g*},

that is, pairs consisting of a coadjoint vector and a parabolic in the given
class whose nilradical is orthogonal to the given vector. We recall that the
forgetful map §<* — g* is surjective and proper, and that it is finite over
the set of Q-regular elements — this can be taken as a definition of Q-regular,
but under g* ~ g this is also the set of all Z that belong to a finite number of
parabolic Lie algebras Lie(Q), @ € Q. Choosing a representative @) € Q, the
space §g<* can also be written ué-g xQ G. Tt lives over ¢ = the analog of ¢*
for the Levi quotient of any representative @ € Q (as they are all canonically
isomorphic).

Therefore, if the Hamiltonian space M is such that its moment image
consists, generically, of O-regular elements, it is coisotropic iff the general
nonempty fiber of the base-change map M< — ¢, contains an open orbit,
where

M2 = M x g g2 — M"2 xQG.

Closely related to this construction is the polarized cotangent bundle,
defined as

(3.30) M = M x a*.

By (3.12)), the space M is fibered over Y. By [Kno90, Satz 2.3|, there
is a parabolic @, a Levi decomposition () = RUgp, and an open Q-stable
subvariety Yg with

(3.31) Yo~ R\Q x V

as a Q-variety, where Ry O [R, R], and V is a variety with trivial Q-action.
We will use the presentation for M, and, without loss of generality, the
coset of 1 in Y = HU\G belongs to Yy, which means that Ug is “opposite”
to U, i.e., Yg lives over the open Q-orbit on P\G. Note that Y is spherical
iff V' is 0-dimensional (hence, by connectedness, a point).

Set Ay = R/Ry. From it is clear that the generic stabilizer for the
Q-action on Y is conjugate to Ry. It is known from a construction of Knop
that this is also the generic stabilizer for the action of G on T*Y. More
precisely, Knop [Kno94, § 3| produces polarized cotangent vectors on Y by
using the (-moment map on Yg. Namely, the isomorphism implies
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uL . .
that T*YQQ =T*Ay x T*V x Ug, in such a way that the diagram

uk
T*YQQ —T*Y

|

ay < a* ——¢*

commutes, where the projection to aj is trivial on 7%V, and the natural
projection on T*Ay. Since Y is quasiaffine, [Kno94, Lemma 3.1] implies
that the generic element of a3 is Q-regular, and this implies that the map

s ) *
T*Y oT7Y," x*G->T7Y
(where the embedding on the left is open) is generically finite and that the

G-stabilizer of a generic element in 7*Y is conjugate to the Q-stabilizer of

—~—0Q

a generic element in 7*Y | hence conjugate to Ryp.
We can adapt Knop’s construction to the Whittaker-induced space M, as
follows: Recall, first, the structure of M as a Whittaker induction (3.12)),
& HU
M=S5 X () T*G.

It maps naturally to Y, and we can restrict it to the open set Y. If we denote
by G¢ the preimage of Yg under the action map, we have Gg = UH x o ),
equivariantly under the left-HU- and right-Q-action, hence

T*Gq = T*(UH) x10 T*Q x T*V,

0

compatibly with the left moment map to (h+u)* and the right moment map
to q* (where the T*V-factor does not affect the moment map). Hence,

Mly, =S xf%o T*Q x T*V,

compatibly with the moment map to q*. Hence, the open subset (M2) =
L ~
M\YQuQ x@ G of the Q-cover M€ is equal to

(3.32) (M°) = S x0T*R x T*V x" G.
0

We have a natural action of aj on the affine space ¢}, (descending from
its action on a*), with quotient ¢% . The presentation shows that
the invariant moment image of (M<)’ in ¢% is equal to the preimage of
the invariant moment image of S (considered as an Rg-space) in k- In
particular, by the Q-regularity of the generic element of aj,, mentioned above,
the invariant moment image consists generically of Q)-regular elements, and
M is coisotropic iff the general nonempty fiber of (M Q) - ¢ contains an
open G-orbit. Clearly, again by , this is equivalent to requiring that
dimT*V = 0, and the generic nonempty fiber of § — ¢k, contain an open
Ro-orbit; that is, that Y be spherical and S be a coisotropic Ro-space.
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If, in addition, we assume , then all the defining conditions for “hyper-
spherical” are satisfied (the affine property by Lemma |3.4.9). U

Remark 3.6.4. A neutral G,,-action on such a Hamiltonian G-space M is
clearly quite rigid and it is likely that it is in fact unique; it would be nice
to prove this.

3.7. Polarization by twisted cotangent bundles. We now discuss the
question of polarizing M in a fashion that is compatible with the G-action
and our later needs. When such a polarization exists there is a distinguished
class of them — “up to the question of polarizing a symplectic vector space.”

We continue to consider a hyperspherical Hamiltonian G-space, i.e., one
that satisfies the conditions of § As in the discussion after Definition
any point x € My (the closed G x Gg-orbit) gives rise to an sly-pair
commuting with the stabilizer H = G, and via Theorem [3.6.1| we get a map
M — HU\G. Let S be, as before, the symplectic normal bundle to M.

Definition 3.7.1. In the setting above, we say that M admits a distin-
guished polarization if the weight-1 component uy < u vanishes, and there is
a Lagrangian H -stable decomposition

S=8"®S,
In this case we will also call the choice of such a decomposition a distin-
guished polarization of S.

Remark 3.7.2. The assumption that the weight-1 component of u vanishes
can be replaced, for many purposes of this paper, by the assumption that
there exists an H-stable Lagrangian space in u;. We have not done so, largely
because this would add the additional complication of verifying independence
of Lagrangians at various stages. We do not foresee any difficulty in doing
this.

Note that, by the theory of sla-modules, the vanishing of u; is equivalent
to evenness, i.e., h acts on g with even weights only.
In this setting, notice the following:

Lemma 3.7.3. Assume that h acts on g with even weights. Then, the ad-
ditive character f of u is generic; that is, it lies in the open L-orbit on
Homp;e(u, g4), where L is the Levi quotient of the parabolic whose unipotent
radical is U.

Proof. By the theory of sly-modules, the abelianization u/[u, u] is isomorphic
to the weight-2 eigenspace us under the canonical projection. Indeed, all
eigenspaces of u of weight > 2 are generated by the 2-eigenspace under the
adjoint action of e, and, vice versa, all weight 2 vectors commute up to
vectors of weight > 2.

The dual uj decomposes as an L-module into a direct sum >, A A, U3 4
where A, Ay, denote the simple roots of G and L, respectively, and the center
of L acts on u3 , by the character —a [ABS90].
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We claim that the character f has nontrivial projections to all summands
uj ., i.e., nontrivial restrictions to all the irreducible L-submodules ug, of
u. Indeed, the adjoint action of f sends ug, injectively into [, therefore
for every nonzero x € ug, there is a y € [ such that (under the invariant
symmetric bilinear form identifying g with g*)

0# <[fa x]7y> = <fa [x,y]>,

hence f does not vanish on the L-module generated by .
By the equivalent conditions of [SV17, Lemma 2.6.1], the nonvanishing of
f on all us , means that it is generic. O

In this case, M has the structure of twisted cotangent bundle: Take
(3.33) X =85t x" G, w=gtx"'qg,

with U’ the kernel of U — G,. We may identify M = T*(X,¥), in the
notation of § We can also write this as

(3.34) (X,0) = Ind% (X, ¥;),

where P is the parabolic with unipotent radical U (and Levi quotient L,
Ind% Y denotes the variety ¥ x” G, and (X, ¥;) denote the pair of P-
varieties (S x U P, §F x HU' P’} Since the additive character U/U’ = G, is
generic by Lemma [3.7.3] we are in the setting of “Whittaker-type reduction,”
as introduced in [SVIT, § 2.6|.

The neutral Gg,-action on M, described in § is induced by one on
X that is covered by an action on ¥; namely, the action of A € G4 on X is
given by A - (s*,g) = (As*, Mg), and the same formula on ¥. The G,- and
Ggr-actions on ¥ combine to a left action of G, x Gy, where Gy, acts on
Gy by M-z - A7 = A2z

We now examine what conditions on X are forced by the conditions of

§B.5

Proposition 3.7.4. When a hyperspherical variety M admits a distinguished
polarization M = T*(X, V), then

(a) X is a spherical G-variety, and
(b) the B-stabilizers of points in the open B-orbit on X are connected.

In particular, X has no roots of type N (for this terminology, see .
Moreover, in that case the subgroup H of G as above is connected. Vice
versa, a Whittaker-induced Hamiltonian space M which admits a polarization
of the form (with H reductive) is hyperspherical if it satisfies these
conditions.

We recall that a (normal) G-variety is spherical if a Borel subgroup of G
acts with a Zariski open orbit. See also Remark for an interpretation
of condition (b) in terms of the combinatorial data attached to a spherical
variety.
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Proof. The equivalence of (a)—(b) with the hyperspherical property follows
from Proposition if we prove that the connectedness of generic stabi-
lizers on M (Condition [4)) is equivalent to Condition (b). Note that, again
by Proposition [3.6.3], X is quasiaffine. Let B be a Borel subgroup, and
P(X) o B the parabolic stabilizing the open Borel orbit. As we recall later
in § the generic stabilizer of B on X is equal to the intersection of B
with the generic stabilizer of P(X) on X, which is a subgroup contained in
a Levi of P(X), and containing its derived group. In particular, the generic
stabilizer in B is connected iff the generic stabilizer in P(X) is connected.
The latter, by [Kno90, Korollar 8.2] (whose proof also applies to the twisted
case), is conjugate to the generic stabilizer of G on T*X. This proves the
desired equivalence.

The statement about roots of type IV is a consequence of (b), see Remark
4211

If H were not connected, we would have a finite étale map of G-spherical
varieties X' = StTxHVG - X = §+xHU @G, and in particular the stabilizers
in the open B-orbit on X’ would be of finite index > 1 in the stabilizers of
the open B-orbit on X; this contradicts (b).

O

3.8. Eigenmeasures. Given a distinguished polarization M = T*(X, V)
there is a further condition on X that is important:

We may ask that X admits a nowhere vanishing eigen-volume form, which
we sometimes just call eigenmeasure: a nowhere vanishing algebraic differen-
tial form of top degree, with the property that, up to scaling, it is preserved
by G. Such a form is then also automatically preserved up to scaling by Gg;;
for its translate by G, gives another form w’ with the same G-eigencharacter,
and then w’/w is a nowhere vanishing G-invariant function on X, so constant
(since X admits an open G-orbit, by Proposition .

In particular, having fixed such a form w, it determines a character 7 :
G — G, and an integer v € Z with the property that

(3.35) (9, A) w =n(gA" - w.

To appreciate the relevance of this condition, we note that the conjectures
that we are about to formulate in this paper are best “calibrated” by working
with half-densities on X, rather than functions. However, half-densities are
a little awkward geometrically and arithmetically, and we would like to have
the possibility to translate to functions. The existence of such an eigenform
allows us to do so.

3.8.1. Translation in terms of H. Although the above definition makes sense
for an arbitrary G' x Gg.-space X with open G-orbit and eigenform, let us
specialize to the case of and explicate the situation.

Let 1 be the character by which H acts on the top exterior power of
the tangent space at the point (0,1) € ST x#V G = X. Then X admits a
nowhere vanishing eigen-volume form w if and only if 7 extends to a character
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of G (to be denoted by the same letter); for any such extension, there is a
unique, up to scaling, eigen-volume form on X with eigencharacter n. (To
help with signs, it may be helpful to observe that that the action of H on
the tangent space is defined as a right action, via pushforward v — h,v of
tangent vectors, while the action on functions and differential forms is defined
as a left action.) In this situation we readily compute that the quantity ~ of

(3.35) is given by
(3.36) v = dim(S") — (2p, @),

where w is the character associated to the SLs for (G, M), and 2p is the sum
of roots on U. Later on we will frequently encounter the following expression,
which we also compute for later reference

(3.37) Bx :=dim(G) + v — dim(X) = dim(HU) — (2p, w).

3.8.2. Why we allow ourselves to often assume that X has an eigenmeasure.
The assumption that X admits an eigen-volume form is innocuous for us.
Most of the issues we consider in this paper can be reduced to that case,
although we have not at present written this out in all cases; and, moreover,
the choice of eigen-volume form makes no difference.

First of all, even if X does not have such an eigen-volume form, there is a
G -cover of it that does: Indeed, replace H by the kernel Hy of the character
n above Consider the variety X = St xoU @G asa G = H/Hy x G-space.
By this technique, many issues studied in this paper can be reduced to the
case when X has an eigenmeasure.

Example 3.8.3. Take G = GL3 and X = G,,-U\G, where G, is embedded

1 0 =
in the (1,1) entry and U is (0 1 *) ; we equip X with the G,-torsor defined
0 0 1

by the homomorphism U — G, defined by the (2,3) entry. Then X does
not have an eigenmeasure; however,

X =U\G as a G x Gy,-space

does have an eigenmeasure, where G,, is again acting through the (1,1)-
entry, and X/G,, = X as a G-space. The space X represents the standard
L-function of G x G,,.

Secondly, an eigenmeasure is not unique. What actually plays a bigger
role for us is the character 7, and it too is therefore not uniquely defined.
However, the resulting ambiguity is again essentially irrelevant for us. From
the point of view of our later duality theory, two eigenmeasures w and w’ in-
duce characters n, ' with the following property: the dual of 1’ /7, considered
now as a central cocharacter G,, — G, will act trivially on the Hamiltonian
space dual to X. Our local and global conjectures will apparently use the
choice of 1, but this fact means that the choice does not matter.

INote that 71 is necessarily nontrivial, for otherwise X would have an eigen-volume
form, and so Hy is a proper subgroup of H.
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3.9. Hyperspherical varieties over general fields. Throughout this chap-
ter we have worked with hyperspherical varieties (G, M) over an algebraically
closed field F in characteristic zero.

It is, of course, desirable to have a theory over general fields or rings. While
it would be nice to develop such a notion from a list of properties such as the
conditions used to define hyperspherical varieties over C in § we will
not do so in this paper. Rather, we will use the Structure Theorem [3.6.1
and mandate that the varieties that we will call hyperspherical over more
general rings have this structure.

Our working definition of “hyperspherical variety” for this paper will be
Definition [3.9.5] This definition is far from satisfactory, and it is not clear
whether it produces the right objects in arbitrary characteristic, but it will
be complemented by the definition of a “distinguished split form,” Definition
[3:9.9, which, when available, serves as a distinguished base point for the
dualities that we propose later in this paper.

3.9.1. Forms of a hyperspherical datum over a ring. How should we define
the notion of “hyperspherical variety (G, M) over a ring R?”

The theory of reductive group schemes, mentioned again below, gives a
satisfactory notion of a form of G over R. For M, the most optimistic and
pleasing interpretation would be a smooth affine R-scheme equipped with
an action of (G' x Gy, )/ and a Poisson bracket of degree —2 relative to the
Ggr-action, which arise in fact from a symplectic structure on each geometric
fiber. Ideally speaking, we would then formulate the definition from
in a way that made sense relative to Spec R, and then develop our structure
theory in that context.

We have not proceeded in such a systematic way. Rather we will content
ourselves with a simple way of constructing useful examples over rings.

Our Structure Theorem [3.6.1] asserts that, over C, a hyperspherical G-
variety is defined (up to isomorphism) by a linear-algebraic datum D:

(3.38) D= +: H— G, commuting sly-pair (w, f), and p: H — Sp(S5),

where S denotes a symplectic vector space. We recall (§3.4.1]) that w is a
cocharacter G,, > G. We will call D a hyperspherical datum.

A hyperspherical G-variety with a distinguished polarization (§ (X, ')
is also determined (up to isomorphism) by linear-algebraic data, namely
(3.39)

D' =1 : H — G, commuting even sly-pair (o, f), and p™ : H — GL(S™).

where ST is a vector space, and we recall that “even” means that g is a
sum of odd-dimensional SLo-representations. The associated datum D is
obtained by setting S = ST @® (ST)* and replacing p™ by its composition p
with the standard inclusion GL(S1) — Sp(S). We will call D a polarized
hyperspherical datum.

Remark 3.9.2. For later use, we observe that, all other data of D' being
equal, any two choices (p],S7) and (p5, S5) giving the same hyperspherical
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datum D over C are related as follows: There are decompositions of H-
representations, S;” =@, S’;rj, such that, for every j, Sl+j is equal to S;j or
to its dual.

It is very easy to define the notion of a “form of D over a ring,” by using the
existing satisfactory theory of reductive group schemes developed in [DGT0]
(see also [Conldl §3, §5]); in particular, the geometric fibers of such a group
scheme are reductive, the isomorphism class of the associated root data is
locally constant on the base, and there is a notion of a split reductive group
scheme, obtained by base change from the Chevalley group scheme over Z.
(See also the discussion surrounding [Conl4l, Definition 5.1.1].)

We note that, following the usual convention, ‘reductive group schemes”
are required to have connected geometric fibers. Therefore, the following
definition only models hyperspherical varieties where H is connected — see

Remark B.5.5

Definition 3.9.3. Let R be a subring of C, G a reductive group scheme over
R, and F a field contained in the algebraic closure of I, for some prime p.

(i) A sly-pair over R is a pair
(@:Gm — G, feg*(R))

arising from a homomorphism p : SLe — G of group schemes over
R, where @w comes by restriction to the mazimal torus, and f arises

from dp ((1) 8 by means of a G-equivariant isomorphism gr — g%.

(See below for discussion.)

(ii) Given a hyperspherical datum D as in , an R-form Dgr of D
consists of a triple (Hr, Gr,Spr) of reductive group schemes over R,
together with an injective morphism v : Hrp — Gpr and a morphism
p: Hr — Spgr, and an sla-pair (w, f) over R, centralized by Hp,
which recover (the isomorphism class of) D after base change via
R —-C.

(iii) A hyperspherical datum over F is a similar collection of data over I,
which is obtained by base change via a homomorphism R — F from
a hyperspherical datum over a subring R of C.

(iv) We say that Dg (resp. Dr) is split if Hgr, Gr are split, i.e., they are
the Chevalley forms over R.

Stmilar language will be used for a “polarized hyperspherical datum” as in

(3-39).

Remark 3.9.4. (The bilinear forms in the definition of sly-pair): Our use of
a G-equivariant isomorphism gg — g}, in (i) (equivalently, a nondegenerate,
G-invariant bilinear form on gg) is, certainly, a little crass. We leave to
future work a more intrinsic formulation. Such a bilinear form as above
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always exists if E|

(3.41) Ne= []»

pe2uB
is invertible in R, where B ranges over the set of all primes that are not very
good for G. Explicitly, the primes in B are divisors of n+1 for type A,, 2 for
other classical types, {2,3} for all exceptional types except Eg, and {2, 3,5}
for Eg. We will only use the above definition when N is invertible in R.

Definition 3.9.5. Let R (or F) be as in Definition[3.9.3 A hyperspherical
scheme M over R (resp. F) is a G-space that is obtained from a hyperspher-
ical datum by the Whittaker induction process of (3.12)),

(3.42) M = <S x (u/u+)f) UL (6% % G).

We say that M is split if the datum is split.
Similarly, a polarization of (the isomorphism class of) M is (the iso-
morphism class of ) the pair of G-spaces (X, ¥) obtained from a polarized

hyperspherical datum over R (or F) by (3.33)).

Remark 3.9.6. It is not clear that every datum obtained by the process
above can be part of our conjectural dualities and deserves to be called
“hyperspherical;” we have not examined the peculiarities that could arise
over general rings, and definitely a robust structure theory of hyperspherical
schemes needs to be developed. Nonetheless, the introduction of a “distin-
guished split form” that follows introduces at least one form (over sufficiently
large finite fields) that should be part, and in some sense the “distinguished
base point,” of our dualities.

One of the issues that might arise has to do with the quotient by HU
implicit in : the resulting M, a priori a stack, may not be represented
by an affine scheme. Let’s say it’s a scheme, if we have confirmed this. Our
analysis used the theory of Slodowy slices ( and to use this argument
one must assume that a certain list of “bad” primes, relative to the sls-pair,
is invertible. See |[Ricl7, Theorem 4.3.3] for the case of the principal sly; it
should be routine to formulate an explicit list of bad primes. It is entirely
possible, however, that the quotient of is in fact represented by an
affine scheme under weaker conditions. This is an interesting and important
question to investigate, and seems to be the case in some simple examples
we examined.

18When G is the Chevalley form of a semisimple group the existence of such a form is
proved in [Ricl7l Lemma 4.2.3]; see also [SS70l §4]. The general case reduces to this one,
as follows: We have an isogeny Z x G*° — G where Z is the connected center of GG, and
G*° is the simply connected cover of the derived group of G. The kernel of this isogeny is
isomorphism to a subgroup of the center of G*°, and in particular has order divisible only
by “bad” primes excluded above. It follows that we have an isomorphism of Lie algebras

(3.40) 3RO IR — 9R.

which permits us to extend an invariant bilinear form from g7 to gr.
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3.9.7. Distinguished split form. The following Proposition will be used to
show that there is a distinguished split form of a hyperspherical pair (G, M)
over finite fields, in some cases.

Proposition 3.9.8. Let (G x Gy, M) be a hyperspherical variety over C,
in the sense of §3.3, defined by a datum D¢ as in Definition[3.9.3. Let Ng
be as in and let 7 = Z[NLG] There are integers po, N such that the
following holds.

Forp = po and for any field F algebraic over F,n, there is at most one, up
to isomorphism, datum Dy as in Definition[3.9.3 which fits into a diagram

(3.43) Dr «— Dy — De,

where Dy is a hyperspherical datum over Z' and the arrows are obtained
by base change. Moreover, if the automorphism group of D¢ is connecteﬂ
then we may take N =1, i.e., the above statement is valid for all fields F of
sufficiently large finite characteristic.

Proof. Suppose first that I is the algebraic closure of a finite field. One first
checks that any two choices of data Dy which fit into a diagram are
conjugate so long as p is sufficiently large. This follows for (H x G,, —
G,H — Spy,) via standard constructibility arguments, using “rigidity” of
homomorphisms between reductive groups (see Appendix for a spelling
out). Then (again, in large enough characteristic) any two choices for f € g
are conjugate under the centralizer of H x G,, by the same reasoning as in
[Kosh9, Theorem 4.2].

Consequently, once we fix one choice of Dy, the other choices are indexed
by a Galois cohomology group H'(Galg,, Z), where Z is the automorphism
group of D, considered as an algebraic group over IF,,.

We now use the following fact: the restriction map

(3.44) HY(Fp, Z) — H'(Fr, 2)

vanishes identically whenever k is divisible by the product of #my(Z) and
#Aut(myZ), where my(Z) denotes the component group of ZE’ In fact by
Lang’s theorem the map from H'(F,, Z) to HY(F,, mZ) is injective which
permits us to replace Z by mpZ, considered as a finite étale group scheme over
[F,. Let us do so. Then a 1-cocycle for the Galois group of IF, is determined
by the image of Frobenius g € Z(F,); the image of the kth power of Frobenius
is then given by the product

2 k
g-9" 9" 9",
where the superscript F denotes the Frobenius action on Z(F,); and this
product is automatically trivial when k is divisible by the product of the
order of Z and the order of the automorphism group of Z.

19By this we mean that the centralizer of H x SL» in G and the centralizer of H — Spgg
are both connected.
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Given this statement about vanishing of the restriction morphism ,
the desired conclusion follows because the set of possibilities for mo(Z) is
finite — this is deduced by means of general constructibility arguments, see
e.g. |Gro66, 9.7.9]. Similarly, if the automorphism group of D¢ is connected,
we see by general constructibility arguments that the same is true for Z so
long as the characteristic p is large enough. O

Based on Proposition [3.9.8] we offer the following working definition of a
distinguished class of split forms; it does not capture all forms that should
be considered split forms, but where it works, it should give the correct form.
However, first, a

Suggestion to the reader: rather than using the definition
below, take the more practical attitude that, in most exam-
ples, the split form is either obvious or can be determined
from its expected properties and the conjectures of this pa-
per by a small amount of experimentation.

Definition 3.9.9. Let (G x Gy, M) be a hyperspherical variety over C, in
the sense of §3.5, defined by a datum D¢ as in Definition[3.9.3 Let N¢g be
as in (3.41), let Z/ = Z[NLG] and F any field of characteristic not dividing
Ng.

(a) A distinguished split form (G x Gg,., M )r over F is one satisfying the
following two conditions:
(i) It arises as in Definition [3.9.5 and Definition from a hy-
perspherical datum Dp over F which fits into a diagram Dp <«
Dz — Dc;
(ii) Dr is the unique (up to isomorphism) datum that fits into such
a diagram.
(b) A distinguished split form of a twisted polarization (X, ¥) of M over
F is one arising from a polarized datum DE (see ) polarizing
some Dy that satisfies the conditions of (a).

Let us summarize what Proposition [3.9.8says about the existence of such
forms:

e In (a), assuming that D¢ admits a lift to Dy, such a form exists and
is unique when F = F, for all sufficiently large p, or when F = Fp»
for all sufficiently large p and all sufficiently divisible k. m In the
favorable case when the automorphism group of D¢ is connected,
such forms exist for all finite fields of sufficiently large characteristic.

e In (b), such split forms exist under the same conditions as in (a), and
are unique up the ambiguity in polarizing a symplectic vector space,

as specified in Remark [3.9.2]

20Both “sufficiently large” and “sufficiently divisible” arise from the general con-
structibility arguments in the proof of Proposition [E:4.1} with enough work, this could
probably be made explicit.
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This does not follow directly from Proposition [3.9.8f we need to
show that a datum Dy arising in (a) can in fact always be polarized.
The datum Dz involves a homomorphism p : H — Spy, over 7
and, here, pc can be polarized, by assumption. Extension of scalars
gives a bijection between irreducible representations of H g and H ,
and this preserves both symplectic self-duality and orthogonal self-
duality. From this, we deduce that pg, too, can be polarized, and
choosing an arbitrary integral lattice we see that pr, can be polarized
for all sufficiently large p. Uniqueness here follows as in Remark
[3:9.2] so long as we assume the characteristic is sufficiently large that
everything is semisimple, in particular so that there are no Exts
between simple factors of the representation underlying p (which is
readily seen to be valid in large enough characteristic; for instance it
follows from [Jan03, Part II, 6.17]).

We presume this definition will be rendered obsolete by a more sophisti-
cated study of rationality questions.

We finish this section with a useful lemma about the application of the
duality involution (§ on a distinguished split form of a hyperspheri-
cal variety. Let M? denote the space M with G-action and moment map
twisted by the duality involution, and M the space M where we negate the
symplectic form and moment map.

Lemma 3.9.10. Let (G, M)r, be a distinguished split form of a hyperspher-
ical variety over Iy in the sense of Definition . Then M ~ M? as
G x Gg,-spaces over Fy.

Before we give the proof, we emphasize that this is less interesting than it
appears— the notion of “distinguished split form” in Definition [3.9.9] is very
restrictive, and allows us to avoid serious subtleties. But, as we will explain
in §[5.3] there should be a distinguished split form in a more general setting,
and the statement of the Lemma may be a good desideratum for what the
correct notion of such a form should be.

To prove that the statement, we will use some facts about the theory of
Cartan involutions on real groups. This is not because of any special role
of the real numbers, but rather this is a context where involutions closely
related to the duality involution have been studied.

Proof. Let us pick data D¢ defining M over C as in . Thus D¢ con-
sists in + : H — G, a commuting slp-pair (h, f), and p : H — Spy,. The
negated manifold M is then defined by negating f and replacing p by p (i.e.,
conjugating through an element of GSp,, that negates the form).

It will be enough to show that D¢ ~ D% where a superscript d means
that we twist the datum through d : G — G, and the bar means that we
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negate the datum in the sense just described. E| In fact, over C, p and p are
automatically conjugate, but we will distinguish them for conceptual clarity.
Indeed assuming D¢ ~ Dfé is valid, any diagram D, < Dz — Dc also

gives a diagram ﬁﬁq — TZ/d — D¢. Since part of the very definition of the
distinguished split form is that any diagram of this form results in the same
F,-form, we find qu ~ Dg,.

Let us recall that a Cartan involution of a real reductive group J is an
involution 6; with the property that the associated antiholomorphic invo-

lution g — 6(g) of Jc has compact fixed set in J. (A general reference in
essentially this context is [AT18]). Moreover:

e All such involutions are conjugate by J(R), which follows from [Mos55,
Theorem 3.1], see e.g [AT18, Theorem 3.12].

e If f; is a Cartan involution, and Jy < J is a real reductive subgroup
stable under 6, then the restriction of 8; to Jy is again a Cartan
involution, for it evidently has the same compactness property.

e If J is split, there exists such an involution which, taken with respect
to a Chevalley basis inverts the split torus and sends the basis element
Xq to —X_4, see e.g. §2.2 of [DEAG13|. In particular, the complex-
linear extension 99 of the Cartan involution lies in the inner class of
the duality involution.

e Mostow [Mos55, Theorem 5.1] has proven that for an embedding
G1 c Go < GL,, of reductive groups over R there exists a quadratic
form on R™ with the property that the inverse-transpose 6 : g —
(¢")~! fixes both G and Ga. Then 6 is a Cartan involution for GL,
and simultaneously induces one on G1,Gs.

Returning now to our context, we may, by definition of the distinguished
split form, assume that the datum D¢ defining M is in fact defined over R.
Let us fix an invariant bilinear form on ggr, such that (h, f) arises from a
morphism of real algebraic groups SLy — G, whose image commutes with
H. In what follows, we will work with real algebraic groups.

We fix a Cartan involution 0g of G that fixes H; call that restriction 0.
By direct computation, g fixes the bilinear form on g. 6z also induces
a Cartan involution on the connected centralizer Z of H; by conjugacy of
such involutions, we can further conjugate by an element of Z(R) so that
preserves also the image of SLy in Z, therefore inducing a Cartan involution
on it, which we can further assume to be the conjugation action of the

0 1 ] Write w* = w - €2’(y/—1). Then

standard Weyl element w = { 10

@ = (L7h7 _f)ﬁ)7 and

2lThyus, if D is defined by (v, h, f,p), we write D = (1,h,—f,p), and D = (d o
¢, d(h),d(f), p)-
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D ~ (01, 0ch, 0c(f), p) = (B, —h, —e, p) =
Ad(W*)(LeHv h,—f, ,0) = (La h, _fa p@H)
Finally, we readily verify that pfg and p are conjugate inside Spy,. O

4. THE DUAL HAMILTONIAN SPACE TO A POLARIZED HYPERSPHERICAL
VARIETY

4.1. Outline and motivation. In the previous section §3| whose notation
will be used here, we introduced a certain class of “hyperspherical” Hamilton-
ian G-spaces (see § over an algebraically closed field F in characteristic
zero. Throughout this section, we continue to assume that M satisfies the as-
sumptions of § but we assume, in addition, that it admits a distinguished
polarization, in the sense of §

M =T*X or M = T*(X,0).

In this polarized case, the theory is quite a lot better developed, and, in the
current section, we will construct an explicit candidate for its Hamiltonian
dual M in terms of the geometry of spherical Varieties@ This M will be
defined over an algebraically closed field k of characteristic zero (although in
§ we will also discuss the case where k is not algebraically closed). The
construction will depend on a conjecture , which we have confirmed
on all examples that we checked. We anticipate that the dual will not depend
on the choice of polarization of M (i.e., on the choice of polarization of the
symplectic vector space S, in the notation of § .

In this way, we will have constructed a class of pairs

(G, M) and (G, M),
with M a polarizable hyperspherical Hamiltonian space, and M satisfying

at least conditions , , of §

- We expect M to be a hyperspherical Hamiltonian space, i.e., to sat-
isfy all the conditions of § but we cannot prove this. (The local
conjecture of § implies that it satisfies condition )

- We anticipate that much of the discussion that follows can be gener-
alized to avoid the “polarizability” condition. Indeed, the most ideal
state of affairs would be that the duality

(G, M) < (G, M)

can be constructed on all hyperspherical Hamiltonian spaces, sat-
isfying suitable auxiliary conditions. A more precise expectation is
formulated in Expectation [5.2.1}

22Geveral of the invariants associated to spherical varieties and more general G-spaces,
that we are using, have been generalized by Losev [Los09] to general Hamiltonian G-
spaces. However, several essential elements of our construction of M, such as the dual
group of a spherical variety, are still missing in the general case.
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Remark 4.1.1. For most of this paper, we will use M on the “spectral”
side of Langlands dualities. According to the convention , the group
G will act on the left on M. However, in this section, we use right actions
for both M and M; the translation to left actions is immediate based on the

conventions of § 2.10]

4.1.2. The hyperspherical data for M and M. We now explain what we do
in slightly more detail. We fix a distinguished polarization, thus realizing M
as a twisted cotangent bundle

M = T*(X, D).

In particular, by Proposition X is spherical and Borel stabilizers in
the open orbit are connected. We also assume that X admits a nowhere
vanishing eigen-volume form with eigencharacter 1, which we fix (see § ;
the general situation will be reduced to that case (Lemma [1.4.1] (a), just as
in § .

For notational simplicity we will use X as a symbol for the space
together with the bundle ¥ in what follows. All invariants to be
associated to X, such as its dual group, are, in general, different from the
invariants that would be associated to the space X without the extra data.

Let us recall from Theorem [3.6.1] that our general class of hyperspherical
spaces all arise from triples (fixing g ~ g*, for notational simplicity),

(4.1) (H < G,sly © g, S a symplectic H-representation.)

where the sls and H commute.

In the polarized case, as explained in § S = ST@®S™ as H-representation
and M is a twisted cotangent bundle over the space X = ST xHU G. In
more detail, the nilpotent element f of the sls-triple defines a character of
the Lie algebra u, normalized by H, and integrates to an additive character
U — G, whose kernel we will denote by U’. Thus, we have a G,-bundle (or
trivial bundle, if f = 0) ¥ := S xHU" @ over X; then, M is the twisted
cotangent bundle associated to W.

We are going to construct the dual M of X from a corresponding datum
on the side of G:

(4.2) (Gx < G, sly — §,Sx a self-dual representation of G'x)

where the sly and Gx commute, which should be understood as dual to

[@1). We conjecture (Conjecture [4.3.16) that Sx admits a G y-invariant
symplectic form. This is valid in all cases we have checked, and we can prove

it in the strongly tempered case when G = Gx (Lemma [4.3.17). Assuming
the conjecture, we define the Hamiltonian G' x Gg,-space dual to M to be

(4.3) M = Whittaker induction (§ of Sx from (Gx,sly).
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Remark 4.1.3. (a) (Notational warning): As remarked in §2.3.3] al-
though Gx plays a role dual to H, we will not denote that group by
H, to avoid confusion with the Langlands dual group of H.

(b) In discussing the twisted case it is often convenient to write in the
notation of [3.33]

(4.4) X =X, xP @, with X, =t x7

where L © P are the Levi and parabolic determined by the sla-triple,
and X7 is an affine spherical L-variety. Moreover, the unipotent rad-
ical U comes equipped with an additive character, which by Lemma

373 is generic.

4.1.4. Contents. With reference to the general outline above, the contents
of the remainder of the section are as follows.

-8 constructs Gx and sly.

- We will construct the Gx-representation Sy in § (in a special
case) as well as §4.4] (general case). The reader might want to look
directly at Definitions [£.3.7] and [£.4.3] to get a sense of what ingre-
dients go into the pot: the highest weights are explicitly determined
in terms of B-stable divisors on X.

- is not used elsewhere in this section. It discusses a certain Gx-
representation Vx derived from Sx. It is Vx, rather than Sx, which
is most visible in number theory. It helps motivate how we found the
formula for Sx.

-8 examines the issue of “parity” (cf. .

- § considers the image of the moment map for M; this is useful in
our study of rationality issues.

- § studies certain issues of rationality, both for M and M:

- When M is defined over a finite field, we will, in favorable cases,
endow M with a Frobenius action.

- When M = T*X (and VU is trivial) we will construct a preferred
“split” form of M even over a field k that is not algebraically
closed.

The section has a quite liberal sprinkling of examples which, we hope, will
help the reader digest the general constructions.

4.2. The dual group of a spherical variety. We will start by recalling
some notions from the structure theory of spherical varieties. In particular,
we shall begin by describing the dual group, assuming at first that f = 0
(i.e., no Whittaker induction). X will therefore be a spherical G-variety over
the algebraically closed field F whose generic B-stabilizers are connected (cf.
Proposition and admitting a G-eigenmeasure (; cf. as to
why this assumption is inocuous.

If B ¢ G is a Borel subgroup, the spherical variety X has an open B-
orbit X°. Let P(X) D B be the stabilizer of X°, and U(X) its unipotent
radical. It is known [Kno94] that U(X) acts freely on X°, and that the Levi
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quotient L(X) acts on X°/U(X) through a faithful action of a torus quotient
L(X) — Ax; this torus is the universal Cartan of the spherical variety X.
More precisely, there is a choice of Levi subgroup L(X) < P(X) such that
we have an isomorphism of P(X)-spaces

(4.5) X° ~ Ty x U(X),

where T'x is a torsor for Ax.
The existence of an eigenmeasure with eigencharacter n means that

(4.6) n+2p—2pr(x) € X*(Ax),
where we use additive notation for the group of characters of A, 2p denotes
the sum of positive roots of G, and similarly for 2p(xy for the Levi L(X).
Indeed, the difference 2p — 2py,x) is the modular character of the parabolic
P(X), so the condition above is the condition for the existence of P(X)-
eigenmeasure with eigencharacter 7 on the open orbit . To see this we
recall from that the restriction of n to a point stabilizer is simply the
determinant of its right adjoint action on the tangent space at that point,
which gives the inverse of the modular character.

For any character x : Ax — G, there is a unique up to scalar (P(X), x)-
eigenfunction f, on X°, whose logarithmic differential k}g I defines a sec-

tion of the cotangent bundle T*X that is independent of the choice of f,.
Taking linear combinations of those (over F'), we obtain a map
afy x X°— T*X°,

where a% is the character group of Ax tensored with F'. Allowing now the
parabolic P(X) to vary in its conjugacy class P, we obtain a G-equivariant
map

ay x (X xP)° > T*X,
where (X x P)° denotes pairs (z, P) with x in the open P-orbit.

Knop shows that the image of this map is dense, and descends to an

isomorphism

T"°X | G = ¥,
where ¢% = a% / Wx for a reflection group Wy, the little Weyl group of X,
acting on a%. This c¢% is the spectrum of the 1ntegral closure of F[g*]¢ in
F(T*X), mentioned in § [3.5] and denoted there by ¢},

Moreover, Knop shows that this Weyl group Wx is the same as the one
constructed by Brion [Bri90], a fundamental chamber of which on ayr :=
X:«(Ax) ®z R is the cone of G-invariant valuations Vx < axr, where a
G-invariant valuation on the function field F'(X) is considered as an ele-
ment in the dual of the character group X*(Ax) by restriction to the Borel-
eigenfunctions F(X)®). (It is known that this restriction completely iden-
tifies a G-invariant valuation, see [Kno91].)

The data above play a role in the construction of the dual group of X,
which we will think here as a reductive subgroup Gx < G, with a canon-
ical maximal torus Ay < A dual to A — Ax. The cone Vx of invariant
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valuations turns out to be the negative Weyl chamber for Gx, i.e., the one
corresponding to a Borel subgroup opposite to Gx n B, where B is the dis-
tinguished Borel subgroup of G. The group Gx was constructed by Knop
and Schalke [KS17], and we expect it to be the same as the one constructed
via the Tannakian formalism by Galtsgory and Nadler [GN10]. At this point,
we will consider Gx as a subgroup of G, unique up to conjugation by the
maximal torus A; later, in § we will describe a precise choice of con-
jugate, compatible with the pinning of G, in order to define the L-group of
the spherical variety.

Remark 4.2.1. For clarity, we emphasize that condltlon l ) of 3.5.1] u ensures
that the group denoted by Gx in [SVIT7] is a subgroup of G, and does
not differ from the one of Gaitsgory—Nadler. Moreover, the same condition
ensures that X does not have any “spherical roots of type N,” in the language
of [SV17, § 3.1] which will be recalled in Indeed, if X has spherical
roots of type N, which by definition means that there is a simple root «
such that the corresponding PGLg-variety X°P,/R(P,) is isomorphic to
N(G,,)\PGLy (see also § [4.3)), then generic stabilizers for the Borel orbit
are disconnected, contradicting Proposition [3.7.4] Spherical varieties with
roots of type N (a standard example being SO,\SL,, for n > 3) are not
contained in our conjectural duality of Hamiltonian spaces, as we expect
their Hamiltonian dual to be a stack, rather than a smooth variety. This is
an issue that needs to be understood in future work.

As was shown in [KSI7, Proposition 9.10] (see also [SV17, § 3.6]), the
embedding Gx — G commutes with a principal SLg into the standard Levi
L(X) dual to P(X):

(4.7) t:Gx x SLy — G.

In particular, we observe for later use that the “h” of the associated slo — §
is given by

(4.8) h =2prx)

the sum of positive roots for L(X), considered as a coweight for G; in the
notation of this is the differential of the cocharacter denoted .

4.2.2. The dual group in the case of nontrivial ¥. In the case of Whittaker
induction, it was explained in [SV17, § 2.6] how to attach a dual group, that
differs from the dual group of the space X, considered without the Whittaker
character. Namely, if (X, V) is as in (3.34]), we have the map for the
dual group of Xy,
Ly GXL X SL2 — L

We will consider the abstract based root system of L as a subset of the
abstract based root system of G via the opposite of the parabolic P from
which it is Whittaker-induced, let G x,» be the reductive subgroup of G

generated by G x,; and all the simple root spaces corresponding to +a, for
aeANAL
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Proposition 4.2.3. The subgroup of G generated by GXL and all the simple
root spaces corresponding to to, for o € A N Ap is a reductive subgroup
GX,\I/ with the same Cartan as GXL, and set of simple roots the union of the
simple roots of GXL and the set A~ Ayp. The subgroup G’X’\p centralizes the
tmage of SLo under ¢y,.

Proof. Let Ax, be the set of simple roots of X1, and Ax v = Ax, VANAL.
We will use a check (A) to denote corresponding sets of coroots. It suffices
to show that Ax v, together with the root lattice of Ay = Ax, gives rise to
a root datum, and that the corresponding reductive algebraic group embeds
into the centralizer of SLy in G, extending the embedding of G X -

First of all, we notice that any a € A~ A, belongs to the character group
of Ax. The proof is the same as in [SV17, Proposition 2.6.2]; we outline
the argument: First of all, by construction and [SV17, Lemma 2.6.1|, the
(additive) character by which the subgroup U acts on the fiber of ¥ — X is
nontrivial on each simple root subgroup U_,. Now, the Cartan A of G acts
on the Lie algebra of U_, via the character —«, and the kernel of the map
A — Ax stabilizes the aforementioned additive character; therefore, o has
to be trivial on the kernel, hence factors through Ax.

The rest of the argument follows the construction of the dual group of a
spherical variety by Knop and Schalke [KS17|. Knop and Schalke construct
the dual group G x; C L by a certain process of “folding” on the root datum
of a full-rank subgroup G x, © L (ie., G x, contains the full dual Cartan
fl) If AXL as denotes the set of snnple roots of G x, (the index stands
for “associated” roots), the set AX as = AXL as U A~ Ay forms the basis
of an “additively closed” root Subsystem by the criterion of [KS17, Lemma
3.3], hence, as in Theorem 7.3 of op.cit., corresponds to a full-rank subgroup
G x,w of G. Then, as in Lemma 7.6 of op.cit., there is a “folding” involution s
which corresponds to the desired subgroup G x,u: It is obtained by trivially
extending the folding involution of AXL,as to AX@s; that is, the involution
fixes all elements of A ~ Az. The verification of the “folding” property
follows as in op.cit., namely, the only nontrivial property to check is that,
for all 3€ AN Az, and all & € Ay, a5, we have (& — *&, 8) = 0, and this
follows from Lemma 6.4 of op.cit. As in Theorem 7.7 of op.cit., this implies
that the embedding of G x, into L extends to an embedding of G x,v into G.

By the “folding” construction of Knop—Schalke, then, the simple roots
of éx,\y are exactly the simple roots of CXL, together with A~ AL; in
particular, as a subgroup of G, G x, v is generated by G x, and the simple
root spaces corresponding to ta, for & € A~ Ap. There remains to show
that this subgroup commutes with SLg, which, by [KS17, Proposition 9.10],
boils down to showing that these simple root spaces centralize a certain
subgroup that is denoted by L§. As in the proof of Theorem 9.7 of op.cit.,
this boils down to Lemma 6.6, and eventually to the study of the rank-1
“spherical variety” corresponding to each o € A ~ Ay — but the situation
in this case is particularly simple, because « is a simple root of G and, at
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the same time, orthogonal to the simple roots of P(X) = P(X) (since, by
what we just proved, it belongs to the character group of Ax). Therefore,
the image of the map SLs — G corresponding to a commutes with the Levi
L(X ), and therefore with its subgroup L§ and with the principal SLy which
appears in ¢y,. O

Under a slightly restrictive condition called the “wavefront” property of
X1, it was proven in [SVI7, Proposition 2.6.2] that the Weyl group of G x v
is the one attached by Knop [Kno94| to the G,-bundle ¥, viewed as a (non-
spherical) G-space — see also [Sak08|, § 5.4]. It would be desirable to extend
this result to the general case; if it does not hold, our definition of G x should
be changed, for it to have the Weyl group defined by Knop. However, in this
paper we will proceed with the definition above.

As remarked in in this situation we will be using X to denote not
just the space but also the data of this G,-bundle, hence will be denoting
this dual group and its Weyl group simply by Gx, W, etc., keeping in mind
that this is different from the dual group of X without the G,-torsor.

4.3. The G’X—representation Sx in the case of affine closures. In the
following subsections, we give an ad hoc description of the G x-representation
Sx, which in all examples that we have considered matches results of [Sak13]
SW22| in a sense to be described in §9.3| and is conjecturally symplectic
(Conjecture [4.3.16)).

It is likely that we are “working too hard” here — for example, in the exam-
ples we have examined, all the weights of Sy are minuscule, which greatly
simplifies things. This might always be the case, for X affine, spherical, and
smooth; in principle, this could be checked “by hand,” based on the clas-
sification of such varieties by Knop and Van Steirteghem [KVS06]. Until
such simplifications are established, or the reader should take the general
definition with a grain of salt, as a working hypothesis.

4.3.1. The canonical affine open within X.

Lemma 4.3.2. If X is an affine spherical G-variety, and X*® denotes the
open G-orbit, the canonical map X L x 1s an open embedding; in par-
ticular, if X is smooth, so is X

Here, X SpecF[X*] is the affine completion of the homogeneous
part of X, which we will call the canonical affine open subset of X, and
denote by X", (The spherical condition implies that the coordinate rings
F[X] is finitely generated, since B-eigenspaces are 1-dimensional and the
monoid of B-eigencharacters is finitely generated.) Here, we assume that X
is untwisted, but we will extend the definition to the twisted case below.

Proof. Let X1 < X be the complement of all G-stable divisors. It is an affine,
open, and normal (actually smooth, since X is smooth) subvariety, where
the complement of the open G-orbit is of codimension > 2. By normality,
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every regular function on X°*® extends to Xi, identifying it with its affine
closure. O

In the twisted case, i.e., when X is endowed with a G,-torsor ¥, by
we can write (X, W) = Ind% (X, ¥), with X, a smooth, affine, spherical
L-variety, where L is the Levi quotient of a parabolic P, and V¥, is a P-
equivariant G,-torsor defined by a generic character of the unipotent radical.
In this case, we will define the canonical open subset of X to be

can ~eaff
(4.9) X = Ind(X3") c X,

endowed with W := the pullback of the torsor ¥ to it.

In the current section, we will give the definition of Sx in a special case,
namely, when (X, ¥) = (X" ¥") and satisfies a certain additional combi-
natorial condition, namely, freeness of the color monoid (to be explained). As
it will turn out, this condition is automatically satisfied under our smooth-
ness assumptions, but we will see this when discussing the general case,
in §.4] For notational simplicity, we will only be referring to X, but the
discussion will apply verbatim to the twisted case.

4.3.3. Colors. When X = X the Ax-space Sx will be determined (up
to isomorphism) by the colors of X.

By definition, colors on a spherical variety X are the irreducible B-stable
divisor@ that are not G-stable; when X = X" these are all the B-stable
divisors in X*. (The choice of a Borel subgroup is immaterial, since B-orbits
on X are the same as G-orbits on X x B, where B is the flag variety.)

Let A denote the set of simple roots of G, and A(xy the subset of those
belonging to a Levi subalgebra of the parabolic P(X). There is a crucial
diagram:

colors —— subsets of A \ Acx)

|
X«(Ax)

The horizontal map associates to each color D the set of & € A for which
the associated parabolic P, of semisimple rank one satisfies DFP,, > X°. The
vertical map ¥ takes a color D to the corresponding valuation, restricted to
rational B-eigenfunctions f, on X; this gives as homomorphism X*(Ax) —
Z, or, what is the same a cocharacter vp € X.(Ax). We will often abuse
language and talk of the Up’s as the “colors”, considered as a multiset in
X«(Ax).

For each v € AN A (), the preimage has either size 1 or 2. More precisely,
for every such a, taking the (geometric) quotient of X°P, by the radical
R(P,) of P,, we obtain a homogeneous spherical variety X, for PGLg, which,

231f F were not algebraically closed, these should be considered geometrically, i.e., over
the algebraic closure
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under our current assumptions can only be isomorphic (over the algebraic
closure) to one of the following:

(type U) RU\PGLg, where, U ~ G, is a unipotent subgroup, and R is a finite
subgroup in its normalizer@

If X is equipped with a nontrivial affine bundle ¥, this splits into
two types: The G-equivariant G,-torsor ¥ — X also admits a similar
reduction ¥, — X, and — following the terminology of [Sak13]) —
we say that the root has type U or type (U, ) according to whether
v, is trivial or not.

(type N) N(G,;,)\PGLy. This is excluded by our assumptions — these are the
“roots of type N,” see Remark [£.2.1]

(type T) Gy \PGL2

(type G) PGL2\PGLs.

We will say that a simple root « is of a certain type, if the PGLy-variety
above is of that type.

We will now identify a distinguished subset of the colors, which we will
call of even sphere type (for reasons that we will explain). The main repre-
sentatives of those are the colors belonging to simple roots « of type T'. For
those roots, there are precisely 2 colors D, D’ contained in X°P, (these will
also be called “colors of type T.”) Their valuations satisfy

(410) Upr = —wa¥p, and Op + Vpr = Q,

and in particular {vp, a) = (Ups, &) = 1; see [Lun01], § 1.4]. Here, in the first
equality, w, is regarded as an automorphism of X, (Ax) because « is itself
a spherical root, see op. cit. These colors play (whose set is denoted by A x
in [LunO1]) play an important role in the classification theory of spherical
varieties. It can be shown that if a color D is of type T, then every simple
root in its image under the horizontal map r above is of type T. (This is an
easy exercise, based on [Lun01l § 1.3], and is left to the reader.)

Simple roots of type T' can be considered as a special case of the follow-
ing phenomenon: a parabolic P — G, such that X°P/R(P) is isomorphic
to SO2,\SO2,+1. We want to include here the case of the spherical vari-
ety SL3\G2, which is isomorphic as a variety to SOg\SO7 = Sping\Spin;
(via the embedding G2 < Spin;) so we adopt the following formal defini-
tion: a standard parabolic P is of “even spherical type” when the associated
spherical variety (P/R(P),X°P/R(P)) is isomorphic either to (SO(2n +
1),S0(2n)\SO(2n + 1)) or to (G2,SL3\G2). When n > 2, the geometry of
colors is different (in fact, there is a unique color meeting X°P in those
cases), but those varieties also need to be considered alongside roots of type
T, because they contribute to the definition of the space Sx; in terms of
number theory, their periods contribute an L-value at %

2the case where R ~ Gy, is excluded, because X* is quasiaffine.
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Definition 4.3.4. The colors which meet X°P, for some parabolic P of
even sphere type as above, will be called colors of even sphere type. Some-
times, we will identify them with their valuations, i.e., we will say “colors of
even sphere type” for the corresponding (multi)set of elements of Xy (Ax).
The corresponding spherical root (see Remark below) will be called a
spherical root of even sphere type.

Remark 4.3.5. The spherical varieties occurring in the definition are, by
inspection, the spherical varieties of rank 1 whose “associated L-value,” ac-
cording to the recipe of for the unramified Plancherel formula, contains
a factor evaluated at % We will recall more details about this recipe in
In a future paper, we will give a more conceptual interpretation of the special
role that these colors play, at least for those of type T when Gx = G; see
[Sak23, Theorem 6.2.2] for a statement ]

Remark 4.3.6. Except for the “type T case (SO2\SO3), which was already
discussed around , in all other cases there is a unique color D in X°P
— see [Sak13, 6.14], and a similar diagram can be calculated when the action
is restricted to Go. Moreover, except in type T, that color satisfies

(4.11) ip = %

where v is the spherical root and ¥ is the associated coroot. The spherical
root, in those cases, is the short root which is the sum of all simple roots in
the case of SOgy,11, and the sum of the long simple root with twice the short
simple root in the case of G5. Those are orthogonal to all simple roots but
one (the one furthest, in the Dynkin diagram, from the short root in SOg;,41;
the short root, in the case of G2), and all those roots that are orthogonal to
v will be contained in the Levi of P(X). See Example below.

However, we hasten to clarify that the unique associated color in this
case is just a placeholder for a B-orbit of larger codimension, or rather for
a “formal difference” of such B-orbits — see the discussion of Galois actions
preceding Definition This is a pedantic detail that the reader can safely
ignore in most cases, but it is necessary in order to get the Galois actions
right.

Let us denote by Cx the set of colors of X of even sphere type, considered
as a multiset of elements of X,(Ax). Let us first consider the case where
the valuations vp € Cx freely generate a direct summand of X *(A x). This
need not be the case; indeed, it is not necessary that the images of distinct
colors under vp are distinct, as the example of G,,\PGLy shows, and is also
not necessary that these valuations generate the subgroup of X, (Ax) which
lies in their Q-span, as the example of G,,\ (G, x PGL2) shows. But we will
explain how to reduce the general case to this one in §4.4]

Let Dx < X.(Ax) denote the dominant Wx-translates of elements of
Cx (just as a subset, without multiplicity), and let D'¢** denote the subset

25This was previously observed, in examples, by V. Lafforgue (unpublished).
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of maximal elements of Dx with respect to the standard coroot ordering:
U1 = Uy <> U1 — D2 can be written as a linear combination of positive
coroots of Gx with integral, non-negative coefficients.

Definition 4.3.7. When (X, ¥) = (X" U®) and the elements of Cx
freely generate a direct summand of Xy (Ax), we let Sx be the representation
of Gx with highest weights DR,

Remark 4.3.8. (1) We do not know if D¥* is actually ever strictly
smaller than Dx. In fact, it may well be that in the smooth affine
case all elements of Dx are minuscule. In that case, the weights
of the representation Sx are precisely the Wx-translates of colors.
We do not currently know an example with non-minuscule weights,
but we also do not know how to prove that they should always be
minuscule. In [SW22 Corollary 7.3.4], it was asserted that this is the
case when X = H\G is affine, but the claimed proof is incomplete
and leads to a weaker conclusion.

(2) In Lemma [£.4.1 we will see that there is always a finite cover ¥ of X
which satisfies the condition about the colors. This means that we
could omit it from our definitions (at the expense of working with
multisets, not sets of valuations), if we knew that D™ = Dx — in
principle, this can change when passing from X to Y.

Hence, we may be “working too hard:” it is entirely possible that,

when X = X i smooth, Sx can be defined simply as the rep-
resentation with highest weights the Wx-translates of the colors —
but note that, when colors give the same valuations, they have to be
included with the corresponding multiplicity, as Example [£.3.9] below
shows.

Example 4.3.9. We consider the case of X = G,,\GLg2 where G,, is em-
bedded in GL3 via e in standard notation. We have

X°/U = G2, <Z Z) > (c,a” ! det)

and the corresponding map B — G,,% is given by (eq,e2). In particular,
the function f, of corresponding to x = wej + yes € X*(B) is given by
c*aY(det)Y. The two B-stable divisors are defined by ¢ = 0 and a = 0, and
the valuations correspondingly are given by (z,y) — = and (z,y) — —y, i.e.,
Cx = {ey,—ey} It follows from this that

Sx = std @ std*

as a representation of the dual GLs.

Note that, if we replace GLy by PGL2, both colors give valuation %,
failing to satisfy the “free generation” condition of Definition This case
will be treated in the next subsection by considering the cover G,,\GLy —
G \PGLg, resulting in essentially the same answer for Sx (but, now, as a
representation of the dual group SLy of G,,\PGL3).
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Example 4.3.10. A particularly trivial case is the Whittaker case X =
U\G, together with the affine bundle ¥ arising from a nondenerate (generic)
homomorphism U — G,. Here the set Dx is empty, and Sx is trivial.
Accordingly we in fact have M trivial.

Example 4.3.11. Consider “Hecke periods for GL,.” Let V;, = V1@ V/ ®
Vih—o be an n-dimensional vector space with a decomposition of the indicated
dimensions, let U < G := GL(V,,) be the unipotent radical of the parabolic
stabilizing V,,_o, and let 1) be a generic character of U stabilized by the
subgroup G,, ~ GL(V}) of G. This gives some Whittaker-type induction,
in the sense of [SV17, § 2.6], of the “Hecke period” X; = GL;\GLg, for
which the dual Hamiltonian space is My, = S x, = the cotangent space of
the standard representation of GLo. For general n > 2, the corresponding
period is known to represent the standard representation of G — hence, we
would like to say that M = Sx = the cotangent space of the standard
representation of GL,,.

As a warning, this X is not a distinguished polarization of M = T*X; we
will see the distinguished polarization in Example [£:3.12] below. From the
automorphic point of view, both represent the same period (cf. [JPSST9,
(4.1.1)] and following discussion).

Example 4.3.12. (“How to construct Rankin—Selberg integrals”): We con-
sider the case X = A™ under the right action G = GL,,.

The only B-stable divisor is defined by z; = 0 and its stabilizer is the
parabolic P(X) = P;,—1 (in usual notation: upper triangular with 1 and
n — 1 blocks). The only root o € A\A(x) is the simple root e; — ez, and it
has type U. Therefore Sy is the trivial representation of Gx = G,,. The
associated SLs into G is principal for the Levi of type (1, n—1); the morphism
G,y x SLy — G = GL,, factors through GL; x GL,,_1 in the evident way.

For n even the dual space is

M = T*(X,¥), X = GLo/G (U, 4),

for suitable (U, ) derived from the SLy. (For n odd it is does not admit

a distinguished polarization, but it can be polarized as in Remark )
In the automorphic situation, this (X, ¥) indexes a (a slight variation — see
below) of the standard integral representation of the standard L-function
for GL,,, as in the example just studied; thus we have derived this integral
representation from our general recipe. Our general proposal is that all
Rankin—Selberg integrals representing V' for which T*V is hyperspherical
can be derived from first principles this way. Note, however, that many
examples of interesting Rankin—Selberg integrals fall outside this class, and
we will discuss them elsewhere (see e.g. [CV24]).
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To clarify the relation between this and [JPSS79| consider the example for
n = 4: X is the quotient of GL4 by the subgroup

x 0 0 =
¥ 1 x =
(4.12) 00 1 y
00 0 1

and the character to G, defining W is given by z+y. The integral of [JPSS79]
corresponds to X’ wherein the (2, 1)-entry has been replaced by the (1,3).
The corresponding spaces are not GL4-equivalent, but their cotangent bun-
dles are equivalent, as follows from the fact that the two spaces are both
inductions from a certain Heisenberg group. In other words, from the point
of view of this paper, the integral of [JPSST9] is not the “standard” one that
one would derive from a hyperspherical presentation, but rather something
equivalent to it.

Example 4.3.13. (See [Sakl3, § 6.9].) We consider the case of X =
SO4\SO5. Then Gx = SLy with spherical root v = a + 8 = the sum of
the two simple roots of G, while P(X) is the parabolic that has the short
root in its Levi; correspondingly,

(V;XXSL2—>CV¥:Sp4

is the direct sum of standard representations on either factor.

If we present X as the sphere g(x1,...,25) = 1 inside the 5-dimensional
quadratic space with form given in an orthogonal basis v; by ¢(>)x;v;) =
T1T5 + ToTy + a:%, and we take the Borel subgroup to be the stabilizer of the
isotropic flag 11 < (v1,10) < (v1,v9,v3) < {v1,v9,v3,v4) < V, with roots
e1, eo corresponding to the action on vs, v4 respectively. The positive simple
roots are e; — es and es. Then x5 gives a U-invariant function on X and
indeed

XO/U ~ G, (-Tz) = Z5.

The function f, of corresponding to x = ae; € {e1) = X*(Ax)
X*(B) is given by z¢ and its order of vanishing along the color x5 = 0 is
given by aej — a. This gives an element of X, (Ax) whose pairing with the
spherical root is equal to 1. Considered inside X*(AY,) this is a weight for
G x = SLy whose pairing with the coroot is 1, i.e., the highest weight of the
standard representation. Correspondingly we find

Sx = standard repesentation of Gx = SLs.

4.3.14. Symplecticity of Sx . For the rest of this subsection, we assume that
the assumptions of Definition are satisfied. Note that Sx is self-dual,
by construction, since its multiset of weights is invariant under {£1}; this
follows from (4.10). If it admits a symplectic structure, that structure is
unique up to isomorphism, in the sense that any other is obtained by applying
a G x-automorphism of Sy. This is a general fact about representations of
reductive groups over algebraically closed fields, which we record for clarity:
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Lemma 4.3.15. Let W be an irreducible representation of the reductive
group Z over the algebraically closed field k, such that W is abstractly isomor-
phic to its dual representation W*. Any two ZS-invariant symplectic forms
on E differ by an element of Aut=(W).

Proof. We reduce to the following basic cases: W = (0 @ ¢*) ® E, where o
is irreducible and not self-dual, and F has trivial = action; and W = o ® F,
where o is irreducible self-dual and F' has trivial =-action. In the latter
case, symplectic forms on W correspond to nondegenerate symmetric or
skew-symmetric pairings on F', and these are all conjugate under GL(F') <
Autz(W). In the former case, symplectic forms on W correspond to (not
necessarily symmetric) perfect pairings ' x E — k, all of which are conjugate
under GL(FE) x GL(E) < Autg(WWV). O

Therefore, for our purposes, the only question regards existence. Let us
denote by B x the multiset of weights of Sx.

Conjecture 4.3.16. The G x-representation Sx is symplectic. Moreover,
the multiset B x has the following properties:

(1) The valuations Up associated to colors of even sphere type appear
with multiplicity onﬂ in Bx; hence, we can consider Cx as a subset
Of Bx.

(2) There is a decomposition Bx = By 1 By such that the weights of
B lie in X (Ax)P and the weights of By lie in —X(Ax)P. Here
X.(Ax)P c X.(Ax) is the monoid generated by E| valuations Up
attached to colors D of even sphere type and the simple roots 7 of
Gx.

(8) For every simple root 5 of Gx, the negative root space gx,—5 maps
the weight spaces with weights in %} to each other, except when ~y
is a spherical oot of even sphere type and C3; < ’B} is the set of
valuations of the corresponding colors of even sphere type, in which
case the C;’(-wez’ght spaces are mapped onto the (—C})—weight spaces
by 9x,—5:

(4.13) 8x,—5(Sx)ey = (5x) ¢y

Lemma 4.3.17. If G = Gx then Conjecture holds, except perhaps
for the multiplicity statement when D¢ # Dx.

Proof. Since Sx self-dual, for the symplectic property it is enough to show
that any #rreducible self-dual subrepresentation of Sx is symplectic. This,
in turn, is equivalent to the condition that the central element (—1)%" € G
acts by —1 on it. It is enough to show that (vp,2p) is odd for all colors D

26For the multiplicity statement, we are relying on the assumptions of Definition m
when different colors induce the same valuation, as in Remark (2)7 the multiplicities
should be adjusted accordingly.

2"There is redundancy in this generating set, as by we could omit the 4’s of even
sphere type.
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whose valuation appears in the subrepresentation under consideration, and
this follows from the existence of a G-eigenmeasure on X, as follows:

When Gx = G, for any o € A the open P,-orbit X°P, is isomorphic to
G\ Py, where Gy, is embedded into P, (up to conjugacy) via the cocharacter
©p corresponding to a color in X°P,. (Which color is chosen does not matter,
because of ) For there to exist an eigen-volume form on G,,\P, with

eigencharacter 7, arguing as in (4.6)) gives
<?7D777 + 210Pa> = 07

where 2pp, is the sum of roots in the unipotent radical of P, (i.e., its modular
character). In other words,

(4.14) {(Op,m+ 2py ={0p,a) =1,
by (LT0).

On the other hand, since n is a character of G, {(vp,n) must be zero,
if p is to be the weight of an irreducible self-dual representation. Thus,
{(0p,2p) =1 for all such colors.

When D¥** = Dy, the statement on the multiplicities of elements of Cx in
B x is obvious by construction; namely, they appear with multiplicity one,
since they are Wx-translates of the dominant weights, which also appear
with multiplicity one (under our current assumptions).

Ignoring multiplicities, our multiset B x is the same as the multiset of
weights of a crystal (in the sense of Kashiwara), denoted by the same symbol
in [SW22| 7.1.4]. The claims about its decomposition into B% 1 By (and
the action of §x,_+) are then contained in [SW22 Theorem 7.1.9]. Note that
%} can be directly characterized by by the property that its elements
0 satisfy (8,1 + 2p) > 0.

O

We mention here that all smooth affine spherical varieties have been clas-
sified (“modulo center”) by Knop and Van Steirteghem [KVS06]; thus, it is
possible to check Conjecture [£.3:16] “by hand” — but we haven’t done so.
Our local conjecture gives a conceptual reason to expect symplecticity, as we

discuss in §7.5.17], §8.5] and more at length in §I7]

4.4. The G x-representation Sy in the general case. We are now going
to define Sx in the general case. We will start with the untwisted case,
M = T*X, where Sx is described in Definition and will treat the
twisted (Whittaker-induced) case, by a straightforward generalization of this
definition, in § [£.4.6]

We first use the following statement:

Lemma 4.4.1. Let X* be the open G-orbit on the smooth spherical affine G-
variety X. There is a central extension G' — G, whose kernel is a torus T,
and a homogeneous G'-variety Y which is (equivariantly) a T-torsorY — X,
with the following properties:
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e the wvaluations Up associated to colors of Y are distinct, and they
freely generate a direct summand of the group of cocharacters of Ay .
e Y admits a G'-eigenmeasure.

Proof. This is [SW22, Lemma 5.3.3] except for the statement concerning
eigenmeasure; that follows, taking a further central extension if necessary,

as in §3.8.2| O

Remark 4.4.2. One can show that the map ?aﬁ — Taﬂ between affine

completions is also a T-torsor; in particular, vyt is also smooth. This is not
stictly needed for what follows, but since we have so far been associating
invariants to affine closures, it is reassuring to know that we are not leaving
the world of smooth varieties.

Following the notation of the Lemma, the colors of Y are in bijection
with colors of X under the quotient map. Also, the dual group of X is a
subgroup of the dual group of Y (with quotient equal to the dual of the torus
T actingon Y — X*), and therefore, assuming Conjecture we can will
consider the representation@ Sy as a representation of Gx. To make sure
that it is independent of Y (which could, in principle, happen if valuations
whose dominant Wx-translates are comparable for one cover, but not for
another)m we note that for a pair Y7, Ys of such covers (for groups G, G%),
the space Y1 x x+ Yo (for the group G} x¢ G%) is also such a cover, so we
can, and will, choose Y large enough so that any two color valuations whose
dominant translates become incomparable in some cover are incomparable
inY.

Definition 4.4.3. Let D%(X) be the set of valuations associated with G-
stable prime divisors in X, considered, by restriction to F(X)(B), as elements

of X«(Ax). Let Y and Sy be as above. We define

(4.15) Sx=Sy® @ T*V;,
AeDC (X)

where V5 denotes the irreducible representation of Gx of lowest weight \.

Example 4.4.4. A fairly trivial example of this situation is provided by
taking X = A" to be affine r-space considered as a variety under G = GJ,,.
Then X = Y; there are no colors of even sphere type, but there are r
G-stable divisors, the coordinate planes in X = Y, corresponding to the
standard basis of co-characters for the dual G = G7,. Correspondingly,

Sx = T*(A").

28Note that the definition of Sx in the previous paragraph only used the colors in X°,
and thus makes sense for Y, as well, even if it is not affine.
29We have no examples where this happens.
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Example 4.4.5. Consider the Godement—-Jacquet case, X = Mat,, under
the (right) action of G = GL, x GL,, that is to say, A - (g1,92) = gl_lAgg.
We have Y = GL,, and

s s CxI

Gx =Gy =GL, < G =GL, x GL,,
where C = the Chevalley involution. The colors are precisely the simple
positive coroots of Y'; none of them have even sphere type. The set DG(X )
that appears above arises from the valuation induced by the divisor X \Y
of singular matrices.

This valuation, identified with an element of X, (Ax), is the lowest weight
of the standard representation (the standard coweight ¢, into the last diag-
onal entry of the upper triangular Borel). To see this, we may compute
as follows: taking the reference Borel of G as the lower triangular Borel
in the first GL, and the upper triangular entry in the second, the iden-
tity matrix lies in the open Borel orbit X°. Write m; for the function on
Mat,, given by the determinant of the upper n x n block; then m;/m;_;
transforms under the Borel character (—ej,ej) € X*(Ax) < X*(A). In
particular, writign x = (= >,z ej, >, xje;), we have in the notation of
that f, = m7* 2 ...m¥». The valuation along the divisor X \'Y precisely
extracts the coefficient x,, i.e., corresponds to the cocharacter é,.

From this we deduce

Sy = trivial, Sx = cotangent bundle of standard representation,
with grading 1.

4.4.6. Whittaker induction. Thus far we have considered the case M =
T*(X, W) where ¥ was trivial.

Now we examine the case of twisted polarizations, that is to say, when ¥
is nontrivial; in fact, Definition applies without change, but we need to
clarify the nature of the elements that comprise it.

Write (X, W) as a parabolic induction of (X, W), as in (3.34). Recall
that we have already defined the analog of “affine closure of the open G-orbit”
in the twisted case by . We now apply Lemma to Xr, obtaining a
homogeneous L-space Y7, and we let \IﬂL/ denote the pullback of the G,-torsor
to it. We define Y by the analogous induction from Y7 ; it comes equipped
with an induced Gg-torsor UY. To the pair (Y, \I/Y), we have associated
by Definition a Gy-representation Sy, which we restrict again to the
subgroup Gx. Note that Gy, Gy, here, denote the dual groups associated
to the Gg-bundles, not just to the spaces Y, X.

The space Sy is the first ingredient of the definition of Sx, and the rest will
come from G-stable divisors. We observe that there is a bijection between
G-stable divisors on X and L-stable divisors on X, that is to say we have
DY (X) = DY(X1), where the equality is not merely of sets of divisors but
as subsets of X, (Ax).
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Lemma 4.4.7. In the setting above, the elements of D(X) are antidomi-
nant as weights of Gx .

Proof. A priori, these Ax-coweights are nonpositive on the spherical roots
of X1, so, by the definition of Gx in § @L it suffices to check that they
are also nonpositive on the simple roots that lie in the opposite of the Lie
algebra u of U, or, equivalently, nonnegative on the simple roots in u. We
will, in fact, argue that they vanish on those simple roots.

Indeed, X7, is a smooth affine spherical variety, hence a vector bundle over
some affine homogeneous space H\L. Let Hy\L denote the open L-orbit on
Xr, with Hy ¢ H. We have Ax = Ax, = (Ho n Br)\Br/Np, where
Br, o Np are a Borel subgroup of L and its unipotent radical, assumed in
general position with respect to Hy (i.e., HyBy is open in L). The valuation
Up associated to an L-stable divisor D has the property that op(G,,) < Ax,
is the image of Hy n By, where H; < H is the stabilizer of a point of D in
general position (in the fiber over H1 € H\L). In particular, op has image
in the kernel of the canonical map Ax, — A g

We claim that all roots o € A ~ Ay, vanish on the kernel of this map.
Indeed, H normalizes the additive character U — G, and these roots are
spherical roots for the Whittaker-induction of this character from the variety
H\L to G, hence elements of X*(Ag 1) (as in the proof of Proposition.

O

We may now define the space Sx by the same formula (4.15)).

4.4.8. This concludes our definition of Sx in the case at hand. However,
we would like to clarify the relationship of this definition to the results of
[BNS16] (for certain reductive monoids), and [SW22] (when Gx = G). This
will be accomplished by the discussion below and Proposition |4.4.9,

Namely, we consider the Ax-toric variety X /N it corresponds to the sat-
urated submonoid ¢x < X, (Ax) of all cocharacters i such that lim; ¢ u(t)
exists in X / N. The valuations of colors generate a submonoid ¢ < cx,
and the intersection of cx with the antidominant cone of Gx is another
submonoid ¢. We define a set of antidominant weights D&, (X) (following
the notation of [SW22|, where “sat” stands for “saturation”), as consisting of
those nonzero elements of ¢y which

e are primitive in ¢y, i.e., cannot be written as sums of two nonzero
elements of if;

e cannot be written as 6 + ©, with 6 € ¢y (possibly zero) and @ a
nonzero element of ¢

Note that the monoid that is generated by ¢& and DG, (X) contains cy,

sat
although it may not be equal to cx, for a general spherical variety@

30The latter was incorrectly asserted in the introduction of [SW22|; the example of
Gm\(G.n x PGLs) shows that it doesn’t have to be true. The definition of the set D& (X)
suffered a lot in that paper, with an incorrect description given in [SW22| Corollary 5.1.4];
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Proposition 4.4.9. Assume that X is a smooth, affine spherical variety.
Then DS, (X) = DY(X), that is to say, DG ,(X) is the set of valuations

sat sat
associated with G-stable prime divisors in X, considered, by restriction to

F(X)B) as elements of X4(Ax).
It is the set DG, (X), instead of DE(X), that appears in [SW22]; but this

sat
proposition shows that the two coincide, for X smooth affine. Note that,
unlike the case of colors, for valuations induced by G-stable divisors (and for

G-invariant valuations, more generally), the map

valuation — its restriction to F(X)®)

is injective; see [LV83], Proposition 7.4], [Kno91l, Corollary 1.8].

Proof. Recall that a spherical variety is called simple if it has a unique closed
G-orbit; an affine spherical variety is always simple. By [Bril § 5.1|, a simple
spherical variety is locally factorial iff the set of valuations of all B-stable
divisors which contain the closed G-orbit (restricted to F(X)®)) forms part
of a basis of X*(Ax). Let us, for the purposes of this proof, denote the set
of those valuations by Ax. Let us also denote by A’y the valuations corre-
sponding to colors that don’t contain the closed G-orbit (in their closure).
The rational cone in X,(Ayx)® Q spanned by cx is the same cone as that
spanned by Ay u Aly.

If, in particular, X is a vector space with a linear G-action, then every B-
stable divisor contains the origin, therefore DS, (X) consists of the elements
of Ax that are do not come from colors, i.e., come from G-stable divisors.
This proves the proposition in the case of vector spaces.

For the general smooth affine case, where X is a vector bundle over an
affine homogeneous space H\G, we let zg € H\G be the point H1, and denote
by L — H the stabilizer of a generic point on b+ < g*. (This is defined up
to conjugacy in H, and its conjugacy class in G is a generic stabilizer for the
G-action on T*X.) By [KVS06, Lemma 5.2|, if B is a Borel subgroup such
that z¢B is open in H\G, then B H is a Borel subgroup of a representative
for L. Now, the variety X is spherical iff By := B n H acts with an open
orbit on the fiber V of X — H\G over xg; that is, iff V' is L-spherical.
Moreover, the closed G-orbit in X being H\G, we have a clear bijection, by
inclusion:

{ Br-stable divisors in V'} < {B-stable divisors in X that contain the closed orbit}.

Moreover, by [Kno91, Theorem 6.7], X being affine implies that there is
a x € X*(Ax) such that y is strictly negative on A’y (the valuations of
colors that don’t contain the closed G-orbit), and zero on ¢y . Therefore,
in the definition of DE,(X) we could have replaced ¢§ by the submonoid

generated by the colors that belong to Ax (i.e., contain the closed G-orbit).

however, the correct definition appears before Corollary 5.6.5, and is the one that is being
used consistently in all proofs.
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This reduces us to the case of the spherical L-module V', where the claim
has already been proven. U

4.5. The space Vx; how we arrived at the formula for Sx. In arith-
metic applications, what plays a more important role than Sx is the space
V of (3.16)), which here we will denote by

(4.16) Vx = Sx @ [g% N §e)-

It is a G'x-representation, which is naturally graded by the action of a group
G’gr ~ G,, with Sx in degree 1 and the remainder graded by 2+ the weight
under the action of h of the slo-triple. It is self-dual, but not necessarily
symplectically self-dual.

There is, by , an identification of G-spaces

M = VX XGX G
With reference to this identification, the G;r corresponds to the image of

Gy, M G x Ggr, see .

Moreover, as was remarked after , while the isomorphism above
depends on the choice of a splitting of the canonical map §* — g%, the map
M — Gx\G is intrinsic, i.e., determined by the data (Gx,slz, Sx) of the
Whittaker induction.

The space Vx, rather than its subspace Sy, is what appears naturally in
the theory of automorphic forms: it is the Gx-representation that appears
in the local Plancherel formula ( §[7)) as well as the theory of global periods
(e.g., as in ) These interpretations lead to a candidate combinatorial
description of Vy by extrapolating from results of [Sak13| (when X = H\G is
affine homogeneous), and their extension to non-homogeneous affine varieties
by [BNSI6] (for certain reductive monoids) and [SW22] (when Gx = G).
However, such a description is quite involved, and not very enlightening.
Nonetheless, by studying these candidate descriptions, we arrived at the
conjectural description of Sx that has been presented in this chapter.

Example 4.5.1. Consider the Shalika model of GLgy,, which is by defini-
tion the Whittaker induction of the variety X; = GLI28\GL2 along the
homomorphism

GLn X SL2 i GLQn

arising from the tensor product of the standard representations. We have

G x, = GL, (embedded Chevalley-diagonally as in Example , and
Gx = Spy,- Moreover, Sy, and Sx are both trivial; and Vx, = gl, =
ga @ pgl,, and Vy = A2, the exterior square of the standard representation
(which includes the trivial representation g, as a direct summand).

4.6. Parity. Now we discuss the parity of M; see for a general discus-
sion that this plays in the paper. We continue to assume the existence of
a nowhere vanishing eigen-volume form on X with eigencharacter 7, as in
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(3.8). We will be using additive notation for characters, and exponential
notation when we want to think of their images in Gy,.
We define the following central element of G,

(4.17) zx = (—1)12,

Proposition 4.6.1. The action on M of the central involution zx may be
identified with that of the involution (—1) € Gy, .

For example, if we take the case X = Al of Tate’s thesis (G = G,;,), we
have zy = —1 € G = G,,, and indeed the action of —1 € G on the dual space
T*A' coincides with the scaling action of —1 € Ggr-

There is a reformulation of the Proposition using the following

Definition 4.6.2. Suppose that (G, M) and (G, M) is as above. The arith-
metic Gg-action on M is the product of the neutral action, and the action

through Gg, X G dual to the eigencharacter n of the eigen-volume form on
X.

Then the Proposition says that the arithmetic action of G x G, factors
through the extended group ¢G. of ([2.10).

Proof. (of the Proposition) First, we will confirm that zx and (—1) € G,
act the same way on G'x\G.

Let us consider the Gy, action from , that is to say, G,, acting
diagonally via the embedding

(id, _2pL(X)) : Gm - Ggr X é,

where we recall that the character 2pp(x) is the datum @ of Whittaker
induction in the definition of M (see (4.8)). This action preserves the coset
of 1in G X\G; in particular, this is the case for the element —1 € G,,,, which
is embedded as (—1,(—1)72’L(0) in G, x G.

Now, from , we have that n + 2p — 2ppx) is a cocharacter into Gx;
thus, the action of (—1,zx) € Gy, x G also preserves the coset G - 1; since
this element is central, it acts trivially on G x\G.

Next, we will show that (—1, zx) acts trivially on the space Vx of .
The action on the summand Q)L( N ge is clearly trivial, since it is induced (see
§ by a combination of the square action of G, (which is trivial on —1)
and the coadjoint action of G' on §* (which is trivial for the central element
zx). Finally, we are left with showing that the action of (—1)7+2P=2,L(x) €
Gx is odd on Sx.

Note that the element (—1)772P~2PL(X) is central in G'x, since zx is central
in G and 2pr(x) commutes with G x. Therefore, it suffices to show that it is
odd on a set of representatives for the Wx-orbits of weights on Sx. By the
construction of Sx in § such representatives consist of

e valuations of colors of even sphere type;
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e the weights in D% (X}), where X, is the Whittaker-inducing variety
St xH . (Here we recall that L is the Levi centralizing the element
h of the sly-triple defining X.)

We first deal with the colors of type T' (a subset of the colors of even
sphere type). We claim that, for every color D of type T, we have

(4.18) (0D, +2p —2pp(x)) = 1.

The argument is very similar to that we have already given in Lemma
Indeed, let o be a simple root such that DP, contains the open
Borel orbit X°, then the P,-stabilizer of a point in D n X°P, is of the form
T - Np(x), where Npx) is the unipotent radical of L(X)n P,, and T is a

torus such that the image of T — A is the preimage of G,, <3 Ay under
the quotient map A — Ax. E The existence of an eigen-volume form with
eigencharacter n, now, restricted to the open P,-orbit, implies that

<7-V]D777 +2p—a— 2PL(X)> =0 < <{]D777 +2p — 2pL(X)> = <{}D)O‘>a
which, by (4.10)), is 1.

By a similar argument, we can show that the remaining valuations of
colors associated to spherical roots v of even sphere type have odd pairing
with n+2p—2pr,x). Namely, if P is the parabolic whose Levi has simple roots
the simple roots in the support of 7y, so that the adjoint group of the Levi
is SO9,41 With n = 2 or G9, as we noted in Remark there is a unique
corresponding color with valuation 0p = %, and the Levi of P(X) contains all
but one of the simple roots of the Levi of P (namely, those that are orthogonal
to v). We can now calculate <1§D, n+2p— 2pL(X)> as follows: Let P; be the
parabolic generated by P(X) and P. Then 2p — 2p0x) = 2pp + 2pLAP(X)>
where L n P(X) is the intersection of P(X) with the Levi of P. Since ¥
maps into the derived group of that Levi, its pairing with n and 2pp, is zero,
and we are left with computing <%, Zmep(X)>, which is equal to 2n — 1 in
the case of SO9,11 and 5 for the case of G.

Finally, we show that the pairing of n + 2p — 2pyx) with the elements
of D¥(Xp) is odd. Let Xp be the complement of the union of colors. It is
stable under the parabolic P(X). By the local structure theorem of [BLVS6|
(see also [Kno94, Theorem 2.3|), the isomorphism extends to an isomor-
phism Xp ~ Tx x Up(x), where Ty is a smooth toric embedding of Tx. In
particular, G-stable divisors in X are in bijection with T'x-stable divisors in
Tx. The non-vanishing eigen-volume form on X, now, restricts to a volume
form wrr ®@wy(x) on Xp, where wyy(x) is a Haar volume form on U(X). The
eigencharacter for the action of Tx on W 18 1+ 2p — 2pp(x). For that to
be the eigencharacter of a nonvanishing volume form in the neighborhood of
a T'x-stable divisor D on the toric variety T, the corresponding valuation

31This follows from the description of the open P(X)-orbit in (4.5), and the isomor-
phism X°P,/R(Pa) ~ G, \PGLs.
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must satisfy, again,
(0p,n+2p = 2pLx)) = 1.
This completes the proof of the proposition. O

4.7. Regular nilpotent elements in the image of the moment map.
The goal of this subsection is to prove the following:

Proposition 4.7.1. Let X be an untwisted spherical G-variety satisfying our
standard assumptions. Assume Conjecture and let u : M — §* be
the dual Hamiltonian space with its moment map. The image of pu contains
a reqular nilpotent element in §*.

This statement will be useful in our discussion of rationality. It also plays
an important philosophical role, which will be discussed in a sequel to this

paper (some related remarks here: Proposition 4.8.10, Example [8.4.5]).

Proof. The definition of M as Whittaker induction of the space Sy
(§ with respect to the sly-pair (e, f) defined by the parabolic P(X)
means that we have a map M — UG X\G’, where U is the unipotent radical
of the parabolic associated to the cocharacter w (as in the definition of
Whittaker induction, §; moreover, the fiber of this map over the identity
coset in UGx\G is (in the notation of (3.11))

(Sx x (u/u-‘r)f) X (Gx +u)* g*.
In particular, taking only the zero point of the vector space u/u,, the image
of the moment map contains

(4.19) (f +u(Sx)) X (fx +u)* a,
where p : Sx — (§x +u)* denotes, here, the moment map for Sx, considered
orthogonal to u.

Let us first explain how to deal with the case when no simple root of G is

a spherical root, i.e., there are no colors of type 7' (see §|4.3]). In most cases,
this means that Sx = 0, but, in any case, the space (4.19) contains

f+(fx +w)h
Choose also an invariant identification § = §*, for ease of description; then

f — which, we recall, arises from a principal SLy into L(X) — can be written
as ZaeAL(X) u—g, where Ay y) denotes the set of simple roots for the Levi

L(X) of P(X), and the u_g are basis vectors in the opposite root subspaces
in g. (We refer, here, to the root decomposition with respect to the standard
maximal torus A and Borel of G.) The regular nilpotent element of M
that we will construct will belong to the space above and have the form
m=>.c Ag U—a- a similar sum but over the entire set of simple roots of G.
The issue is to show that we can choose the remaining basis vectors u_g, for
a € Ag N Ap(x), so that their sum is orthogonal to gx + u.

Regarding u, this is automatic for any choice of basis vectors in these
negative root spaces. Indeed, since @ = 2pr,x) is a sum of positive roots of
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L(X), we have (w, &) < 0 for every a € Ag \ Ap(x), and that means that
the simple root spaces g_g belong to u; under the identification § ~ g*, they
are orthogonal to u.

Thus, to finish with the case when there are no spherical roots which are
simple roots of G, there remains to show that the sum

I

OCGA\AL(X)

can be taken to be orthogonal to gx. For this we will recall some of the
details of the Knop—Schalke construction.

Recall from [KS17, §6] that we have inclusions Gx < Gx G, for some
intermediate reductive subgroup Gx that contains A, and that Gx is ob-
tained by a process of “folding” of the roots of Gx. This means that the
simple coroots of Gy are either coroots of Gx (and, therefore, roots of G),
or sums v = « + 8 of two simple coroots of Gx. Moreover, by inspection
of [KS17, Table (6.1)], in the latter case either both or none of a and g are
simple roots of G. Finally, such roots «, 8 are associated, in this sense, to
a unique simple coroot 7 of Gy; this follows from [KS17, Lemma 6.4] which
shows that, given a simple root o of G which is associated to a simple spher-
ical root «, that spherical root « is characterized, among simple coroots of
Gx, by the property that (v, &) > 0.

Now, if no simple root of G is a spherical root, then each a € Ag \ Ap(x)
cither is not a root of Gx, in which case the entire root space g_g will be
orthogonal to gx; or, there is another simple root 8 of GG, such that a, § are
associated to a spherical root v, in which case we should choose u_g, u_3
so that it is orthogonal to “the” simple root space gx 5 of gx. (Of course,
here, we have chosen an embedding gx <— ¢, together with a commuting
slo — @; in the Knop—Schalke construction, these data are determined up to
A-conjugacy.)

Finally, we deal with the case of simple spherical roots of type T'. It is
enough to assume that X is the affine closure of its open G-orbit; indeed, in
the general case, the space Sx, and hence also the image of the moment map,
only gets larger, by . Using the identification § ~ g*, which restricts
to §x >~ g%, let us write the space (4.19) as

f+nSx) + (ax +w)h.
Now, we can still choose basis vectors ugs as above for the simple root spaces
9-a, for those a € Ag \ Ap(x) that are not spherical roots. Let Ag} c Ag
be the set of simple roots of G that are also spherical roots. We will show
that there is an element s € Sx with

p(s) L (bx)
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where [3)_( C gx denotes the opposite of the standard Borel subalgebra and
moreover, for all simple roots 4 of Gx,

(Bxu(s)) #0 <= yeAX.

The resulting element

f+u(s)+ Z U_g

aEAg\(AL(X) UA§)

will then be the desired regular nilpotent element in the image of the moment
map.

Let Sx = S;g @® Sy be the decomposition into a sum of Lagrangians,
corresponding to the decomposition Bx = %} U B of the weight multisets
of Conjecture Recall that %}’( contains %g’; := the set of valuations
associated with colors of type T. Choose basis vectors sp, b € %9(, for the
corresponding weight spaces, and set s = Zbe%)c( Sp € S;g.

Recall that the moment map p : Sx — g% for a symplectic representation
is defined by (Z, u(v)) = tw(v-Z,v) for Z € §x (see (2.15)). By construction,
the space S;g is stable under the action of the negative Borel subalgebra 5;(
of gx. (Indeed, recall that Gx is acting on the right, so the action of the
(—%)-root space adds ¥ to the weight.) Moreover, Conjecture implies
that, for a simple root % of Gx and a basis element es € gx 5, we have

5%, if ¥ ¢ A%;
S-ex € . § + el T
C15—p + C25_y, + 9y, ifye Ak,

where, in the latter case, 01, U9 are the valuations of the two colors associ-
ated to ¥, and ¢y, c2 are two nonzero constants and s_y,, s_y, have weights
—1, —Ug respectively.

The symplectic pairing w(s, s - e5) is then nonzero, as follows from the
nondegeneracy of the symplectic form on Sx and the fact that the weight
spaces for +9; are each one-dimensional, again by Conjecture This
shows that

; =0, ify¢AL;
<gX,7,u<s>>{¢ o oAb
as desired.
O

Remark 4.7.2. In the twisted case, Proposition is generally (likely
always) false. For example, if the dual M is polarized, M = T*Y, and our
duality is involutive, as predicted, then the Arthur-sly defining the twisting
for M is dual to the parabolic P(X), which is therefore not minimal. By
[Kno90l, Satz 5.4], the moment image of T*X only contains vectors which are
perpendicular to [p, p] for some parabolic P in the conjugacy class of P(X),
and the largest nilpotent orbit in this set is the Richardson orbit associated

to P(X), which is not regular. It would be interesting to examine if that
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Richardson orbit is in the image of the moment map for M — but, already,
extracting the parabolic P(X) out of our description of M does not seem
straightforward, and we will not attempt to make any progress on these
questions here.

4.8. Rational and Frobenius structures on M. For M = T*X a po-
larized untwisted hyperspherical space over F, we have constructed a dual
Hamiltonian space M over k; both F and k have been assumed to be al-
gebraically closed of characteristic zero. In this section, we will discuss the
following two issues:

Rationality: Is there a “distinguished” form of the dual M, if k is not
algebraically closed?

Galois action: If M (along with its polarization) is defined over a
subfield Fy < F, so that F is the algebraic closure of Fy, is there a
natural action of T' = Gal(F/Fg) on M?

In this paragraph we will describe a “simple” action of the Galois group
on M as well as a distinguished class of k-rational structures, where k is
an arbitrary field in which 2 is invertible (see footnote ; the k-rational
structure, which we will call the “distinguished split form,” will be uniquely
specified in the absence of even sphere roots not of type T, see Remark
The Galois action is compatible with the standard, “analytic” Galois
action on G ( according to which the action of I' preserves a pinning,
corresponding to a choice of basis vectors es € g4, for all simple roots & of
G, or dual basis vectors f5 € (§%)_a; set f = Y5 fa. Also, this simple action
will be used later on ( to produce Frobenius actions on the sheared
coordinate ring of M.

The principle guiding many of our constructions is that we should seek
pinned hyperspherical varieties. Recall from Proposition [£.7.1] that, when
M is the dual of an untwisted spherical variety, there is a regular nilpotent
element f in the image of the moment map M — §*. Such a nilpotent
element was actually described, in the proof of that proposition, in terms of
the structure

- €
(4.20) M = (Sx x (w/uy)s) X%X’iu)* T*G.
We will now take this regular nilpotent element f to be the canonical one

coming from the pinning on G, and we postulate:

Guiding principle: When M is the dual of an untwisted spher-
ical variety X the “simple” action of I' on M should preserve
an element m € M with image f under the moment map.
When k is not algebraically closed, there should be a distin-
guished rational form of M such that m € M (k).

We will refer to the pair (M, m) as a pinned hyperspherical G-space, relative
to the pinned quasisplit reductive group G. Certainly, not all hyperspherical
spaces admit a pinned form; indeed, the moment map need not even meet
the regular locus, and it is not clear to us that a pinned form is always
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unique up to unique isomorphism. Nonethelss, the above definition is useful
particularly for duals to (untwisted) polarized hyperspherical space.

e In §2.8.T]and Example[4.8.2] we discuss some motivation coming from
the theory of automorphic forms, in particular, the consideration of
“stable” versus “unstable” base change.

e In §4.8.3 we construct the distinguished split form and Galois action
in the case when X is untwisted, i.e., no G,-torsor. The definition
in the case Sx = 0 is completed by Definition the symplectic
form in Sx is constructed in Lemma [4.8.6] essentially by specifying
it on some distinguished basis elements, and then we use the same
basis elements to pin down the Galois action thereafter.

e In Proposition we verify that the construction just given does
in fact have the property quoted in the “guiding principle” above.

4.8.1. Motivation from the theory of automorphic forms. The question we
are discussing here is related to one that has been studied in the theory of
automorphic forms. Namely, it is related to the question of extending the
dual group Gx of a spherical variety to an L-group of the form Gx x T,
together with an embedding to the L-group of G over I'. This has been
addressed in the literature [KS17, § 10], but does not have a definite answer
yet; presumably, one could recover the correct Galois action by extending the
work of Gaitsgory—Nadler [GN10] to a curve over a non-algebraically closed
field.

To begin with, whenever X is defined over a field F that is not algebraically
closed, the set of its simple spherical roots (i.e., simple coroots of G x) admits
an action of the Galois group I'. The easiest way to see this is to notice that
the abstract Cartan Ax, introduced in § is defined canonically up to
unique isomorphism over F (as is the abstract Cartan A of G — even if G
is not quasisplit!), giving rise to an action of the Galois group on axr =
Homgz (G, Ax) ® R, which preserves the cone Vx of invariant valuations.
This suggests a naive action of I' on Gx — namely that there is a pinning
on the triple Ax ¢ Gx n B < Gx which is preserved by the action of T
However, this proposal does not interact well with the role of Gx in the
Langlands program, as the following example shows.

Example 4.8.2. Let E/F be a quadratic extension, G = the Weil restriction
of scalars to F of GL,, g, H = GL,, over F, and X = H\G. Then, the “correct”
L-group of X is known to be the subgroup

Loy cta
described as follows: First, recall that G ~ (GL,, x GL,,) x ', with Galois
conjugation for E/F switching the two copies of GL,, (and preserving their
pinning, which we will take to be the standard pinning defined by upper
triangular matrices with 1’s on the (7,4 + 1)-entries). Now, “Gx ~ GL,, x T,
where Gy ~ GL, < GL2 is embedded as g — (g, g?%), where the exponent
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d denotes the unpinned duality involution introduced in §[2.3.2] Explicitly,

d t —1
g =w-g w,

where w is the matrix with 1’s on the antidiagonal and 0’s elsewhere.

The reason that this is known to be the “correct” L-group has to do with
poles of the Asai L-function, which are detected by the H-period in G, see
[FTi88]. When n is odd, this L-group is G-conjugate to the one that one would
obtain from the pinned embedding g — (g, g¢) of GL,, into GL2, therefore the
difference does not matter for the purposes of Langlands duality; thinking
of the latter as the L-group of the unitary group U,, this embedding is
the standard, so-called “stable” embedding *U,, — G. However, when n
is even, although LG x is still abstractly isomorphic to “U,, its embedding
into LG is not G-conjugate to the standard one; it is customary to call it
the “unstable” embedding of “U,, (or, more often, to talk of “unstable base
change” of automorphic representations from U, to G.

Our interpretation of the example above, and other examples that we will
discuss below, is that the appropriate Galois-fixed pinning should not be on
the subgroup Gy itself, but on the Hamiltonian space M, in the sense we

have discussed after (4.20)).

4.8.3. Construction of the Galois action and rational structure, untwisted
case. The construction of this action goes through the following steps:

(1) Recall that in §. we considered the dual group Gx as a subgroup
of G, unique up to A(k) -conjugacy. We will start here by describing
a precise A-conjugate Gx < G, with a commuting sly — §, largely
following [KS17, § 10]. Once we have done this, the rational structure
and Galois action on G will then give rise to a compatible rational
structure and I-action on Gx. We will call this the “simple” or
“analytic” action of I' on Gx.

(2) The map sly — g will map the standard nilpotent e € sl to >

We will call this the “pinned” sls.

(3) The subgroup G x is determined by its simple root spaces § x,5- BEach
spherical root = is either a root of G, or the sum of two strongly or-
thogonal roots, v = « + B. (This includes the twisted case, see
§ ) In the first case, the simple root space gx 5 will map iso-
morphically onto the corresponding simple root space for §. In the
second case, there is a choice to be made. However, [KS17, Lemma
10.4] shows that there is a unique 1-dimensional subspace of g5 + g 3
that commutes with the pinned slo, unless a and 8 are simple (as
roots of G). If &, /3 are simple, our desideratum that the moment
image of the fiber of M — UG X\G over the coset of 1 contains f im-
plies that gx 5 < ga + 0 g s antidiagonal with respect to the pinning
of g, that is, its image is spanned by eg — eg-

Definition 4.8.4. Let Gx — G be embedded as descri'bed abovg.
This embedding being stable under the action of I' = Gal(F/F) on G,

OéGAL(X) €a-
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we define the L-group of X as the semidirect product
(4.21) LGX = GX x T

(4) Finally, to complete the definition of the rational structure and action
of I' on M, we need to define these on the symplectic vector space
Sx, compatibly with the rational structure and I'-action on Gx-.

Denote by %*;( the set of colors of even sphere type, and by ‘Bg its
union with the set of G-invariant divisors, or equivalently (by Propo-
sition: BL = %39( LDY(X). The symplectic representation Sy
is determined by these colors (§ , but, when k is not alge-
braically closed, the symplectic form on Sx is not necessarily unique
up to k-isomorphism. For example, scaling Sx scales the symplec-
tic form by squares, which leaves us with the problem of choosing a
square class for it.

In order to do so, note that for every simple root a of G which is
also a spherical root of type T, the pinning of G gives us generators
e of the associated root spaces in gx. We would also like to pick
generators of the root spaces associated to the rest of the simple
spherical roots v of even sphere type (“of type SO2,\SO2;,+1” with
n > 2). By |[KS17, Lemma 10.4], one can choose such generators
e5 so that they are preserved by the action of the Galois group of
Definition [£.84] Let us fix such a choice.

Remark 4.8.5. The choice of e5 introduces an ambiguity into the
rational structure on Sy that we are about to describe. This ambi-
guity exists, of course, only when there are roots of even sphere type,
and moreover the choice of es matters only up to square in £*. One
could prescribe the generators es more precisely, starting from the
pinning of G, but we have no compelling evidence in order to make
this choice.

Lemma 4.8.6. There is a unique (up to isomorphism) form of the
symplectic G x -vector space (Sx,w) over k, with the following prop-
erty:

There is a “subbasis” (i.e., a linearly independent subset) (sb)be%q(,
with sy in the weight space corresponding to the color b (cf. Conjec-

ture and Lemma such that

e for every simple root v such that (X, a) is of type T, with asso-
ciated colors by,bs € ‘B%, the symplectic form satisfie

1, ifi#7;
0, otherwise;

(4.22) W(8b;, €ash;) = {

32Recall that we are considering right actions here, so the highest weight vectors of a
representation are annihilated by ¢ f-elements” rather than “e-elements.”
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e for every other other color b € ‘B}q{ of even sphere type, corre-
sponding to a spherical root v, we hav

(4.23) w(sp, exsp) = 1.

Note that the span of s, sp, is necessarily isotropic, since they
are both highest-weight vectors for the copy of sly associated to the
root d.

Definition 4.8.7. A subbasis as in the lemma will be called stan-
dard. The same term will be used for any enlargement of it to a
subbasis indexed by the set %g.

Proof. In the notation of , we have an orthogonal decomposi-
tion
Sx =5y® (—D T*Vj\,
AeDG (X)

the subspace Sy is generated under the Gx-action by the subspaces
indexed by B5, and the sum of isotropic subspaces V5 is generated
by the rest of the elements of %Q. The k-isomorphism class, as
symplectic vector spaces with a Gx-action, of all summands of the
form T™Vj is uniquely determined. There remains to determine the
k-isomorphism class of Sy, hence we will now assume that Sx = Sy.

Start with any Gx-invariant symplectic form w on Sx. We will
now use the same construction as in the proof of existence of an ele-
ment of M with regular nilpotent image, Proposition Namely,
choose a subbasis (s}) beBS ) and note that the basis elements corre-
sponding to two colors by, by associated to a simple root a of type T
satisfy relations analogous to , but with nonzero constants c,
rather than 1,

W(Sl 6“8/)2 COH lfl#jv
bir Za7b; 0, otherwise.

A similar relation, with a constant ¢y, holds for the rest of the colors
of even sphere type, each associated to a unique spherical root ~.
Since the @’s and 4’s above are all simple roots of Gx, there is an
inner automorphism ¢ : Gx — Gx, defined over k, which acts on sim-
ple root spaces gs (resp., §5) as above by multiplication by ;! (resp.

cy ). The representation +*Sx, now, satisfies (4.22). Uniqueness is

clear, since the subspaces associated to elements of %i generate

Sx = Sy. O

Now we discuss the action of the Galois group I' = Gal(F/F)

on Sx. Note that T' acts on the sets B% and D%(X), hence on

33 Note that this equation implies that the moment map evaluated at s, involves é;
this is why we needed % € k here.
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their valuations, compatibly with its action on the cocharacter group
X«(Ax) ﬁ We would roughly like to say that the Galois group should
act on the aforementioned basis elements s as it acts on their indices;
however, this is not quite right for varieties such as SO2,\SO2;,+1,
n > 2, with SOg, nonsplit. (We know that this is not right by
comparison with the results of [Sak13]; see §[9.3]) The “reason” is that
the unique associated color b, in that case, is really just a placeholder
for a “formal difference of B-orbits of higher codimension.” More
precisely, for every spherical root v of even sphere type, there are,
over the algebraic closure, two B-orbits b7, b) of minimal dimension
in X°P, where P is the associated parabolic P (so that X°P/9R(P) ~
SO2,\SO2,+1). If n =1, these B-orbits are colors, but if n > 2, they
are of codimension > 1. Choose an arbitrary labeling b ,b) of these
two orbits, for each spherical root v of even sphere type that is not
of type T (i.e., such that n > 1), and let %)’%, denote the disjoint
union of: (a) the set of colors of type T, (b) the disjoint union of the
sets {b7, b}, over all other spherical roots of even sphere type, and
(c) the G-invariant divisors on X. The Galois group I' acts naturally
on the set BL /, and hence on the free k-module on its elements.
Denoting by sy the basis element of this free module corresponding
to an element b, we now define s := 857~ Sp7 5 when b is the unique
color of even sphere type associated to a spherical root v as above.
We let S’)j? be the k-submodule spanned by those elements sp, as
well as by the elements s, associated to colors b of type T and
G-stable divisors. The Galois group, then, acts on S)[() ; Moreover,
we can identify S)[() as a subspace of Sx via a standard subbasis of
Definition

Conjecture 4.8.8. There is an action of I' on Sx by k-rational
symplectomorphisms, compatible with its action on Gx (Definition
, which extends its natural action on the subspace SX.

Although we have not been able to prove this conjecture directly,
using the combinatorics of spherical varieties, there are geometric
reasons to believe that it is true. The conjecture is trivial, of course,
when for all spherical roots of even sphere type the associated sub-
quotients are of the form SO2,\SO2,,1 with SO2, and SOg, 11 split
(i.e., when the I-action on S is trivial).

Definition 4.8.9. A symplectic action of I' on Sx as in Conjecture
will be called a simple action. The I'-action on M induced from

34We do not need the Galois group to fix a Borel subgroup here, although this, of
course will be automatic over a finite field. In general, we can think of colors as G-
invariant divisors on (B x X*)g, where B is the flag variety of Borel subgroups of G, and
this description makes clear that the Galois group acts on them.
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its analytic action on the pair Gx < G and its simple action on Sx
will also be called simple.

It is immediate that — having chosen e, for even sphere roots as
in Remark — the resulting symplectic G'x x I'-representation
Sy, and the resulting “G-Hamiltonian space M are unique up to
isomorphism.

This completes the description of the k-rational structure and the simple
action of I' on M, conditionally on Conjecture — which we will from
now on assume. The resulting k-rational form of M will be called its distin-
guished split form. We conclude by verifying that this indeed is a “pinned
hyperspherical variety,” a notion described at the start of this subsection

§E.8
Proposition 4.8.10. Assume Conjecture . Then there is an m € M (k)

which is stable under the I'-action, and whose moment image is the distin-
guished element f € g* of the pinning.

Proof. As in the proof of Proposition we start by choosing an element
m’ € M(k), of the form (after choosing an invariant identification § ~ g*,
which here we also need to require to be I'-invariant)

m' = Z Sy + Z fd7+ﬂ'7+ Z fas

beBE vEAXxNAg aEAL(x)

where the first sum ranges over all the colors of type T, the second sum
ranges over all simple spherical roots v which are not simple roots of GG, with
associated roots o, and 3y, and the third sum ranges over the simple roots
of the Levi of P(X).

The element above is evidently defined over k, and fixed under the action
of I'. Moreover, it was shown in Proposition [£.7.1|that is has regular nilpotent
image under the moment map, of the form f + f’, where f’ belongs to the
simple root spaces indexed by roots (—d), with « positive but not simple. In
particular, f + f' € Ad*(N7)f, where N~ denotes the “negative” maximal
unipotent subgroup of G. Since both f and f + f’ are I-stable and defined
over k, and N~ is unipotent, it follows easily that there is an n e (N~ (k))"
with f + f/ = f-n (under the right coadjoint action). Then, the element
m =m'-n~!is k-rational, I'-fixed, and with moment image equal to f.

O

5. TOWARDS HYPERSPHERICAL DUALITY

The current section, which is tentative or speculative at several parts, dis-
cusses how the results thus far obtained may fit into a future “ideal picture.”

e § [5.1] introduces an important mod 2 characteristic class associated
to a Hamiltonian space, the anomaly, whose vanishing should remove
all “metaplectic obstructions” to quantization. Our definition here is
a provisional one; further study of examples is required.
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e In we describe what an ideal statement of “hyperspherical dual-
ity77
(G, M) < (G, M)

would be, and recall how the previous sections give partial results
in this direction. We also describe what some consequences of this
ideal statement would be.

e In We propose that hyperspherical pairs (G, M) without anomaly
should admit a distinguished “split” form over Z, and in particular
over any ring R, where the form G g is the Chevalley split form of G.
We will formulate in §5.3.6] a working definition of a certain class of
hyperspherical dual pairs that is well-suited for Langlands program
— for motivation, see prior discussion in §3.9] §4.8]

We emphasize again that this section should be regarded as providing

starting or working definitions, which we leave open to being revised as
further computations are carried out — the main goal being to motivate
further research into these questions.
5.1. Automorphic quantization and anomaly. As mentioned in §1.2]
we should like to equip each (G, M) with an “automorphic quantization”
and a “spectral quantization.” As is usual in the theory of quantization,
there can exist an “anomaly” (and here we follow language that is used in
the physics literature) which means that the automorphic quantization does
not exist without the passage to a metaplectic cover of G. For example,
the automorphic quantization of (G' = Sp,,, M = A?") does not exist over
a local field without passing from G to its metaplectic cover. There is a
similar phenomenon on the spectral side that we do not discuss in this pa-
per: spectral quantization requires, in general, the consideration of twisted
sheaves.

The notion of “metaplectic cover” is not an algebraic one: e.g. the meta-
plectic cover of Spy,(IR) is not the real points of an algebraic group. Since
our framework of hyperspherical varieties (G, M) is entirely algebraic, we
should like to find a purely algebraic condition that eliminates the appear-
ance of metaplectic covers and twisted sheaves. Again we stress that our
chosen condition of Definition below is highly provisional: roughly, we
are confident it is the correct condition “up to isogeny issues,” but we have
not carefully analyzed these issues; see also §5.1.11]

We will make free use of Chern classes of representations. Namely, to
any complex representation V' of a topological group H we can associate a
Chern class ¢;(V) € H*(BH,Z). This is, by definition, the Chern class of
the vector bundle over the classifying space BH defined by V. We are using
topological (Betti) cohomology here, but if H is an algebraic group defined
over a field F', and the representation V is defined over F, we can replace
Betti cohomology by étale cohomology, by substituting the coefficients with
Zy(i). (The case | = 2 is particularly relevant for our discussion here.)
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In what follows, we will define an “anomaly” criterion of algebraic nature
for hyperspherical spaces defined over a separably closed field (actually, we
will work with C), but we motivate it by the following proposition, which
gives an algebraic criterion for the splitting of metaplectic covers over local

fields:

Proposition 5.1.1. Suppose that F is a local field. Let H < Sp(V') be an
algebraic F'-subgroup of a symplectic group over F' such that there exists a
character 0 : H — G,,, with

(5.1) co(V) = ¢1(0)* in HY(BH,7Z/2),

where the right hand side denotes the étale cohomology of the classifying stack
BH considered as an algebraic stack over SpecF'. |§| If F is nonarchimedean
and doesn’t have residue characteristic QE the metaplectic cover of Spa, (F')
splits over H(F).

This proposition will not be used in any significant way so we give the
proof in an appendix, §[E:3] We use it only as a potential motivation for the
following definition:

Let G be a reductive group over C, and M a symplectic G-variety. The
invariant we shall use is the G-equivariant second Chern class of (the tangent
bundle of) M, considered mod 2:

co€ HA(M,7) ®Z/2.

Definition 5.1.2. We shall say that M 1is:
e strongly anomaly free, if co = 0 (mod 2), and
e anomaly free, if there exists 3 € HE(M,Z) such that ca = 32 (mod
2). (Note that B is an integral cohomology class, not just mod 2. The
analogy of this condition with will become clear in the proof of

Proposition below. )

Our expectation is that if M is anomaly-free, it will admit an automorphic
and spectral quantization. Partial justification for this expectation comes
from Proposition [5.1.1] on the automorphic side and Remark [12.8.2] on the
spectral side. Our definition was motivated by these facts, and also a rather
loose parallel with the idea of a spin-c structure.

Remark 5.1.3. (Rationality issues in defining anomaly:) The above defini-
tion of “anomaly-free” is over C, and one can formulate it over any separably
closed field FF, replacing Betti cohomology with étale cohomology with Zo-
coefficients. It does not automatically imply that the corresponding state-
ments hold in absolute étale cohomology when (G, M) are defined over a
subfield F' < F. It is the latter statement that is more directly related to

35We emphasize that this is absolute étale cohomology, and not geometric étale
cohomology.

36There is an analogous statement without this restriction, if one first pushes out the
metaplectic cover to S!.
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metaplectic splitting, as in Proposition Sometimes one can deduce
results over F from those over F; see e.g. [Del96, 1.10] for the semisimple,
simply connected case or Lemma for an explicit result when the situ-
ation is defined over Z. As with other issues concerning rationality, we do
not understand the situation well, and simply wish to point to this as an
important question for further study.

Remark 5.1.4. Besides Proposition [5.1.1] there are other reasons to expect
that this ¢s plays an important role. The reduction of ¢o mod 2 arises in the
work of the third-named author with A. Abdurrahman on a closely related
topic [AV22]; and in physics, the reduction of c2 mod 2 is again known in cer-
tain contexts to be an obstruction to quantization (see in particular [Wit82]).

At the same time, we leave open the possibility that our definition is not
the optimal one. For example |BDFT22| formulate a different but related
condition, which we will discuss in § [5.1.11] below. There are relatively few
examples to check for hyperspherical varieties, and a thorough study of them
should reveal the best definition; we are presently not aware of an example
where the two conditions differ.

The condition of being anomaly-free admits a readily computable reformu-
lation in the case of hyperspherical varieties. Let (G, M) be a hyperspherical
variety over C, associated to a datum H x SLgs — G and H — Sp(95), as in
Theorem [3.6.1] Recall that, in addition to S, there is a second symplectic
H-representation of interest, namely, u/uy in the notation of , that is,
the weight one space of G,,, € SLo acting on the Lie algebra of G.

Proposition 5.1.5. With notation as described, let T be a maximal torus
of H, let V be the H-representation u/u, @S, and let

= = the nonzero weights of T' acting on V.
In what follows, ca(V') refers to the second Chern class of V in H*(BH,Z),
and X* to the character lattice for T.
(a): M is strongly anomaly free if co(V') = 0 modulo 2, equivalently,
(5.2) > xea2x*
xe=/{1}

(b): M is anomaly free if and only if there is a character 0 : H — Gy,
such that co(V) = c1(0)? modulo 2, equivalently,

(5.3) D, xe(XHV 2x*
x€E/{+1}
i.e., the sum of is congruent modulo 2X™* to a character that
extends to H.

Here the notation in (5.2) means that we sum over an arbitrary set of
representatives for Z modulo +1, noting that = = —Z because the repre-
sentation in question is symplectic; we observe that the resulting class in
X*/2X* does not depend on the choice of representatives.
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Proof. The inclusion of G/H into M (as the closed G x Gg,-orbit) is a ho-
motopy equivalence and correspondingly the G-equivariant cohomology of
M is identified with the cohomology of BH. Under this identification, the
Chern class of the tangent bundle is carried to the Chern class of the H-
representation

(5.4) (g/h) @ (g/h)° @S

as an H-representation; we used to identify the tangent space. De-
compose (g/h) as an SLy x H-representation as @[m|@W,,, with [m] the m-
dimensional irreducible representation. Then, as an H-representation,
is identified with @®,, WE™ 1@ S, and this has the same H-equivariant sec-
ond Chern class (mod 2) as @, .oy Win @S ~ u/u, @5, i.e. the V defined
in the statement of the proposition.

This proves the first statement of (a). For the first statement of (b) we note
that H%(M,Z) is similarly identified with H?(BH,Z), which is identified by
the Chern class map with Hom(H, G,,). Consequently, the condition that
the second Chern class of the tangent bundle is a square of a class in Hé
is equivalent to the condition that ca(V') is the square of ¢1(f) for some
character 6 : H — G,,.

To prove the second statements of (a) and (b), that is to say, the numerical
criteria and , we use the following Proposition to reduce to
computing in the maximal torus, where the computation is straightforward
and left to the reader. O

Proposition 5.1.6. Let H be a reductive group over C with mazimal torus
T.

(a) The restriction map
H*(BH,Z) — H*(BT,Z)

identifies the source with the Weyl-fixed part of the target.
(b) The maps

Sym?X*(T) — Sym?H?*(BT,7) — H*(BT,7)

are isomorphisms. The first map is induced from X*(T) — H*(BT,Z)
that attaches to a T-representation its first Chern class. The second
map s the cup product.

(c) With reference to these isomorphisms, the second Chern class of a
symplectic H-representation with nonzero weights = < X*(T), is
given by

Z (_X2) € Sym2X*(T)7
x€E/{x1}
Proof. (a) is proved in [Henl7, Theorem 6]. (b) reduces to the case T' = G,

by the Kiinneth formula where it is standard. (c) arises from computing the
total Chern class of the restriction of the representation to 7" as [ [, =(1 +
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tx) (with ¢ the grading variable), and noticing that the coefficient of 2 is
Yiezyry (—X°). O

Example 5.1.7. If M admits a distinguished polarization, it is anomaly-
free: In the notation established prior to Proposition[5.1.5] the representation
u/uy vanishes and S = W@ W* as H-representation. Then the sum of
coincides with the character of the determinant of W.

Example 5.1.8. If H has the property that its distinguished central element
(—1)%H e H acts trivially on the symplectic H-representation W, then
automatically the condition is satisfied: any such representation has
no symplectic irreducible factor, and so is isomorphic to the sum of an even
number of orthogonal H-representations, and a number of representations of
the form F @ E*.

The example G = Sp(V) and M = V is not anomaly-free, but it can
happen that the restriction of the Sp(V') action on M = V to a subgroup
of Sp(V) is anomaly-free. By Proposition this question can be readily
computed in terms of weights.

Example 5.1.9. Some interesting anomaly-free hyperspherical examples
where M is a vector space, taken from the table of [KnoO@], are the fol-
lowing;:

(5.5) SO2n, X SPay, = SPapm» E7 — Spse, SLs — Spyy,

given, respectively, by the tensor product of defining representations, the 56-
dimensional fundamental representation and the exterior cube of the stan-
dard representation; similarly, also, the spin or half-spin representations

(5.6) Spinjg — Sp(16), Spin;; — Spay, Spiny — Spay

are nonanomalous. m In all these cases except the final one the dual M is
known at least in an isogenous example (some are listed in see also the
tables of C. Wan and L. Zhang in [WZ21]).

Example 5.1.10. Several other examples in Table 1.1 of [Kno06| are, how-
ever, anomalous, for example the standard representation of SOg,11 X Spa,,,,
and the 14-dimensional representation of SLo x Go. An interesting non-
anomalous example that fails to be hyperspherical, because it fails the con-
nectedness criterion, is the action of G = SL(2) on M = Sym?3(std).

5.1.11. Relation with the anomaly condition of [BDE¥22]. Proposition [5.1.5]
explicates the anomaly condition in terms of the symplectic representation
V of the subgroup H < G (of the structure theorem). The paper [BDET22]

37Note that the fact these examples are hyperspherical requires some verification. The
quoted reference shows these examples are coisotropic; but we must also verify that the
stabilizer of a generic point is connected, which appears to be known in all cases: see
[SKT7, p 81], [GG1T, Table 1], and the splendid [GL24, Table 3].
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introduces a different “anomaly vanishing” condition for a symplectic H-
representation V'; without going into much detail, we reformulate their con-
dition as follows:

Definition 5.1.12. M satisfies the anomaly-vanishing condition of [BDF™22]
if the pullback of V' to the simply-connected cover Hg. of the derived group
of H is anomaly-free in the sense of Propositz'on that is to say, ca(V)
vanishes mod 2 in the cohomology of Hsc.

It might as well be that this is the “correct” anomaly-vanishing condition;
we presently do not know any examples of hyperspherical varieties where the
two conditions differ. In any case, we can directly confirm that the dual of
a tempered spherical variety is anomaly-free in the sense of :

Proposition 5.1.13. Assuming Congecture if P(X) = B, the dual
Hamiltonian space of the spherical variety X satisfies the anomaly-vanishing

condition of Definition[5.1.129,

Proof. In the notation of Proposition , but with Gx in place of H, it
is enough to show that the sum >, =14} X (mod 2) vanishes on the coroots
of Gx. Indeed, its pullback to the simply connected cover of the derived
group of G'x will then be trivial (mod 2).

Since we have assumed that P(X) = B, the symplectic representation V
coincides with the representation Sx of Definition The only summand
of for which this could fail is the summand Sy. In the notation of
Conjecture (but replacing X by Y'), the sub-sum of = that corresponds
to Sy can be written as yy = Zbe%; wt(b). Finally, we have, for every simple

coroot v of Gx, with wy the corresponding Weyl reflection, that

Xy — wyXy = Xy, 7)Y
By Conjecture |4.3.16, w,xy = Xy, unless (Y,7) is of type T' with associated
valuations 01,02, in which case wyxy = xy — 2(01 + 02) = xy — 2. In
particular, (xy,~) € 2Z. O

5.2. Hyperspherical dual pairs over C. The most ideal form of hyper-
spherical duality would be:

Expectation 5.2.1. There exists a bijection
(G, M) < (G, M),

between isomorphism classes of anomaly-free hyperspherical (G, M) over C
with anomaly-free hyperspherical (G, M) over C, with the following proper-
ties:

If M admits a distinguished polarization M = T*(X, W), as
in Definition then M arises from (X, W) via the proce-
dure of §J, and vice versa.
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We must admit at the moment that this expectation remains somewhat
tentative: we would not formulate it as a “conjecture,” but we believe that
something like it should be true, perhaps after slight modifications of the
definitions of “anomaly-free” or “hyperspherical.”

In the remainder of this paper, we will use the phrase hyperspherical dual
pair (over C) to mean either a pair as (G, M), (G, M) which arises via the
construction of §4] or its reverse. We anticipate, however, that all the state-
ments of the paper will apply to the class of dual pairs of Expectation [5.2.1

5.2.2. Some consequences of Expectation [5.2.1 We will explicitly note sev-
eral consequences of the expectation. They are are valid in examples that
we have checked, but we have no general proof:

(i) The construction of §4]is independent of distinguished polarization.
It is likely this is provable using ideas from the theory of spherical
varieties.

(ii) Any (G, M) arising via the procedure of from (G,M =T*(X,V))
is non-anomalous. For what we have proved in this direction, see
Proposition [5.1.13]

(iii) If (G, M) and (G, M) are a distinguished hyperspherical pair, where
both sides admit distinguished polarizations, and (G’, M ) arises from
(G, M) via the procedure of , then the reverse is also true: (G, M)
arises from (G, M) from the procedure of

(iv) In the setting of M = T*(X,¥) and M as in §4, we have proved in
Proposition [4.6.]]

(5.7) parity: e?’n(—1) € G acts trivially on M.

where n : G — Gy, is the character of a G-eigenmeasure on X,
identified with a dual central cocharacter in G.

Expectationimplies that the parity condition also holds
“in reverse” for a hyperspherical dual pair if M also admits a distin-
guished polarization:

(5.8) dual parity: e?/7j(—1) € G acts trivially on M.

where 7 : G — G, is the character of a G-eigenmeasure on X, again
identified to a cocharacter for GFPY

Remark 5.2.3. Although we have often used them as a crutch, no special
role in the duality should be played by the existence of eigenforms as in §3.8|
A typical example of a dual pair, where one side has no eigenmeasure, is
given by

(G, (X,¥)) = (PGL3, Gy, - (G42,4)\PCGL3)and (G, X) = (SL3, A%).
This is related to the Example [£.3.11] One can, in such cases, still apply the
local and global conjectures by reducing them to a case with an eigenform,

38This statement doesn’t depend on the choice of eigenmeasure, cf. 3. .
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as described earlier in §3.8.2|; but it would be good, in a further elaboration
of this work, to do this in a more intrinsic way. See e.g. Remark [12.6.5

Remark 5.2.4. (a) The putative duality requires some kind of anomaly
vanishing condition, unless one modifies the nature of the duality; in
the classical theory of automorphic forms the appearance of meta-
plectic groups necessitates a modification even for the duality on
reductive groups, cf. [Weild]. It is an important problem to study
anomalous examples —there are many in the automorphic literature,
that is to say period integrals involving covering groups; let us point
only to Shimura’s integral [Shi75] — and extend the proposals here to
that context.

(b) We do not know of examples of dual (M, M) where neither side
admits a twisted polarization, but there seems to be no reason for
such examples not to exist. It would interesting to exhibit one.

5.3. Hyperspherical dual pairs over arithmetic fields. We have al-
ready seen in our previous discussions of and that it is important
to consider models for (G, M) over other fields. We propose that in the
non-anomalous case, at least, there is a best one:

There exists a distinguished “split” form of each hyperspheri-
cal (G, M), defined over 7Z.

In this subsection, after discussing this proposal, we will use it to give a
working definition of a class of dual pairs (G, M) < (G, M) /k Where F is
either a finite field or C, and k is either C or the closure of an f-adic field.

Our primary motivation to understand the theory over general F arises
from automorphic forms. We will discuss this motivation later, in § [5.3.7]
Perhaps the main takeaway is that, for IF not algebraically closed, the hy-
perspherical datum over [F best adapted to automorphic phenomena is not
always the most obvious one.

At this point, we should remind the reader what was done in § 3.9 and
[48 In the former, we used the structure theorem to define a notion of
“hyperspherical datum/scheme” over (more) general rings, and to describe,
in some cases, a “distinguished split form” of those. In the latter, we used the
structure theorem to describe a split form of the dual Hamiltonian space of
a spherical variety, depending on some mild choices. Here, we will combine
these discussions into a wishlist for the “distinguished split form of M,” that
will also make some forward references to our local conjecture. We fix a
pinning in order to rigidify G (thus, the notion of a distinguished split form
of M is really to be understood with reference to a pinned group G).

Expectation 5.3.1. Each nonanomalous hyperspherical pair (G, M) over
C admits a distinguished Z-form (G, M)z with the following properties.
(a) Write Z!' for the ring obtained from Z by inverting Ng, as in .
Then (G, M)z corresponds to a split Z'-form of the linear algebra
datum D(G, M) (see Definition[3.9.5).
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(b) Suppose that (G, M), (G, M) form a hyperspherical dual pair over C,
with M = T*X polarized. Then, for any field k not of characteristic
2, the base change (G, M)y, to k of the distinguished Z-form belongs to
the distinguished class of forms constructed in @ switching (G, M)
and (G, M) in that discussion. (cf. also Proposition .

(c) Suppose that M, M form a hyperspherical dual pair, with M = T*X

polarized; then Z[M] is the local Plancherel algebra, see Remark
[8.1.10.

Remark 5.3.2. e Points (a) and (b) are suggested by the study of
examples known to us. The word “split” in (a) is suggested by the
work |[GN10] wherein a maximal torus of H — the reductive subgroup
of G appearing in the structural data for M, as in — appears
from degenerating to a horospherical variety.

e We are perhaps being overly cautious in (a) and (b); perhaps it is
unnecessary to invert all primes dividing Ng. An example illustrating
the difficulties at p = 2 is the case G = Sp, when M is defined by the
datum (H = SLy, S = A?) and the auxiliary SLs is the centralizer of
Hin G.

e The strongest reason to believe in this expectation is the one of point
(c), namely, the local conjecture that we are about to formulate in
In favorable circumstances, it gives rise to an explicit ring with Pois-
son bracket which should be the coordinate ring of the distinguished
split form of M over Z.

Indeed, recall that one way of constructing the split form of a group
is provided by the geometric Satake correspondence: the split form
of G over Q and even over Z, can be reconstructed from the category
of sheaves of the affine Grassmannian of G. Point (c) is an analogous
proposal — we will see in that M can be conjecturally recon-
structed as a G x Gg,-space given access to a polarized dual space
M = T* (X , \Tl) by considering a suitable category of constructible
sheaves. This category of constructible sheaves can be defined with
Z coefficients when W is trivial (simply by considering sheaves of
abelian groups), in particular giving a Z-structure to M.

Remark 5.3.3. For the purposes of applications to automorphic forms, the
very best situation would not be to try to cherry-pick our favorite form, but
rather find an enhanced version of the duality

(5.9) (G, M) < (G, M)
that took into account vrational structures and Galois actions on both sides.
In the case of G <~ G, a form of G over a non-separably closed field F

provides an action of the absolute Galois group of F on the dual group G;
this datum is used to define the L-group. An analogous Galois action in the

39n fact, a similar argument applies when V¥ is nontrivial. However, it does not give
rise to models over Z, but rather over completions of various cyclotomic integer rings.
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case of the duality (5.9)) is provided, in part, by the analysis of §4.8.1} see
Definition Such an action of the Galois group should naturally arise
from the construction of the duality (5.9) in the general case.

5.3.4. Some consequences of Expectation [5.3.1] Expectation has var-
ious explicit consequences which, again, we do not know how to prove in
general, but are valid in those cases we have examined.

(i) The existence of a Z-form proposed in Expectation implies that
the isomorphism class of (G, M) is stable by any field automorphism
of C, and in particular (G, M) can be unambiguously transferred to
any algebraically closed field of characteristic zero by the Lefschetz
principle.

(ii) Point (c) also has very strong implications (perhaps too strong?)
The local conjecture relates the ring of regular functions on M to
certain constructible cohomology groups; thus, for Z[M ] to be flat
over Z, these particular cohomology groups should have no torsion.
See Remark [8.1.10] for further discussion.

5.3.5. Characteristic 2 subtleties, quadratic refinements. Let us consider the
case when M = V is a vector space and look at what we expect about the
integral model of M; in this case, we expect, of course, this to be simply a
Z-lattice Vz equipped with its standard symplectic form, equipped with an
action of the Chevalley form Gy.

However, we expect (hope?) this to have a further property, namely:

(*) the associated representation of Fa-algebraic groups G, —
Sp(VF,) should preserve a quadratic refinement of the sym-
plectic form,

i.e., G, preserves a quadratic function @ on Vg, such that Q(z+y) —Q(z) —
Q(y) gives the symplectic form.

There are two reasons to expect this. Firstly, this allows one to construct
a moment action for the action of Gz on V7. The second is topological,
arising from the existence of extra mod 2 operations on the the cohomology
of F3-spaces (cf. §17).

Not all hyperspherical G-representations will admit a Z-lattice with this
property. For example, the standard representation of G = SLo on M =
A? does not have this property. However, it is plausible that all anomaly-
free examples have property (*), and in some cases it helps distinguish the
appropriate form.

For example, take G = SLs acting on M = A? x A2, there are two possible
Z forms. Namely take

My, = (7%, w) ® (Z*, B)

with w the standard symplectic structure, and for some symmetric bilinear
unimodular form B. The only possibilities for B are, up to equivalence,
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represented by the matrices ] and the identity matrix; the first pos-

0 1
1 0
sibility satisfies (*) and the second does not.

5.3.6. Working definition of hyperspherical dual pairs over (F, k). Although
it is not clear that the different desiderata in Expectation [5.3.1] are com-
patible with one another, they are quite restrictive when they apply. We
will focus here on (a) of that expectation. The “distinguished split form”
introduced in Definition [3.9.9] whenever it applies, is necessarily the reduc-
tion of the conjectural distinguished split form to an appropriate finite field,
and this permits us to transpose the notion of hyperspherical dual pairs, as
in §5.2] to pairs over arithmetic fields, suitable for our applications to the
Langlands program.

Suppose that (G x Gy, M) and (G x Ggr, M) is a hyperspherical dual pair
over C, in the sense of Let F be either Fq,E or C, and let k be either
C or the closure of an ¢-adic field. Then, by a distinguished split form of the
above pair over (F, k), we shall mean

(G x Ggr, M) and (G x GgT,M)/k

where, if ' # C, the left hand side is a split form as defined in (a) above,
and the right hand side is obtained from (G X GgT,M ) by means of an
isomorphism k ~ (C@ In the case that M or M come with distinguished
polarizations, we can similarly define a split form of the pair equipped with
their polarizations.

5.3.7. Some automorphic examples and motivation. The following discussion
presupposes some familiarity with the conjectures in the remainder of the
paper; it is motivational and can be skipped. The main takeaway from the
section is that the “best” form of (G, M) may not be the most obvious one.
A related discussion, but on the spectral side, is given in §4.8|

In the Langlands program we are concerned with reductive groups G over
arithmetic fields F' of several types — for example, F' could be the function
field of a projective curve X over a finite field, or a number field, or a local
field. Correspondingly, we want to be able to work with (G, M) over the
same types of fields. Now, the automorphic data corresponding to M is
sensitive to the form of M over F, and not only to its isomorphism class
over F. Here is an example:

Example 5.3.8. Let F' be a local field. The space X  of 2 x 2-matrices of
determinant d € F*, under the action of G = SLs x SLo, is isomorphic to
the space X = X; = SLs over the algebraic closure, but not necessarily over
F. The set of X-distinguished irreducible representations 7 < C* (X (F))
consists of those of the form 7 = 7 ® 7, while for Xy they are of the form
7 ®7, where 7¢ is the twist of 7 (= the contragredient of 7) by the automor-
phism given by conjugation by diag(d, 1). For the purposes of the Langlands

401t would follow from 3. (i) that this is independent of choice of isomorphism.
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parametrization, this automorphism does not change the L-parameter, but
can act nontrivially on the elements of an L-packet.

In the language just introduced, both X, X; are defined by polarized hy-
perspherical data, with trivial SLo; what differs is the F-form of the embed-
ding H — G.

A point of crucial interest to us is that the form of M or X that interacts
in the cleanest way with the local Langlands conjecture may not be the
obvious one. The following example can be considered a generalization of
the d = —1 case of the previous one:

Example 5.3.9. Consider the group G = H x H, where H is a quasisplit
reductive group, and both copies of H are assumed to carry the same pinning
fm € b*. Let X be the G-space H, i.e., X is the quotient AH\H x H and
let X’ be the following form of X:

X' = A'H\(H x H),
where
A’H = graph of the inner automorphism(—1)°# : H — H.

(The half sum of positive coroots pgr is considered as a cocharacter into
the group of inner automorphisms of H via the pinning fixed.) Note that
this inner automorphism (let us denote it by ¢) is the one connecting the
Chevalley and duality involutions (see §: h? = (he)*.

As we now explain, it is functions on X', rather than functions on X, which
look more natural on the spectral side of the Langlands correspondence:

Consider a tempered local L-parameter ¢ for H; according to the local
Langlands conjectures as refined by Vogan [Vog93|, the choice of a Whit-
taker model for H (which is afforded by a combination of the pinning with a
character of the additive group of the field) is supposed to be fixing a base-
point in the Vogan L-packet associated to ¢, and a parametrization of the
elements 7 of this L-packet by the irreducible representations 7 of the com-
ponent group of the stabilizer Hy of ¢ in H. The pair (¢,7) can be called
the Langlands—Vogan parameter of 7. The (pinned) Chevalley involution
¢ of the dual group acts on the set of Langlands—Vogan parameters, and a
naive hypothesis would be that (¢, n°) is the Langlands—Vogan parameter of
the contragredient representation 7. This is wrong, however, and in [Pral9l
Conjecture 2| Prasad corrected this naive hypothesis by postulating that this
is the Langlands—Vogan parameter of 7, the twist of 7 by the involution .
But the set of tempered representations 7 ® 7* is precisely the set of repre-
sentations appearing in the Plancherel formula for the space L?(X'), where
T*X' is the pinned hyperspherical space as above!

In terms of the language just introduced, both X and X’ are defined by
polarized hyperspherical data, with trivial SLs and p, and with H = G;
what differs is the embedding ¢ : H/p — Gp. As we just saw, X' is in
some respects more natural, although the associated embedding ¢/ involves
a “strange” conjugation by an involution.
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To conclude discussion of this example, let us observe that X and X’ are
distinguished from one another in the following abstract way: (fr, —fm) lies
in the F-points of the image of the moment map for 7%X, but the point
f = (fu, fo) may not be in the image; on the other hand M’ = T*X'
contains f in the (F-point) image of the moment map. This notion will be
formalized later in we will say that M’ is a pinned hyperspherical space.

Part 2. Local theory

In Part 2 of this work we formulate and study the local form of our con-
jecture in the unramified setting. For an overview of this part, see page

21

6. SHEARING AND GEOMETRIC SATAKE.

In this section we discuss the operation of shearing with respect to Gy,-
actions, in which the weights of the G,,-action are paired with cohomological
shifts. This concept will arise throughout the paper; it already arises in
the geometric Satake isomorphism, as we will recall in §6.6l Shearing is
implicitly present throughout the Koszul duality literature. It is studied
explicitly in the work of Arinkin and Gaitsgory — see [AG15, Section A.2|,
but note that [AG15] shear by 2, while we shear by 1, hence the appearance
of super-signs.

The contents of the section are as follows:

discusses shearing of vector spaces.

discusses shearing of algebras.

discusses shearing of categories.

discusses various examples of shearing on categories of geometric

or representation-theoretic origin.

° discusses abelian geometric Satake by way of example. Although
shearing does not appear in the usual formulations of this, we take
the opportunity, by way of illustration, to explain how some of the
subtle features there can be expressed in terms of shearing. We will
separately discuss an “analytic” and an “arithmetic” form, cf. §2.7

. discusses derived geometric Satake, again, presented as an ex-
ample of the shearing language.

. discusses both abelian and derived Satake when the base field is
replaced by a finite field.

° discusses the example of shearing the coordinate ring of a hy-

perspherical variety. This could be subsumed in the previous section,

but we isolate it because of its later use in the paper.
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6.1. Shearing of vector spaces. There is an autoequivalence of the cat-
egory Rep(Gy,) of G,-equivariant complexes of k-vector spaces (i.e., com-
plexes of graded vector spaces), called shearing defined by

M =@ M; — MV := @ M;[i]
7 €7
where M; is the i-isotypical space, upon which A € G,, acts by A%; this has
inverse (unshearing)

N=@N;— N =P N[~i]
€L
Note that\ has the property that it takes an ordinary graded vector space
(i.e., a graded dg-vector space concentrated in cohomological degree 0) to
a dg-vector space for which the weight on the cohomology agrees with the
cohomological degree.
The equivalence M — M7 is a monoidal autoequivalence, i.e., there is a
natural identification
(M@NY ~ Ml g N/
using the corresponding property of translation (§2.5.5). We moreover have
Hom(M, NY/ ~ Hom(M/, NV,

if we impose e.g. N finite-dimensional (the Homs here are not G,,-equivariant,
hence carry a natural G,,-action, besides the cohomological grading).

The even iterates M +— M?2"/ of the shearing have the natural structure of
symmetric monoidal autoequivalences. The shearing operation itself M —
M7 is not symmetric monoidal (nor are its odd iterates), because of the
Koszul rule of signs. Thus we “correct” the shearing functor as in
by replacing the shift [i] with the parity-corrected shift IT‘[i], giving an
endofunctor of Rep®P* (G, ),

M =@ M; — MV .= @ M)
% 1EZL
which does admit a natural symmetric monoidal structure. Restricting to
even complexes Rep(G,,) < Rep®™ P (G,,) (applying “Galois descent”, see
Remark [2.5.4)) we find a symmetric monoidal equivalence

(_)i: Rep(Gm) SN Repsuper(Gm) - Repsuper(Gm>

€

with the full subcategory of those super graded chain complexes in which
the parity is given by the action of € = —1 € G, (i.e., representations of odd
Gy-weight are odd vector spaces, and those of even G,,,-weight are even).
With this convention, shearing preserves traces: given an automorphism
a : M — M of a bounded complex M, the super-trace tr(M) satisfies
tr(M) = tr(MY), since, in shearing the ith graded piece by i, we get a
factor of (—1)? by the cohomological shift, and another factor of (—1)¢ from
switching between even and odd vector spaces. As usual, the trace of an
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automorphism on a super-vector space is understood to be the even trace
minus the odd trace.

Remark 6.1.1. In we introduced a convention that, in a Frobenius-
equivariant context, the shift operation (1) = II[1](1/2) also includes a Tate
twist, and hence so does shearing. In the current context we would formalize
this as follows: there is a monoidal autoequivalence of the category of rep-
resentations of G, x (Frobenius) where we additionally twist the action of
Frobenius on the n-th graded piece by qu. One can readily transpose the
discussion in this chapter to that setting.

6.2. Some motivation for shearing. By way of motivation for what fol-
lows, let us describe a situation where shearing of algebras naturally arises
(which indeed reflects the way it occurs in the main text), and also why it is
natural to shear categories too. The experienced reader can skip this section
without loss.

We will often encounter situations where there is an equivalence of trian-
gulated categories

(6.1) a suitable category of constructible sheaves on a variety X = D(A),

where we have, on the right, a derived category of modules for some differ-
ential graded k-algebra A —e.g., A may arise as endomorphisms of a suitable
object. Now, in a situation where X is over a finite field, one often obtains a
weight decomposition on the Hom-spaces on the left, and in favorable cases,
this arises from a grading on A itself, i.e., a decomposition A = @@ A?, with
differential increasing ¢ but preserving w. In this situation one often has
“purity,” that is to say,
H(A) has weight grading entirely in degree w = i

In this case, the shear B := A/ by the weight grading is entirely in degree
zero, and therefore can be considered as a usual graded ring (“usual” means
that there is no differential to worry about). We may then seek to describe
the category of sheaves on X in terms of the usual ring B.

At the level of graded derived categories the answer is quite simple: there
is an equivalence of the graded derived category of A and B:

(6.2) D¥(A) ~ D#(B), M — M/

To be explicit, this takes a graded A-module M = @ M}, where w is the
grading variable so that again the differential increases ¢ and preserves w,
and then associating it to the graded B-module given by M/ = @ M: [w],
i.e., regrading M{ to be in degree i — w.

In the geometric situation described above, DI"(A) will typically describe
a category of mixed sheaves on X. Correspondingly, this mixed category
can be described as the category of graded modules for a (usual, underived)
ring.

Note Hompa)(M, N) and HomD(Ai)(Mi, N/ do not coincide — the latter
is the shear of the former. Indeed the ungraded categories D(A) and D(B)
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need not be equivalent. They can be recoved from each other by an abstract
categorical process of “shearing,” which will be described in the next section,
and will be written like this:

D(B) = D(A)/.

In other words, there is an operation C — C/ on dg categories (whose effect
we're describing on underlying triangulated categories) which reflects the
shearing operation on rings, informally obtained by

passing to graded objects, shearing all Hom-spaces, and then
passing back to all objects,

and thus the category of constructible sheaves in becomes, under the
purity assumption above, the shear of the derived category of a usual ring.
We now turn to formally constructing this shearing operation on categories;
please fasten your seatbelts.

6.3. Shearing of categories. In this section we discuss different variants
of the shearing operation on the level of categories. All categories in this
section will be “large” (=presentable) dg categories This is es-
sential for the frequent use of de-equivariantization and 1-affineness starting
from (though in practice the categories we encounter are compactly
generated so one can pass back to small categories).

6.3.1. Shearing graded categories. We can use the shearing autoequivalence
of Rep(G,y,) to shear graded categories, i.e., module categories over the rigid
symmetric monoidal tensor category Rep(Gy,). Model example of such cat-
egories are:
(i) Gp-equivariant sheaves QC(X/G,,) on a variety X with G,, action;
(ii) Graded modules A — mod?" for a graded ring A.
Such categories are automatically enriched in graded vector spaces, and

the shearing operation does not change the underlying category but shears
the graded Hom spaces in the sense of

Definition 6.3.2. We define an autoequz’valenc (=) Rep(G,p)-mod of
the category of graded categories by twisting the Rep(G,)-action on a given
category by the monoidal autoequivalence (=) of Rep(G,,). Explicitly, the
new action of M € Rep(Gyy,) corresponds to the old action of M\,

In other words,

DI =D ®Rep(Gm) Rep(Gm)i

where Rep(Gy, )/ denotes Rep(G,,) considered as a Rep(Gyy,)-bimodule, with
left action of Y given by YJ® and right action given by QY .

4 As a model example for the definition that follows (and to normalize signs) that for
X a complex of graded vector spaces, we have X'®Yy = (X® Y\)i; that is to say, the
action of Y € Rep(G,,) on X7 corresponds to the action of Y on X.
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For example, in our model example we have
(6.3) (A —mod?" )/ ~ A/ — mod?",

i.e., shearing of graded categories extends the notion of shearing of graded
algebras.

In particular, for a graded category D as above, there is a tautological
equivalence of underlying categories D — D/, which we will denote by X
X7 which has the property that

(6.4) Hom(X/, Y/) = Hom(X,Y)/

where the Hom is the enriched hom into graded vector spaces. We write out
the argument for to verify signs: The enriched Hom(X,Y") has graded
degree n component given by Home (X (n),Y), with (n) denoting twisting by
the G,,-representation of weight n. By definition, X/(n) = (X (n))/[—n], and
the corresponding graded degree n component of Hom(Xi, Yi) is therefore
given by Home (X (n),Y)[n].

6.3.3. Monoidal structure of shearing. Recall that modules over a commu-
tative ring have a functorial symmetric monoidal structure. In our oco-
categorical setting [Lural this provides the category Rep(G,,)-mod of graded
categories with a natural symmetric monoidal structure. Since we will have
occasion to consider the interaction of tensor structures with shearing, we
note the following:

Proposition 6.3.4. e The autoequivalences (—)*"/ U Rep(G,,)-mod
given by even shears naturally lift to symmetric monoidal autoequiv-
alences of Rep(Gyy,)-mod.

e The autoequivalence (=) lifts to a symmetric monoidal autoequiva-
lence of Rep®"P*(G,y,)-mod.

e The autoequivalence (—) and its odd iterates lift to symmetric monoidal
equivalences

Rep(Gy,)-mod — Repi"P* (G, )-mod

€

(as do its odd iterates); see §6.1] for the notation Repi™* (G,).

6.3.5. Shearing categories with G,-action. Next, we want to carry out a
corresponding shearing for categories with a G, action.

We briefly recall the notion of categorical representation of an algebraic
group G (sometimes called a “weak action” of G), see [FGO6] and [Gail5d]
for a thorough study. Morally, an action of G on a dg category C is a
family of autoequivalences of C labelled by elements g € GG, satisying coherent
associative composition laws and varying algebraically with g. Formally, this
is captured by the notion of module category for the category (QC(G), *)
of quasicoherent sheaves on G equipped with the monoidal structure given
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by convolution@ or (thanks to the general formalism of descent) to the
notion of quasicoherent sheaf of categories on the stack BG. We denote
the category of G-categories by Cat®. The main result in the subject is
Gaitsgory’s 1-affineness theorem [Gail5c|, which (when applied to the stack
BG@G) asserts that the notion of G-category (i.e., (QC(G), *)-module) for G
affine is equivalent to that of module category for the symmetric monoidal
category (Rep(G),®).
Let us focus on G,,-categories, i.e., module categories for the convolution

monoidal category (QC(G,,), *). Model examples of such categories are:

(i) Sheaves QC(X) on variety X with G, action;

(ii) (All) modules A-mod for a graded ring A.

The relationship between this and our previous examples:
A-mod <« A-mod?", QC(X) « QC(X/Gy,).
is a general one relating
(6.5) categories with G,,, actions < graded categories.

We detail this relationship in general; the discussion that follows is a cate-
gorical version of the passage from a G,,-space X to (X/G,, — BG,,) and,
in the other direction the passage from a space Z over BG,, to the G,,-space
Z XBg,, Pt.

Given a category C with G,, action we can apply equivariantization, i.e.,
pass to the category of equivariant objects

C s CCm = Homgc(g,,)(Vect, C)
using the “augmentation module”, i.e., the pushforward functor QC(G,,) —
Vect, which upgrades to a symmetric monoidal functor. The result has
the natural structure of graded category, expressing the familiar fact that

(nonequivariant) Hom spaces between equivariant sheaves carry representa-
tions of the group. Thus equivariantization defines a functor

Cat®™ — Rep(G,,)-mod.
Applying this construction to Vect itself we find
Vect®m = Endqcg,,)(Vect) ~ Rep(Gyy),

so that in particular we may consider Vect as a (QC(Gy,), Rep(Gy,))-
bimodule category. Equivariantization has a left adjoint construction of
de-equivariantization

Rep(Gp,)-mod —> Cat®, D D =D ®pep(s,,) Vect.

Gaitsgory’s 1-affineness theorem [Gailbc| (applied to the stack BG,,) as-
serts that the bimodule Vect produces a Morita equivalence between the
monoidal categories (QC(Gy,), *) and (Rep(Gy,),®), i.e., equivariantization

42Thanks to the self-duality of QC(G), this is equivalent to the notion of comodule
category for QC(G) with the convolution coalgebra structure, which is more immediately
parallel to the notion of algebraic representation of an affine group scheme.
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and deequivariantization define inverse equivalences between Cat®m and
Rep(Gy,)-mod. (Indeed this entire discussion holds with Gy, replaced by
any affine algebraic group G.)

We use this equivalence to transport the shearing operation from graded
categories to G,,-categories:

Definition 6.3.6. The shear of categories with Gn,-action is the autoequiv-
alence

(YO Catn, €€ = (€Y @ s, Vect.

It’s important to note that shearing G,,-categories does change the under-
lying category. However, it does not change the category of G,,-equivariant
objects: it induces an equivalence of categories

(6.6) J: €& — (ch)Cm.

It is useful to think of the equivalence // above — which arises out of the
construction — as part of the data of a sheared category.

Example 6.3.7 (Model example). If A is a graded dg-ring, then shearing
carries A-modules to AZ-modules,

(A — mod)i: A — mod.

The associated equivalence is the equivalence constructed after
(6.2) and is given simply by naive shearing.

Example 6.3.8 (Trivial action). Any linear category C can be regarded as
carrying a trivial G,,-action. Shearing of graded objects (defined just as in
§6.1) defines an equivalence

(6.7) \ : (€O — cCm,

which we will often denote later by the “unshear” symbol\\ as it identifies
the sheared with the usual category.

For X an object of C®m | this equivalence sends the object X7 on the left to
the object regrettabl also denoted X7 on the right: On the left, we use the
notation described after , i.e. X7 is the image of X by the equivalence
of underlying categories which arises whenever we shear a graded category;
on the right, X/ means the shear of the graded object X defined in a way
parallel to i.e., we cohomologically regrade X using its G,,-action.

In any case, induces

~c.

Remark 6.3.9 (Monoidal structure of shearing). As in §2.7.2 the sheared
category comes also in a super-version, i.e., as a Vect®"'P®-linear category,
which we will allow ourselves to denote by the same notation:

(63 € s O = (€Y @y, Vet

437t could be worse.
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It is better to use the super- version for considerations involving symmetric
monoidal structure, and in particular considerations involving traces.

Indeed, just as representations of a group have a tensor product lifting the
tensor of underlying vector spaces, Cat® has a symmetric monoidal struc-
ture lifting the (Lurie) tensor product of categories, and the equivariantiza-
tion equivalence Cat®» ~ Rep(G,,)-mod is naturally symmetric monoidal.
Then describes a symmetric monoidal equivalence of Vect®'P®'-linear
Gy -categories.

Example 6.3.10 (Functoriality of shearing). A formal feature of shearing
that will be useful in our applications is that shearing objects commutes with
equivariant morphisms. Suppose 7, : C — D is a morphism of G,,-categories

T« € Homg,, —cat (C7 D) = HomRep(Gm)fmod(CGm ) DGm)‘

Then we get a commuting square

CGm J N (Ci)Gm

-l
DGm L_ (DI)G"’L
A case which will arise later is the situation when G,, acts trivially on
D. In this case we can augment the square by means of the equivalence of
Example [6.3.8

(6.9) cen L (chen

-

DGm J (Dﬂ)Gm ~ (D)Gm
where ~ comes from (6.7). The functor from C® to the far right copy of
DCm is, therefore, given by X ~— (m,X)/: usual pushforward, followed by

shearing of a graded object through the G,, action.

Example 6.3.11 (Automorphic shearing). We present another point of view
on the foregoing discussion which can be seen as “Cartier dual,” and which
appears as an automorphic counterpart to shearing. Here we replace the role
of G,, by that of its Cartier dual Z.

We will apply the equivalences of symmetric monoidal categories

(Rep(Z),®) ~ (QC(Gyy), *) and (Vect(Z), *) ~ (Rep(G,), ®).

where Vect(Z) means simply the category of Z-graded vector spaces; e.g.,
the second equivalence arises from the fact that a representation of Z over
the field k is equivalent to a k[t,t']-module. It follows from that
(Rep(Z),®) and (Vect(Z), ) are Morita equivalent. Modules D over (Vect(Z), =),
i.e., categories with Z-action, are identified with local systems of categories
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over S' = BZ. On the other hand, the global sections C = Homz(Vect, D)
of such a local system of categories is a module for Endqyz(Vect) = (Rep(Z) =
Loc(BZ),®). (Equivalently, C carries a Gy,-action where A € G,, acts by
tensoring by a rank one local system on S with monodromy \.) The Morita
equivalence C « D then establishes the 1-affineness of BZ, i.e., that we can
recover a local system of categories D over the circle from its global sections
C as D = C ®Rep(Z) Vect.

As was the case for (de)equivariantization of G,,-actions (see (6.5))) this
Morita equivalence is a categorical shadow of the equivalence

spaces X over S < spaces Y with Z-action

(where a space X — S! determines a homotopy fiber Y = X x gz pt with
Z-action, while in the reverse direction, we pass from Y to X by taking
homotopy quotient by Z)ﬁ

Finally we ask, how does shearing look from this viewpoint? If we consider
Gy, -categories as (global sections of) local systems of categories over BZ,

shearing = composing the monodromy automorphism with

the shift (1).
Explicitly, for a sheaf of categories over BZ with fiber D with monodromy
automorphism M : D — D, we obtain a sheared automorphism M7 = M o(1)
of D. This defines a sheared local system of categories D/ over BZ, whose
global sections C/ are the shear of the (Rep(Z),®) ~ (QC(G,,), *)-category
C =D=.

Example 6.3.12 (Automorphic shearing of categorical representations). We
now explain a general pattern of shearing categorical representations as a
categorical analog of twisting representations by characters: Given a group
G and a homomorphism ¢ : G — Z, there is a way to shear a categorical
representation C of G, which amounts to

CY = C with the action of g € G sheared by (deg(g))

We will apply it to loop groups (and Hecke categories) in defining the nor-
malized action of Gr on SHV(Xr/Gp) in §7.4 Because this will come up
for us often it will be useful to have a couple of different ways to think about
it:

Schematically, a categorical representation of G is a sheaf of categories over
BG in a suitable sheaf theory. The category SHV CAT(BG) of G-categories
is linear over SHV(BG). Tensoring by an invertible sheaf of categories defines
an autoequivalence of the category of categorical representations. A natural
source of such invertible categorical representations is homomorphisms ¢ :
G — 7Z: we pull back to BG the sheaf of categories on BZ given by the
categorical representation Vect(1) of Z — this is the representation which,

44Note that these operations are opposite to those defining the Morita equivalence
of Rep(Gnm) and QC(Gr), in that the role of ® and Hom or equivariantization and de-
equivariantization are exchanged. This is made possible by the fact that Vect is canonically
self-dual, allowing us to exchange tensors for Homs.
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under the identification (Vect(Z),*) ~ (Rep(G,,),®). corresponds to the
sheared fiber functor on Rep(G,,). This defines the operation denoted C —
C/ on categorical representations of G.

Another way to describe this shearing operation (along the lines of [BZG17])
is as follows. Let’s describe categorial representations of G as modules for
a monoidal category (SHV(G), *) of sheaves on G under convolution in our
fixed sheaf theory. Then the linearity of categorical representations over
SHV(BG) amounts to a (braided monoidal) central functor (SHV(BG),®) —
Z(SHV(G)), which lifts the trivial monoidal functor (SHV(BG),®) — (Vect,®) —
(SHV(G), *), i.e., the action factors through the augmentation. This ex-
presses the presentation G ~ pt x pg pt of G as a groupoid over BG. Now
given ¢ : G — Z, we obtain a tensor functor

(Rep(Z),®) ~ (QC(Gy,), *) — (SHV(BG),®) — Z(SHV(G)),

which again is trivial (factors through the augmentation) as a plain monoidal
functor. In other words, G-categories acquire functorial G,,-actions, which
are trivial as actions on the underlying categories. The operation C — C/t
above is given by shearing by this G,,-action.

6.4. Shearing in geometry. We give several examples of shearing of cat-
egories of quasicoherent sheaves.

Remark 6.4.1 (Shearing and coaffine stacks). For any stack X with G-
action we obtain a G,,-action QC(X) € Cat®m and consider the sheared
category, which we denote QC/(X). We begin with a general warning about
interpreting this category geometrically.

In general for X = Spec(A4) with A a non-negatively graded (discrete)
algebra, we can think of the category QC/ (X) = Al-mod as a variant of
the category of sheaves on the “coaffine stack” X/ = Spec(Ai), the object
of derived algebraic geometry represented by the coconnective commutative
dga AZ. The category of sheaves on the latter can be defined, following the
general formalism of derived algebraic geometry, as a limit over maps from
affines into X7, i.e., in terms of connective cdgas.

To illustrate how the two differ, take Al with squaring G, action and A
the ring of functions on A'. We denote the coaffine stack represented by
Al as A'[2]. The category of quasicoherent sheaves on this stack, which is
equivalently described as B?G,, does not coincide with the category

QC/(AY) = Al-mod = O((A")Y)-mod.

In terms of the Koszul dual exterior algebra of functions on the derived
affine scheme A'[—1], we have QC/(A') ~ QC'(A'[—1]) while, thinking
of A[2] as a coaffine stack, we have instead QC(A[2]) ~ QC(A[-1]) ~
O(A[—1])-mod.

Example 6.4.2 (Shearing of G-representations). A cocharacter @ : G, —
Aut(G) gives an action of G, on BG, hence on QC(BG) = Rep(G); it makes
k[G] into a graded Hopf algebra, g into a graded Lie algebra and G into a
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“osraded algebraic group” in the sense of We obtain a sheared category
of representations D = Rep(G)2/ which can be described as comodules for
the sheared Hopf algebra k(G)=/,
(6.10) C — CRK[GIH.

In particular, such a comodule inherits an action of the sheared Lie algebra
gi, i.e. a map

JeC - C.
If we grade the Lie algebra g = @ g; via w, then X € g; decreases degree
by j (for X € g; corresponds to an element of o/ in cohomological degree
—4). That is to say, we can think of Rep(G)/ as being
“complexes with a non-degree-preserving action of G,”

(For a model example of such a complex, see Example below.)

The graded category obtained by equivariantizing Rep(G) is the category

Rep(G x Gyy,), with its natural Rep(Gy,,) action: tensoring by representations
inflated from G,,.

Example 6.4.3 (Inner shearing of G-representations.). Continue with the
prior example but now assume that w in fact lifts to @w : G,;,, — G. Then we
have in fact

(6.11) Rep(G) ~ Rep(G)/=.

Indeed given C' € Rep(G) the shear C/ through @ : G,, — G defines an
object of the category D above. Note that in the presentation of
Rep(G)/ as comodules, this category comes with a fiber functor; the resulting
(pulled back) fiber functor on Rep(G) via is not the usual fiber functor
on Rep(G) under (6.11]), but rather a shear of it. ﬁ

Alternately we can see as arising from an equivalence of the asso-
ciated graded categories, which in turn arises from the group isomorphism

(6.12) (9,t) € G X Gy — (gw(t),t) € G x Gy,
compatible with projection to Gy,.

Example 6.4.4. We generalize the foregoing example from the case of a
point to a general G-space: Suppose that G acts on a space X and A :
G, — G is a one-parameter subgroup, which we regard as acting on G via
the adjoint action, and on X through G. Then

(6.13) QCX/GY ~QC(X/G).

This recovers when X is a point. Again, it can be deduced from the
equivalence of stacks X /(G x G,,) ~ X /(G x G,,) where G,, on the right is
acting trivially; this equivalence arises from on the acting groups and
the identity on X.

We make the equivalence more explicit when X = Spec(R) is affine.

4570 say a different way: for inner actions the resulting action of G,, on BG can be
trivialized; but the trivialization of the action on BG doesn’t preserve basepoints.
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The category QC(X/G) is the category of (G, R)-modules, that is to say
(complexes of) R-modules with compatible G-action. Gy, acts on the pair
(G, R) via

z: g MNz)gh(x) L r— Aax).r,
and correspondingly acts on the category of (G, R)-modules. The category
QC’(X/G)/ is now the category of (G/, R/)—modules, i.e., complexes with
an Rl-action and an action of G that does not preserve degree (just as in
(6.4.2))). Just as discussed after , regrading a (G, R)-complex by means
of A exhibits the equivalence with (G, R/)-modules.

6.5. Abelian geometric Satake. We will now discuss the geometric Satake
equivalence, both for reference in the rest of the paper, and because it is a
convenient example of shearing.

Let G be a reductive group over F. For now, we assume that F is alge-
braically closed. We will discuss the case of F a finite field in §6.7 Attached
to G is the affine Grassmannian Grg, an ind-variety over F. We call the
Satake category of G the abelian category

Satg := Pervi(Go\Grg)

of Gp-equivariant perverse sheaves on the Grassmannian with coefficients

in k. This is a full subcategory of the abelian category Pervy(Grg) of all
perverse sheaves on the Grassmannian, characterized by constructibility with
respect to the stratification by Gp-orbits. (The entire derived category of
Go-equivariant sheaves on Grg will be called the Hecke category in this
paper, in order not to have to distinguish between “perverse” and “derived”
Satake categories.)

This category has a monoidal structure defined by convolution, and a
non-obvious commutativity structure that can be defined by fusion. These
definitions can be found in [MVO07]. As usual, there are several choices for
sheaf theory. For our current purposes, we will follow [MV07| and use étale
sheaf theory (see [MVOT, §14]).

6.5.1. Abelian Satake. Roughly speaking, the abelian geometric Satake iso-
morphism identifies Satg, viewed as a Tannakian category with the fiber
functor to Vecty, given by total (non-equivariant) cohomology over Grg, with
the category of representations of the dual group G. However, this is slightly
imprecise due to a fundamental parity issue. Namely, the cohomology func-
tor from Satg to vector spaces is a monoidal functor, but the commutativity
constraint on Satq is not compatible with that on vector spaces. Rather,
considering cohomology as a functor to graded vector spaces, the commu-
tativity constraint on Satq is intertwined with the “Koszul” commutativity
constraint on graded vector spaces by [MV07, Lemma 6.1].

This parity issue is handled in Proposition 6.3 of op. cit. by modifying the
geometric commutativity constraint on the Satake category. One can instead

d

modify the representation category in the following way, parallel to §6.1]

let us replace Rep(G) with the symmetric monoidal category Rep®"P*(G) of
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representations on super-vector spaces. Concretly, objects are pairs (V, V_)
of representations of G, and when one swaps the tensor product of two odd
vector spaces, one incurs a — sign. Then the abelian Satake correspondence
gives a symmetric monoidal equivalence

(614) S tsuper ~ Repsuper(é)

between the super-version of the Satake category of perverse sheaves on

the Grassmannian and super-representations of G. Under this equivalence
(applying descent, Remark even sheaves on the left correspond to
representations whose parity is given by the central element (—1)% € G. We

thus get a symmetric monoidal equivalence for the usual Satake category in

the form

(6.15)

Satg ~ Repsup “"(G) := super-representations of G whose parity is given by (—1)%°.

(Compare with the appearance of Rep???"(G,,,) in I and § ) While
this might seem overly elaborate, we have already discussed in m and
§2.7.2) why it is essentially inevitable to consider super-vector spaces if one
wants to study numerical questions.

In the following sections, use the following notation: For every represen-
tation V of GG, define Ty to be

(6.16) Ty = the correspondent to V under (6.14])

Hence, Ty is “analytically normalized,” that is to say, it is Verdier self-dual,
where the notion of Verdier duality on the affine Grassmannian is normalized
to preserve the unit objectm

Example 6.5.2. (a) Take A\ € X.(T), a cocharacter of the maximal
torus of G. Under this equivalence, the IC sheaf of the closure Sy of
the Go-orbit represented by ¢ (considered as a super-vector space
with parity (2p,A)), is mapped to the representation with highest
weight A.

(b) Specializing further the example of (a), consider the case G = PGLso,
and take the first nontrivial stratum & < Grg (the closed orbit on
the “odd” or non-neutral component of the Grassmannian) is a copy
of P!, corresponding to an elementary modification of a rank 2 vector
bundle.

The constant sheaf ks{1), placed in degree —1, defines an object
of the Satake category, and under the above equivalence

ks(1) — standard representation of SLg in even parity,

46We make a couple of normalization comments to avoid sign confusion later. Ty is
the IC sheaf of a certain stratum in Grg. If that stratum is k-dimensional, then Ty,
restricted to the smooth locus, will be the constant local system shifted by (k), i.e., in
cohomological degree —k and with weight —k/2. Moreover, as is relevant when computing
trace functions, 7y is regarded as a super-sheaf whose parity is given by the action of
e?(—1) on V.



RELATIVE LANGLANDS DUALITY 137

that is to say, Tsq is simply ks(1). The associated trace function

equals ¢~'/215. Note there is no minus sign despite the fact that the
sheaf is in odd degree, for the notation (... ) includes a shift of super
parity, according to our conventions.

6.5.3. Arithmetic shearing. There is another way of formulating the geomet-
ric Satake equivalence, using shearing, rather than modifying the commuta-
tivity constraint or using super-vector spaces.

To explicate, we introduce a(n even) cohomological grading on k[G] that
is equal to the grading by the cocoharacter w = 2p , i.e., by the following
action of G,,:

(6.17) (t- )(g) = Inn(t*)(f)(g) == f (Inn(t™**)(g)) ,

where Inn is the left action of G on itself by conjugation. The resulting
graded Hopf algebra, considered as a dg-algebra with trivial differentials,
will be denoted by k[G}/ (as in ; we will call this the “arithmetic
shear” of k[G] (or of G, by abuse of language). Explicitly, if t- f = t*f, then
f defines an element of k[é]i in cohomological degree —a.

Recall that the sheared category Rep(é)/ of § from Example
can be described as complexes of vector spaces with a comodule structure
for k[G]/. The element e € g has weight —2 for the action Inn(¢~2?) and
therefore raises degree by 2.

Now, inside the dg-category Rep(é)i we can consider the full abelian
subcategory Rep, p(é)i which comes from transporting the complexes sup-
ported in degree zero under the equivalence //: Rep(G) — Rep(G) of (6.11).
Equivalently, Rep, p(é)/ coincides with the category of k[G]/-comodules on
finite-dimensional graded vector spaces, where grading and the action of 2p
coincide. Then, Repr(G')i is an abelian tensor category, with monoidal
structure and commutativity inherited from Rep(é)/ , and there is an equiv-
alence of abelian tensor categories

(6.18) Satg ~ Repgp(G)I

compatible with tensor functors to graded vector spaces (cohomology over
Gr¢ on the left, forgetting the G/-action on the right).

In other words, the action of G on V = the cohomology of a perverse
sheaf on Grg is upgraded to a coaction k[V] — k[G)/® k[V] respecting the
cohomological grading. We will sometimes denote this coaction, by abuse of
notation, as G/ x V. — V.

Example 6.5.4. We continue with Example [6.5.1] part (b). In the same no-
tation, the functor of sends ks to its total cohomology, i.e. the complex
k@®k[—2] with zero differential, or equivalently the object of Repy,(SLz2) ob-
tained by starting with std[—1] € Rep(SL2), the standard representation in
cohomological degree one, and then shearing through 2p.
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6.6. Derived Geometric Satake. We now turn to the derived setting and
discuss the full dg spherical Hecke category

He = Shv(Go\Crg), Ha = SHV(Go\Grg)

of sheaves with k-coefficients on the affine Grassmannian defined over an
algebraically closed field F.

As discussed in §B] this comes in two versions, a small version Hq of
constructible sheaves, and a large version which we will denote by Hg. We
note only here that while the small version is almost certainly what you think
it is (if you think about such matters); the large version involves a choice
about the order in which one takes certain limiting operations, and we use
the ind-finite (i.e., renormalized) version, see

For F = k = C the different sheaf theories from §B|- constructible sheaves,
D-modules, Betti sheaves or all sheaves — give rise to equivalent small sheaf
categories which we denote simply by Shv (i.e., Gp-equivariant coherent D-
modules are forced to be regular holonomic, Gp-equivariant Betti sheaves are
forced to be locally constant on the GGp-orbits and the compact objects con-
structible, and the two are identified by the Riemann-Hilbert correspondence
compatibly with the various functors we consider). We will also be interested
in the case F = I[Tq, with k = Q; where [ is different from the characteristic
of F, in which case Shv refers to l-adic étale constructible complexes.

We now state a mildly strengthened version of the derived geometric Sa-
take theorem of Bezrukavnikov and Finkelberg [BEF08, Theorem 5|. First,
the original theorem is stated in the setting of triangulated rather than dg
categories. However the technique of the proof extends to prove the stronger
dg statement, and it is stated as such in [AGI15L Theorem 11.3.3, Proposition
11.4.2]. Next, the original theorem [BF08, Theorem 5| was stated for F = C,
k = C, but it is observed in [BFOS, Proposition 5| that it extends to the
case F = E, with k = Q;, where [ is different from the characteristic of F.
We will outline below why the arguments of [BF08] work to establish it also
with k& = Qy, together with the action of Frobenius that follows (when G is
defined over IFy).

Theorem 6.6.1 (Derived Geometric Satake). For the shearing in the fol-
lowing statements, we regard §* as a Gp,-space via the squaring action, and
G, s acting trivially on G.

o Small version: There is an equivalence of monoidal dg categories
(He.*) ~ Perf(k[3")//G),

where the right hand side denotes dg derived category of G-equivariant
perfec dg-modules over k[@*]i and with monoidal structure given by
tensor product.

47At the level of homotopy categories, this corresponds to the smallest triangulated
subcategory containing o’
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e Large: There is an equivalence of monoidal large categories
(Ha,+) ~ QCU§"/G)

where the right hand side denotes the shearing of the category QC(g*/G)
of G-equivariant coherent sheaves on §*.

Remark 6.6.2. e Note that the theorem asserts an equivalence only
of monoidal categories, even though the spectral side has an evi-
dent symmetric monoidal structure. This accounts for the absence
of any “parity” correction. The derived substitute for the symmetric
monoidal structure on the abelian spherical category is an E3- or
factorization structure on H, see §I7.1]

e (As discussed in : For issues involving symmetric monoidal
structure or traces, it is preferable to take the point of view — as
in §6.5.1 — that this is an equivalence of categories of super-vector
spaces, wherein even sheaves in Hg are carried to sheaves of parity
determined by the central element (—1)%" € G.

And just as in §6.5.1] one can eliminate this issue by use of a 2p-
shearing on G itself; this has the advantage of being better suited
to questions of rationality over a finite field; we will describe this
“arithmetic version”, in the terminology of in §6.7.4

e The large version is stated in [AG15, Corollary 11.4.5]{*f We can
pass to large categories simply by applying the functor “Ind” to the
two categories in the small version. On the automorphic side this
produces the ind-finite category of sheaves (§B.6) on Go\Grg (again
independent of sheaf-theoretic setting).

Remark 6.6.3 (Compatibility with Cartier duality of (co)characters). Con-
sider the data of a character 1 : G — G,,,, dual to that of a central cocharacter

0 : Gy — Z(G).

Working over a local field, one classically knows that twisting an unrami-
fied representation by n* A2l for A € C*, has the effect of twisting its Satake
parameter through n¥ (\) € G (up to sign). We now describe a corresponding
compatibility of the geometric Satake correspondence with Cartier duality
for the center of G (an “opposite” compatibility, for the center of G, is men-
tioned in Remark . This will take the form of corresponding actions
of (QC(Gyy), *) on the two sides of the Satake isomorphism.

On the automorphic side the action of (QC(G,,), *) ~ (Loc(BZ),®) comes

from the map

Bn

Go\Gr/Go BGF

which provides the spherical Hecke category the structure of sheaf of monoidal
categories over the circle. This results in a central action of (Loc(BZ),®) ~

(QC(Gyy,), *) on Hg. Compare Examples [6.3.11) and Example [6.3.12

48Note that [AG15] also describes an unrenormalized form of the spherical category,
which corresponds spectrally to the imposition of nilpotent singular support.

B(Gyp)p — BZ
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On the spectral side, the cocharacter ¥ defines a braided monoidal func-
tor from (QC(G,,),*) to the Drinfeld center QC(G/G) of Rep(G) (coming
from pushforward along the map 1" : G,, — G/G), or better to the Drinfeld
center QC(L(§*/G)) of the Hecke category.

The fact these two actions correspond follows from the results of [BZG17]:
the automorphic action is part of a larger central action, the Ngo action
of BZG17|, by all of (Loc(BGF),®). The results of [BZGI17| identifying
this categorical action with Ngo’s spectral action of the group scheme of
regular centralizers imply in particular the compatibility above.

6.7. Geometric Satake over a finite field. Let us now consider the anal-
ogous story when the group G is defined over a finite field.

We start by recalling the “standard” action of Frobenius on the dual group
G, which we will term “analytic” in terms of the general division of as
well as an action that will be termed “arithmetic”

Analytic Frobenius action on G. When G is defined over F,, we have a
Frobenius automorphism on the character group of its (universal) Cartan A,
which gives rise to an action of Frobenius on the dual Cartan A — G. By
construction (A is defined as the torus quotient of any Borel subgroup), this
action preserves the set of positive coroots, which define the standard Borel
B c G. The classical definition of the dual group G (over k:)lﬂ requires it to
be pinned, allowing for a unique extension of the Frobenius action to G, by
pinned automorphisms.

Definition 6.7.1. The analytic action of Frobenius on G is the pinned action
dual to the Frobenius action on the root datum of G.

Now, we continue to denote by Grg the affine Grassmannian over the
algebraic closure F = F,, and by F, O the rings of Laurent and Taylor series
over F, and we will use f, o to denote Fy((¢)), Fy[[t]]. Then, the category
Satg comes with an extra structure, which is the action of Frobenius by
pullback of sheaves, F — Fr*F. We then have the following:

Proposition 6.7.2. The equivalences and of abelian tensor
categories are compatible with Frobenius actions, using respectively analytic
and arithmetic Frobenius actions on G-

(a) In the equivalence (6.15) we take the Frobenius action on G to be the

analytic action noted above. § §
(b) In the equivalence (6.18) Satg ~ RepQP(G)i = k[G)/-comod 4 we

endow k[G] with the shear of the analytic Frobenius action as in

§2.5°8 and Remark[6-1.1]

Remark 6.7.3. (a) Explicitly, the “arithmetic” Frobenius action of (b)
on k[G]/ is the analytic action, multiplied by the the (left) inner

Note that, if k is not algebraically closed, G will always be taken to be split over k,
as is necessary for the existence of the pinning.
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automorphism obtained from the cyclotomic character Fr +— ¢!

composed with the cocharacter (—p) into Aug © Gag. Thus we have

KGY = @ KIGTi0),
where the grading 7 is via the left inner action of 2p as in , S0
the Frobenius action on the i-th (cohomologically) graded piece of
k[GY will be the analytic action twisted by k(—%). Note that, since
the grading is even, this does not require choosing a square root of
the Tate twist.

The resulting sheared Lie algebra §/ possesses an element “e”,
which is in cohomological degree 2 and is sent to ge by Frobenius.
Tensoring with any generator of k(1), e therefore defines a Frobenius-
invariant element of §/(1),

(b) In the current context, one motivation (see also for introducing
an arithmetic action is that the analytic action is not the action on
G that arises from the canonical isomorphism of fiber functors

(6.19) H*(Grg, F) = H*(Grg, Fr* F).

To see this, recall that, in the geometric Satake isomorphism, the
pinning comes from cup product with the Chern class ¢ of the deter-
minant line bundle; that is to say, ¢ acts on the cohomology of per-
verse sheaves in a way that corresponds to the action of a principal
nilpotent element e € § in the associated G-representation. However,
this Chern class lives in H?(Grg, k(1))¥; thus, without trivializing
the Tate twist k(1), this Chern class gives rise to an element of g(1).
This is the element noted in (a) above.

The natural action of Frobenius on G, that comes from the nat-
ural action on Satg and the canonical isomorphism via the
Tannakian formalism and preserves this “twisted pinning,” has been
described in [Zhulbl [Zhul7], where it is called “geometric,” and cor-
resopnds to our arithmetic action of Frobenius.

6.7.4. Statement of derived geometric Satake. We now consider the action of
Frobenius in the derived Satake correspondence. We will leave the somewhat
more straightforward “analytic” statement to the reader and describe the
arithmetic version. In the arithmetic version the shearings are as follows:
e As before, G is sheared by the left adjoint action of e=2°.
e On g* we use the twist of the previous G, action (through squaring)
through the product of squaring and the left adjoint action of e=2°.
Just as in the statement of Proposition [6.7.2] we consider the shears

k[§*) and K[G)

as coming with the “arithmetic” Frobenius action, which is to say, the shear

of the standard (“analytic”) action on §* and G. We then have the following
strengthened version of Theorem (we will restate the equivalences just
to make shearing clear):
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Theorem 6.7.5. (Arithmetic normalization of derived Satake, with Frobe-
nius structures).

e There is an equivalence of monoidal dg categories
(M) = (Pert(k[g ), @)

between the spherical Hecke category and G/-equivariant perfect dg-
modules over k[§*]/.
e There is an equivalence of monoidal dg categories

(Ha, =) ~ (QCoh(§*/GY, ®)

between the large spherical Hecke category and the shear of quasico-
herent sheaves on the coadjoint representation.

e For G defined over a finite field, this equivalence is Galois-equivariant,
i.e., identifies the Frobenius action on the spherical category with the
arithmetic Frobenius action on the shears.

Explicitly, Frobenius acts on G/-equivariant dg-modules over k[g*]i by pre-
composing the k:[g*]/—action by the inverse arithmetic Frobenius action on
k[§*]/, and post-composing the k[G]/-coaction by the arithmetic Frobenius
action on k[G)/

The first two assertions are equivalent to those of Theorems by the
generalities of § Namely, for every G/-equivariant dg-module N over
k[§*]/, we use the cocharacter (—2p) into G/, in order to consider N as a
graded k‘[g*]/—module. The equivalence , then, gives rise to the unshear
M, which is naturally a G-equivariant k[g*]-module. Explicitly, we recall
that if N = @, Ny is the decomposition of N into weight spaces for (—2p),
then M\ = @), Ny(—w).

As stated, however, the above formulations of the Satake equivalence are
not sufficient to pin it down uniquely. The theorem comes from a construc-
tion, which has the following additional properties:

(1) For every dominant coweight p of G, the IC sheaf of the closed p-
stratum on Grg (with its natural Go-equivariant structure) corre-
sponds to V, ® k[§*)/, where V,, is the irreducible G-module with
highest weight u (considered, in the formulation of Theorem
as a k[G)/-comodule in degrees determined by the cocharacter 2p.

(2) There is a choice of Kostant section ¢ = ¢* = §* J/ G — §*, such
that the functor of Go-equivariant cohomology F — H¢, (Grg, F),
which is valued in module for H*(BGo, k) = k[c}/, is given by the
Kostant-Whittaker reduction. (The shear on k[c] will be described
below.)

50Here “arithmetic” is referring to the distinction of and not the distinction between
arithmetic and geometric Frobenius.

510f course, we could also consider it as valued in modules for H¢ (Grg, k), but we
defer to [BFQ8] for a description of this structure.
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More precisely, §* contains a regular nilpotent element e* which
is fixed by the (2 — 2p)-action of G, (i.e., scaling by squares com-
posed with the coadjoint action via (—2p)). Therefore, the resulting
Kostant section, which, under an isomorphism §* ~ § sending e* to
a nilpotent e of an sly-triple (2p, e, f), identifies ¢ with e + g, is pre-
served by this G,,-action. Hence, at the level of sheared algebras it
defines a homomorphism k[g*]/ — k[c)/, where the shearing on k[c]
is the one corresponding to this G,,-action.

In the setting of Theorem [6.7.5] now, the restriction of a given
k[§*]/-module to this Kostant section is identified with the functor
H¢, . Moreover, once such an identification of functors is fixed, the
equivalence of the theorem is unique, by [BF0S, Theorems 2 and 5|.

Remark 6.7.6. Regarding the action of Frobenius, we again have canonical
isomorphisms

(6.20) He, (Grg, F) ~ He, (Grg, Fr* F),

which are compatible with the action of Frobenius on H*(BGop,k). The
latter is the analog of the arithmetic Frobenius action on k:[c]/ , which simply
combines the classical (“analytic”) action on ¢ (arising from its action on the
root datum of G) with the twist by (—3) on the i-th cohomologically graded
piece. This is compatible with the action of Frobenius on the Kostant section
described above.

As in the abelian case, we could also describe an action of Frobenius in
the setting of Theorem [6.6.1] using the classical action on §*, but we would
again need to twist the canonical isomorphism by an operator that

. . 1,
involves a choice of ¢2, in general.

We outline how the statement of Theorem [6.7.5] (with the compatibilities in-
dicated afterwords) follows from the arguments of [BF08|: The first step in the
construction of op. cit. is the abelian Satake isomorphism , which holds for
arbitrary k. (“Arbitrary,” in the setting of F = F,-, should be interpreted as some
ring suitable for [-adic cohomology, | # p.) Theorem 2 of op. cit. (specialized to
i = 0) extends this to a full embedding of the category of G/-equivariant k[g*]/-
modules of the form V ® k[g*)/, V e Repzp(é)i, into H; this also immediately
extends to arbitrary coefficients. (Note that here we are slightly reformulating by
shearing, in order to keep track of cohomological degrees.) When G is defined over
a finite field, as is equivariant with respect to the canonical identification
of (non-equivariant) cohomology of a sheaf and its Frobenius pullback, the result-
ing functor of op. cit. is Frobenius-equivariant with respect to the identification of
equivariant cohomology with the Kostant—Whittaker reduction. Indeed, for a G-
equivariant perverse sheaf F on Grg, the equivariant cohomology can be recovered
from the non-equivariant one, i.e., we have

(6.21) Hg, (Grg, F) = H*(CGrg, F) ® H*(BG)

as Frobenius-equivariant H*®(BG)-modules. The extension of these isomorphisms
to the entire derived category of G/-equivariant perfect dg-modules over the dg-ring
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E[g*)/, performed in Section 6 of op. cit., applies verbatim to arbitrary coefficient
rings, and is unique, hence compatible with the action of Frobenius.

6.8. The sheared coordinate ring of a hyperspherical varieties. In
our local conjecture, there will be a particularly important role played by
shearing a hyperspherical variety by its associated neutral G4, action, as well
as the associated Frobenius structure. We explicate this as a a convenient
reference for later parts of the paper.

Let (G, M ) be a hyperspherical variety over an algebraically closed field
k of characteristic zero. (We use the notation (G, M) rather than (G, M)
simply to be suggestive: the discussion that follows will be applied on the
spectral side.) We also note that the discussion that follows in the case of
G x G acting on T*G, where the G, action is by squaring along cotangent
fibers, is closely related to the discussion of the past sections §6.5.3]— §6.7]

6.8.1. Analytic story. We may form the shear of k[M] by the neutral Ggr-
action, explicitly,

k[M)/ =the algebra k[M] considered as a super-dg-algebra

with trivial differentials, in degrees and super-parity deter-

mined by the inverse of the action of Ggy,.

To avoid any sign confusion, we emphasize that the action of G4, on O(M)

is defined via the rule

A- f(m) = f(A"'m) or f(mA™h)
depending on whether that action is written on the left or right on M (this
looks wrong but recall our left /right conventions from .

Now let us moreover suppose that M is endowed with a finite order Frobe-
nius action commuting with G,,. For example, this could be taken trivial
—or, in § we described an action of Frobeniu@ for the dual M of an
untwisted polarized hyperspherical space, i.e., the dual of a spherical variety.
In that case, we define the Frobenius action on k[M ]i according to our gen-
eral conventions on shearing — that is to say, (n) incorporates a Tate twist

Therefore, if f(Am) = M f(m), then f lies in degree —j for the G,, action;
then it defines a class f/in O(M)/ that occurs in cohomological degree j; and
if f € k[M] is fixed by the finite order Frobenius action, then the geometric
Frobenius acts on f/ by the scalar ¢//2.

Example 6.8.2. If M is a symplectic vector space, in which case the neutral
Ggr-action is the scaling by the tautological cocharacter, then:
e G, acts on k[M] = S*(M*) by negative powers;
e k[M]/ lives in positive cohomological degrees, and
e The Frobenius action on k[M]I is pure with non-negative weights i.e.
eigenvalues of absolute value ¢*/2 for various k > 0.

52or7 for that matter, of the absolute Galois group of the field of definition of M
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Note, however, that that the degree 1 subspace of k[M ]/ is regarded as a
super-vector space with odd parity, and as such k[M ]i is indeed identified
with symmetric powers of its dual. Here, and also more generally, the sym-
plectic structure on M manifests itself in a shifted symplectic structure, in
the sense of [PTVV13] - in particular, of a Poisson bracket k[M]/x k[M]/ —
E[MV/ of degree —2 (a Ps algebra).

Moreover, all this structure is compatible with the action of (non-sheared)
G on M, ie. G acts on k[M]/ by transporting its action on the coordinate
ring of M. Assuming that G’ comes with a Frobenius action compatible with

that on k[M], the same is true for this action; in other words, we have a
Frobenius-equivariant coaction of coalgebras

(6.22) k(M) — k[MV @ k[G].

6.8.3. Arithmetic shearing. The above shearing by the neutral action is the
“analytic” shear of M in the parlance of The arithmetic version uses
a different action of Gy, to grade, which is defined in the situation where
M arises as the dual of a hyperspherical variety (G, M = T*(X,¥)). In
this situation, after choosing an eigenmeasure on X, we get a cocharacter
n: G,, — G by dualizing the eigencharacter. In Definition we defined
the arithmetic action to be the twist of the neutral action by G,,, that is to
say, the arithmetic action of A in G,, on m € M is given by the composite
of its neutral action and the action of \7 € G.
We correspondingly define the arithmetic shear of the coordinate ring;:

k[M} = the shear of k[M] by the twist of the neutral G,, action by 7 + 2p..

The arithmetic shearing has a very nice parity property. It follows from
Proposition [.6.1], or from the reinterpretation given directly thereafter: the
degrees of of k[M]/ are all even. Just as before, a Frobenius action on M
translates to one on k[M]/; but here we observe that no choice of V4 is
required because of this even-ness.

Now G does not act on k[M1]/ “but G/ does,” where the shearing on G is
through the right adjoint action of the cocharacter e : Ggr — G (equiva-
lently, the left adjoint action of e~2*, i.e., same as in §6.5). Formally, this
means that k[M] lies in the sheared category Rep(G)?*/, or, equivalently, it
admits a coaction of the associated Hopf algebra:

(6.23) k(MY — kM) @ k[G)/.

Example 6.8.4. Let us take the case G = G,,,, M = T*A', which we think
of as arising from the dual of G = G,,, X = Al

The eigenmeasure character is the tautological character of G, and cor-
responds thereby to the tautological cocharacter of G. Consequently, if
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Al © M is the eigenspace for the tautological character of G, the arith-
metic action of Gg, on M acts by squaring on A! and acts trivially on the
cotangent fiber.

Thus, writing z for the coordinate on A! and ¢ for the coordinate on the
cotangent fiber, the (G x Ggr) degrees of x and £ are given, respectively,
by (—1,—2) and (1,0). For later use in checking signs, the component of G
degree 1 is spanned by &, £223, ... and lies in Gy, degrees 0, —2,

7. UNRAMIFIED LOCAL DUALITY

7.0.1. Setup. Let F be either the complex numbers C or the algebraic closure
F, of a finite field. In this section we will work with a dual pair as in
(G, M) will be a split hyperspherical pair defined over F, for which M admits
a distinguished polarization M = T*(X,¥), and (G, M) its dual defined
over k; this coefficient field k£ will be almost always be taken to be C or the
algebraic closure of an ¢-adic field according to whether F is C or of finite
characteristic.

Occasionally, we will implicitly assume that everything is defined over
F,, and will introduce Weil structures that the reader can ignore over the
algebraic closure. In particular, the appearance of k(1) := k[1](3) suggests
that we have chosen a square root of the cyclotomic twist, and the twist by
(1) can be 1gnored by readers interested in statements over C or F,.

Asin §2.2.2] let F' = F((t)), with integer ring O = F[[t]]. As before, when
F= Fq, we W111 be using f, o to denote Fy((t)), Fy[[t]]. We will be using Xo
for the formal arc space, representing the functor R — X (R[[t]]), and X
for the formal loop space, representing R — X (R((t))). For X affine, these
are schemes and ind-schemes respectively.

7.0.2. In this part we introduce and study the local conjecture, Conjec-
ture[7.5.1] a counterpart of the geometric Satake correspondence for spherical
varieties. The conjecture asserts an equivalence

SHV(Xp/Go) ~ QCU(M/G)

between the categories of Go-equivariant sheaves on X and G-equivariant

quasicoherent sheaves on M, but with the latter category sheared (i.e., co-
homologically regraded) using the G4,-action on M. We also state a version
for “small” categories, matching constructible sheaves and perfect complexes.
The equivalence is required to respect various structures on the two sides:

e the basic object (structure sheaf of the arc space X¢) is taken to the

structure sheaf of M (§7.5.2));

e the Hecke action on X /G is matched (under derived Satake) with

the moment map M /G — §*/G (§7.5.3));

e the action of Frobenius on X is matched with the action of the

grading group Gg, on M (; and
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e the loop rotation structure on X is matched with the Poisson struc-
ture on M ( .

Some significant aspects of the conjecture are discussed elsewhere. We
defer to §8|the discussion of the various aspects of the local conjecture which
are most concretely understood in terms of the Plancherel algebra (or relative
Coulomb branch), a ring object in the spherical Hecke category. In and
we discuss a crucial additional structure on the local conjecture, namely
compatibility with factorization structures on the two sides (and the action
of changes of coordinates) as well as with the global conjecture.

e In §7.1] we describe the local category on the spectral side.

e In §7.2] we discuss loop spaces and their singularities and describe
the local category on the automorphic side (using infinite type sheaf
theory as in Appendix [B.7)).

e In §7.3] we study the concrete description of the category of con-
structible sheaves on Xp/Go in the “placid” case.

e In we discuss the geometric analogue of “unitary normalization”
of the G-action on X, which simply involves including appropriate
Tate and cohomological shifts.

° formulates the local conjecture and some of its consequences,
and

. discusses some examples in which the conjecture is known, in-
cluding pointers to the recent literature on the subject.

Remark 7.0.3. On the side of X, it is interesting to relax the requirement
that X be smooth, and work within the broader class of affine spherical
varieties. In this setting, calculations of “IC functions” in [BEGMO02l, BNST6],
SW22| suggest a generalization of the conjecture that follows, by dropping
the coisotropic condition on M on the spectral side. However, we do not
know how to formulate the categorical conjecture at this point — or whether
singular spherical varieties are even the correct objects to consider. (In the
singular toric case, for example, it seems that one could replace singular toric
varieties by smooth toric stacks.)

7.1. The spectral local category. In this section we highlight some fea-
tures of the local category QC/(M/G) on the spectral side. Recall (§7.0.1])
that we are considering a smooth affine variety M equipped with a graded
Hamiltonian G-action, with Ggr-equivariant moment map g : M — §*. We
will default to using the neutral grading on M (see , and comment
later (§7.5.5) on the effect of changing the grading. Correspondingly, as is
appropriate for the neutral grading, the G4, action on G itself is trivial.
We will make free use of the notions of shearing from see in particular
which we briefly recall: The G,-graded ring O,; can be sheared to give
[

a differential graded ring with zero differentials. When it is relevant

(for example, in taking traces, cf. §2.7.2), we always consider O,; as a
super- DGA whose Z/2 grading is the reduction of the integral G,, grading.
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With this convention, (’)]i\Z is commutative as a super-DGA; it may not be
be commutative as a DGA if we naively ignored the super-structure.

The local spectral category QC’/(M ) can be described as the associated
category of differential graded modules, which by the discussion and nota-
tions of §6], can also be described as the sheared category of modules for O;;
itself. Again, there is a shearing functor E — E/: a Ggr-graded complex E of

O, ;-modules gives a complex EV of %—modules, by shifting the cohomolog-

ical grading by the Gg,-grading; and the same is true adding G-equivariance
everywhere.

Remark 7.1.1. Recall ( that M has the structure of vector
bundle over G/G x with ﬁber VX, a certaln graded Gx- representation that
has been discussed in the cited sections. It follows that the local category
may be described in terms of (Vx, Gx) rather than (M, G),

(7.1) QCY(M/G) ~ QCY(Vx /Gix).
where the grading on Vx has been defined e.g. at the start of

7.1.2. Hecke action. The equivariant moment map p : ]\Z[/G’ — g*/é endows
the category of equivariant sheaves on M with a tensor action of sheaves
on the coadjoint representation. The Gg.-equivariance of the moment map
allows us to shear this structure, so we find that QC/(M/Q) is a module
category for (QC/(§*/G),®) — i.e., for the spherical Hecke category as it
appears on the spectral side in Theorem [6.6.1]

7.1.3. Affineness. The affineness of M ensures that M /G is affine over §*/G.
It follows that QC(M/G) is identified with the category of modules for the
algebra object O € QC(§*/G), and similarly for the sheared version:

QCI(M/G) = pOF-mod e yze -

Another perspective on this is that QC/(M/G) is generated by the struc-
ture sheaf as a Hecke-module category. More concretely, a representation V/
of G defines a G x Ggy,-equivariant sheaf V on M, i.e., we tensor V (with
trivial Gg,-action) with the structure sheaf of M. The afﬁneness then guar-
antees that the resulting objects generate QC/(M /G). Moreover the spaces
of morphisms are explicit and readily computable:

Hom(V, W) =~ HomG(Hom(V,W),O{Z)
Hom®* (Hom(V, W), O@X ),

0

cf. .

7.2. The automorphic local category. In this section we will assign to
a (untwisted) polarized hyperspherical variety M = T* X, a category

HE = “Go-equivariant sheaves on Xp”
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that we will call the “X-Hecke” or “X-spherical” category; sometimes we
will write this simply as H¥X, although formally it depends both on X and
G as well as the specifics of the sheaf theory. As usual it will have a small

version HX and a large version #X. This category will be equipped with a
basic object and a Hecke action (§7.2.7)).

Caveat: some of the features of these sheaf cate-
gories, in particular safety/renormalization, are not
adequately covered in the literature and should be
taken as being provisionalﬂ

The Caveat above is not “serious,” that is to say, we anticipate that the
relevant definitions and formalism can be filled in with existing technology.
However, it is adjacent to a “serious” issue: we have given definitions that,
in general, are, at least a priori completely impractical to compute with.
The main issue is that Xr is defined as a union of limits of schemes that
are singular; this problem arises in much work on arc spaces, when X is
singular, but it also appears for smooth X when one considers strata in
the loop space of X. Although, as we will see below, there is a reasonable
formal definition of the category of sheaves on Xp, this issue prevents us
from having a concrete description of it, as well as access to Verdier duality
and the function-sheaf dictionary (see for some specific expectations
which it would be good to prove). We do not know how to resolve these
issues in complete generality, and regard this as a fundamental question for
further study.

However, there are two situations where many of these issues go away.
Firstly, as described in the subsequent Xp is “placid” in many situa-
tions of interest, which permits a much more explicit analysis of the sheaf
categories. And, secondly, as we shall explain in the following section §§|
a substantial part of the general conjecture (namely, everything related to
the basic object) can always be reduced to a placid situation: arc spaces of
smooth affine varieties.

The contents of the current subsection are as follows:

e §7.277] discusses arc and loop spaces and in particular illustrates by
example the singularities of Xp.

o we outline the formal properties of categories of sheaves on
loop spaces X for X an affine G-variety. These sheaf categories are
defined formally, see Appendix [B.7]

° describes the category of equivariant sheaves of interest, i.e.,
sheaves on Xr/Go.

e Definition and construct, respectively, the basic object
and the Hecke action on sheaves on Xr/Go.

53At present, our reference for this material is the paper [Ras17¢c|. However, it is not yet
published, and it does not discuss either étale/Betti contexts or safety and renormalization.
We have formulated the Caveat simply to encourage further explication and study of the
foundations of the theory.
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These are consequences of the general functoriality of sheaf cate-
gories on infinite type schemes and stacks [Rasl7c|, which we review
in Appendix [B7]

e In §7.2.11] we will briefly discuss the case of twisted polarizations and
the unpolarized case.

7.2.1. Arc and loop spaces. For the moment let X be an arbitrary affine G-
variety defined over IF, although our case of primary interest is when X arises
from polarizing a hyperspherical G-variety.

The arc space X is the scheme representing the functor that sends a test
F-ring R to X (R[[t]]), see |[KVO04, 2.2.1|. This is represented as an inverse
limit of the schemes

Xo = liian,
where X, represents the functor X (R[t]/t"). For X affine, Xp and the X,
are all affine. For X smooth, X is pro-smooth: the morphisms X, 1 — X,
are in fact vector bundles of dimension (dimX).

The loop space X is the ind-scheme representing the functor that sends
a test F-ring R to X (R((t))), see [KV04, §2.5]. We can write it as a colimit
of schemes X!, | € Z, by fixing a G-equivariant embedding X < V into the
space of a G-representation, and taking X' to be the points of X that lie
inside t~!V[[2]] (where we write V[[2]] for the R[[z]] points of V).

Unfortunately the behavior of the X! is in general much less nice than
Xo, even if X is itself smooth. In particular, the natural presentation of X"
as a projective limit is not placid: if we write

X!~ i !

where X/, is analogously defined i.e., as elements ¢t ~'v where v € V[[2]]/t"*1V[[2]]
satisfies the equations defining X!, rewritten in terms of v, modulo terms of
order n 4+ 1. Typically, X! are not smooth and the transition maps are not
smooth, no matter how large n is. To illustrate both the complexity and
interest of the situation we discuss a simple example.

Example 7.2.2. Consider the case of X a sphere inside a vector space V,
i.e., the level set Q = 1 of a quadratic form. Taking a basis eg, ..., e, we
take Q to be given by Q(X x;e;) = 23 + q(x1,...,xy), for a nondegenerate
quadratic form ¢ in n variables. Then X, ! is identified with the locus of
(vo, ..., v,) € V satisfying

(7.2) Qo + vit + ... v,t") = 2 + O(t" ).

For n = 1 we get simply pairs (vg,v1) where Q(vg) = 0 and vy L vq, in
particular, a smooth variety, but the situation becomes more complicated at
the next stage: The fiber of X;l — Xfl is (dimX)-dimensional over each
(vo, v1) with vg # 0. Over the fiber with vy = 0, however, the map is not even
surjective at the level of points: its image is the locus @Q(v1) = 1, and each
fiber above this codimension 1 set is now (dimX + 1)-dimensional. The same
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general pattern for transition maps holds at each higher stage X,;il - Xt
— they fail to be surjective, and the fibre dimension jumps along the image.

Nonetheless, there are nice features to the situation. As proved in [GKO00L
Dri20] the singularities are “locally finite dimensional”. For example, look at

the singularity of X ! at the constant arc y(t) = teg, which projects in (7.2))

to vg = 0,v; = first coordinate vector,vy = vg = --- = 0. It can be checked
that
(7.3) formal neighbourhood of v in X! ~ A® x {q = 0},

that is the local singularity structure is a quadric cone in one fewer dimension.
It is not a coincidence that this singularity is the same as the singularity of
the variety we get if we set vo = v3 = --- = 0, i.e., if we look just at
{vo,v1 : Q(vo + v1t) = t?}. This is a simple example of a global model (in
this case, maps from A! to X of degree < 1) modelling the singularities of a
local situation (in this case, maps from the formal disc to X). It is possible
that such techniques could provide concrete methods of accessing the sheaf
theory on Xr/Go in the situations of interest to us.

7.2.3. Sheaves on Xp. As elsewhere in the paper, there are different choices
for sheaf theory. Of relevance for us in the current discussion are de Rham
and étale, although in practice which one we choose makes very little dif-
ference in the local setting, and for this reason we will not formally include
superscripts “dR, ét” to indicate which one we are working With.@

As explained in Appendix [B.7] working with either de Rham or étale
notions of sheaf theoryf”, we have — by formally extending from the case of
finite type schemes —

o Assignments
Z ~» SHV(Z) = SHV'(Z),SHV'(Z), Shv'(Z)

for any scheme, stack or prestack of infinite type. Here we use !-

sheaves by default and omit the !-notation when convenient. Recall
that the categories of x-sheaves are canonically dual to those of !-
sheaves whenever they are dualizable.

e This is a contravariant functor under !-pullbacks, and covariant under
ind-proper morphisms. We denote the pushforward functor as f, and
note it is identified as a left adjoint of f'.

e These functors satisfy base change, in the strong sense that they
define a functor out of the correspondence category of prestacks (with
one leg ind-proper).

&

54As mentioned in §B.7| the Betti sheaf theory presents challenges in infinite type,
though in practice for stacks such as Xr/Go the Betti theory is expected to be well
defined and produce the same categories as the de Rham theory.

55As explained in loc. cit., to have small sheaf categories and ind-proper functoriality
in the de Rham setting we have to restrict to a constructible setting, e.g., to ind-holonomic
sheaves, though in our intended applications the discreteness of Gp-orbits discussed below
makes the distinction between ind-holonomic and all D-modules disappear.
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e For schemes X and affine groups G the category is compactly gener-
ated by finite objects (i.e., equivariant constructible sheaves) SHV'(Z)
Ind(Shv'(Z)) where Z = X/G.

In particular this formalism can be applied to Z = Xp or Z = Xp. The
former setting of Z = X is particularly nice. Since X is smooth, Xo
is pro-smooth, in particular placid (see Appendix ; it follows that !-
and #-sheaves on X are identified, in such a way that the dualizing sheaf
wx, € SHV!(Xp) is sent to the constant sheaf kx, € SHV*(Xp).

7.2.4. Sheaves on Xr/Go. The loop group ind-scheme G acts on Xp. We
will primarily be interested in the quotient Xp/Go by the arc-group, and
specifically when X is an affine spherical variety. Let us first discuss what
kind of object Xr/Go actually is.

There are |at least| two distinct objects that deserve to go by the name
Xr/Go: the quotient prestack and the quotient stack. Recall that a prestack
is merely a functor on derived commutative rings valued in simplicial sets
(or synonymously, at the oo-category level at which we work, topological
spaces or higher groupoids). There is a natural notion of quotient prestack
of a functor such as Xr by a group functor such as G, which is described
as pointwise taking the simplicial set determined by the Gp(R) action on
Xr(R).

On the other hand, we have the quotient stack, which is the (fppf) sheafi-
fication of this functor. Both objects are attached categories of !-sheaves by
the general mechanism of right Kan extension. However it is reassuring to
point out that categories of sheaves which satisfy descent for a given topology
(say fppf) are not affected by replacing a prestack by its fppf sheafification.
Thus in fact it follows from the results of [Ras17c| - specifically the h-descent
theorem for !-sheaves ( [Rasl7d, Proposition 3.8.1]) - that the two notions
agree.

From our point of view, the fundamental object of interest is the ac-
tion itself and the resulting category of equivariant sheaves SHV(Xp)%0
(as discussed in particular in [Rasl7d, Section 3.9]). One can verify (ex-
tending [Ras17d, Proposition 3.9.2]) that this category agrees with that at-
tached to the prestack or stack quotients Xp/Go. Note that the morphism
Xrp — Xr/Go is not itself finitely presented, but by factoring it as a quo-
tient by a prounipotent group (for which equivariant D-modules form a full
subcategory) and a reductive group (which is fppf) one can establish descent
along this morphism directly.

In summary, sheaves on Xr/Go are understood to be (!-)sheaves on the
quotient prestack Xr/Go, and this agrees with all other reasonable ways of
defining the same concept:

HX = SHV(Xr/Go),H™ = Shv(Xr/Go).
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As we discuss in Remark we expect the theories of *- and !-sheaves
on Xr/Go to be equivalent, and indeed such an equivalence is implied by
Conjecture [7.5.1] However we do not know how to see this directly.

Remark 7.2.5. Despite the fact that objects appearing seem (indeed, are)
enormous, the problem of describing the entire category SHV(Xr/Go) is
actually rather concrete and has very little of infinite nature in it. Namely,
each of the countable strata of Xr/Go has the form BG for a certain pro-
group G; which can be replaced (for the purpose of sheaf theory) with a finite
dimensional reductive quotient G;. Thus the sheaf theory on each stratum
is extremely simple; the only question is how these are to be glued.

Remark 7.2.6. From the point of view of classical harmonic analysis, we
might loosely think of Shv(Xr/Go) as categorifying G(o)-invariant Schwartz
functions, whereas SHV(Xr/Go) categorifies distributions or generalized
functions. See Example[7.3.6

A crucial feature of this setting is the discreteness of Gop-orbits, (see
e.g. [GN10]):
Discreteness of Gp-orbits: For an affine spherical G-variety
X, there are only countably many Gp-orbits on Xp.

Thanks to this, we expect all D-modules on Xr/Go to be ind-holonomic
and all Betti sheaves to be ind-constructible, and we expect the de Rham and
constructible sheaf theories to give equivalent categories (all three settings
Shv, SHV,SHV,). Moreover, although we did not define Betti categories
in Appendix [B.7] it is reasonable to use the constructible categories here
as the definition of the Betti category. Finally, we have access to the full
functoriality of constructible sheaves, which makes the situation considerably
more tame than for example sheaf theory on X g itself.

7.2.7. Basic object and Hecke actions. We now describe some basic proper-
ties of the category H~, namely the basic object and the Hecke action.

Definition 7.2.8. The basic object dx € Shv(Xr/Go) is the pushforward to
the loop space of the dualizing sheaﬂ on the arc space, i.e., fori: Xo/Go —
Xr/Go we have

5)( = i*wXO.

Let us recall some general formalism about Hecke actions. The Hecke
stack

Hecke := BGo X pa, BGo = Go\Gr/Go

can be considered as an ind-proper groupoid over BGo (see [GR1T, Sections
11.2.5.1, 111.3.6.3, V.3.4]). Recall that a groupoid object over S is a simplicial

56Equivalently, with reference to the equivalence of !- and #-sheaves on the placid
scheme Xo, the constant x-sheaf
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object G, satisfying a Segal condition resulting in an identification of the
simplices with iterated fiber products:

=EgxsGxgG=EGxsG=—%G—=0S5

The Hecke groupoid is an ind-proper groupoid, meaning that all of the struc-
ture maps involved are ind-proper. For any prestack Z with Gg-action, the
quotient Z/Go — BGo carries a tautological action of the Hecke groupoid
(the descent data describing Z/Go — Z/GF). Our three flavors of sheaf
theory (Shv, SHVy, and SHV) evaluate on Hecke to produce three flavors of
Hecke categores.

The G-action on X induces an action of the group ind-scheme Gg on
Xp, and thus the quotient stack Xp/Go — BGo carries an action of
the Hecke groupoid. Again the functoriality of SHV automatically endows
SHV(Xr/Go) with the structure of Hg-module category.

Remark 7.2.9 (Self-adjointness). It is useful to note that the action of the
Hecke category on any module category, in particular on SHV(Xr/Go), is
self-adjoint, in the sense of isomorphisms

Hom(Ty x F,G) ~ Hom(F, Ty« % G)

for Ve Rep(G), this isomorphism being natural in  and G. This is a formal
consequence of the dualizability of the objects Ty (with duals Ty,) and more
generally is part of the powerful duality package available for modules over
rigid tensor categories such as Hq (see e.g. [GR17, Section 1.9]).

Remark 7.2.10 (Signs). The Hecke action corresponds, under sheaf func-
tion correspondence when applicable, to the action arising from the action
of Gj on functions on Xj wherein g € Gj sends f to the function z — f(zg).

7.2.11. Generalizations. It is our expectation that one can make satisfactory
definitions analogous to H¥X in the twisted case or in the unpolarized case
using existing technology. We briefly discuss these in turn.

Remark 7.2.12. (The case of twisted polarizations M = T*(X, ¥)). In the
case of the Whittaker model, Gaitsgory [Gai20}, §2| has defined a local derived
category of Whittaker sheaves on the affine Grassmannian (and, more gen-
erally, at quotients of arbitrary level of the loop space of G). The same defi-
nitions make sense in the general case of Whittaker induction. Namely given
a Gg-bundle ¥ — X one begins by constructing the category SHV (V¥ r/Gp)
of equivariant sheaves on ¥; and then, following [Gai2()], takes “twisted coin-
variants” for the G, p-action on this category.

Remark 7.2.13. The non-polarizable case: it is evidently important to
extend the construction X ~ SHV(Xp/Go) to non-polarizable anomaly-
free hyperspherical varieties M. Note that it is our expectation that the
normalized Hecke action, a twisting of to be described in §7.4] will
extend to this situation, rather than the action of §7.2.7] itself.
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In the case when M is a symplectic vector space, this amounts to studying
“the unramified part of the geometric Weil representation.” The possibility
of such a construction is well-known to experts, although we do not know of
an entirely satisfactory reference for our purposes. We describe two relevant
works:

For G = the dual pair Spy, x SOg, (with M = the tensor product of
their standard representations), the category analogous to Shv(Xr/Go) was
constructed by Lafforgue and Lysenko [LL09| (with an emphasis on the per-
verse objects), by geometrizing the Schrodinger model and the canonical in-
tertwining operators. On the other hand, Raskin [Ras20, §10] has developed
a general framework for describing Gp-actions on categories as (geometric
analogs of) Harish-Chandra modules; this was applied in [BDET22, §2.3,
4] to modules for the Weyl algebra W associated to the symplectic space
Mp, in order to define an action of H¢g on W-modO; here, G can be any
subgroup of Sp(M).

7.3. Sheaves on loop spaces: the placid case.

7.3.1. Setup. In many cases, the geometry of Xp/Go is particularly nice,
and it admits the following presentation, enabling one to avoid the subtle
issues of singularities discussed in §7.2] There is:

e an exhaustion Xp = li_n)le of the ind-scheme X, and a Go-stable
presentation of each X' as lim | X! where

e the X! are of finite type, and the transition maps XTZL 1 X! are
torsors for a unipotent group scheme, and

e the Gp-action on X! factors through an action of some quotient G y
on each X} .

Let us collectively refer to these properties as the placid case, although
a priori it is slightly stronger than Xp being placid in the sense of the
Appendix.

For example, in the case of X = a vector space, the X! were constructed
in hen X is a reductive group H (and G is a subgroup of H x H
acting by left and right multiplication) we can take the X! to come from
strata of the affine Grassmannian, and the X!, to arise from the cover arising
from the kernel of Go — G,,+1. Although these conditions are a prior: quite
restrictive, a surprising number of hyperspherical cases satisfy them:

e The Godement-Jacquet and Iwasawa—Tate periods, X = M, as a
G = GL,, x GL,-space;

e More generally, any vectorial case, e.g. the Hecke period X = A? as
a G = SLa-space;

e The group period, X = H as an H x H-space (possibly twisted by
an automorphism in one factor).

570ne should note that the situation is quite rich even in the case when X is a vector
space, because Go-orbit closures can be singular even though Xp is very simple, cf.
Example |7.3.7]
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e The Rankin—Selberg period, X = GL,, as a GL,, x GL,_1 space;
e the case of X = GL,, x A" as a GL,, x GL,-space;
e the Gross—Prasad period, X = SO,, as a SO,, x SO,,_1-space.

Indeed, it seems possible that the placidity of X for all smooth X can be
proved by the techniques of Drinfeld [Dri06], cf. [CN24, §8.1]. The details
of this have not appeared in print at the time of typing this sentence.

The restriction to this placid setting allows us to describe the entire sheaf
theory just in terms of the notion of sheaves on Artin stacks. The discus-
sion of this section can be carried out in any of our sheaf-theoretic contexts,
though we will be primarily concerned with the étale sheaf theory of Xr/Go,
since this version can be readily compared with numerical statements in the
finite characteristic case. Accordingly, we restrict the discussion to that
setting to simplify notations. Thus the notation Shv denotes, by default,
“étale sheaves,” with constructibility or boundedness conditions to be spec-
ified. However, we will freely use at later points that the same discussion
transposes to the de Rham theory.

Caveat: We expect the proofs of the statements that
follow in this section — i.e. various properties of the
sheaf theory developed in but restricted to the
placid case — to be straighforward. However, we
don’t state them as theorems, because of the fact,
already noted, that sheaf theory in these contexts is
not clearly documented, and we prefer to leave the
credit for such statements to a paper which also de-
velops the relevant foundations in detail, across the
various types of sheaf theory that we would like to
access.

7.3.2. Duality and integration. The following properties should be straight-
forward to establish in the placid case. In fact, we expect that they hold in
the general context of spherical varieties, but we don’t know how to estab-
lishing them because of the issues of singularities mentioned.

e (Duality): The sheaf theory on Xp/Go is equipped with a Verdier
duality satisfying Ddx = dx that is moreover compatible with that
on the spherical category, i.e. D(T x F) ~ (DT) = (DF) (where
the duality on the affine Grassmannian is normalized to preserve the
identity of convolution).

e (Integration): In the case where I is the algebraic closure of a finite
field, if 7, DG are Weil sheaves with trace functions f,g : X;/G, — k
we have

(7.4) [Hom(F,G)"] = f F(@)g(@)lwl,

Xf/Gu
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for motivation see Lemma [2.6.1} we follow the convention that w is
a G-eigenmeasure (§3.8), and normalized according to

—dim im |X(Fq)|
(7.5) (X (0)/G(0)) = g mX)* (G)|G(Fq)|7

We will sketch below an explicit model for objects in the sheaf category and
explain, with reference to this explicit model, why duality and integration
statements hold.

7.3.3. Explication of H)G(. In the placid case, both objects and morphisms
of ’Hé can be described in terms of finite-dimensional computations, as we
now recall.

With notation as in §7.3.1| write X/, for the Artin stack
X5, = X,,/Gx

where N is chosen so large that the Gp-action factors through it — the
constructions that follow will formally speaking depend on this choice, but
will be independent of it up to equivalence. Write Shvfl for the category
of constructible l-adic sheaves on this Artin stack. While the notion of
sheaves on an Artin stack can be of course derived from the general formalism
described in the Appendix, it is also accessible in more direct ways as sheaves
for the lisse-étale topology, see [LOOS].

Placidity implies, as in Appendix that the category Shv(Xp/Go)
constructed previously is equivalent to the corresponding category defined
via #-pullbacks. Therefore, in what follows, we will freely work with the
*-version.

The formal construction of the category of #-sheaves Shv(Xr/Go) implies
the existence of functors

(7.6) Shvl — Shv(Xr/Go).

Explicitly, these functors are given by applying the functoriality of x-sheaves
(these are dual to the already noted functoriality for !-sheaves, namely, -
pullback over arbitrary morphisms and !-pushforward over ind-proper mor-
phisms) to the diagram

Xé/GN <—X,ZL/GO <—XZ/GO — Xr/Go

This permits us to think of objects of Shv!, as objects in Shv(Xr/Go). In
fact, the morphisms can also be computed in Shvfl7 as we will explain. There
are functors

(7.7) Shv!, — Shv! ,;, Shvl < Shvi.

which arise from pullback, and from pushforward-pullback, along the dia-
grams of (space, group acting)

(X7ll+17GN’) - (XivGN)’ (XiuGN) - (XivGN”) - (X'£L+17GN//)7
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where N’, N” are chosen so that the relevant Gp-action factors through these
quotients. Because the kernel of maps G, 11 — G, are abelian unipotent
group schemes, the functors of are in fact fully faithful, so long as
N,N',N” are chosen sufficiently large. The space of maps, computed in
Shv(Xr/Go), between (the image of) a sheaf F on X! and (the image of) a
sheaf G on Xf;, is obtained by pulling back both to some common X f\f and
then considering

h_r)nh_n}Hom)—(ﬁ(}“,g)

K N
Here “lim” refers strictly to the homotopy colimit of representing complexes;
however in the inner limit all the maps are eventually quasi-isomorphisms
and similarly for the outer colimit; therefore, this can be computed simply
by a termwise direct limit of representing complexes.

In terms of this discussion, the desiderata above correspond to the follow-

ing constructions:

e The Verdier duality functor on ’Hé( is compatible with the Verdier
duality on each ShviZ (where n is sufficiently large relative to n), up to
shift. The shifts are determined up to an overall dimension constant
fixed by requiring

Déx = dx.

e Also the integration formula follows, when F, G arise from Shvﬁl,

by applying Lemma applied to suitable X ]I\f .

7.3.4. Examples.

Example 7.3.5. Take X = A! and G = G,,, (the “Iwasawa Tate case”).
For a test ring R, we have X! (R) = t~'R[t]/t" and the Go = R[[t]]*-action
on it factors through (R[t]/t"*!)*, with the transition maps in n being the
obvious projections.

Lett ¢; denote the constant sheaf (with its trivial Gp-equivariant struc-
ture) on X!, twisted by (1), i.e.,

(7.8) 5 = kxi (1),

By this, we mean the x-sheaf arising from the constant sheaf on any one of
the truncations X!, by means of . The twist by (I) is, of course, the
standard weight-zero perverse normalization of the sheaves, if we declare the
zeroth stratum to have “dimension 0.”

We then compute:

(7.9) Hom(dy,, 0,) ~ H* (BGy){—d),

where d := |¢; — {3] is the absolute value of the difference. Indeed, without
the normalizing twist by (I, the Hom-space would be H*(BG,,) for {; > {5
and H*(BG,,){—2d) otherwise.

Example 7.3.6. (HX as distributions).
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Continue with the notation of Example There are morphisms
kxt = Exi1, kx, — kxi1(2),

the second arising from the inclusion of dualizing sheaves, which are trivial
here (up to shifts). There are corresponding maps of Go-equivariant sheaves.
Let dg be the object of HX corresponding to taking the colimit along the first
system, and p the object that corresponds to colimit along the second system.
Then éy and p (with their evident Frobenius structures) are analogues of the
Dirac delta function at 0, and the Lebesgue measure, respectively.

Indeed, for a sheaf F on X' /Go considered in HX by means of , with
corresponding function f on X'!(0), we get by an application of (7.4)

[Hom(F,d0)"] = f(0)u(X(0)/G(0)) and [Hom(F, u)"] = f f(z)dz,
X()/G(o)

where the latter measure is normalized according to . (Of course, the

price of this enlargement is that the large category SHV also contains many

other “large” objects that are much less familiar from harmonic analysis.)

Example 7.3.7. We consider the case of
X = M, = n x n matrices, G = GL,, x GL,,,

with action map x - (g1, g2) = gflxgg. This is, in the theory of automorphic
forms, the “Godement-Jacquet” period.

Fix 0 < j < n and let 7; be the Hecke sheaf for GL,, that corresponds
to the representation A7std* on the dual group, i.e. it is the intersection
complex of the stratum of the affine Grassmannian for GL,, that indexes
subspaces of t~10"/O™ of dimension j. Of course, “intersection complex,”
here, just means the constant sheaf twisted by {(j(n — j)).

We think of it as a sheaf on the second copy of GL,, in G. Then we readily
compute

(7.10) Tj*ox =1;(j(n—7))
where I; is a GL;, x GLjy-equivariant sheaf on M,, , supported on M, o and
pulled back from M, o/tM, o = M,, whose fiber at a matrix S € M, is

given by the cohomology of the space of j-dimensional subspaces £ < k"

such that S|gp = {0}.

7.4. Normalized action of Gp. In order that our main conjecture match
appropriately with the neutral grading on M (see , we need to intro-
duce a cohomological shift to the action of Gr on Shv(Xr) which, at the
level of functions, corresponds to a normalized, unitary action on L?-spaces.
We will introduce this normalized version first, before explaining how to
“twist away” the normalization by modifying the Gg.-action.

Recall from the structure theorem (in the notation of that X is an
equivariant vector bundle over a homogeneous space of the form HU\G:

X =5t xHU @
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We will assume, as in that X admits a nowhere vanishing eigen-volume
form w with eigencharacter

n:G— Gy,

When G, X are defined over a finite field F,, taking complex absolute values
induces a positive eigenmeasure |w| on the points of X over the local field
f = Fy((t)). This gives rise to a Hilbert space completion L?(X(f),|w|) of
the Schwartz space S(X (f)), which furnishes a unitary representation of G(¥)
under the normalized action

(7.11) g- f(z) =/In(9)|f(xg).

We lift this normalized action to the level of loop spaces, as follows: the
character n gives a “degree” or “valuation” map

(7.12) deg = deg,, :Gp—»GmFV—al>Z

To be clear here about the convention: t € G,,r has valuation 1. At a
categorical level, the normalized action can be described as the automorphic
shearing C — €98/ of categorical Gp-representations C defined from the
homomorphism deg as in Example

More explicitly, this normalized action of G on Shv(Xp) is defined by
twisting the translation action of g € Gr by (deg(g)), i.e.,

(7.13) g F =g"F (deg(g)),

where g* denotes pullback by the (right) translation action, and (... ) is as
in our standing conventions (cf. e.g. ﬂ This induces a similar twisted
action of the Hecke category Hg on 7-[. 9
This twisted action is compatible with the numerical version. If we are
working over Fy, and F is a Weil sheaf on Xr/Gp with associated trace
function f, then
trace function for Ty * F = Ty f

where Ty is as in (6.16), 7/ is the corresponding Hecke operator obtained by
sheaf-function correspondence; on the right Ty f is obtained by integrating

the unitary action of G(f) on S(X()).

Example 7.4.1. In the Iwasawa—Tate case, let V,, be the representation
z — 2" of G; then

TVn * 5X = 571
the latter object being described in Example

58The twisting of Hecke actions can be directly described as a shearing operation as in
Example [6.3.12| and Remark Namely deg defines a map Go\Gr/Go — BZ, hence
endows a central action

(Loc(BZ),®) ~ (QC(Gm), *) — Z(Ha)
of G on Hg, for which the underlying monoidal functor QC(Gn) — He is trivial.
It follows that we obtain a shearing operation on Hg-modules, which doesn’t change

the underlying category. Applying this operation to the Hg-category H™ recovers the
normalized action.
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The associated function (under sheaf-function correspondence) is ¢~/?1;-n;
it has L? norm independent of n. Note in order to have this be valid with-
out a sign (—1)" the parity shifts embedded in (n) are important: J, is a
super-sheaf in parity (—1)".

By contrast, under the unnormalized action we would find instead that
Tv,, * 0x is the sheaf k;—np.

Example 7.4.2. In the Godement-Jacquet case of Example[7.3.7] the charac-
ter 7 is given by 7(g1, g2) = (det g1) 7" (det g2)". Then we have deg T; = —jn
and for the normalized action

(7.14) Tj*0x = Ii(=5%)
compare with ([7.10)).

Remark 7.4.3. The foregoing definitions depend on the choice of eigenmea-
sure w. As discussed more generally in §3.8.2] the validity of the conjectures
that we will formulate does not depend on this choice of extension. Indeed,
any two eigenmeasures w,w’ will differ by v : X — G,,, and this defines
an equivalence of categories between sheaves on X with the n-normalized
G p-action and sheaves on Xp with the n-normalized Gp-action, given by
applying a twist by (valv).

7.5. The local unramified conjecture. In this section we introduce the
local conjecture. We are in the setting of §7.0.1] with M = T*X polarized
and the dual M is endowed with the neutral Gg,-action.

Conjecture 7.5.1. There is an equivalence of categorieﬂ:

o (small version):
Ly : Shv(Xp/Go) — perfect G-equivariant modules for %
e (large version):
Lx : SHV(Xr/Go) — QCH(M/G).

The equivalence is required to be compatible with pointings (. , Hecke

actions (§7.5.9), Galois actions ( and Poisson structures (§7.5.11
9.

We now enumerate and briefly discuss a sequence of structures we require
to match on the two sides and some of the immediate consequences. Note
that the left hand side of the conjecture depends on a choice of de Rham or
étale sheaf theory, but the conjecture says that this depends on that choice
only through the coefficient field k.

59As per our general conventions, “small categories” are small k-linear idempotent com-
plete stable categories with exact functors, and “large categories” are k-linear presentable
stable categories with colimit preserving functors.
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7.5.2. Pointings. The first requirement we make of the conjecture is a match-
ing of basic objects on both sides, i.e., a “pointing” of the equivalence:

e [Pointing.] There is an identification Lx (dx) ~ (’){Z ye

image of the basic object and the sheared structure sheaf of M / G.

between the

For instance if we compute Hom(dx, dx) inside the category of sheaves on
Xo0/Go, we should have

(7.15)  sheared algebra of functions on M J G z End(dx) = HE(X),

the G-equivariant cohomology of X; the grading on the left hand side is by
the G4,-action on M. This can be readily verified by hand in many examples.
m See also Example Where an elaboration of this calculation, combined
with the compatibility of the local conjecture with Poisson structure, forces
the multiplicity-freeness of the Hamiltonian space M.

7.5.3. Hecke actions. Perhaps the most important requirement of the local
conjecture is that it matches actions of the spherical Hecke category on both
sides. We first state a “normalized” form:

e [Hecke actions| Ly has the structure of equivalence of module cat-
egories for the spherical Hecke category Hq, where Hqg acts on the
automorphic side by the normalized action as in and on the
spectral side via the derived Satake isomorphism L, and the mo-
ment map

M/G — §/G.

The Hecke-equivariance implies a very explicit knowledge of the automor-
phic category. Given a representation V of G we have an equivariant vector
bundle V € QC/(M/G), and as noted in , these objects generate and
have explicitly computable Hom spaces. The matching objects on the au-
tomorphic sides are the sheaves Ty x 0x on Xp/Gp obtained by applying
the corresponding Hecke operator to dx (under the unitarily normalized ac-
tion). Under the sheaf-function correspondence, Ty * dx matches with the
function fy, obtained by applying the corresponding Hecke operator Ty to
1x(o)- Thus the conjecture implies isomorphisms of complexes

(7.16) Hom(7y * 0x, T * x) ~ Hom® (V,W ® O/ ),

where the degree grading on the right hand side corresponds to the weight or
cohomological grading on the left. Moreover these explicit Hom spaces (and

60Note that this includes a claim on the formality of the endomorphism dg-algebra, i.e.,
the fact that it is quasi-isomorphic to its cohomology. In the homogeneous case, X = H\G,
this is the same as the cochain complex of BH, which is well-known to be formal, and
canonically isomorphic to the ring of H-invariant polynomial functions on h*, the dual
Lie algebra of the dual group. The general case reduces to the homogeneous case, using
the structure of a vector bundle X — H\G, i.e., Endgnv(x/c)kx = Endsnvsmkpy =
H*(BH) = H(X).

611y particular, we are assuming a choice of square root of ¢ in k, whenever half-Tate
twists appear. We will later present an unnormalized variant of our conjecture.
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their compositions) capture the entire automorphic category. In particular
all sheaves on Xp/Go can be generated from the basic object through the
action of Hecke functors.

Note that the arc space Xo is placid, and hence sheaf theory there is well
behaved (for example satisfies Verdier duality). Thus the local conjecture
guarantees that all sheaf theory on Xr/Go can be reduced using the Hecke
action to inherently finite-dimensional calculations on X, and the potential
subtleties of sheaf theory in the non-placid setting disappear. This is most
succinctly expressed using the inner endomorphisms of the basic object —
Plancherel algebra, see §8]

Remark 7.5.4 (!- vs =-sheaves). Conjecture provides an equivalence
between the categories SHV* (X /Gp) and SHV' (X r/Go) of #- and !-sheaves
on Xr/Gp, since the two sheaf theories are canonically dual and the cate-
gory QC/(M /@) is canonically self-dual. In fact this equivalence is naturally
Hecke-equivariant, since the self-duality of QC/(M/G) is linear over §*/G.
It would be very interesting to have a direct proof of this equivalence, i.e.,
a construction of a Gp-equivariant renormalized dualizing sheaf on the (po-
tentially) non-placid ind-scheme Xp. As we will discuss in the =-sheaf
theory is much more natural for the construction of the geometric form of
O-series and local-global compatibility for the (!-)period sheaf.

7.5.5. Changing Gg,-actions and the unnormalized conjecture. The local con-
jecture posits that the local automorphic category with the normalized Hecke
action SHV (X /Go)d¢8/ — sheared by the degree character of G as in
— matches the local spectral category QC (M /G)/ where we shear using the
neutral Gg,-action on M.

This conjecture is “analytic” or “normalized” in the parlance of §2.7 We
can pass to the “arithmetic” or “unnormalized” version using the compatibil-
ity under geometric Satake between characters of G and central cocharacters
of G (see Remark . In particular, in this way, we deduce forms of the
conjecture where the action of Gr on Shv(Xr) is given by usual translations
(i.e., the unnormalized case).

For explicitness in what follows, let us write the neutral action explicitly
as neut, so that the neutral shear will be denoted QC(M/G)""/. Shear-
ing by 1 to undo the degree shift in the conjecture, we find an identifica-
tion of SHV (X r/Go) with QC(M /G)®e™+1/ where on the right where we
have modified the Gg,-action by the central cocharacter 7, i.e., we define a
non-neutral action by letting z € Gy, act instead by the neutral action of

(71(2), 2) € G x Ggp. [

62Here is a sign check. In the Iwasawa—Tate example of Example let V' be the
standard representation, then Ty is the Hecke operator corresponding to a uniformizer, and
the unnormalized Ty * o = 61{—1) with our previous notation; thus Hom(Tv * dx,dx) =
Hom(8:{—1), 8y) ~ H*(BG,,). On the other hand, we can compute Hom(V, O(M)/) with
the arithmetic shearing as in Example m it is again in G4, degrees 0,2, . ...
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Now, on the right hand side, we can further shear by the action of 2p on
both M and G by (6.13]) to get

SHV(Xp/Gp) ~ QC(M/G)neut+m+2e]

Note that, above, the G4, action on M is through neut + 77 + 2p — that is
to say, the arithmetic shear described in 5‘. — and the Gy, action on G is
through 2p. So we can abridge the above statement to:

SHV (Xp/Go) ~ QC(M/G)> 107,

which is the unnormalized form of the local conjecture, written in a form

to be compatible with the arithmetic form of geometric Satake. Again, we
emphasize that on the right G, is acting on both M and G. We remark that
the shearing operations above do not change the underlying categories — just
the Hecke actions on them.

7.5.6. Galois-linearity. If F is the algebraic closure of a finite field of size ¢,
then we require that Lx is Galois-linear:

e [Galois linearity| Lx has the structure of Frobenius-equivariance, i.e.,
it intertwines the autoequivalence of H#~ induced by Frobenius with
the “analytic” action of Frobenius (§6.8.1)) on the spectral side.

Note that, since we are supposing that (G, M) is the “distinguished split
form” hypothesized in §5] the expectation is that this analytic action on
% is simply the action which scales by ¢/2 in cohomological degree 7. In
the general case — that is to say, even if (G, M) is not the distinguished
split form — this analytic action is a a finite order twist of this action, as
constructed in We proceed with our discussion in the split case, leaving
the modifications to the reader.

The Galois-linearity implies that Lx takes Weil sheaves to ¢%/2 e Ggr-
equivariant sheaves, and for Weil sheaves F, 7’ the Frobenius action on the
left hand side of

Hom(F, F') ~ Hom(Lx (F),Lx(F))

corresponds to the action of ¢~1/2 € Gy, on the right hand side.

In fact, the spectral side of the conjecture admits a natural graded lift
QC(M/G x Ggr), in which we impose in addition equivariance for G4,.. On
the automorphic side, it is natural to expect this to match the category of
constructible graded sheaves on Xp/Go, as has been defined in the finite-
dimensional setting in [HL22b|. The latter is roughly speaking obtained from
the category of Weil sheaves by formally imposing that Frobenius acts by
powers of ¢g. This enhanced version of the Galois-linearity of the conjecture

63As a sign check consider the situation of when F = F' = §x, the basic object
with its trivial Frobenius-equivariant structure; the assertion is then that the (geometric)
Frobenius action on Hg(X) coincides with the action of 1/,/g on G-invariant functions
on M. The inverse seems strange but is in line with our conventions on shearing: degree
k functions on M are sheared via a cohomological shift [k] and a Tate twist of (k/2).



RELATIVE LANGLANDS DUALITY 165

would generalize the “Tate” form of geometric Satake (as in [Zhul7]), and
imply that the geometry of spherical varieties enjoys some of the very special
mixed geometry (or “Tate-ness”) of flag varieties.

7.5.7. Parity and spin structures. Following the general discussion of
the conjecture has a version where, on both sides, we take sheaves of super-
vector spaces. The parity constraint, where we use the parity element zx

from (4.17)), should be the following:

e [Parity|: even sheaves on the left side are carried to sheaves of parity
zx (i.e., super-sheaves whose parity coincides with the action of zx).

That is to say: we consider G-equivariant sheaf on M whose super-grading
coincides with the grading defined by the central involution zx € G.
Here are some examples:

e The basic sheaf 0x. It is itself even, and it is sent to O,;; the parity
condition of implies that (zx,—1) acts trivially on it; that says
precisely that it has parity coinciding with the action of zx.

e The parity of Ty * §x is determined by the action of zx on V, e.g.
if zx acts as 1 on V then Ty x dx is even.

To see this, recall that the parity of T3, itself is, by our conventions,
described by the action of (—1)?? on V, and the convolution intro-
duces a twist (deg Ty ) which alters the parity through the action of
(=) on V.

On the spectral side, the action of zx on V ® (9{4 is the diagonal
action. If zx acts by 1 on V, its diagonal action here then coincides
with the action of —1 € Gy, as desired.

Remark 7.5.8 (Dependence on spin structures.). We have formulated the
local conjecture in the presence of a local coordinate, i.e., an identification
O = F[[¢]]. It is natural to ask for a version that is independent of the choice
of coordinate, i.e., equivariant for actions of the group of automorphisms of
the disc D = Spec(O). Perhaps surprisingly, we do not expect the most
straightforward coordinate-independent formulation of the local conjecture
to hold in general. This is due to a need to twist by spin structures on
the curve which we will encounter globally in the definitions of both period-

(§10.2/and [10.7)) and L-sheaves (§11.5|and[11.7]). We defer to for a precise

formulation of this spin-twisted and coordinate-independent local conjecture.

7.5.9. Arthur Parameters. A striking feature of the L? theory of spherical
varieties is that they are expected (see [SV17] and also [Clo04]) to contain
only unitary representations of a single Arthur type, that is, they are all
associated to a single conjugacy class of maps SLy — G. This SLy is the one
from which the dual M is Whittaker-induced, see (4.7)).
Let us examine some related phenomena im the local conjecture. Denote
by (w, f) the corresponding sls-pair (
(a) The moment map for M misses Ny, the union of nilpotent orbits
smaller than f. Therefore, the local conjecture implies that
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SHV(Xr/Go) is f-antitempered as a Hg-module category,
by which we mean that it is annihilated by the sheared structure
sheaf 0{/<f e QCl(g*/G).

(b) The second point is a more direct parallel to the fact, in the classical
setting, that the archimedean size of Hecke eigenvalues is essentially
controlled by w. The Rep(G)-action on SHV(Xr/Gp), by means
of the Hecke action, factors through the sheared forgetful functor
(=)®/ : Rep(G) — Rep(Zy(w)), obtained by restricting along the
inclusion Zé(gp) < G and then shearing by w.

Point (b) comes from the construction of the G4,-action on the Whittaker
induction. It is for example familiar from the usual Satake isomorphism
when X is a point. In that case, the assertion amounts to the fact that the
cohomology functor on Grg corresponds to the forgetful functor, taking a
representation of G to its underlying vector space, but sheared through the
action of 2p.

7.5.10. Singular support. We can also formulate a “safe” or “nilpotent singu-
lar support” version of the local conjecture. This version predicts an equiv-
alence of categories

SHV(Xp/Go) — QCl\ (M /G)

where we consider ind-safe sheaves on the automorphic side and sheaves
supported over the nilpotent cone in g*/ G on the spectral side. This equiva-
lence is required to be linear for the “safe / nilpotent singular support” form
of the derived geometric Satake correspondence described in [AG15]. Indeed
this version follows from the Hecke compatibility of the local conjecture as
in Appendix §C-3:4] Namely, we restrict both sides of the conjecture to the
full subcategories which are torsion with respect to the action of the algebra
Z of endomorphisms of the unit in the Hecke category.

7.5.11. Poisson structure. We will describe two closely related structures
on the automorphic side which are expected to reflect the induced Poisson
bracket on functions on M: loop rotation and factorization. We formulate
the simpler statement about loop rotation here (namely that the deformation
given by loop-rotation equivariance recovers the Poisson structure on M ),
spell it out more concretely in and defer to and for a discussion

of factorization.

Remark 7.5.12. The local conjecture implies that the the entire automor-
phic category SHV(Xr/Go) carries a variant of a braided tensor structure:
the category generated by the basic object carries a locally constant fac-
torization structure, which in the Betti setting is equivalent to a braided
monoidal (Fs) structure, or balanced braided structure (framed Es-algebra)
when combined with loop rotation.

The loop spaces X and G carry compatible actions of G,,, which arise
from the action of G,, on F((t)) via rescaling of the parameter ¢. These
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actions fix the arc spaces Xp and G, and induce compatible actions of G,
on the monoidal category H¢ and its module category SHV(Xr/Go).
Thus we may consider the G,,-equivariant category

SHV ,(Xr/Go) := SHV(Xp/Go x Gy,) = SHV(Xp/Go)®™,

i.e., the strongly G,,-equivariant objects in the X-spherical category. This

is a Hf (pt, k) ~ k[u]-linear category, where u has cohomological degree
two, which specializes at u = 0 to a full subcategory (the equivariantizable
objects) of the original category,

SHV.,(Xr/Go) Ok[u] k — SHV(Xr/Go).

(The fullness is a consequence of the Koszul duality of [GKMO98], see e.g. [BZCHN23|
Proposition A.6].) In other words, we have a canonical deformation of a full
subcategory of the X-spherical category.

Lemma 7.5.13. Conjecture implies that all of SHV(XFr/Go) is equiv-
ariantizable,

SHV . (XFr/Go) k[u] k ~SHV(Xr/Go).

Proof. For the spherical Hecke category H¢ itself the full subcategory of
equivariantizable objects is the entire category. Since the basic object is
naturally G,,-equivariant, it follows that the full subcategory it generates
under the Hecke action is equivariantizable as well. The Lemma follows
from the observation ( that in the presence of the local conjecture,
the entire automorphic category is generated in this way. O

We now require that under the local conjecture this u-deformation defines
a deformation quantization of M /G with its (sheared) Poisson bracket. We
formulate here a very weak form of this requirement:

e |Poisson structure| The Hochschild cohomology class of SHV (X r/Go)
defined by the first-order data of the u-deformation SHV,(Xr/Go)
is matched with the Hochschild cohomology class of QC/(M /G) de-
fined by the (sheared, 2-shifted) symplectic form.

Note that the Hochschild classes in question are in fact in degree 0. Au-
tomorphically, the u-deformation is a deformation over k[u] where u has
cohomological degree 2. Spectrally, since the symplectic form on M has
Ggr-weight 2, the sheared bracket on OJ(M) has degree —2 (i.e., defines a
Ps-structure) whence again a degree 0 Hochschild class.

The structure theory of hyperspherical varieties can be used to prescribe
a canonical global k[u]-deformation quantization of M /G. A stronger form of
this compatibility requires this entire deformation to match the u-deformation
of the automorphic category. This is formulated (using the language of
Plancherel algebras) as Conjecture in the next section.
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7.6. Examples. Let us discuss several examples where at least some parts

of Conjecture are known.

Example 7.6.1. We return to our “easy” running example of X = A! (see
Example [7.3.5} [7.3.6} [7.4.1)). In this case one can verify the equivalence “by
hand,” as we will essentially do below; we will also see what happens to the
“Dirac delta” and “Lebesgue” sheafs from Example

Here M = T*A!. In the normalized action, the G¥ = G,, action on M
scales the Al-direction and antiscales the dual T*A!-direction. Let x be a
coordinate on A! and ¢ a dual coordinate on T*A!, so that the GV action
is given by A\ -z = A1z, A - € = A€ and the Gy, action antiscales both; both
x, & are in cohomological degree 1.

We will write [n] for the representation z — 2" of G; the sheaf §,, in-

troduced in Exanple [7.3.5 corresponds to [n] ® (’){4 We have computed
Hom(dy, d,,) in (7.9)); on the spectral side the same computation yields

Hom([n] ® O, [m] ® O) = Homgv ([n — m], O).

The invariants in question are spanned by monomials z%¢? where a,b > 0
and b — a = n — m. This lies in cohomological degree a + b. That is to say,
the Hom-space is one-dimensional in degrees |n —m/|,|n —m|+2,..., which
matches with .

Let us also discuss what happens in the limit, to see where the objects
0o, p of Example [7.3.6] go. The unnormalized sheaf ky:i corresponds, on the
spectral side, to [I] ® O(—1), which we can formally think of as z='@. The
skyscraper at 0 corresponds to taking a limit as [ — —oo, which gives a O-
module which can be identified with k[z, 27!, £]. We can also take the limit
of sheaves kyi(2l) as | — o0, corresponding to [[] ® O{) or £ 0O, and get
the object k[x, &, €71, Tt might be quite interesting to study the images of
other natural distributions on X, under the local conjecture, in more general
instances.

7.6.2. The group case. Here the space X is a reductive group H with a left
and right action of G = H x H; and the dual symplectic variety is now
M = T*H as a Hamiltonian H x H-space where the action of one factor is
twisted by the duality involution. In particular, we have Gx = H and the
space Vx is the dual Lie algebra (h")*, placed in G,, weight 2; thus, the
conjecture is precisely the derived Satake theorem of [BF0S§]|, in the case of
F = C, which was recalled as Theorem [6.6.1

Let us talk through the various desiderata: the requirement on pointings
(§7.5.2) follows from the construction. The statement about the equivalence
and Hecke actions (§7.5.3)) almost follows from the monoidal nature of derived
Satake, but there is a subtlety: one needs to know that the action of the
inversion map H — H is induced on the spectral side of Ly by the duality
involution H — H defined in §2.3.2] for which we don’t know a reference.
(This assertion has content even in abelian Satake if we work over coefficient

field k = Q.)
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The statement about Poisson structure (§7.5.11) but even the stronger
statement discussed in was also proven by Bezrukavnikov and Finkel-
berg |[BF08]. Finally, the statement about Galois actions does not appar-
ently appear in the literature, but we have sketched a proof after §6.7.5} see
also [Zhul7], [RS21], and [Bez06].

7.6.3. The trivial period. We now take X to be the point. Thus Hx is simply
the category of constructible sheaves on BG. That is to say (see [BL94]),
taking into account the formality of the cohomology of BG, Hx is simply
the category of perfect modules under H*(BG).

In this case, M is the Whittaker model, that is to say, the Hamiltonian
G-space obtained by Whittaker indcution of the point under the principal
SLy — G; and M / G ~ ¢ is the Kostant slice. The equivalence as abstract
categories follows from the identification of the equivariant cohomology ring
H*(BG) with the shear of the ring of invariant polynomials O(§*)“. The
equivalence as module categories for the Hecke category is a theorem of
Bezrukavnikov-Finkelberg [BF08| (the same paper also proves the compati-
bility of the Poisson bracket with loop rotation equivariance).

7.6.4. The Whittaker period. Dually, we consider the Whittaker model on
the automorphic side. In other words, we take M = T*G//,U. In this

case the Hecke category M is the category Shv(Gp/Go)VF)¥ of Whit-
taker sheaves on the Grassmannian. The dual period is M = pt, so that
QCI(M/G) ~ Rep(G)/. The resulting equivalence of categories is due to
Frenkel-Gaitsgory-Vilonen [FGVO0I] (see also [ABBT05]).

7.6.5. Other examples. Several other instances of the local conjecture have
been proved recently — verifying at least the “Hecke” desideratum of the
statement, although it is likely that the proofs give more.

Hilburn and Raskin [HR23| prove a fully ramified, de Rham version of the
local conjecture for the Iwasawa—Tate period.

Braverman, Dhillon, Finkelberg, Raskin and Travkin [BDF*22|, and Tele-
man [Tel23| discuss geometric counterparts to the Weil representation and
the construction of Coulomb branches (hence formulation of the local con-
jecture) in unpolarized settings.

Chen, Macerato, Nadler, and O’Brien [CMNO22| prove the local con-
jecture in the case X = GLo,/Spo, and M = T*(GLyn/GLy x U 1) ~
GLa, xGtn M, (in automorphic terminology, the “symplectic period” stud-
ied by Jacquet and Rallis [JR92]).

Chen and Nadler [CN24| construct an equivalence, in the case of X a sym-
metric variety, between the category H*X and a category of sheaves arising in
global real Langlands: sheaves on the space of principal bundles for a certain
real form of G over the real projective line. They show, among other results,
the formality of the category H*X in this case, see [CN24, Theorem 13.4].

The results of Macerato and Taylor [MT24] (when combined with [CN24])
imply that the local category for the symmetric variety X = PSLy/POy
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(which is outside of our hyperspherical setting due to the presence of Type
N roots) contains a block equivalent to representations of quantum SLg at a
fourth root of unity. This suggests that in this generality one should expect
interesting braided (FEs) tensor categories to appear instead of the symmetric
ones in our conjecture.

Devalapurkar [Dev24b] proves the local conjecture for the case of homoge-
neous affine spherical varieties of rank 1, modulo certain hypotheses relating
to placidity and evenness. Moreover, in [Dev24a), under the same hypothe-
ses, he proves the local conjecture in the case of the triple product L-function
(the diagonal inclusion of PGLgy into PGLJ?).

The papers [BEGT21) and [BET22a] of Braverman, Finkelberg, Ginzburg
and Travkin prove the local conjecture (in a Koszul dual formulation) in
cases corresponding to:

- X =GL, as G = GL,, x GL,,_1-space,
- X =GL, x A" as G = GL,, x GL,,-space
- X =850, as G = SO,, x SO,,_1-space.

In automorphic terminology, these correspond to the Rankin—Selberg periods
for GL,, x GL,,—1 and GL,, x GL,, [JPSS83| and the Gross—Prasad period for
SO, x SO,,—1. Travkin and Yang [T'Y23b| prove the local conjecture in the
case of the the Rankin-Selberg period for GL,, x GL, when m < n — 1; the
dual is then X = Mat,,x, acted on by G = GL,, x GL,,.

Remark 7.6.6 (The Gaiotto Conjecture). The geometric Langlands corre-
spondence, at least in de Rham and Betti forms, has a so-called quantum
deformation introduced by Feigin, Frenkel and Stoyanovsky, in which the au-
tomorphic categories are replaced by categories of twisted sheaves on moduli
of G-bundles, see [Gail6c, [FG20, [BZN18| and references therein. The spec-
tral side has a description, in the Betti version, in terms of categories of
representations of quantum groups. It is a natural question which forms of
the relative Langlands conjectures admit quantum deformations — it is easy
to see that many periods do not admit such deformations, and even in cases
that do (such as the group case) the deformed local category becomes much
smaller or trivial. The Gaiotto conjecture provides a quantum deformation
of the local conjecture for a family of periods where (like the Whittaker case)
the deformed category is of the same size. Remarkably, these cases corre-
spond to quantum supergroups, with G as the even part and M as the odd
part, and include all the Rankin-Selberg and Gross-Prasad type integrals in
the previous paragraph.

The Gaiotto conjecture is formulated in [BEGT21) §2|, and the quan-
tum analogs of the above cases have now been proven for generic level
in [BET22b)|, [TY23b| and [T'Y23al] (the Whittaker case corresponds to the
Fundamental Local Equivalence, proven for irrational level in [Gai08] and
for rational level in [CDR21]). Crucially, these conjectural descriptions are
equivalences of monoidal categories, with the monoidal structure coming
from factorization corresponding to the braided tensor product coming from
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quantum groups. It would be very interesting to compare these spectral
models with ours, and to apply the techniques developed in these papers to
construct monoidal (or even braided monoidal) structures on the categories
HX in general, see § and Problem

8. THE PLANCHEREL ALGEBRA AND THE COULOMB BRANCH

In §7| (whose notations we follow), we studied the category of constructible
sheaves on Xp/Go as a module category for the spherical Hecke category,
and formulated the local conjecture identifying this structure in terms of
coherent sheaf theory on M and the moment map. In this section we will
study a more concrete and less categorical manifestation of local geometric
duality, connecting the local conjecture to the study of Coulomb branches,
as pioneered in the mathematical literature by Braverman, Finkelberg and
Nakajima [BENIS8, BEN19]. This concerns, roughly speaking, the affine
aspects of the story, or “the part of the local conjecture that has to do with
the basic object.” @

The key object here is what we call the Plancherel algebra (or relative
Coulomb branch):

PL x = “endomorphisms of the basic object inside the Hecke category”

The Plancherel algebra is an algebra object in the Hecke category — that is
to say, it is equipped with an associative multiplication PLx * PLx — PLx,
where * is convolution of sheaves on the affine Grassmannian. The definition
will be explicated and spelled out in §8:3] — it can be viewed as a gadget
encoding not just endomorphisms of the basic object, but all Hom spaces
between Hecke functors applied to the basic object. The local conjecture
predicts that, under the geometric Satake equivalence, PLx corresponds to

the ring of functions O asa representation of G, and compatibly with the

M7
moment map (i.e., as an algebra object in sheared G-equivariant sheaves on
the coadjoint representation §*). See for more discussion of this point
of view.

The Plancherel algebra PLx is a more concrete object than the local cat-
egory SHV(Xr/Go), and also enjoys an important technical advantage. As
we saw, “constructible sheaf theory” in the local conjecture involves seri-
ous subtleties related to the fact that loop spaces are singular; this makes
it extremely difficult to actually compute anything. However, PLx can be
computed solely in terms of computations on smooth arc spaces and (there-
fore) its definition reduces entirely to computations on finite-dimensional
varieties, as described in Proposition As a result, it is possible to
compute explicitly in examples, see e.g.

64From the point of view of boundary conditions in topological field theory, we are
passing from categories of line operators to vector spaces of local operators
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We derive this essentially finite-dimensional description of the Plancherel
algebra from the general sheaf theory formalism. That sheaf theory formal-
ism is subject to the caveat noted in §7.2 namely, it is not well-documented
in the literature at the current time. However, one could take the point of
view that the finite-dimensional explication is the definition of the Plancherel
algebra and bypass the categorical prerequisites. Moreover, thanks to the
affineness of M, the local conjecture implies that one can recover the entire
automorphic category from the Plancherel algebra (see Section .

The name “Plancherel algebra” emphasizes the fact, to be further ex-
plained in §9] that it categorifies an object with a long mathematical his-
tory: the Plancherel measure; and the known numerical evaluations of the
Plancherel measure provide supporting evidence for our categorical conjec-
ture — this will be explained in §9}

In the case when X is a vector space, PLx is precisely the relative Coulomb
branch algebra, the ring object in the Hecke category introduced by Braver-
man, Finkelberg and Nakajima in [BFNI9| in the course of their mathemat-
ical study of Coulomb branches of 3d supersymmetric gauge theories. This
ring object (or rather, its spectrum p : M — §*) is a relative version of the
Coulomb branch, corresponding physically not to a 3d field theory but to a
boundary condition for 4d A/ = 4 supersymmetric gauge theory. From the
point of view of [BEN19], perhaps the most novel part of the present chap-
ter is to formulate a precise conjecture description of the relative Coulomb
branch (and its noncommutative deformation) associated to a spherical va-
riety.

We have included a liberal sprinkling of examples. Some of these examples
correspond to already-proven cases of the local conjecture; our purpose in
putting them here is, rather, “for fun” — that is, to illustrate the pretty
geometry and invariant theory underlying the story.

o motivates and defines the Plancherel algebra, and then formu-
lates the “Plancherel algebra conjecture,” Conjecture identi-
fying it with the ring of functions on M. As explained above this
is a ‘reduced” version of the full local conjecture which avoids the
intricacies of sheaf theory on Xp.

. introduces the “relative Grassmannian” which will play a useful
role; in the case of X = H\G it is essentially the affine Grassmannian
for H.

° presents an explicit description of the Plancherel algebra, which
in particular reduces to finite-dimensional calculations.

° discusses several examples of Plancherel algebras.

° studies loop rotation and formulates a conjecture on the cor-
responding noncommutative deformation of the Plancherel algebra.
This explains, in particular, how the symplectic structure on M is
relevant to the local conjecture.
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We follow general notations as in the last section . In particular, (G, X)
will be defined over F, either C or the algebraic closure of a finite field,
and the dual (G, M) is defined over a coefficient field k. In line with our
conventions in k will generally be taken to be algebraically closed of
characteristic zero, although we will comment on more general settings at
points.

8.1. The Plancherel algebra.

8.1.1. Motivation: the ring of functions on M. As motivation, let us examine
how to recover M from the coherent side of the local Conjecture that
is to say, from the category of G-equivariant sheaves on M (for simplicity,
let us ignore the shearing).

Since M is affine it is determined by its ring O o of globally regular func-
tions. If we were not working with G-equivariant sheaves, this can be recov-
ered by taking endomorphisms of the (coherent) structure sheaf of M. But,
working instead in the category of sheaves on M /G‘, the endomorphisms of
the structure sheaf recovers not O,; but rather only the G-invariant elements.
This can be remedied by computing endomorphisms as a Rep(G)-enriched
category. In other words, the category of G-equivariant sheaves is a module
category for the rigid tensor category Rep(@), which permits us to compute
“internal endomorphisms in Rep(G).” (The phrase “internal endomorphisms”
is most commonly used in the case of a monoidal category acting on itself
though it applies more generally.) This is analogous to the discussion in
Section of Rep(G,,)-categories as categories enriched in graded vector
spaces (representations of Gy,).

Work, for a moment, with ordinary (underived) categories, and take an
object F in the category of coherent sheaves on M / G. Tts internal endomor-
phisms, relative to Rep(G), is the G-representation End(F) characterized as
such by the property

(8.1) Hom(V, W ® End(F)) = Hom(V @ F, W ® F),

for V, W finite-dimensional G-representations; the evident composition law
on the right hand side, if we work with three representations V, W, S, gives
on End(F) the structure of G-algebra.

Remark 8.1.2 (Categorical definition of inner endomorphisms). A more
formal and categorical point of view, well adapted to the oco-categorical
setting, is based on the theory of rigid tensor categories briefly reviewed
in Appendix (see also |[GRIT, Section 1.9]). Namely, given a mod-
ule category M for a rigid tensor category C and a compact object F', let
actp : C — M denote the C-module functor given by action on F. Then
rigidity implies that actp admits a C-linear right adjoint, which is by def-
inition the inner hom from F, act? = Hom(F,—). The algebra object
End(F) = Hom(F,F) € Alg(C) represents the monad act® o actp on C.
Applying this to M = QC(M/G) and C = Rep(G) recovers the construction
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above. In particular Equation applies in this generality (as a combina-
tion of the C-linearity of and adjunction between actp, act?), i.e., the internal
endomorphism object of F' collects the data of all Hom spaces between the
objects V® F and W ® F for compact (hence dualizable) objects V, W € C.
Yet another formulation is that we can recover the category QC(M) with
its G-action by de-equivariantization of QC(M/G) with its Rep(G) action
thanks to l-affineness (as discussed in Section for G,): ie., we are
computing endomorphisms of the G-equivariant structure sheaf in the de-
equivariantized category QC(M) ~ QC(M/G) QRep(cz) Vect-

8.1.3. The Plancherel algebra. We have just explained how to reconstruct
M from the coherent sheaf category of the local conjecture namely,
by taking internal endomorphisms of the structure sheaf of M relative to
Rep(G). Since that conjecture predicts that this is the same as the “automor-
phic” sheaf category SHV(Xr/Gp), it also predicts that we can reconstruct
M by taking internal endomorphisms of the basic object in SHV(Xr/Go)
relative to the spherical Hecke category.

To spell out: we use that the X-spherical category is a module category
under the (large) Hecke category Hg ~ QC/(§*/G), and just as above we
can compute internal endomorphisms of an object and produce an algebra
object in the Hecke category. Spectrally, this corresponds (after shearing) to
thinking of 1,Oy; as an algebra object in QC(§*/G), i.e., remembering both
the moment map and G-action.

This motivates that we consider the following.

Definition 8.1.4. (Plancherel algebra): The Plancherel algebra of the G-
variety X is the algebra object in the Hecke category Hea defined as the inner

endomorphism algebra of the basic object dx € ﬁX in the X -Hecke module
category’”|:

(8.2) PLy := Endg (dx) € Alg(Hc)

Via the derived Satake equivalence, Theorem|6.6.1), this PLx defines (uniquely,
up to homotopy) a differential graded algebra over O(g*)i equipped with a G-
action, and we will equally well use PLx to denote this algebra.

Here “internal endomorphisms” are defined as explained after , now
working relative to the Hecke category rather than Rep(G); in particular,
PLx is a unital algebra object of the Hecke category for G. As we have
noted, the Plancherel algebra defined above is entirely reducible to finite-

dimensional computations, see §8.3]

Remark 8.1.5. Just as with the previous section, we should strictly speak-
ing fix a choice of sheaf theory (de Rham or étale) and include this in the

65Recall that the superscripts over H refer to the large versions of the categories.

6611 the cases of interest, the local conjecture predicts that this differential graded alge-
bra is formal, i.e., equivalent to its cohomology. Thus, at least in principle, no information
would be lost by passing to cohomology here.
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notation, but, again since it matters very little, we don’t do it that way.
A formal expression of this irrelevance is Proposition which computes
PLx in terms of cohomology groups, which can be compared in a standard
way between étale and de Rham versions.

Remark 8.1.6. We have only defined the sheaf category in the case when
there is no Al-bundle ¥ — X. However, once the foundational definitions
have been suitably extended (cf. the same definition should be
adopted in both twisted and unpolarized cases (indeed, the paper [BDF 22|
already amounts to a definition of PLx for X a symplectic vector space).

8.1.7. The Plancherel algebra conjecture. Let notation be as in[7} in particu-
lar, we take (G, M = T*(X,¥)) and (G, M) a split hyperspherical pair as in
defined over F and k respectively. We will now spell out the consequence
of the local conjecture for the Plancherel algebra PL x:

Conjecture 8.1.8. (A consequence of Conjecture :
The Plancherel algebra PLx is isomorphic as a G-equivariant algebra over

O(§*) with the ring of functions on O(M)/:
(8.3) PLx ~ O(M)

(where the shearing on O(M) is through the Gg.-action, and the sheared
moment map O(§*)] — O(M) corresponds to the unital structure on PLx.)
Moreover, if F is the algebraic closure of a finite field, this isomorphism
is Frobenius-equivariant, where the Frobenius action on the left hand side
arises from its natural action on Hg and the trivial Frobenius structure on
0x; and Frobenius is acting on the right hand side according to the shear of

the analytic action (§6.8.9).

In particular, PLx, a priori a differential graded algebra, is in fact formal
and commutative. On the level of cohomology, the commutativity follows
(again, bearing in mind the general caveats of from the compatibility
of the product with factorization, as in Section[16] and convolution. We also
remark that the statement (8.3)) is using analytic normalization of PLx and
the analytic shear on O;; (§6.8.1). The corresponding assertion with the
arithmetic normalization of PLy, as in Remark [8:3.4] is that the normalized
version of PLy is isomorphic to the arithmetic shear on O(M),

Remark 8.1.9. As a sanity check on signs let us compute the case when
G = G,,, X = A', so that M = T*A! with scaling action of Ggr. Frobenius
structures were discussed in Example [6.8.2

In this case, we have (cf. ) that for a character A — M the corre-

sponding isotypical component PLY ), the component by which G acts by



176 DAVID BEN-ZVI, YIANNIS SAKELLARIDIS AND AKSHAY VENKATESH

A — M, is identified with H*(BGm)<—|j|>ﬂ This is one-dimensional ex-
actly in degrees j, j+2, ..., and the geometric Frobenius eigenvalue in degree
s is given by g2

On the other hand, writing z, & for the coordinates on M, the isotypical
space for A — M on O(M) is exactly =7 (2€)™, m = 0 or £/ (z£)™, m = 0 de-
pending on whether j is positive or negative. Again, this is one-dimensional
exactly in Gy, degrees —j, —j—2, ..., corresponding to cohomological degrees
J»J +2,... (cf. Example , thus matching the geometric computation.

Remark 8.1.10. (Rationality issues:) We would also conjecture that Con-
jecture remains valid if k is not algebraically closed, and even if k is
not a field, where M is taken to be the distinguished split form that was
postulated in §5.3] In the case where W is trivial we can even take k to equal
Z. Indeed, in §5.3] we noted that compatibility with this Plancherel algebra
conjecture should be considered a defining property of this split form.

Note that even in the group case that the predicted Q-form of M arising in
the conjecture is not the “pinned” version; that is to say, M is the cotangent
bundle of G as G x G-space, but the action is twisted, on one factor, not by
the Chevalley involution but rather by the duality involution (§2.3.2]) which
does not preserve a pinning.

It is extremely interesting to study these issues when k has small char-
acteristic. Work over F = C and consider, for example, the case when
X = G/H is homogeneous; we will see that, in this case, the invariants IP)L?(
are given simply by the cohomology H*(BH, k), the cohomology of the clas-
sifying space of H with coefficients in k. Now, if the characteristic of &k is a
bad prime for H, this cohomology can behave quite irregularly. On the other
hand, the invariants IP’Lg’; can also behave badly: in finite characteristic, tak-
ing G-invariants is not exact, and one should use instead derived invariants.
It is plausible that these pathologies match up with one another. Again, this
is not even obvious in the group case, or in the case when X = pt.

8.2. The relative Grassmannian. The following object (known as the
“variety of triples” in the Coulomb branch literature [BEN18|) will play a
key role for us. We use the term “relative Grassmannian” and we have
emphasized the intuition arising from the homogeneous case X = H\G.
where it is essentially the affine Grassmannian of the stabilizer H.

Let X be a quasi-affine G-variety. Informally, the relative Grassmannian
Gr¥ is the closed subscheme of X x Grg classifying

pairs x € Xp, g € Gp/Go for which zg € Xo.

where we identify Grg with Gp/Go. In particular, it will come with a
morphism
(8.4) i Gr¥ - X x Grg

67we emphasize that we have used the analytic normalization in this computation,

i.e., the Hecke operator T; corresponding to A +— \; is supported in valuation j and
deg(T3) = j, cf. Examplem
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Formally, we can define Gr™ as the pullback

(8.5) GI“X L> XO XGo GF

L

Xo : XFr

of the action of G over the inclusion of the arc space. This pullback is taken
in the category of schemesﬁ see for further explication.

It should be noted that the top horizontal arrow b is not the same mor-
phism (indeed, does not even have the same codomain) as i from (18.4)).
Rather, the embedding i“* of is given by ¢ = (a, b2_1), where by : Gr* —
Gr/Go is the second coordinate of b. Said differently, the horizontal arrow b
is represented, in terms of pairs (z, g) with g € Xo, by “(z, g) = (2g,91).”

Next, Gr¥ is equipped with an action of Go. If we consider Gr* via (8.4)
as classifying pairs (z,g), the action of h € Go sends this to (zh, h~lg); if
we think in terms of the pullback diagram Go acts both on X at the
bottom left, and acts by Xo xq, G by right multiplication on Gf.

The quasi-affineness of X guarantees (see below) that Gr* defines a locally
closed subscheme of Xp x Grg. In the notation before , the maps
(z,9) = g,(z,9) = z,(z,9) — zg, define

(8.6) I:Gr¥ — Gr,p; : Gr¥ - Xo,py : Gr¥/Gp — X0/Go
(note that po is only defined after quotienting by Go).

8.2.1. Eaplication as a (representable) functor. We will describe explicitly
the functor represented by Gr~, and why it is represented by a locally closed
subscheme of Xp x Grg.

One can describe Gr¥ as classifying a G-bundle G on P! with a trivial-
ization outside of 0 and an arc in X satisfying the condition that the arc,
restricted to the punctured disc at 0, extends to a section of the associated
X-bundle of G on the disc.

To say this symbolically, Xp x Grg is the functor assigning to a test ring
R the data of

(i) a G-bundle G on P}, trivialized on Ak;

(ii) an element z € X (R[[t]]).
Then, Gr¥ is the subfunctor defined as follows: Let X be the X-bundle
on IP’}?( associated to G. The trivialization of G on Al gives a corresponding
trivialization of X'. Therefore,  determines a section 29 of X over R((t)),
and Gr” is determined by the condition that 29 extend to an R[[t]]-point of
X. Such an extension is unique for X affine since R[[t]] — R((t)) induces an
injection on points, and moreover the resulting functor is, in the case when

68where G x 90 X is the scheme that represents the functor assigning to a ring R the
G-bundles on the formal disc R[[t]] which are trivialized on R((¢)) and moreover equipped
with a section of the associated X-bundle.
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X is affine, in fact representable by a (ind-)closed subscheme of Xp x Grg
(in what follows, we will omit the “ind-").

To verify closedness, we reduce this to the case where G = GL, and
X = A" by choosing an equivariant embedding of X into a vector space;
and in that case the R-points of Xp x Grg are pairs:

- a locally free R[[t]]-submodule M < R((t))" such that M[t~!] is all
of R((£))";
- and = € R[[t]]™.

The condition defining Gr¥ is then that 2 € M, and this is readily verified
to define a ind-closed subscheme.

If X is quasi-affine, the functor noted above remains representable by a
locally closed subscheme. Indeed, as before, the above construction for the
affine closure X2 of X yields a closed subscheme of Xgﬂ x Grg; we then

impose the additional open condition that z9 reduce at the special point
R[[t]] — R to a point of X**(R) that in fact lies inside X (R).

8.2.2. The equivariant relative Grassmannian. In the homogeneous case X =
H\G, we have an equivalence

(8.7) Gr*/Go ~ Ho\Hr/Hop,

i.e., considered equivariantly relative to Go, Gr recovers the Hp-equivariant
affine Grassmannian of H. [

More generally the equivariant version Gr* /G can be described as the
moduli stack of:

e pairs of G-bundles on the disc, together with

e sections on the associated X-bundles on the discs, and

e an identification of the bundles and sections on the punctured disc.
Or, to put another way, it is the groupoid object over Xo/Go obtained by
restricting the Hecke action of the equivariant Grasmannian on Xp/Go. This
explains formally why the relative Grassmannian appears when studying the
inner endomorphisms of the basic object (the constant sheaf on Xo/Go)
with respect to the spherical Hecke action.

8.2.3. The twisted case. If X is equipped with an Al-torsor ¥ — X then we
get a morphism

(8.8) A:Gr¥ — Al

Given a point of Gr¥ represented by (z € Xp,g € Gp), we lift = to
Z € Yo, and then consider Zg € Vp; since it lies above xg € Xp it defines a
canonical point in F'/O by comparison to an arbitrary lift g € Up. Using
the “residue” morphism F/O — Al we get the desired map . For later
use we observe the cocycle property of the map A from (8.8]).

(89) A(.T), 9192) = A($, gl) + A(xgla gQ)

69T his example perhaps motivates our name “relative Grassmannian.”
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8.2.4. Essential finite-dimensionality. The relative Grassmannian is essen-
tially a finite-dimensional construction, in the following sense. Suppose we
replace the role of the affine Grassmannian above by some sufficiently large
stratum Grg,. We obtain a corresponding locally closed subscheme Gr)én.
The resulting Gr)én — X0 X Grg, is pulled back from a locally closed im-
mersion of (finite dimensional!) varieties

(8.10) N Grd, v — Xy x Gre,

(for some N; here Xy = X is the jet scheme of order V). All this says
is, if we fix the “denominators” of g, the question of whether zg € X¢p is
entirely determined by the reduction of x modulo a fixed power of ¢. In all
computations where we use Gr¥ its role can be replaced by one of these
finite-dimensional truncations.

8.3. Explication of the Plancherel algebra. We are ready to give our
explicit and inherently “finite-dimensional” description of the Plancherel al-
gebra.

We describe the Plancherel algebra as a direct sum

PLx = PV @PLY’

of multiplicity spaces for irreducible representations V of G, which we will
describe individually.

Let V be a representation of G, let 7y be as in the associated
perverse sheaf on Grg. Fix a sufficiently large closed Gp-invariant subset
Grg, on the affine Grassmannian containing the support of Ti,. We present
the formula for the analytically normalized Hecke action (see Remark
below for modifications in the other case). Thus deg Ty is defined as in
in terms of the eigenmeasure on X, or equivalently is the weight by which
7 : G, — G acts on V. Finally, recall from that ¢ : Gr¥ — XpoxCrg is
pulled back from a finite type ¢ : GrgmN — XnxGrgp, where Xy is the mod
Y truncation of Xo and ¢ a locally closed immersion. Let p : Gr)én; N — XN
be the second coordinate of this truncated map.

Proposition 8.3.1. (Multiplicity spaces of the Plancherel algebra): With
notation as above, we have

(8.11) PLY(—degTy) = Homg (T, p'kxy ) ~ HE(DTY )(—2dimX y)

where we compute the Hom- on the right G—equz’vam’antlﬂ on the finite type
scheme Gr)én;N; T.X is the =-pullback of the Hecke operator Ty to Grgn;N,

and D is computed for ordinary (not equivariant) sheaves on Gr)én;N.m

OMore naturally, we would say Go-equivariantly; but since the map G — Go induces
a homotopy equivalence it amounts to the same thing, and this way the computation
visibly only involves finite-dimensional data.

"IMore properly, of course, H should be replaced by a chain-level model, since PLY
is formally a chain complex, well-defined up to homotopy.



180 DAVID BEN-ZVI, YIANNIS SAKELLARIDIS AND AKSHAY VENKATESH

We will give the proof in §8.3.6] and examples in the next section At

the moment we make several remarks.

Remark 8.3.2 (Comparison with [BEN19]). The above statement was writ-
ten in a way that was evidently finite-dimensional, that is to say, it involves
computing cohomology on a finite-dimensional algebraic variety, equivari-
antly for the action of a finite-dimensional algebraic group. To facilitate
comparison with [BEN19| we can rewrite the right hand side of (8.11)), up
to a shift that we will not explicate, in the following way:

(8.12) PLY(—deg Ty) = Homg,x (T3, W) ~ Homgy (Ty, Tawe )

Here T is the projection from Gr¥ to Grg. Strictly speaking, we first choose
a stratum Grg, containing the support and compute everywhere on the
corresponding restricted spaces, so the Homs are taken in Gp-equivariant
x-sheaves on Gr)én and Grg,, respectively; and w™" is the renormalized
dualizing sheaf, which, in the case at hand, is the system of sheaves w(—2dim)
on the various truncations Gr)ém N-

In [BEN19, it is shown that (a suitable shift of) 2 := I'ywg,x has the
structure of ring object in the spherical Hecke category, with V-isotypic
components therefore given by . In fact [BEN19| discuss only the case
of X a vector space; their construction applies, however, without change for
X a smooth affine variety (although not to the quasi-affine case).

It is natural to expect, and would be interesting to prove, that this ring
structure agrees with the algebra structure that arises via the definition of
the Plancherel algebra as inner endomorphisms of the basic object (and such
an identification should be completely formal, up to potential issues arising
from subtleties of sheaf theory in infinite type).

Remark 8.3.3. If X is equipped with a A'-bundle ¥ — X and we work in
either de Rham or étale sheaf theory, the formulas (8.12)) or (8.11)) still make

ren

sense by twisting p'kx, or Wi by Ly, the pull-back of an Artin-Schreier
sheaf via .

This will, presumably, coincide with Definition after it is extended
to cover the twisted setting. In the absence of this extension, let us take

as the definition of IP’ILS}/) in the twisted case.

We note that the direct construction of the product from [BFN19| does
not apply in the case of twisted polarizations because a certain map fails to
be proper in the quasi-affine case. One expects that the twisting provided by
the Artin-Schreier sheaf makes it behave, from a cohomological standpoint,
as if it were proper, but this remains to be worked out.

"2Recall that sheaf theory on infinite type schemes comes in two variants, * and !,
according to whether one takes, informally speaking, a system of sheaves on finite type
truncations that are compatible with respect to x-pullbacks or with respect to !-pullbacks.
In the prior Section we used by default !-sheaves; in the current situation they are equiv-
alent by the placidity of Gr*, whch follows from .
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Remark 8.3.4. (Normalized versus unnormalized version:) Note that
is an analytic normalization, in the sense of For the “unnormalized”
or “arithmetic” Plancherel algebra we use the same definition, but omit the
shear (degTy ). By default, statements that follow will use the analytic
normalization except where otherwise noted.

Remark 8.3.5 (Trace of Frobenius). Restricting to the case of F the al-
gebraic closure of a finite field F,, let us compute the trace of geometric

Frobenius on the dual of IP)LS( ) using Lemma, [2 The result of this com-
putation will be used in the study of Plancherel measure. As before, we work
with the analytic normalization; for the arithmetic version one ignores the
V-

The trace-function associated to T‘f( is the pullback of the usual Hecke
function Ty, associated to 7y from the affine Grassmannian. The trace func-
tion associated to the Dp'ky, = p*wx, is the pullback of the function
¢ XN from Xy

Applying Lemma 1}, the trace of Frobenius on the dual of IP)L}/( equals
dim(G) Ty ( g)\/n(T

dl"lXN #G
of G(F,) in the denominator arises from the correspondlng term in Lemma

and ¢4™(G) arises from the difference between G-equivariant duality on
Grgn; N> Which is what appears in Lemma and ordinary non-equivariant
duality which is what appears in the formula (8.11]).

Recall our notations o, f for Fy[[t]] and F4((¢)) respectively. Then Gr)én; N

the sum, over (z,g) € Gr<nN( q), of q 7 where the order

consists of pairs (z, g), where z € X (0/tV), g € (G;/G,)<", and zg is integral.
Rewriting in terms of o-points, we get

(8.13)

dim(G)
trace of Frobenius on dual of ]P’]Lg}/) = ;G(F)L( GG V1(9)1x(0)(x9)Tv (9)dy,
q o XGj/Go

and the measure normalizations assign mass 1 to G(0) < G(f), and assign
mass #X (F,)/q™) to X (o).

In the case when X is equipped with an affine bundle ¥, the same formula
holds when we modify the definition of PLx according to Remark [8:3:3] and
including in the integrand the twisting factor ¥ (A(x,g)) where A(z,g) :
X, x Gj/Gy — F is obtained from the F-points of , and v is an additive
character of F.

8.3.6. Proof of Proposition- At a formal level we want to rewrite Hom(7'x
dx,0x) by regarding dx as the x-pushforward along i : XO — X, and use
(i*,44) adjunction and base change in the diagram (8 . However, we have
to proceed with caution because we can only use the adjunctions available
in our infinite-dimensional !-sheaf theory. Let us introduce some notation.
Along with Gr¥X it will be convenient to define:

Grio = Xo x90 Gp and Grip = Xp x9° Gp.
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We consider the Hecke action groupoid on Xr/Go and its restrictions (one
leg at a time) to Xo/Go.

Xo/Go —2— ¥ )Go — 2~ X0/Go

\Lier p1

i Xo xGo Gr/Go i

P2 J{Nt
23 a ¥
Xr/Go<~—Xp x° Gp/Go — X /Go

We use the notation indicated in the diagram and the additional notations
I,T', and Ty for the projections to the Hecke stack Go\Gr/Go from Gr¥,
Grfp{ o, and Gr)F(, respectively. Recall that we work in the formalism of !-
sheaves in infinite type as in Appendix [B.7, and that, correspondingly, the
Hecke action is given by

T #6x := (p5)(CF)' T & (»1)'6x)

where the basic object dx is the pushforward of the dualizing (!-)sheaf on
Xo. We then calculate (using only base change, ind-proper adjunction, the
projection formula and the unit for the !-tensor product) as follows— where
all Homs are computed Go-equivariantly, but we drop this from the explicit
notation after the first line:

12

Homx /g, ((p5)«(TpT & (p1)'0x), dx)
~  Homg,x (M T & (p1)'iswxo, (p3)'0x)
Hom,,x T%T @ Z*wGr%{O’ (E)'6x)
Homg, x (ix(T'T @ Warx ) (95)'0x)
Homg, x (1T, (p5) 6 x)
Homg,x | (I'7.7 (v})'dx)

Homg,x (I'7, (P2)'dx)

HomXF/Go(T* (5)(,(5)()

10

0

0

12

12

! -Gr
~ HomGr%{o (I i weyx)

We will now descend to a finite-type computation. Choosing a sufficiently
large stratum Grg,, of the affine Grassmannian which supports 7, one can
replace the role of GrX and Grﬁ o by the corresponding cut-off versions Grén

and Gr%{ 0,<n- The pullback functor from sheaves on the truncated version
(8.14) Xy x% Gre,

to Gr%{ 0,<n 18 fully faithful. Therefore, we may compute the Hom on (8.14)).
['T corresponds to the ordinary sheaf T'\7 on (8.14), where T'y is the
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analogous projection to Grg,. Similarly (as explained in [Ras17d, Remark
3.9.1]), thanks to base change the !-sheaf pushforward ifrwGri( is pulled back

from the ordinary sheaf if%ikari{n;N on (8.14)), where i§F : Gr*gm N — (8.14)
is the level N truncation of the top horizontal arrow of ({8.4)). E| Therefore,
the Hom-group in question becomes

! -Gr
HOHI(FNT, ZN*(UGr)én N ) 5

computed in Gp-equivariant sheaves on (8.14). Upon using adjunction on
the finite type schemes involved and the isomorphism an ~ I'%, (2dimX,,),
this becomes

Homg,x (N TRT, weyx, )-(—2dimX,,)

which agrees (recalling that we are working Go-equivariantly everywhere)

with (8.11). As noted earlier, this truncation Gr)ém n does not coincide with
that considered before but the results coincide, because one can pass to a
common smooth cover.

8.4. Some examples. The following examples are not given in the spirit
of evidence, but rather to illustrate that the objects appearing in the Con-
jecture are interesting and computable. Fverywhere here we will, for the
purpose of computing, work at the level of cohomology, i.e., IP’]L}/( refers to
the cohomology of the underlying chain complex.

Example 8.4.1. In the homogeneous case the discussion is particularly sim-
ple: we have for X = H\G, with H reductive, the eigenmeasure character is
trivial, and after (8.7) we have the equality

(8.15) PLY) ~ H} (Grg,DTy),

i.e., we take the Hecke operator on the G-affine Grassmannian, *-restrict to
Gryy, dualize, and take equivariant cohomology. “Duality” is normalized to
preserve the basic object of Gry, and then no further shifts are required;
thus, for example, when V is trivial, }P’Lgy) gives the Hp-equivariant coho-
mology of Gry itself.

Here is a simple example where one can compute everything. Take G =

PGL3 and X = PGL3/APGLy. Take V = V, ® V, ® V. an arbitrary irre-

ducible of the dual SL3. Then IP’ILQ/) is the cohomology of the PGLo-affine
Grassmannian with coefficients in the tensor product of the perverse sheaves
associated by geometric Satake to V,, Vp, V. This tensor product is zero
unless a, b, c all have the same parity; and in that case it is the constant

"3Note that this is not the same as the truncation defined earlier, in Namely,
this truncation identifies elements (z,g) € Gr™ when the first N “digits” of xzg agree,
whereas our previous truncation identifies elements (x, g) € Gr¥ when the first N digits
of x agree. However, it will make no difference, because we can pass to a common smooth
cover of both of the truncations — indeed, either truncation after sufficiently increasing N
provides such a smooth cover.
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sheaf k(a + b + ¢) on the m-dimensional stratum of Gr’“? indexed by
m = min(a, b, c). Geometric Satake here tells us that the cohomology of k
on this stratum is identified with the cohomology of P™in(@:0:¢)  Dualizing
and computing cohomology we find a noncanonical isomorphism of graded
vector spaces (with Frobenius action when F is of finite characteristic)

(8.16) PLY) ~ H*(P™n(@00)) @ H*(BPGLy)(2min(a, b, ¢) —a—b — ¢),

— the noncanonicity arises from the fact that we used the degeneration of
the pertinent spectral sequence. Now let us check the V, ® V; ® V -isotypical
component of Conjecture[8.3|including the statement about Frobenius struc-
tures. Here we have G = SL3 and M the standard representation, i.e., the
tensor product of the three standard representations, and so

(816) < Hom(V, ® V, ® Vi, k[A2 ® A2 ® A?]),

On the right hand side, considering k[. . . | as polynomial on an 8-dimensional
vector space, the Frobenius action on degree d polynomials is through a twist
(—dy, i.e. by ¢¥? (note that d is, by our conventions, negative to the G,
grading). To compute this we note that the SLo-action on A® has a unique
(up to scaling) quartic invariant. This is well-known, particularly to those
people who know it well. The zero-locus of this semi-invariant has the form
UNSL3 where U is the subgroup of upper triangular unipotent matrices
Ugy,-» satisfying x + y + z = 0; the action of scaling corresponds here to the
left action of the diagonal element (1/t,¢). From this one can deduce an
isomorphism of graded vector spaces with SLs-action

k[A®] ~ k[Q4] ® K[UP\SL3],
where SLy acts trivially on Q4 in degree 4. The factor k[Q4] with its grading
matches with H*(BPGL2) above. The V, ® V;, ® V -isotypical component of

U O\SL% is just the U O_invariants on Vo®V, ®V,, which are readily computed
to be a min(a, b, ¢) + 1-dimensional space, spanned by polynomials of degree

(I+b+C—2j,0 <.] < min(aabvc)7
which matches (8.16)).

Example 8.4.2. We take the Whittaker case X = U\G with its affine
bundle W. In this case — taking (8.12]) as the definition as in Remark

PLy = k,

ie., IP’]Lg}/) is one-dimensional for V' trivial and zero otherwise. The compu-

tation that }P’}Lgy) is trivial for any nontrivial V' representation is precisely

the geometric version of the Casselman-Shalika formula [FGV01].

Example 8.4.3. For V' = 1, the trivial representation, we have a distin-
guished morphism k£ — IF’LE;). This corresponds to the unit of the algebra
PLx. With reference to (8.3.1), it comes from the morphism 7;¥ — p'dx

that comes from the identification py7;¥ ~ 6x.



RELATIVE LANGLANDS DUALITY 185

There is always a map from Homg,,/q,, (v, T1) to ]P’]Lgy) (unnormalized
version; for the normalized version add the shifts everywhere); this encodes
the O(§*)/-module structure on PLy. Again, from the point of view of
(8.3.1), this arises as follows: a homomorphism f : Ty — 71 on Grg gives a
map ;X — T;* gt p'éx, i.e., a class in IP)]LQ/).

Example 8.4.4. (Product, in the homogeneous case): Let us spell out what
the product looks like in the homogeneous case X = G/H (again, explicating
only at the level of cohomology).

By (8.15]) we get IP’]LQ/) = Hjp (Gry, DTy ), where the dualization D takes
place on Gry and is normalized to fix the basic object; equivalently, Hp-
equivariant homomorphisms from 7y to the dualizing sheaf on Gryg. Here
there is a morphism

(8.17) Tv *a Twlcry — (Tvlary 2 Twlcey )

arising from a restriction map in cohomology; on the left, *5 denotes convo-
lution on the affine Grassmannian for G, and on the right, *g denotes the
same on the affine Grassmannian for H.

Now we dualize on Gry (thus reversing the arrow) and take Hp-equivariant
cohomology on both sides. On the left hand side we get IP]LE}/®W). On
the right hand side we first of all get the Hp-equivariant cohomology of
(DTv)|cry *# (DTw)|Gr, (because the convolution of sheaves involves only
descent along a smooth map and a proper pushforward and thus is compat-
ible with D); and in turn we have a convolution product in Hp-equivariant
cohomology H*(A) ® H*(B) — H*(A g B) which shows that this admits
a map from IP’]LE}/) ® }P’]ngv).

For example, consider the case of X = PGLy/T, and take V;, the n + 1-
dimensional irreducible representation of the dual group G = SLg; then
Ti := Ty, is the constant sheaf k(1) on P! = Grpgr, cf. §6.5.11 Label the
points of Gryp as z,,, where z;, corresponds to the cocharacter ¢t — diag(t", 1)
and write e.g. k, for the skyscraper on Grr with value k£ at x,,.

First of all, the restriction of 7y, to Gr? is the sum (kn ®kp—o® - @

k_y,){n), from which we deduce that IP’]LQ/") is n 4 1-dimensional, with basis

indexed by the points x; with |i| < n and 4 having the same parity as n.
In particular, we get bases dg for IP)]LE‘(/O), e4+1 for IP’Lgyl), and f_o, fo, fo for
IPLQ/Q), where the index is the same as the indexing of points of Gry, We

claim that the product PLYY @ PLYY — PLY? is given by
(8.18) et = fo, €2y = fa,ere_1 = fo + Edo.
where ¢ is a generator in H2(BTp). To see this, we compute
Tilr = (ki @k_1)1),
Tilr *Tilr = (k2 ® ko ® ko @ k—2)(2),
To@Talr = (ko) ® (k2 @ ko @ k—2)(2).
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The morphism here, for V=W = Vi, gives (To®T2)|r — Ti|r* Ti|r-
This gives a morphism of Tp-equivariant sheaves on the points {x;}, and is an
identity over x49. Over xg, the map comes from the map of C*-equivariant
sheaves on a point:

(8.19) ko @ ko(2) — (ko @® ko){(2),

where all sheaves have trivial equivariant structure. Explicitly, this is the the
restriction map from G,,-equivariant cohomology of P! to G,,-equivariant
cohomology of the poles +00, where we consider both cohomology groups
(via pushforward) as G,-equivariant sheaves on a point. Thereore, in ,
the induced map on ko(2) is the diagonal, and the induced map on kg is the
map given by (£, —¢), where ¢ is a generator of H?(BG,,)(1), considered as
a map ko — ko(2). We recover from this, after taking Verdier dual
and passing to cohomology.

Now, let us sketch how (8.18) matches with the other side of Conjecture
In this case, G = SLg, M = M, the space of 2 x 2-matrices with its
natural G-action by left multiplication, and with Ggr acting by scaling, and
the conjecture says

PLY? = Hom(V; k[Mz]),
where My is the space of 2 x 2 matrices, with coordinates (a,b;c,d) say.

Taking V = V7, the standard representation, the basis ey for ]P’Lgyl) corre-
sponds to the two embeddings Fy1 sending the coordinate vectors u, v of V;
to (a,b) and to (c,d) respectively.

Now, we may write V1 ® V1 = V @ Vs, where the factors are spanned
by u®v —v®u and u @ u,v @ v,u ® v + v ® u respectively. We deduce
that the V{y component of EJer equals zero, and the V{; component of E1E_q
corresponds to the embedding of Vj to kE[Ma] given by the determinant; the
determinant on Ms corresponds to £ in the notation of . On the other
hand, E?, By E_1, E?| give maps Vo — k[Mz] that correspond to fa, fo, f—2

in the notation of (8.18)).

Example 8.4.5. (The regular locus and the scheme of regular centralizers):
In our prior computations we can replace the role of 7y, with the constant
sheaf on Grg; this leads to the original definition of Coulomb branch in
[BEN18]. The corresponding object in the Satake category, by [BF0S], is the
pushforward of the structure sheaf from the Kostant slice.

Specialize now to the case X = G/H. The computation of (this analogue

of, replacing Ty by the constant sheaf) IP]LS}/) is well-known: it is the equi-
variant Borel-Moore homology of the affine Grassmannian for H, which, as
computated by Bezrukavikov-Finkelberg, is precisely the ring of functions
on group scheme of regqular centralizers Jr. Working out the details leads
to the following consequence of the conjecture, which we will study in later
work:

fiber of M above the Kostant slice for §* ~ Jp.
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8.5. Noncommutative deformations; the symplectic structure on
M. In Section [7.5.11] we discussed the canonical deformation of the auto-
morphic category that arises from the structure of loop rotation, and which
is required to relate to the Poisson structure on M. We now formulate a more
precise form of this compatibility in terms of a noncommutative deformation
of the Plancherel algebra.

Recall that we are considering the H§ (pt,k) =~ k[u]-linear category
SHV,(XFr/Go) = SHV(Xr/Go)®™ of G,,-equivariant sheaves for the loop
rotation action of Gy, on F((¢)). The object is naturally G,,-equivariant
for this action. We may thereby carry out the definition of PLx in Gy,-
equivariant cohomology. This produces, in place of a k-algebra, a k[u]-
algebra PL% (with « in cohomological degree 2), specializing to PLx when
u = 0.

The rigid structure of M provides a natural candidate for this algebra.
Namely, M is built out of (twisted) cotangent bundles and symplectic vector
spaces, which have canonical deformation quantizations. These deforma-
tion quantizations are filtered, i.e., their Rees algebras form G,,-equivariant
sheaves of algebras over A!, and hence may be sheared to define k[u]-
algebras, which we propose to identify with the deformed Plancherel algebra:

Conjecture 8.5.1. Write, as per the construction (cf. §4.1.2), M as a
Whittaker induction of the symplectic Gx-representation Sx along a mor-
phism Gx x SLy — G, and let U be the unipotent radical of the parabolic
assoctated to the G, < SLs.

Then ]P’]Lg( is isomorphic to the sheared Rees algebra of the quantum Hamit-
lonian reduction of

A := differential operators on G ® Weyl algebra of Sx @ u/u,

by the twisted action of GxU; that is to say, we first quotient by the ideal
generated by the natural embedding §x ®u — A, and then take invariants by
GxU.

As usual, a noncommutative deformation gives rise to a Poisson bracket,
i.e., a bilinear mapping satisfying the Leibniz rule, as follows: If A is a F-
algebra, and A is a flat deformation of A over F[u], then, for any a,be A =
fl/u, the commutator of any lifts @, b to A/’LL2 is of the form wux, where the
reduction ¥ € A is independent of choices. In particular, we formulate the
following expectation, which is a corollary to the above conjecture, and plays
for us a more important role:

Conjecture 8.5.2. (A consequence of Conjecture )

IP’]L?‘( is flat over Fu]; the associated Poisson bracket, explained above,
is identified with the reference to with the Poisson bracket on O(M)/
induced by the given symplectic structure on M.

We will revisit this from the point of view of factorization in see in

particular Remark
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Example 8.5.3. (Noncommutative deformation in the Iwasawa-Tate case).
Let us compute in the caes of G = G,,,, X = A!, already discussed in Exam-
ple we will sketch why the “Weyl algebra” of Conjecture [8.5.2] appears.
|E| First of all,

PLUT®) — [ (B(Go % Gl®P)) = k[h, 7].

where we understand the first coordinate 7 € H?(BG) and the second
coordiante i € H?(BG,,'°P). Above, and in what follows, we will be able
to harmlessly replace Go x G,,'°P by its commutative subgroup G x G,,"°°P
because the inclusion of one into the other is a homotopy equivalence.
More generally, for any character A — A™ of the dual group, the associ-
ated isotypical component PL(™" is free over this algebra, i.e., PLM =
k[h, 7]z, where z, is in degree n and (viewed as internal endomorphisms of
the basic object) represents a generator for the degree n map of sheaves

ZTn ko — kgmol{—n).
Then we have z,, = 27, 2_, = 2", and
(8.20) 11 =T,-121 =T — h.

From this we see we can identify the whole algebra with k[z,y, i] with xy —
yx = h and zy = 7; =, corresponds to " and x_, to y".

The key computation follows from the following analysis in the
finite dimensional model:

(i) Given an inclusion Y — X of a divisor into a variety X, we have a
restrction map kx — ky and also a map ky — kx[2] coming from
the natural map ui'kx — kx. The composites kx — kx[2], ky —
ky[2], which represent classes in H?(X) and H?(Y) respectively, are
given by (respectively) by the fundamental class of Y inside H?(X),
and its restriction to Y.

(ii) The equivariant fundamental class of {0} — A! inside Hg (A!) ~
H?(BG,,) = k[[t]] is given by nt if G, acts by ¢t — t" on Al. In
particular, the fundamental class of t"*1O inside t"O, computed in
Go x G,'P-equivariant cohomology, is given by 7 + nh.

Example 8.5.4. (Multiplicity freeness): We can readily compute the G-
invariants on ]P’]If}(: they arise from the loop-equivariant cohomology of
Xo/Go. But the map Xp/Gop — X /G induces a cohomology isomorphism
where X /G has trivial loop action. That is to say, IP’IL is the trivial defor-
mation of H*(X /@), and (therefore, under Conjecture all G-invariant
functions Poisson-commute in M, i.e., M is a “multiplicity free” Hamiltonian
G-space[™

T This example presents a glorious number of confusing possibilities for sign normal-
ization, and the reader should be sceptical of every single sign that follows.

"5This Poisson commutativity can also be seen from the point of view of factorization.
Namely for a closed embedding i : Z — X the endomorphisms of the constructible complex
ixk have a natural commutative (Ew ) algebra structure (the ring structure of cochains on
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This is precisely in line with our conjecture: it is condition [2 in our def-
inition of hyperspherical (§3.5). In the theory of automorphic forms, the
central role of multiplicity one is well-known on the automorphic side, and
on the spectral side has also been observed experimentally.

9. THE PLANCHEREL ALGEBRA AND THE PLANCHEREL FORMULA FOR
SPHERICAL FUNCTIONS

In this section we describe our primary evidence for Conjecture[7.5.1] - via
its derivative Conjecture [8.1.8]— by explaining the relation to the numerical
version. Namely, working in the same setting as the previous section, we will
show that the Frobenius trace on Conjecture [8.1.8 recovers the Plancherel
formula for spherical functions on X (f), where f is a nonarchimedean local
field; indeed (somewhat informally)

the Plancherel algebra categorifies the Plancherel measure.

More precisely, the Plancherel algebra is a G-representation, and we will
see that we obtain the Plancherel measure essentially by taking its char-
acter (in the sense of distributions, and weighting by an element of Gy,).
The Plancherel measure encodes the inner products of all Hecke operators
applied to the basic vector, while the Plancherel algebra encodes the Hom
spaces between all Hecke functors applied to the basic object. The Plancherel
measure for spherical varieties has been explicitly computed in many cases
by the second-named author, partly in collaboration with Jonathan Wang
[Sak13, SW22|, and we will see that this computation matches with the
Frobenius trace of the local conjecture.

We will now outline what we prove, although deferring precise issues of
normalization to the later subsections.

In general, the Plancherel formula — for f a nonarchimedean local field, o
its ring of integers, and (G, X) defined over o with G, for simplicity, split
reductive — gives the decomposition of L?(X(f)) as a G(f)-representation,
Le., L*(X(f)) = §, ma. Restricting to G(o)-invariants gives a corresponding
direct integral representation over spherical representations, i.e. representa-
tions with a G(o)-fixed vector. We fix the “basic vector”,

e = characteristic function of X (o),

and consider its Plancherel density p. This is a measure on the set of
irreducible unitary, unramified representations of G' (that we identify with a
subset of A/W via the Satake isomorphism)m characterized by the property

Z). In our case it follows that the endomorphisms of the basic object form a commutative
(Ew) algebra compatibly with factorization, i.e., a commutative factorization algebra,
whence the induced Ps structure on cohomology is trivial.

7610 this section, we take the dual group to be defined over k = C, and use G, 4, etc.,
to denote the corresponding groups of C-points.
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— for Hecke operators Ty, Tyy indexed by representations V, W € Rep(G) —

91) Ave, Tweaox = | xv (O Onult)
teA/W
where xy, xw are the characters of V and W respectively.

We have already seen the left hand side of (9.1]) arise geometrically, in
(18.13)) — at least for W trivial, which is all that is needed to characterize pu.
Namely, an application of Lemma identifies it (see Proposition
below) with

(9.2) [Hom(Ty * 6x,0x)"] = [Hom(V,PLx)"],

where we have used the “trace of Frobenius” notation as in the proof of
Lemma the left side denotes homomorphisms in Shv(Xp/Gp), and
the right hand side denotes homomorphisms of G-modules; here PLx is the
Plancherel algebra introduced in Definition [8.1.4]

Since PLx corresponds, under Conjecture [8.1.8) to (’){Z under geometric
Satake, a simple computation will extract p from the local conjecture.
The contents of this section, then, are as follows:
o sets up notation.
e §9.2] we will prove Proposition which computes the Plancherel
density for X (f)/G(o) conditional on Conjecture
e §9.3 we will review the Plancherel formula for spherical functions on
spherical varieties; in Proposition [9.3.3] it is shown to agree, under
conditions on X, with the prediction of Proposition [0.2.1]
e §9.4] goes in a slightly different direction and discusses the algebraic
(rather than unitary) aspects of the Hecke module structure of func-

tions on X ()/G (o).

9.1. Setup: X,Sx and Vx. We will work now in the following setup.

Let F, be the finite field with ¢ = p’ elements, k be the algebraic closure
of Q (I # p), and let f = Fy((¢)) be the associated nonarchimedean local
field, with ring of integers o = Fy[[t]]. Much of the numerical part of the
discussion would apply to a general nonarchimedean local field, but this
setting is where we can compare with the local geometric conjecture. For
the purposes of comparison, we also need to fix an isomorphism k£ ~ C; in
particular, this fixes a choice of q% € k, corresponding to the positive square
root in C.

In this section, we take GG to be a split connected reductive group defined
over [Fy, with dual group G defined over k. As in the prior sections, we will
work with a dual pair

M =T*(X,¥) and M,

where we now suppose that 7%X is a hyperspherical variety over F, (see
§13.9), and X is “as split as possible,” which we now formulate more precisely.
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We already had a discussion of “distinguished split forms” for the dual of
a spherical variety in § the conditions that we will impose on X here
are similar, but not necessarily identical: What we require is that, for every
simple spherical root of even sphere type (§ , the associated rank-one
subquotient X°P/R(P) is isomorphic to SO2,\SO2), 41 with SOq, split. This,
in particular, implies that all colors of X are defined over F,. (Indeed, if
colors of type T' — corresponding to the subquotient SO2\SO3 — are defined
over [y, then it is easy to see that all colors are defined over F,, given our
assumption that G is split.) We make these assumptions, in order for the
“simple” action of the Galois group of IF;, on the symplectic representation Sx
of Definition [£:8.9]to be trivial; however, this is just a simplifying assumption,
and the more general Galois actions of that definition, together with the
modified “analytic” and “algebraic” actions on M, described in § should
produce the correct answer in every case.

We recall, again, in the notation of §3.7] that

X ~ St xHU g

where ST is a representation of the reductive subgroup H. Assuming, as in
§ and §, that the modular character by which H(f) acts on the Haar
measure on S (f) extends to a positive character n : G(f) — R, which we fix
(hence, here, 7 is the absolute value of what was denoted by the same letter
in §7.4), the space X (f) carries a unique up to scalar (G(f), n)-eigenmeasure
with factorization § f(z)dz = SH\G §s+ f(sg)dsdg, for ds = a Haar measure
on ST and dg an eigenmeasure valued in the appropriate line bundle over
H\G. We normalize this measure in such a way that the measure of X (o)
equals

| X(Fo)| dim(G)—dim(x
(9.3 vol X (0) = -2/ qdim(G)—dim(X)
) G(F,)

and normalize the action of G(f) on L?(X(f)) to be unitary, as in (7.11]).
We recall that M was constructed in 4.1 as the Whittaker induction of
a triple

(9.4) (Gx = G, sly — §,Sx a self-dual representation of G'x)

where the sly and Gx commute, and defined over k. What is more important
for our considerations in this section is the space Vx defined in as

Vx = Sx @ [gx N 8]

Recall that this space carries an action of the group Gx x G,, for which
the G,,, degrees on Vx are all positive. See the discussion after where
the G, was denoted by G, for reasons mentioned there.

TTef. also Expectation for a discussion in the broader setting of hyperspherical
varieties
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9.2. Categorical to numerical. In this section we will prove the following.

Proposition 9.2.1. Assume the Plancherel Algebra Congjecture [8.1.8. Let
Ux c Gx be a mazimal compact subgroup.

Then, with measures normalized as in 9.1, and using the notation recalled
above, the unramified Plancherel measure of can be written as follows,
for f a continuous function on A || W :

_ - det(I —t|gx/ax)
9.5 = |[Wx| ™! PL(X)¢
(9.5) n(f) = [Wxl A0 flq )det(l__ - DVe)

)

where Ag) is the mazimal compact subgroup of the mazimal torus Ax < Gx,
Wy the Weyl group for Gx, dt is the probability Haar measure and PL(X) 1S
as in e.g. (4.6).

In particular, p is supported on the image of the coset Ux - ¢ PL(X) < G
under G — A J/W. (Recall again that the cocharacter 2p L(x) commutes with
Gx.) Tt admits the following alternate description: Let u be the character
of Ux x ¢-'/2 ¢ Gx x G,, acting on the symmetric algebra SymVy; that
is to say, the function on Ux x ¢~'/2 whose value at (u,q"/?) is the sum
S xn(w)g~™?, with x,, the trace of u acting on the degree n component of
SymVx; this defines a smooth measure on the compact manifold Uy. Then
we have

. Id,2pp(x) ~
(9.6) i = pushforward of ug by Gx x G,, —" G,
Proof. 1 is uniquely characterized by , and is indeed characterized by
only the cases when W is trivial. Taking into account the normalized action
of GG, we have

<R&@=J f V(@) Ty (9)1x (o) (xg)dgd.
X(0) JG()

This was computed in (8.13)) to equal the trace of geometric Frobenius on

the linear dual of IP)]L&V). (Note that we have modified the measure on X (o)

here, to absorb an extra factor from (8.13)).) Assuming Conjecture this

is the trace of Frobenius on Hom(V, )V, where the relevant shear is the

analytic sheaf of §[6.8.1] that is to say:
(Tye,e) = [Hom(V, 0/ )"].

M
Now, we compute more explicitly using the isomorphism M = Vy x©X G;
see The representation OX;[ — by which we mean the space of G-finite
linear functionals on Oy, i.e., the “algebraic” dual — is thereby induced
as an algebraic G-representation from the G x-representation Oy, = the
symmetric algebra on Vx. Ignoring for a moment the Gg-action (and the
shear), we have isomorphisms of vector spaces

Hom(V,0y)" = (V®0%)¢ = (V ® SymVyx )*.
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One can easily check that the Gy = Gy,-action on the right hand side cor-
responds to the combination of the action on V' via the cocharacter 2prx,
and the action on Vx described in § (where Gy, is denoted by Gj,).

A vector in degree n for this G, action (i.e., A-v = A"v) will correspond
to a vector in the sheared space with Frobenius eigenvalue ¢~"/2. Using the
fixed isomorphism k ~ C, and taking Ux = a maximal compact subgroup of
G, we can employ the Weyl character formula to compute invariants. This
gives

_ _1
fxwlu =(Tve,e)= | xv(q¢ ""@g)tr((g,q 2)[SymVx)dg
Ux
(with q_% acting on SymVy via Gy,.), which is (9.5]).
]

9.3. Known computations of the Plancherel density. In this section
we explain the role of the G x-representation Vx in the unramified Plancherel
formula for X over a nonarchimedean local field.

The density p was computed in many cases by the second-named author
[Sak13] and extended in joint work with J. Wang [SW22|. These papers
are not restricted to the smooth case (indeed, the main objective of [SW22]
was to study the “IC functions” of possibly singular spherical varieties), but
in the smooth case we can summarize the findings as follows (still, with G
split):

Suppose that X is a spherical affine G-variety such that T* X

is hypespherical. If X is homogeneous or Gx = G, and un-
der some combinatorial assumptions that are true in every
example that we know (see Proposition , the unramified
Plancherel measure for X is given by (9.5); that is to say,
the “Frobenius trace of the local conjecture” is correct.

To see this, we must recall the setup of the quoted papers and translate
it a form where it can be readily compared with . As we shall recall
here, the papers [Sak13l [SW22| prove (under assumptions on the spherical
variety) that the Plancherel measure is given as the pushforward, under

A(;) Sy xg L eAd - A J/ W, of a measure of the form
det(I — t|gx/ﬁx)
det(I — (t,q 2)|V})

(9.7) du(t) = |Wx| ™ dt,

where V7§ is a graded representation of Ax, equivalently, a representation of
Ax x G,,. The multiset of weights of the representation V7 is Wx-invariant
and will be described below. It is not manifest in the general situation
of[Sak13, SW22] that this is the restriction of G x-representation. Hence, to
compare with , we need to recall the conditions under which is

proven, and to compare the graded Ax-representations Vx| Ay and V.
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Let us first mention the conditions on X — in fact, also on twisted cases
(X, ) addressed in the aforementioned papers, in which case the assump-
tions below apply to the Whittaker induction datum: X is a spherical affine
G-variety, or “Whittaker-induced,” in the sense of , from one satisfying
the following assumptions:

e M = T*X is hyperspherical. This, in particular, implies that X
is smooth and affine and has no “roots of type N” (see Proposition
3.7.4)) — the latest being a necessary assumption for the validity of
(9.7) in the aforementioned papers.

e X is either homogeneous, with the support of every spherical root
having the type of a classical group, or Gx = G. Moreover, in the
first case, there is a combinatorial condition [Sak13l Statement 7.1.5]
on certain data that will be recalled in § [0.3.5] below; under this
condition, is [Sak13| Theorem 9.0.1]. In the second case, it is
[SW22, (1.11)]. We expect the condition on the support of spherical
roots to be removed, once a few more cases of simple spherical vari-
eties are checked along the lines of [Sak13], § 6], and the combinatorial
condition [Sak13, Conjecture 7.1.5] to always be true.

For the remainder of this subsection, we assume the conditions above, and
compare the Ax-representations V| Ay ond V. The reader who is not
familiar with the aforementioned papers is advised to read the statement of
Proposition [0.3.3] and skip its proof.

Remark 9.3.1. The conditions of [Sak13l Theorem 9.0.1] are a little bit
more permissive than our current assumptions: they allow for spherical roots
of even sphere type, where for the associated subquotient SO2,\SO2,,+1 the
subgroup SOg,, is not split. The results from that paper motivated the
painful definition of the “simple” Galois action that we provided for those
cases in Definition However, we will leave it to the reader to compare
with the results of [Sak13| for those cases.

9.3.2. The space V. For the proposition that follows, and for a given multi-
set A in a set B (i.e., function B — N), where B carries an action of a group
W, we understand “the multiset of W-translates of A” to be the smallest
multiset that is WW-stable and contains A. In other words, its elements are
the W-translates of elements of A, and the multiplicity of each element is
the maximum multiplicity of a W-translate in A. Many natural questions
about multiplicities, in the discussion that follows, are easily resolved by ap-
plying Lemma to eliminate multiplicities, and we will not make further
comments on those.

Proposition 9.3.3. Assume the conditions above for X, so that the Plancherel
density is given by , for a graded Ax-representation Vi described in
[Sak13, Theorem 9.0.1] or [SW22, (1.11)]. The space Vy admits a decomposi-
tion Vi = S @V, which compares to the decomposition Vx = Sx®[g% N e

of (4.16]) as follows:
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o When X is affine homogeneous (or Whittaker-induced from such), the
multiset of weights of the space S’ is the multiset of Wx -translates
of valuations associated to colors of even sphere type, with grading
1; in particular, S5 < Sx. If those weights are minuscule, we have

"~ = Sx.

o When X is the affine closure of its open G-orbit, and Gx = Gm
the multiset of weights of the space S% contains, with the same mul-
tiplicities and grading 1, the multiset of Wx -translates of valuations
associated to colors of type T, and, ignoring multiplicities, coincides
with the set of weights of Sx. Again, if those weights are minuscule,
we have S = Sx.

e In the general case (with Gx = G), both Sy and S% are obtained
from the corresponding spaces Sy, Sy, associated to the affine closures
of their open G-orbits by the recipe of Definition[{.4.3.In particular,
if S = Sy then S = Sx.

e Finally, the graded Ax-representation V{ can be identified with the
smallest Wx -invariant subspace of g)L( N §e which contains its zero-
weight subspace, as well as its intersection with the span of the sup-
port of every spherical root. (Here we identify § with g*.)

We clarify the meaning of the last condition: Every (simple) spherical root
~ can be written as a sum of simple roots of GG; those appearing nontrivially
in the sum form its support. The support of each spherical root defines a
standard Levi subgroup of G, and since the dual group Gx is defined, as
a subgroup of G, uniquely at least up to conjugation by A, its intersection
with that Levi is well-defined up to conjugation by A. Choosing an invariant
bilinear form to identify g with its dual, the image of that Levi subalgebra
in g does not depend on the choice of form, and its intersection with g)L( N Je
gives rise to a sub-Ax-representation of gff N ge. The smallest subspace
invariant under the action of the normalizer, in Gx, of Ax is what is meant
by “smallest Wx-invariant subspace” in the last item.

Remark 9.3.4. In all examples of smooth affine spherical varieties that we
know, the weights associated to colors are minuscule (hence, S% = Sx), and
Vi = g§( N ge. Of course, we expect that Vx = V¥, always.

9.3.5. Recollection of [Sakl13| and proof of Proposition m i the homo-
geneous case. We start with the unramified Plancherel formula of [Sak13|
Theorem 9.0.1], for the cases of homogeneous affine spherical varieties satis-
fying the conditions recalled in the beginning of § To write the formula
given in [Sak13] in the form (9.7), one needs to take a number of steps, which
we detail here.

"8The first two cases intersect for affine homogeneous spherical varieties, with Gx = G.
In those cases, the corrected version of [SW22] Corollary 7.3.4] implies that the weights of
Sx and the Wx-translates of colors coincide (without counting multiplicities, except for
the highest weights). Thus, our two statements about S’% agree in those cases.
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First of all, one needs to modify the measures; since we are talking about

the case when X = H\G with H reductive (or a Whittaker-induction of
such), we will be working with G-invariant measures. The normalization
means that the measure on X is Tamagawa measure divided by the
factor ¢~4M|G(F,)|, where by “Tamagawa measure” we mean the measure
obtained by a G-invariant, residually nonvanishing, integral volume form on
X (and the probability Haar measure on o).
Remark 9.3.6. For usage later in the proof, we will reformulate this volume
when X is a point. In that case, vol(X (o)) = %, which is the reciprocal
Tamagawa measure of G(0). The formula of Steinberg [Ste68, [(Gro97] states
that this is equal to det(I — Fr|Vx)~!, where Fr is the (geometric) Frobenius
element, and Vy is the Galois representation

VX = G—)(Tgt)i(i),

)

where ¢ = t* | W, Tj is the tangent space at the image of 0 € t*, the index
1 denotes its i-th graded piece by of the natural G,,-action descending from
the action on t, and (d) denotes the d-th cyclotomic twist (multiplying the
action of Fr by ¢~9).

In our setting, ¢ is interpreted as the quotient M /G, where M is the
Whittaker cotangent space for the dual group, M = (f +ut) xV G. By the
Kostant section, ¢ can also be identified with §., the centralizer of a principal
nilpotent e, and the double of the above grading is obtained by the action
of the element h of a corresponding principal slo-triple plus 2:

qdim(G)

~ [G(F,)]

We now return to our main concern. On the other hand, the formula of
[Sak13, Theorem 9.0.1] is using on X (1 — ¢~!)~4mM4x times the Tamagawa
measure (see the remark at the end of Section 9 there). In particular, writing
vol’ for the volumes of that paper and vol for our current normalization, and
taking ® = e, equation (9.2) of [Sak13| reads:

(9.8) vol(X (0)) = det(1 — Fr|g.) L.

1
vol (X (0)) = =—— [ vol'(X(0))*Lx(x)dx,
QWx| Jay
hence, in our current normalization,
1
le|* = vol(X(0)) = == [ vol'(X(0))vol(X (0))Lx (x)dx =
QWx| Jay,

 dme (1 =g HdmAx

- |G(Fq)‘ QIWx]| AL

Thus the Plancherel density of e has the form
dimg (1 — ¢~ HdmAx

G(Fg)|  QWx]

vol' (X (0))%Lx (x)dx,
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(where we omit the implied probability Haar measure dx on Ak) Now, we
combine the definition of Lx given in op. cit. 7.2.3 with Theorem 9.0.3 which
computes vol'(X(0)). The former has the form

det t‘ ix /ax)

Haee(l —qroef)

(we will comment on the set © below, but we mention that the simplifying

assumption that all colors are defined over F' means that we can ignore the
signs oy of loc.cit.), and the latter has the form

vol' (X (0)) = Qc™?
This simplifies the Plancherel density of e to

Lx(x) =

(9 9) qdimG’Q . (1 _ q—l)dimAX . det t|gx/0X)
G (IFg)| (Wx | peo (1 —a7"0€?)
The constant @) depends on the parabolic P(X), and is equal to
vol(G(o
o (G(0))

vol(P(X)~ (0)P(X)(0))’

where P(X)~ is opposite to P(X) (and the volume appearing above expli-
cated e.g. in the statement of op. cit. 9.0.3.) One then computes the first
factor (the first fraction) of is equal to

(1 _ q71>dimAx 1
volL(X)(0)  volker(L(X) — Ax)(0)’
where the volumes are taken with respect to Plancherel measure.
Hence, we can write the Plancherel density of e as

1 . det(l —t|gx/ax)
Wl volker(L(X) = Ax)(0) [Teo (1 — 4 77¢7)
Note that the kernel of the map L(X) — Ax is connected (by condition
on hyperspherical varieties, § [3.5.1] and examining the proof of Proposition
3.7.4)) and its dual is the cokernel of the map Ax — L(X). By Remark
9.3.6] and in particular (9.8)), volker(L(X) — Ax) is the (alternating) trace

of qfé € G,,, acting on the exterior algebra of
(X)°/ax,

where [(X)¢ denotes the part of the Levi algebra [(X) dual to P(X) annihi-
lated by the element e of the sly-triple; equivalently, we could have written
this as [(X),, the centralizer of e in [(X). This part is graded by the action
of the element h of the slo-triple plus 2. In particular, its 2-graded piece is
5(I(X))/ax, and its > 2-graded piece is [[(X), [(X)]°.

Hence, we arrive at the following Plancherel density for e.

1 . det(l—ﬂgx/ax)

“I.y » ‘

Wl det(1 — (g~ 2)((X)/ax) - [Tpeo (1 — a~"7¢")

(9.10)
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The denominator is what is denoted by det(I — (¢, q_%)|V)’() in (9.7). The
product over © expresses the nonzero Ax-weights of V%, while the factor

det(I — (q_%)ﬁ(X)e/dX) contains its zero weights. To arrive at the claim of
Proposition we need to recall the definition of the pairs (rg,6). The
reader is warned that there is nothing pleasant about their description.

The set © of [Sak13| consists of pairs (rg,f) (although, for notational
simplicity, we write 6 € ©), comprised of a half-integer rg and an element 6
of the cocharacter lattice of Ax. For our purposes, 2rg should be interpreted
as the Gg-weight. This set is Wx-stable, and stable under multiplication of
the 8’s by +1, hence corresponds to a graded representation of the dual torus
Ax, where each graded piece is self-dual (as an ungraded representation), and
isomorphic to its Wx-conjugates. Its multiset of weights is the smallest Wx-
and (+1)-invariant multiset of pairs (ry,#) containing the “virtual colors”
introduced in [Sak13| § 7.1]; we will repeat the definition, for convenience of
the reader. Note that in [Sak13| there was a third piece of data for virtual
colors — a sign — that here we may ignore, because we are for simplicity
working with the “split form” of the space.

The virtual colors are the smallest multiset D, of pairs (rg, ) that

e contains the pairs defined by colors, as follows: if D is a color, then
0 = 0p € X4«(Ax), the valuation defined by D, and H

(9.11) 2rp = (0D, 2p = 2pr(x)) ;

in the cases of Whittaker induction, in the notation of , this
applies only to the colors induced from Xy — the rest of the B-stable
divisors on X are ignoredﬂ

e if v is a root of G which is also a simple coroot of Gx (i.e., v is a
spherical root which also happens to be a root of G), and (rg, 0) € D,
with (0, ) > 0, then there is a distinct (g, ') € D, with §' = —w, 0,
where w, is the simple reflection associated to 7, and

(9.12) 2rg = (2p,7) — (0,20 — 2p1(x))

This pair (rg, #") may or may not come from another color; if not, it is
added to the multiset artificially, hence “virtual” colors. We observe
that the grading of all virtual colors is positive, as follows (at least) by
the case-by-case analysis of rank-one and rank-two spherical varieties
in [Sak13].
We should specifically discuss the case of colors D of type T (see §: If
D, D’ are two colors of type T' and « is a simple root such that D, D’ < X°P,
(recall that X° denotes the open Borel orbit), then (rg,6) = (1,9p) and

™The formula for the grading 2rp of a color needs to be modified in the non-
homogeneous case; see Remark

80This point is not stated in [Sak13|, making the definition of relevant colors imprecise
in the cases of Whittaker induction; however, it readily follows from the arguments that
this is the correct definition.
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(re,0') = (3,0p/). This follows from (4.10) and (4.18). (Note that in the

affine homogeneous case, 1 can be taken to be trivial.)

Example 9.3.7. We revisit Example Here there is only one color

D with op = 3, so rp = %, but we also have a virtual color D’ with
Upr = ¥p and rpr = % The representation Vy is two copies of the standard

representation of SLa, one with grading 1 and the other with grading 3.

We can now divide the (multi)set © into a disjoint union ©; L O, where
O consists of those pairs (rg, §) with rg = % We define S’ to be the graded
representation of Ay with weights in ©;, and V{ to be the direct sum of

[(X)¢/ax with the one with weights in ©,.

Lemma 9.3.8. ©; consists precisely of the Wx -translates of

e colors of type T';
o virtual, but not actual, colors associated to spherical roots of even
sphere type SO2,\SO2p+1 with n = 2.

Note that, here, we don’t need to additionally say “(+1)-translates,” be-
cause the set of Wx-translates as in the lemma is automatically closed under

(+1), by @E10), (E11).

Proof. This is by inspection of the cases of rank-one spherical varieties listed
in [Sak13l Theorem 6.11.1|, and the subsequent calculations in that paper.
O

Hence, the representation S’ satisfies the statement of Proposition m
To prove the statement on Vy, we check the zero- and nonzero-weight spaces
for Ax separately. The zero weight space clearly coincides with the zero
weight space of g3 N ge, since [(X) is the centralizer of dx in §.

For the nonzero-weight spaces, we have unfortunately been unable to iden-
tify them with those of g)i( N ge, but one can check the statement of Propo-
sition [9.3.3] about the support of spherical roots, as follows: Let v be a
(simple) spherical root, and P, the parabolic defined by the support of its
spherical roots. One can then consider the variety X°P,, and its quotient
X, by the unipotent radical of P,, which is a homogeneous spherical vari-
ety for the Levi L,. Colors of X contained in X°P, are in bijection with
colors of X, and one can easily check by hand, for each of the cases of
such simple roots (appearing in Section 6 of [Sak13]) that Vx = V)’(w. In

particular, V;’év =1, N g% N e, and therefore V4 can be identified with the

smallest Wy-invariant A y-subrepresentation of gJX N ge which contains its
intersections with [, for every simple spherical root .

9.3.9. Recollection of |SW22| and proof of Proposition m i the non-
homogeneous case. In the cases considered in [SW22], we have G = Gy,
and therefore (since this does not include twisted — i.e., Whittaker-induced
— cases) every simple root is of “type T',” and M = Sx. In that case, the
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formula [SW22] (1.11)] on the Plancherel density of the basic function is of
the form (9.7), with Vi = S% described by a multiset Bx of weights — a
crystal — with the following properties (see [SW22, Theorem 7.1.9]):

(1) It is obtained from the corresponding crystal of the affine closure of
the open G-orbit, according to the recipe of Definition @ We
are employing, here, Proposition m to identify the set DG, (X) of
op.cit. with the set D%(X) of G-invariant divisors.

(2) In the case of X = faﬁ, without counting multiplicities, the weights
in Bx coincide with the weights of Sx; moreover, Wx-translates of
colors appear in B x with the same multiplicity as the corresponding
colors. (This is unambiguous, because Lemma reduces us to
the case where all color multiplicities are 1.)

The Gy, -grading of the space S is equal to 1.
Remark 9.3.10. To compromise the recipes for the grading, here and in
the previous case, we remark that the formulas and (| -, in the

non-homogeneous case where there is an elgenmeasure Wlth eigencharacter

1, need to be shifted by the character n of (3.8)); that is, (9.11)) should become

(9.13) 2rp = (0p, 0+ 2p — 2p1(x))
and ((9.12) should become
(9.14) 2rp = (2p,7) — (Tp, 1+ 2p — 2pp(x)) -

Note that, by (4.6), n + 2p — 2pp(x) is a character of Ax, hence these

definitions make sense. The fact that (9.13)) gives 2rp = 1 when Gx = G
follows, as in the homogeneous case, from (4.10) and (4.18]).

9.4. Questions about the Hecke module structure of spherical func-
tions. The Plancherel formula describes the structure of L?(X;)%. One
may also be interested in more algebraic versions of the same question: in
particular, the module structure of the space of functions X; — k (with
k a coefficient ring) that are invariant by G,; this question becomes par-
ticularly interesting for k of finite characteristic. We now sketch what our
conjecture suggests about this, assuming throughout that the residue char-
acteristic should be invertible in k.

One hopes that a suitable “trace of Frobenius” on the category of sheavees,
recovers the vector space of Go-invariant functions on Xj. This is studied in
the group case in [Zhulg|; we do not know it is true for X;/G,. Nonetheless,
it is reasonable to believe it is so.

On the spectral side, the trace of an automorphism F on a category of

coherent sheaves is the space of functions on the fixed locus of F'; or, more
abstractly, the (derived) intersection of the diagonal and the graph of F. In
the case of an automorphism of M commuting with G, the fixed locus of F
on M/G is then the twisted inertia stack: {(g € G,me M) : gm = Fm}/G.
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This reasoning suggests, then, that
G, * * Y 1/2 o\’
(9.15) Cr( Xy k) "i(k[geG,meM:(g,q_/)-mzm] >

On both sides we take invariants in the derived sense — that is to say,
each Gy-orbit Gyxr < Xj contributes not a copy of k, but of the cohomology
H*(Go,z, k) of the stabilizer. The right hand side should also be interpreted
in a derived sense.

If k£ = C, these derived phenomena are irrelevant, and we get simply the
usual function space of k-valued Gy-invariant functions on Xj. Then ((9.15))
follows from the work [Sak13] of the second-named author in the situations
to which that work is applicable. Indeed, we can rewrite the right hand
side as k [g eGx,veVx:g-v= ql/zv]GX. Now for any g € Gx the space
of solutions to gv = q'/?v corresponds to the 1/,/q-eigenspace for g, and a
g-invariant function on this space is clearly constant. Therefore, the ring on
the right is simply the ring of class functions of G'x, and one can apply the
results of [Sak13| to deduce the desired isomorphism of Hecke modules (for
kE=C)

C*(XF/Go) ~ C[Gx]¢x
In particular, for k& = C, the module structure is insensitive to Vx, but
this is presumably false for general k. This is an interesting point to study
further.

To summarize parts of our previous discussion: while, as we just noted, Vy
is not reflected in the “mere” module structure of C(Xr/Gp), it becomes
visible if we consider also the basic function and inner product. Indeed,
our discussion implies that, when Proposition applies, there is an iden-
tification of Hecke modules equipped with distinguished vector and inner
product:

(CZ(X5/Go) 2 e,{—, =) ~ (C[Gx]%* 3 1,{~, —)r2())

where p is the Haar measure on a translate of the compact form of Gy,
multiplied by a g-deformation of the character of the representation Vy.
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Part 3. Global theory

In this Part we study the global story — that is, starting from a dual pair
(G, M) and (G, M) of hyperspherical varieties, we examine the matching of
associated automorphic and spectral quantizations in the setting of global
Langlands — more specifically, for a curve over either a finite field or the
complex numbers.

We refer to page for a summary of the contents of the various sub-
sections. To briefly reprise: we begin in by examining automorphic
quantization in global geometric Langlands, giving “period sheaves” and “pe-
riod functions.” The spectral side of the story will be entirely parallel, giving
what we call the L-sheaf; it will be treated in §I1} and in §I2] we will put
the two together and formulate the geometric form of the conjecture, which
asserts that period and L-sheaves match under geometric Langlands. After
carrying out some sanity checks for the case of P! in §13| we then turn in
§14] to the arithmetic manifestation of the same phenomena — that is, the
corresponding statements concerning equalities of numerical periods with
L-values.

10. PERIOD FUNCTIONS AND PERIOD SHEAVES

According to the general picture explained in §1.3] periods should give

objects in the categories on the two sides (automorphic and spectral) of
the global geometric Langlands conjecture, just as they give wvectors in the
vector space of automorphic functions in global Langlands and objects of the
category of local representations in local Langlands.

In the current section we shall describe the global automorphic objects
and the global automorphic vectors arising from a polarized hyperspherical
G-variety M - we will be more specific about the setting in a moment. These
will be called “period sheaves” and “period functions.” For example, when
M = T*X (that is to say, there is no twist in the polarization), we get a
morphism

m: X/G — BG,

By taking maps from an algebraic curve X, and then pushing forward the
constant sheaf along the maps induced by 7, we obtain the “period sheaf” on
the space of G-bundles. Frobenius trace extracts the usual period function.

The contents of the present section are as follows:

e §10.1| sets up the considerable amount of notation needed.

e §10.2] introduces the space of bundles with an X-section, together
with the necessary twists needed for our conjecture.

10.3| defines the basic period sheaf and period function.

e §10.4] introduces a crucial “unitary” (analytic) normalization of the
period sheaf. The normalization process is a half-twisting that de-
pends on the Gy, -action.

° describes the modifications needed when M admits a twisted

polarization (§3.7)).
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e §10.6|gives a number of examples, emphasizing the roles of the various
twists.

. discusses how the statements can be reformulated to be mani-
festly independent of spin structure.

e J10.8] explains the compatibility of period sheaves with Whittaker
induction of Hamiltonian spaces, reducing their study to the vectorial
case.

e §10.9| explains why the construction is independent of the choice of
polarization — an incarnation of the Fourier transform. (Therefore,
the period sheaf can indeed be viewed as attached to M, rather than
X; we have however preferred to denote it as Px rather than Pyy).

10.1. Notation: X, G and M.

10.1.1. Coefficient fields. We work over an algebraically closed base field [F,
which is either the algebraic closure of Fy, or C. We fix a smooth projective
curve X over F. For any statement that entails a Frobenius morphism (e.g.,
any mention of Weil structures on sheaves), or adeles, it is understood that
Y is defined over Fg; in those cases “adeles” and “function field” of the curve
will always mean over [F,.

We also have a ring of coefficients k, which we take to be Q, or C according
to whether [ is of finite characteristic or complex. In the finite case, we fix
a square root ,/q € k of the cardinality of F,. As in the local case, we will
present ‘normalized” or “analytic” versions of our conjectures, which make
use of this choice, and arithmetic versions, which do not.

10.1.2. Spin structure on the automorphic side. It will be convenient to
choose a spin structure on ¥, i.e., a square root K2 of its canonical bun-
dle (though we will keep track of the dependence of our constructions on
the choice and indicate how to formulate statements independent of it, see
in particular ) For convenience, we will fix a rational section of this
square root as well. Squaring this gives rise to a meromorphic differential
form w whose zero divisor (the “different”)

(10.1) 0= Y nyw, Y iny = (29 —2).

has all even multiplicities; we put ?%/2 = 2. %v and write kY2 = (’)(01/2)
for the associated line bundle. We also write ¢ for an idéle associated to 0
so that 0 = (dy), with 0, = 7» and 7, a local uniformizer.

Let F be the function field of ¥, Ap its ring of adeles, and 0 < Ap its
integral subring. In the finite field setting, w gives rise to a homomorphism

(10.2) b Ap/F — T,

whose restriction to the copy of F}, inside Ap comes from the pairing (f,w) —
Resy(fw). Fixing once and for all an additive character ¢ of F, valued in £,
we get a character of Ap/F, also to be denoted by 1. Notice that varying
the choice of rational section while fixing the spin structure K2 varies 9
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by a square in F'*. From our definitions, the character z — ¢ (z) of Ap has
the property that on each completion F), it is trivial on 0, ‘o, but not on
w, 10, Yo, thus x, +— (0, 'z,) is an unramified character of F,.

10.1.3. G, M, and polarizations. (G, M = T*(X,¥)) will be a distinguished
split form over I, in the sense of Deﬁnition of a hyperspherical variety
admitting a distinguished polarization; where we recall G is to act on the
right. See §10.9] for discussion of independence of polarization as well as
removing the assumption that M is polarized.

We will frequently allow ourselves to assume that X admits an eigenmea-
sure, see §3.8 This assumption is “harmless” for global applications, for
reasons outlined in §3.8:2] and it should also be possible to formulate the
discussion to avoid it entirely, see preliminary discussion along these lines in
Remark [12.6.5] However, we find it extremely helpful in thinking about how
to normalize to maintain this assumption.

We will make use of the quantity

(10.3) Bx = (g — 1)(dimG + yx — dimX).

where vx is, as in (3.35]), the character through which G, scales the eigen-
measure. This will appear as a normalizing shift in our period sheaf; a
corresponding shift will also intervene on the spectral side.

Remark 10.1.4. Note that, while we make the hyperspherical assumption
for global coherence of the paper, all the considerations of this chapter can
be applied to an arbitrary G x Gg,-space X with an eigenmeasure, or for
that matter the same situation allowing a Al-torsor ¥ — X, and there
are certainly examples where duality theory seems to work well that land
outside our hyperspherical framework. A particularly important example is
the “Eisenstein case” X = U\G considered as a T x G space, which we will
at times consider by way of contrast.

10.1.5. Context for the Langlands program and sheaf theory. We briefly recall
the main outline of the geometric Langlands program and the underlying
sheaf theory, see Appendices [B] and [C] for a more thorough overview.

Attached to X there are two basic spaces of interest for the geometric
Langlands story:

e The space Bung of coherent G-bundles on X.
e The space Locs of G-bundles on X.

We have used the word “space” loosely; more precisely, Bung is an al-
gebraic stack over I and Locs is a derived algebraic stack over k. The

81The word “split” is relevant here only in the context where [ has finite characteristic,
and there because we did not define a notion of hyperspherical in finite characteristic. For
the purposes of this chapter, the reader can ignore the word “split” entirely, and instead
take the data of (X, ¥) as a starting point, as in Remark
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dimensions of these spaces will often come up, and we abridge them in the
following way:

(10.4) bg = dimBung = (¢ — 1)dimG, by = dimBuny = (¢ — 1)dimH, . ..

and so on, where g is the genus of the curve ¥; the dimensions of the corre-
sponding Loc spaces are obtained by doubling these.

The geometric Langlands correspondence posits an equivalence between a
category of “constructible”-type sheaves on the former space, and a category
of “coherent” sheaves on the latter. This general vision has been formulated in
at least three different contexts, with varying specifics. Bung is the space of
algebraic G-bundles in all cases, but the category of sheaves on it varies, and
the definition of Locg also varies. We give a résumé of these constructions in
Appendix [C} for now we summarize sheaf theory on the automorphic side.

In all cases, we will write simply

(10.5) Shv(Bung) © Aut(Bung), SHV(Bung) > AUT(Bung),

for the “small” and “big” categories Shv or SHV of sheaves on Bung, and,
inside it, the “spectrally decomposable” subcategories Aut or AUT i.e. the
largest category on which it is reasonable to think about Hecke actions. We
describe Shv(Bung) more explicitly in each case, but refer again to Appendix

for details.

e Finite context: F = F, and k = Q;. Shv(Bung) consists of étale
constructible sheaves on Bung with coefficients in k. This has a
Frobenius action (when 3 is defined over Fy); Frobenius-equivariant
objects are then Weil sheaves, and here we can talk about “Tate
twists.”

e Betti context: F = C, and k = an algebraically closed field of char-
acteristic zero@ Shv(Bung) consists of (certain) sheaves on Bung
with coefficients in k£ and Lagrangian singular support. In many ways
this is technically the simplest setup.

e De Rham context: F = k = C. Objects of Shv(Bung) are coherent
D-modules on Bung.

Remark 10.1.6. Still another context, closely related to the “finite” setting,
is to take F = C but to use constructible sheaves for the classical, instead
of the étale, topology (and arbitrary coefficients), which also affects the def-
inition of Locs on the spectral side. We will, somewhat abusively, use the
“étale setting” to describe either this setting or the finite setting, since many
of the same conclusions will apply in both cases.

An important technical point is that we will work in all cases with the
ind-finite or renormalized category of sheaves; see §B.6 and Appendix [C] for
discussion; while this is important in trying to get various categories to line
up, the reader unfamiliar with this notion will not lose a lot by ignoring
these words at a first reading (and this choice can be adjusted at the cost of

82Betti sheaves, actually, make sense over any coefficient ring
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adding “nilpotent singular support” requirements to the sheaf theory on the
spectral side).

The constructions presented will have slightly different interpretations ac-
cording to context. We will explain most constructions in the Betti context,
where they are particularly simple to describe. When the translations to
other contexts are not straightforward we will add a description of them.

In each context we will use the twist notation F{d) following and
in particular . Recall that this means three simultaneous twists (which
may or may not apply, according to context): a cohomological twist [d], a
Tate twist (d/2), using the fixed choice /g inside our field of coefficients £,
and a parity twist.

10.2. The space Buny of bundles with an X-section. We discuss first
the case of untwisted cotangent bundles, M = T™* X, with the twisted case to
be discussed in §10.5] The space of primary interest for defining the period
sheaf is informally

Bun)G{ := “G-bundles with a section of the associated X ® K1/2-bundle.”

For example, when G = GL,, and X its standard representation with scaling
Gy, action, the fiber of Bung over a vector bundle V' is the space of sections
of V®KY2; when X = H\G with trivial G, action then Buné — Bung is
identified with Bung — Bung.

Formally, Bung — or Bun® when the group G is clear — is the algebraic
stack defined as the pullback of mapping stacks

(10.6) Buny —— Map(%, GXLGW) :

Jf ~dlC1/2 l’
Bung = Bungxg,,

This is in fact an Artin stack, cf. [Ols06, Theorem 1.1| or see (a) below
for a sketch. Note that, for the considerations that follow, it does not matter
whether we consider these as classical or derived stacks. The reason is as
follows: Although one can meaningfully enrich Buné to a derived stack, this
will have no effect on constructible sheaves — in particular the period sheaf
— which are sensitive only to topology.

Remark 10.2.1. (a) Bun)G( and the geometry of Bun)G( — Bung is quite
tame, as we now explain:

Bung is a union of open substacks, each of which is a global quo-
tient of a scheme; we exhibit the global quotient structure by “adding
level structure,” i.e. fixing a point on the curve and trivializing the
bundle up to some order at that point, and then descending; the
group involved is thus a pro-unipotent extension of G. Upon pull-
back to each such open substack, the morphism Buné — Bung is a
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global quotient of a morphism of schemes, as we can see by choos-
ing a G-equivariant embedding of X into a vector space and thus
reducing to the case when G = GL,, X = A".

(b) For X homogeneous, Buné is smooth (although its morphism to
Bung need not be smooth). This is true more generally for X smooth
on the locus of maps which generically land in the open G-orbit on

X. For an example of nonsmoothness see §10.6.2]

10.3. The period sheaf and the period function. The compactly sup-
ported (i.e., I-) pushforward of the constant sheaf along Buné — Bung will
be called the unnormalized period sheaf Px.

Px = compactly supported pushforward of constants along Buné — Bung.

We emphasize that this is a ! pushforward; a dual * pushforward will appear
on some rare and interesting occasions e.g. Remark [10.3.7] and §14.8; and in
that case we will use * explicitly in the notation.

In the finite context Px is considered as a Weil sheaf, i.e., with a Frobenius
equivariant structure. We take the trivial Frobenius action on the constant
sheaf here, to be “corrected” later, when we introduce the normalized period
sheaf.

Let us compute the function associated to this Weil sheaf.

Recall that we can uniformize Bung(F,) as the quotient G(F)\G(A)/G(0);
the sections of the bundle parameterized by g € G(A) are identified with the
elements of x € G(F) with the property that zg € G(0). Thus, for example
in the case G = Gy, the element of G,,(A) that is given by the uniformizer
w, at a single point = of the curve ¥ parameterizes the line bundle O(x) (we
spell this out to avoid possible sign confusion). With reference to these adelic
uniformizations the chosen spin structure of can be identified with the

class of oY% =[], or’? in F*\A%/11,05 = Bung,,(F,), and the set of
F,-points in the fiber of Buné over the G-bundle represented by g € G(Ap)
is identified with

(10.7) X(F)n][X(00)- (g7 0712).

The Frobenius trace on the period sheaf recovers the period function (or
theta series) associated to X, to be denoted by regular font,

Px : Bung(F,) — k,

which sends a G-bundle to the number of sections of the associated X ®IC1/ 2
bundle, equivalently:

(10.8) Px(z):ge G(A) — > (g,0%)  d(a).
zeX (F)

Here, ® is the characteristic function of X (0) inside the adelic points of X,
and the action of G x Gy, on such functions is understood as (g, \)®(x) =
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®(xz(g,\)) (i-e., it is an unnormalized action, as opposed the normalized
action that we will introduce in below).

As is often the case (see , it will be convenient to also have a version
of Px that incorporates half-twists, because it will relate more clearly to
unitary structures in the theory of automorphic forms. We turn to this next,

in {104]

Remark 10.3.1. (The star period) There is a second variant of the period
sheaf, which is of great interest, although it will not play such a role in this
paper. This is the %-variant P% — understood as the *-push-forward of the
dualizing sheaf from Bun)G( . Equivalently, this is the “naive Verdier dual” of
Px; that is to say, a sheaf on Bung being a compatible system of sheaves on
a system of open truncations, we apply usual Verdier duality at each level;
note however that [DGI15] (cf. this naive Verdier duality is not
an equivalence of categories. The classical meaning of this sheaf is not so
easy to understand, and its existence is an interesting puzzle in the classical

theory. See §14.8

Remark 10.3.2. Let us discuss technical issues in the de Rham context. As
we have seen (, the map Bun)G( — Bung has a very simple nature.
In particular, there is no difficulty in defining either ! or * pushforward of
the constant sheaf along these maps in any of our sheaf-theoretic contexts.

Indeed (by definition, cf. a sheaf on Bung is a compatible system
of sheaves on open quasicompact substacks of Bung; and in turn, on each
open quasicompact substack, sheaves are defined as the ind-completion of the
category obtained by taking the limit of small sheaf categories over maps of
an affine Y into that open quasicompact substack. When pulled back to
such Y, the map Bun)G( — Bung becomes a morphism of schemes.

Therefore, Px and P% are, locally on Bung, even compact objects of the
automorphic category, i.e., objects of the small category of sheaves, though
they are not compact themselves since they don’t have quasicompact sup-
port. By means of the functor from the ind-finite to the usual category,
they can also be considered elements of the latter.

10.4. Normalized periods and normalized period sheaves. Px has an
important variant. This is the normalized period sheaf, which corresponds
to formula using the wnitarily normalized action of G. To define a
normalized period sheaf we assume the existence of an eigen-volume form as
in (3.8) with eigencharacter n: G — Gy,.

The normalized version of is

(10.9) PR ge G(A) — g P2 YT gx (02 (),
zeX(F)
(10.10) _ qu_l(dimX—dimG) Z (9’51/2) « D().

zeX (F)
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where * denotes normalized actions, defined thus:

(10.11) g W = [n(g)["2(g- V), (g, %) * ¥ = [n(g)["*|A"*/(g,A) - ¥

are the unitary fx is as in (10.3]), and vx is as in (3.35). That is to say,
)

(10.9) uses only unitary normalization of G, whereas (10.10)) uses unitary
normalization of both G and Gg,; to deduce (10.10) from (10.9) we use
[0%/2] = ¢'~9 and the definition of Bx.

To make the sheaf version note that n : G — G, induces Bung — Bung,,
and in particular a degree function deg : Bung — Z. We put

(10.12) 'P;lgorm = Px<deg +,Bx>.

Note that P3°™ is not, in general, a global twist of Px because of the non-
constant function deg. The star period sheaf of Remark also has a
normalized variant, obtained by taking naive Verdier duality, or equivalently
P = Py(—deg —fx).

Let us try to describe the origin of the two twists in , by degree
and by SBx. |§|

- The twist by {8x) appears already in the homogeneous case X =
H\G, in which case Bun)G( = Bung, and splits the difference be-
tween the constant and the dualizing sheaf of Bung; in this case,
the period sheaf can be thought of as the push-forward of the inter-
section complex of Bung, but we emphasize that our definition does
not agree with the intersection complex of Buné in general. The

numerical explanation of the Sy twist is that the factor ¢~#x/2 is an
attempt to render Py*™ approximately L?-normalized

(10.13) | PR o~ 1.

- On the other hand, the degree twist (deg) has to do with the lin-
ear fiber ST, and is a standard twist in the geometrization of the
Weil representation [Lys06]. If ST is nontrivial, this twist cannot be
interpreted through the intersection complex of Bun)G( (which is, in
general, singular), but can be thought of as the sheaf-theoretic analog
of half-densities in the Schrédinger model of the Weil representation.

Remark 10.4.1 (The degree sheaf). It will be convenient to represent the
degree shift F — F{deg) as tensor product with a sheaf. Namely, this is
achieved (in any of our contexts) by the (n-pullback of the) locally constant
sheaf

deg € Shv(Bung,, ),

837 better, but notationally cumbersome, way to separate the twists is to split off the
term (g — 1)yx from Bx; this term plays exactly the same role for G4, as the degree
plays for G — remember from that Bung is defined as a fiber over K2 e Bung,,..
In the discussion that follows, references to Sx really are meant for the remaining terms
(9 — 1)(dimG — dimX).
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which is given by k{(d) on Pic?; in the language of deg is the shear of
the constant sheaf by the G,,-action on Shv(Bung,,) corresponding to the
Z-grading by degree. Under the sheaf-function correspondence (see §2.5))
this corresponds to the function £ — ¢~98£/2. If we uniformize line bundles
adelically via this matches with z € A* — |a:|11<2. In other words, deg
is an automorphic avatar of the square root of the cyclotomic character wl/?
under class field theory.

Remark 10.4.2. It is worth noting that there are three shifting processes
appearing implicitly in the above discussion.

(a) the shift by K/2 embedded in the definition of Buny, which reflects
the Gy, action;

(b) the twist by {deg) in (10.12); this reflects the failure of X to be
unimodular;

(c) the twist by (Bx).

Roughly speaking, the first twist is related to a translation on the auto-
morphic side, whereas the second twist is related to a translation on the
spectral side — see Remark [I1.5.2] As such, these twists do not commute
with one another: as is usual in Fourier analysis, spectral and automorphic
translations do not commute. In physics automorphic and spectral trans-
lations correspond to shifts of magnetic and electric flux, respectively, and
the lack of commutativity is an aspect of the “uncertainty of fluxes” studied
in [EMSO07D, [FMS07al; see also Remark [C.3.8]

10.4.3. Changing the grading. The following remarks are not essential to
understanding the main conjecture but will be used later in analysis of parity
issues. Given a central cocharacter A : G,,, — Z(G) we denote by X[A] the
G x Gyp-space X with Gg.-action twisted by A. The effect of passing from
X to X[A] is to translate the unnormalized period function/sheaf by the
translation action of the Z(G)-torsor A(K'/?) (or numerically by the central
clement A\(9'/2) of G):
Pxpy = AMK?) = Px.

Here, to normalize signs, “translation by )\(lCl/Q)” means that the delta
function at a point would be sent to the delta function at its translate by
A(K~1/2). We will prove that the normalized period sheaf is transformed
similarly:

Lemma 10.4.4. The operation X — X[A] affects the normalized period
sheaf as follows:
PR ~ MKY2) PR

Proof. Observe first of all that, see ((10.3)),
(10.14) Bx = Bx + (g — )N m).

If we translate the sheaf (deg) on Bung, by K2 we get (deg+(g — 1)).
Correspondingly, since we understand (deg) on Bung as the pullback of the
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Gy, sheaf via n: G — Gy,

(10.15) T(F(deg)) = (TF){deg +(g — 1){n, A))-

where T refers to a translation by A(X/2). Thus, from the definition (10.12),
PXiy = (TPx){deg +B8xp), TPX™™ = TPx{deg +8x + (g — 1){n, ).

and comparing with we deduce the lemma. O

10.5. Modification for the twisted case. We are now going to explain
how to define the period sheaf and its variants in the case of twisted polar-
izations (X, ¥) (see §3.2.1)). At a high level, the modification is simply

twist by a rank one “Artin-Schreier” local system on Bun)G(.

Here, the Artin—Schreier sheaf is pulled back from a sheaf on G, in the
finite and de Rham context, and a slight modification in the Betti context.
We start by defining it on G,, and then explain how it is to be pulled back
to Buné )

Definition 10.5.1. We understand the “Artin—Schreier sheaf” on thus:

(a) In the finite context, it is the étale sheaf of rank one k-modules on
Gq whose trace function is the fized additive character F, — k>,
obtained, in the usual way, from the covering x4 —x, see e.g. [Del77
Sommes. trig.|.

(b) In the de Rham context, it is the exponential D-module on G, i.e.,
the sheaf associated to the differential equation f' = 2mif.

(c) In the Betti context we understand the “Artin—-Schreier sheaf” to be a
locally constant sheaf in the analytic topology on Gq/Gyy,, where Gy,
acts by squaring on Gg, defined as

(jik™ @ jxk) [-1]

where j : G,, — G, and k, k= are respectively the trivial and
nontrivial one-dimensional local systems on Gy, /Gy, ~ Blus.

The point in (c) is that although we cannot make sense of a Artin—Schreier
sheaf on G, itself, its pushforward to G,/G,, makes sense (cf. [NY19a, Sec-
tion 2.5.2]), and this will be sufficient for our purposes. To compare with
INY19al, note that in our case the action of G,, on G, is the squaring action;
computing the pushforward of the sheaf used in op.cit. leads to the formula
above.

Now, in our current situation, M = T (X, ¥) with ¥ a G,-bundle over X,
and the G, action scales G, via squaring. Recall from §10.2] that we define
Buny as the fiber of Map(¥, ﬁ) over K2. An affine bundle ¥ — X as
in @ defines a map X — BG, equivariant for the action of G' x G4, where
the Gg,-action scales G, by the square character, and G acts trivially. In
particular, we have a map

pt
)s

el G G

<G, ~ Mol
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wherein the action of G, on G, is by squaring.

Correspondingly, Bun)G( maps to the stack of G, x Gy, torsors reducing to
K1/2; said differently, this is the stack of torsors for K = (K/2)®? considered
as a vector bundle; this stack is identified with the quotient of H'(3, Q') ~
G, by the trivial action of H?(X,Q!), and in particular maps to the affine
line G,. This gives us a (non-schematic) morphism:

(10.16) Bund — G,

which measures the obstruction of lifting the X-section to a W-section. This
already suffices to define the Artin—Schreier sheaf on Buné{ in the de Rham
and finite contexts as the pullback of the corresponding sheaf on Ga@ and
we define Px as the compactly supported pushforward of this sheaf:

Px = !-pushforward of the Artin—Schreier sheaf along Buné — Bung.

We also define the #-period sheaf P% as the ordinary pushforward of the
Verdier dual of the Artin—Schreier sheaf.
In the Betti context we note that we get also

Buny /G,, — Go/G,,

where the G,, action on the left arises from that on X; and on the right
it is squaring. We can correspondingly define the Artin—Schreier sheaf on
Buné /Gy, by pullback. Since the morphism Bun)G( — Bung factors through
the quotient Buné /Gy, we then define Px by pushing forward this Artin—
Schreier sheaf via Bung /G,, — Bung.

We introduce normalized versions of these sheaves according to precisely
the same shift (deg +x) that occurred previously in (10.12)).

Remark 10.5.2. Note that, in the twisted case, the definition of the period
sheaf depends on the choice of an Artin—Schreier sheaf, which we fixed in
Definition recall that in the finite case, this depends on the choice of
an additive character of ;. We consider this choice fixed throughout the

paper.

10.5.3. Period function. We will now describe explicitly the associated pe-
riod function, i.e., trace of Frobenius, which recovers well-known “Fourier—
Whittaker periods” in the theory of automorphic forms.

Let 9’ be the character of A given by /() = 1(d~'x). This need not be
trivial on F'; as we have seen however it is “unramified” on each F,. Recall
that W is the total space of a Al-bundle over X. Consider then the induced
space of functions

(10.17) @ : U(Ap) -k, U(F -t) = V@)W () (& U(Ap),teGa(Ar)),

84Or, to only use a schematic morphism, one first notes that the Artin—Schreier sheaf
on G, descends to its quotient by the trivial action of H°(X,Q'), and then pulls back to
Bun?.
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and inside it consider the “basic function” which is characterized by satisfying
(10.17), being supported on the preimage of X (0), and being identically 1
on (o).

For such a function ® the translate 0'/2 - & : (Ap) — k satisfies

(0'2-®)(&t) = ¢/ ((0'2)’1)2(%0) = (£)(0'? - ®)(%) (T € W(A),t € Gu(A)),

and therefore equalling ¢'/2 - ®(z) if t € F. In particular, for z € X (F), the
value of /2. ® on any lift & € ¥(F) is independent of choice of Z; let us call
this simply 0'/2 - ®(x). With these conventions (10.8) still holds.

Example 10.5.4. For later usage, we will write out a formula in the Whit-
taker case, i.e., X = U\G with the G,-torsor defined by the sum U — G,
of identifications of the simple root spaces with G,. There is nothing novel
here, but it will be useful to have explicit formulas for the various shifts and
constants. Let f be a function on Bung(F,). We will compute

(10.18) > P - | Px(9)f(9).

Bung (Fq) GF\G(A)

where the sum is taken over G-bundles weighted by inverse size of their
automorphism group (i.e., the sum over Bung(F,) considered as a groupoid),
and the latter integral is taken with respect to the measure with vol(G(0)) =
1.

Unfolding via (10.8)), taking into account the prior discussion, the above
equals SU(F)\G(A f(9)(g,0?) - ®(g). Now, 0'/? is acting on X = U\G by

means of (see 3’ left translation through the element ag ! where
(10.19) ag := e~ 2P(0Y?) e T(Ap)

and correspondingly 0'/2 - @ is is supported on U(A)ag - G(8). Write du for
the measure on U(A) where U(o) has measure 1; it assigns to U(A)/U(F)
the measure ¢9~D4mY  The measure d(ay 'uag) assigns to aglU(0)ay ' the
mass 1, and equals du multiplied by |2/ (ag')| = ¢~ (9=1<2#:20) Thus
equals

g9~ 120) J

¢(u) f (uag)du = q@”(dimU@W»f ¥(u) f(uag)du.
Ur\Ux

Up\Ua

where in the latter integral we use the Haar probability measure. Observe
that the exponent of ¢ is simply Sx = (¢ — 1)(dimU — (2p,2p)) (compute
via ([10.3)) and ([3.36))), so we get

(10.20) szww=wf (u) f (uag)d's,

Bung (Fq) Up\Ua

and the analog for the normalized period where we replace Bx by fx/2, see
(10.9). In the last formula, d'u is again the invariant measure with total
mass 1.
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10.6. Buné and the period sheaf : examples. The following collection
of examples are intended to give some indication of the geometry involved
with both period sheaves and the spaces Bun)G( . Note that we will sometimes
consider examples of X with non-neutral G.-action, i.e., with a Gg-action
that differs from that specified in the point to note here is that the
choice of Gy,-action really affects Bung!

10.6.1. Homogeneous spaces: We consider the case of X with trivial vectorial
and SLo component, i.e., X = H\G for H reductive. Here we will use the
neutral G4, action, as specified in §3.7; what makes this case particularly

easy think about is that
the neutral Gy, action is trivial.

Also, in this case, there exists a G-invariant volume form on X with n and
~ both trivial.

The map Bung — Bung is simply identified with the natural map Bunyg —
Bung; the period sheaf Px assigns to a G-bundle the compactly supported
cohomology of the space of reductions to an H-torsor, and the period func-
tion Px counts the number of such reductions (i.e., the size of the fibers
of Bung — Bung). The normalized period sheaf twists by {(bg), and the
normalized period function takes the value

(10.21) PR (1) = Px(x) - g 0H/2,

10.6.2. The Iwasawa—Tate period. Take X = A' as a G = G,,-space, and
let us start by considering the trivial Gg-action. The unnormalized period
function is equal to

Px:L— th(E) (trivial G4,-action)

(for £ a line bundle on ). The star period P% is more interesting and is
described in

Let us describe the geometry of Buné and the period sheaf in this case.
There is a tautological map

. Sym"Y — Bung,,, (Q1,...,Qr) — O(Z Q).

The fiber of 7. above a line bundle £ is the space of such effective divisors
{Qi} together with an isomorphism O(}]Q;) ~ £, which is the same as the
space of nonzero global sections of £; that is to say, the fibers of =, are
punctured affine spaces. Note here that we are really regarding Bung,, as a
stack; if, in our discussion, we were to replace its role by the Picard scheme,
the analogous fibers would be projective spaces.

With this in hand, we can describe

{Bung — Bung} = partial compactification of 7,

where we allow the zero sections of line bundles, i.e., omitting the phrase
“nonzero” in the above description. Note that, unlike §10.6.1 Bun)G( is not
smooth.
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Now let us switch to the scaling G4.-action, i.e., the “neutral” action. Now
Buné — Bung parametrizes line bundles £ with a section of £® K'/? (and
its geometric description is exactly parallel to that given in the previous
paragraph). The normalized period function is

(10.22) PRO™ with scaling Gy : £ > g (COKY?)—3 deg(LOK?),

Observe this now has a pleasing symmetry £ < £71.

Let us spell out the twists. Here, 8x as in is given by (g—1) and the
factor ¢~ Px/2 of , coincides with q_% deg(K! 2); also, |77(g)\1/2 contributes
g Y/2deg(L) Geometrically, the normalized period sheaf twists the period
sheaf by (d + g — 1) on the component where deg(L) = d, categorifying the
factor q_%(‘”g_l). We can think of ¢ — 1 as the dimension of Bung and d
as the Euler characteristic of £L® ICI/Q, i.e. the expected dimension of fibers
of Bun)G( — Bung, so that all in all this is the analog of the twist by by

appearing in the case
10.6.3. The FEisenstein case U\G. For G arbitrary take
X =U\G

as a G x T-space i.e., (g,t) : Ux + Ut 'xg. This case does not fall in

our general setup, for X is not affine, but nonetheless our definitions of
period sheaf and period function make sense, and it will be valuable for us
to examine them.

There are two Ggr-actions we shall consider in this paper; one is trivial,
and the other, which we shall examine here, is where G, acts via the restric-
tion of the G x T-action via (1,e72?). (A discussion of the relation between
these two actions is given, in a more general context, in . Explicitly in
the latter action A € G, acts through left multiplication on U\G by A% € G.

For example, in the case G = SLg, this X is the punctured affine plane
via g € SLg — (0,1)g; if we take the nontrivial action of G, it amounts to
inverse scaling on this punctured plane. Then the fiber Bun)G{ — Bung over
a rank 2 unimodular vector bundle V is the space of everywhere injective
maps K2 — V, equivalently, the space of extensions

K2 v - K12,

The total space of Bung can thereby identified with the affine space H'(%, K)
A' modulo automorphisms H(%, K).

More generally, if the base curve has genus > 2, and we take X = U\G
with the nontrivial G4, action just described, we may identify

(10.23) Buny = A" /U

as the quotient of the affine space A" (where r = the semisimple rank, and
the coordinates are indexed by simple roots for G) by a trivial action of a
certain unipotent group scheme /. The map Buné — Bung is not a closed
immersion, but rather factors through the quotient of Buné by the action

~
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of a torus in G; as a result, at the level of points over an algebraically closed
field, the image of G7, = (A!)" is a single point of Bung.

10.6.4. The Whittaker case. The Whittaker case was already discussed in
Example[I0.5.4 and we just make a couple of minor additional remarks. With
reference to the presentation ((10.23] m the period function is given by pushing
forward ¢(3};_, ;) on A" to Bung, and the period sheaf the geometrization
of that conbtructlon via Artin—Schreier sheaves. By definition and -,
the normalized period function is related to the unnormalized one by

(10.24) PR — 7Bx2py By = (g —1)[—(2p,2p" ) + dimU].

Remark 10.6.5. The quantity Sx is closely related to dimension of Bun)G( ;
this is easy to see in the homogeneous case H\G, but also remains true in the
twisted case. For example the Whittaker case just described, the dimension
of Bun)G( , 1.e., the space of , is the sum of negated Euler characteristics
of bundles {a, p) - K over positive roots «, with K the canonical divisor;
(10.25) dimBungy = (g — 1) Z [1—2a,p)] = (9 —1[—2p,2p") + dimU] = Bx.
10.7. Dependence on spin structure. As mentioned, we have felt free to
choose a spin structure. However, it is sometimes desirable to have a for-
mulation which is manifestly independent of spin structure. We will discuss
such a formulation now, which will use the extended dual group ( .
Note, however, we will make little use of this formulation and include it for
completeness.

For the discussion that follows, we assume that M satisfies the parity
condition discussed in . Namely, we assume that we specify a

central involution z € G whose action on M coincides with
—1¢€ Gy,.

As we observed in the discussion surrounding , if M admits a dual
hyperspherical pair (G, M) with M polarized, then z is the product of e?”
with the dual of the character by which G acts on an eigenmeasure on X.

Assuming (10.7)), the action of G' x Gy, then factors through its quotient
by (z,—1), Wthh is precisely the extended group ¢G., -. Now
deﬁne -Bung as the fiber of Bunc_ — Bung,, above the canonical bundle.
Equivalently we can write

.Bung ~ Bung xB"%2 Sping.,
where Spiny, denotes the stack of spin structures (square roots of K) on X,
and the group stack Bung, of Z/2-torsors on ¥ acts both on Bung via the

central embedding z : Z/2 — Z(G), and simply transitively on the Spiny.
The choice of a spin structure K/2 gives rise to an identification

(10.26) ,Bung ~ Bung

and changing this choice K2 — K/2® L by a 2-torsion line bundle changes
the identification by the translation action of £ on Bung.
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Next we define a period sheaf on ,Bung by replacing pushforward along
Buné — Bung by pushforward along its twisted version that renders the
following square Cartesian:

X)‘

ZBuné —— Map(%, oren

| |

:Bung ——— Bunc,

Our above definition of Bun)G( is obtained from this one by transporting via
after fixing a spin structure. An equivalent way of formulating this
is that the period sheaf is (independently of the choice of spin structure)
defined as an object in a twisted version of sheaves on Bung:

(10.27) Px € Hompun,,, (Spiny;, Shv(Bung))

where Bung, acts on Bung via the central homomorphism {1} — Z(G)
sending the nontrivial element to z.

10.8. Reduction to the vectorial case. Hyperspherical varieties are built
(as in Theorem by a process of Whittaker-induction from the special
case of M a vector space. This gives rise to a corresponding structure for
period sheaves:

the period sheaf for general M is a Whittaker induction for
the period sheaf in the case of M a vector space.

We will make this explicit. This explication is completely straightforward,
and can be referred to only as necessary; we note it mainly for reference and
as a comparison point for a similar (but less straightforward) discussion in
the spectral case. For simplicity we restrict ourselves to unnormalized period
sheaves in this section.

Recall that, in the case F = C, a polarized hyperspherical variety M has
the structure (see Theorem of a Whittaker-induction along H x SLy —
G of a polarized symplectic H-representation TS, with associated twisted
polarization X = S xH"V G with G,-bundle ¥ — X. In what follows,
the fact that M is hyperspherical will not matter; all that matters is the
homomorphism H x SLs — G and the H-space S. Let us review the notation
in more detail.

We fix a homomorphism H x SLo — G with underlying cocharacter w :
G — G. We will also restrict to the situation (automatic in the polarized
case by Definition where all the w-weights on the Lie algebra are
evenﬁ Let U = U, < G be the unipotent subgroup defined by the positive
part of the grading. To this data we can associate the Al-bundle (¥ —
U\G) where ¥ = Uy\G, Uy being the kernel of U — G,.

85There is an analogue of the construction that follows without this requirement, but
now involving a geometric version of a Jacobi 6 function. To simplify our life, we simply
exclude this situation.
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These are G x H-spaces: G x H acts on compatibly on ¥ and U\G by the
rule (g, h) : Upx — Uph~'xg. Correspondingly, the twisted cotangent bundle
T3(U\G) (see for definition) is a graded Hamiltonian G x H-space,
cf. Example it can be regarded as the Whittaker induction along
H xSl — G of T*H.

Associated to the G x H-space U\G, endowed with the affine bundle ¥, we
obtain the Whittaker period sheaf Py ¢ € Shv(Bung x Buny) following
§10.5] explicitly, the pushforward under Bungy — Bung x Bung of the
corresponding pulled-back Artin—Schreier sheaf; this can be regarded as the
quantization of Ty (U\G). We use this sheaf as an integral transform to
define automorphic Whittaker functoriality. To avoid difficulties with *-
pullback and !-pushforward in the de Rham setting, we restrict to étale or
Betti settings, although it would be interesting to give a uniform treatment

along the lines of §12.3.2]
Definition 10.8.1. The automorphic Whittaker induction functor
WI: SHV(Bung) — SHV(Bung)
is the integral transform given by the Whittaker period sheaf Pinq v+
WI(F) = 7F1[(7T;.F®PU\G7\I;).

By the projection formula, Whittaker induction is equivalently described
as the integral transform given by the Artin—Schreier sheaf on Bungy (as
a correspondence between Bung and Bung). It follows that the Whittaker
induction of the constant sheaf on Bung recovers the period sheaf associated
to the G-space (X = HU\G, V). More generally, using base change and the
projection formula one checks that Whittaker induction commutes with the
formation of period sheaves:

Lemma 10.8.2. Given a homomorphism H x SLs — G, where G,, < SLo
has only even weights in its action on the Lie algebra of G, and S =T*Y a
polarized Hamiltonian H-space, the period sheaf of the Whittaker induction
(X =Y <"V G, W) of S is naturally identified with the Whittaker induction
of the period sheaf of S':

WI(Py) ~ Px w.

This Lemma allows us to reduce certain questions about period sheaves
to the case of symplectic representations, see for example the next section

§10.9

Remark 10.8.3 (Whittaker reduction). We can also use the Whittaker
period sheaf Ppg ¢ as an integral transform in the opposite direction to
define a Whittaker restriction (or “Whittaker-Jacquet”) functor

WJ: SHV(Bung) — SHV(Bung).

An analogous argument shows that WJ performs Whittaker reduction on
period sheaves, i.e., takes the period sheaf for a polarized G-space M to
that of the (twisted-polarized) Hamiltonian H-space given by its reduction
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M//,U. It would be interesting to verify if WJ is identified with the left
adjoint of WI — this seems technically nontrivial because of the absence of
smoothness or properness above.

10.9. Independence of polarization. We have described the construction
of period sheaves for polarized hyperspherical varieties M. This leaves two
natural questions: show that the period sheaf is independent of the polar-
ization, i.e., depends only on (G x G4, M) — and extend the definition to M
which don’t admit a polarization. We address the sheaf-theoretic question
in the finite setting; probably a version works in the other contexts too, but
we did not check.

Proposition 10.9.1. Let M = T*(X1,¥;) = T*(X2, Va) be two distin-
guished polarizations (§ § of an F-hyperspherical variety M, defined

by a completely reducible datum Dy over F (see discussion below).

There is a isomorphism P ~ PR between their normalized period
sheaves, in the finite setting. When the hyperspherical data specifying M
and the polarizations are defined over a finite field F, — T, the corresponding

normalized period functions PXT™ and PX)™ are equal.

Note that this independence is asserted having fized an Artin—-Schreier
sheaf, which affects the definitions in the twisted case (see Remark [10.5.2).
Recall that hyperspherical varieties (and polarizations) over F have been
defined in Definition using the notion of a hyperspherical datum Dg
which includes a symplectic or usual representation of a reductive subgroup
H of G (over F). We say that the datum is completely reducible if this is
the case for that representation of H @

Proof. The only difference between two polarizations of M arises from the
possibility of two different p™ polarizing the same representation p. Using
Lemma[I0.8:2] the sheaf-theoretic statement is reduced to the vectorial case,
i.e., when M = S is a symplectic representation of G, polarized in two
different ways:

S=X ®X =X, DX

The statement about period functions similarly reduces to this case, as
well. By virtue of our assumption of conclude reducibility, the conclusion
of Remark [3.9.2] applies, and this permits us to further reduce to the case
where X1 = X35 and Xy = X{.

Hence, assume that M = S, and that the symplectic induces a perfect
pairing on X7 x X5. Fourier transform (obtained by integrating with reference
to the self-dual measure the kernel ¢ ({x,x*))) gives rise to an isomorphism
of Schwartz spaces

S(X1(A)) — S(Xa(A)),

86T his complete reducibility is, as usual, automatic in characteristic that is large rela-
tive to the weights of p or p™; this can deduced from [Jan03, Part II, Chapter 6].
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The isomorphisms are equivariant with respect to the normalized G(A)-
action denoted by x in § The functions ¢'/2 - ®(z) in the notation
of , for X7 and Xy, are mapped to each other under Fourier trans-
form, and the Poisson summation formula implies the equality of normalized
period functions.

Let us now sketch independence of polarization for the period sheaf. It
follows from a geometric version of the previous argument, as has been given
in the work of Braverman and Gaitsgory [BG02, Lemma 7.3.6]@ where it is
related to the (sheaf-theoretic) functional equation for Eisenstein series. We
note that this argument is given in the finite case, where it uses properties of
Artin—Schreier sheaves. Probably a version works in the other contexts too,
but we did not check. Specifically, the quoted Lemma is to be applied to a
2-term complex on Bung computing the cohomology of the vector bundle
associated to X; we can find such a complex at least on any quasicompact
open substack, and the resulting isomorphisms can be glued by Lemma 7.3.7
(b) of the same reference.

O

10.9.2. Unpolarized periods. Of course, we would like to define the period
sheaf and period functions without recourse to a polarization; in particular,
for M that do not admit a polarization. Now we discuss this unpolarized
setting, where, in short, the ingredients all exist but a more detailed study of
certain technical issues is required to formulate them in the level of generality
considered in this paper. See for the spectral counterpart of this
discussion.

In general terms, this should follow from the theory of 6 series or its geo-
metric analogue, Lysenko’s geometrization of 6-series [Lys06]. (A related
topic is the recent construction of Coulomb branches for general symplectic
representations [BDEFT22|.) However, to carry this out in a way that is suffi-
ciently detailed for our needs, one needs an analysis of the issue of splittings,
which should be closely related to the issue of the anomaly.

Let us restrict, for what follows, to the case when F has finite charac-
teristic; we suppose (as we expect, see Expectation that (G, M) JF
arises from the base change to F of some split hyperspherical datum, as in
Definition [3.9.3], defined over some subring R < C.

In that case — using the notations of Part[I]— we begin by constructing a 6-
function on HU associated to the symplectic space S@u/u, ; this depends on
the choice of spin structure, through the choice of the additive character 1.
At the level of functions, Weil’s theory constructs a “Jacobi” #-function in the
space of automorphic functions for the semidirect product of the metaplectic
group é?) and the Heisenberg group on which it acts. Fixing a splitting of
éT) — Sp over H permits us to pull back this #-function to HU; we then
use the O-series (summation over rational points) associated to HU\G to

87We thank Tony Feng and Jonathan Wang for explaining this reference and argument.
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construct an automorphic function on G. At the level of sheaves, the ge-
ometrization of the f-series (at least on §f), rather than the larger semidirect
product by the Heisenberg group) was carried out by Lysenko [Lys06].

To carry this out one must have a splitting of the extension §f) — Sp
over the adélic points of H. It is our hope that the vanishing of anomaly
— understood in the sense of Definition applied to (G, M)c — should
provide, in fact, a distinguished splitting (this is a reasonable hope at least
for the distinguished split form postulated in §5.3} otherwise one may need
to modify the anomaly vanishing condition to take into account issues of
rationality). The most favorable case is where H is simply connected; in
that case, the vanishing of anomaly for (G, M )¢ as in Definition implies
that the metaplectic cover of Sp(A ) splits uniquely over H(Af), in a fashion
that is compatible with the splitting of the metaplectic cover on F-points:

(a) The splitting of the cover can be deduced from Here one
uses the fact that H is simply connected to pass statements from an
algebraically closed field to F, as in [Del96, 1.10].

(b) The resulting splitting is unique, because H(Af) has trivial abelian-
ization — again, this uses that H is simply connected.

In general — that is to say, when H is not simply connected — both points
become less clear. Lemma is a partial result in the direction of (a).
More interesting, however, is (b): the question of choice of splitting. In the
classical theory of 6 correspondence Kudla [Kud94] has introduced a certain
set of functional splittings, whose significance on the dual side is understood;
what is needed is to abstract these examples.

Our local conjecture suggests the following proposal for how to split meta-
plectic covers over local fields: For V' a representation of the dual group H
with associated Hecke operator Ty, we should have

(10.28) (Tybx,6x) >0

when dx is a spherical vector in the metaplectic representation. If such a
splitting exists it is unique.

Remark 10.9.3. Implicitly, the condition (10.28)) depends on a choice of
¢*/2, which enters through the definition of the metaplectic representation;
by default we take the positive choice. If we used its negative, the splitting
is modified through H(F) b px 7,27, where 0 is a character of H as in
Lemma B.1.5

11. L-FUNCTIONS AND L-SHEAVES

This section is the spectral analogue of §I0} starting with a hyperspherical
(G, M), with M polarized, we will define an “L-sheaf” on the spectral side
of the Langlands program, and explain the sense in which it geometrizes an
L-function. Note that in this section we write the G x Ggr-action
on M on the left. We recall that the convention for passing from
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left to right actions is to invert the action of G but not of Ggr, cf.

§
. sets up some general notation supplementing that of §10.1]
e {11.2]sets up notation on e-factors.

e J11.3; we define the space Loc)G:( of G-local systems with X-section,

which is an analogue of Buné{ defined previously.

e J11.4f we define the L-sheaf, which again comes in normalized and
unnormalized forms; the normalized form will be discussed in

° defines the L-sheaf in the case of a twisted polarization, which
is quite subtle and requires the idea of shearing (§A)). Roughly, the
role of twisting is to shift cohomological degrees in the L-sheaf. In
particular, the role of the Artin—Schreier sheaf on the automorphic
is played on the spectral side by the spectral exponential sheaf intro-
duced in §A2]

. discusses the role of spin structures.

e J11.8; we compute fibers of the L-sheaf and show that these give
(geometrizations of) L-functions, thus the name “L-sheaf.”

e §I1.9 explains the process of spectral Whittaker or Arthur induction,
which can be used to reduce the study of L-sheaves to the vectorial
case (parallel to §10.8).

e §I1.70] explains independence of polarization, a categorified form of
the functional equation for L-functions (parallel to but the
computations are less familiar).

11.1. Setup. We will follow the general notation set up in §10.1} but will
fix some extra notation related to the spectral side.

11.1.1. Derived stacks. Since the L-sheaf involves algebraic rather than topo-
logical constructions, it is sensitive to the derived structures on the spaces
involved. Therefore, although these ideas are similar to those of the last
chapter, the level of technicality involved in implementing them is greater.
The foundational theory is quite involved, and we will have to use it as a black
box, most notably the theory of quasi-coherent sheaves (and their variants,
ind-coherent sheaves) on such spaces. A standard reference for this material
is the book |[GR17| of Gaitsgory and Rozenblyum. To avoid being buried in
a mountain of technicality, and to help preserve the sanity of the authors,
we will often take the liberty of either sketching certain constructions, or
proving them under specific assumptions, with the understanding that we
expect their extension to other cases to be routine for the experts, and that
we will clearly flag any issues that do not seem to be straightforward.

A prestack over k means a functor of co-categories from “derived commu-
tative rings” to anima (the homotopy theory of simplicial sets, topological
spaces or oo-groupoids). There are different models for “derived commu-
tative rings”; since we work in characteristic zero it is convenient to take
differential graded commutative rings which are connective (in degree < 0
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with degree-increasing differential). A derived stack is a prestack satisfying
a sheaf condition. Most of our derived stacks will be in fact quotients of
derived schemes by an affine algebraic group.

We briefly recall informally some features of sheaf theory, and refer to
§B.3|in the Appendix for more details. A “quasicoherent sheaf” on a derived
stack means, informally, a compatible system of quasi-coherent sheaves on
affines Spec(A) — X mapping to X — i.e., the co-category of quasi-coherent
sheaves is defined as the limit of (the co-derived category of) A-modules over
all affines over X. On singular schemes and stacks X (such as the stacks
of local systems arising as Langlands parameters) it’s crucial to enlarge the
category QC(X) of quasi-coherent sheaves to that of ind-coherent sheaves
QC'(X), which account more fully for the singularities (by replacing the role
of perfect complexes by that of arbitrary coherent complexes). See [GR17,
Part 11| for a detailed study. The definition of QC" is more subtle than that
of QC, and in particular requires that X satisfy finite type assumptions. See
§B.3.2] for a summary.

The theory of ind-coherent sheaves is the natural home for Serre duality
on singular spaces, and in particular the dualizing sheaf wy € QC'(X) is
naturally ind-coherent, as are the L-sheaves we introduce in this section as
pushforwards of dualizing sheaves. These sheaves may lose crucial informa-
tion if we try to project them to QC' (in fact this projection vanishes in
the presence of a nontrivial Arthur SLy.) We will use the !-tensor product
structure ® on QC' (for which w is the unit) but also the tensor product
action of QC on QC"', which we denote by a plain ®.

11.1.2. Locg in the different contexts. We continue the discussion of §10.1.5
now on the spectral side, and again pointing to Appendix §C| for details. In
all cases Loc will be a derived stack over k.

¢ Finite context: F is the algebraic closure of a finite field and k = Qy.
The space Loc is taken to be the space of “restricted local systems”
(or local systems with “restricted variation”), defined as a pre-stack
in [AGK™20b, §1.3]. It classifies a certain class of representations of
the geometric fundamental group of ¥ and in particular comes with
a Frobenius action, when the curve is defined over F,. (Again, any
mention of Frobenius in the text will, naturally, assume this.) In
op. cit. Theorem 1.3.2 various geometric properties are given; it is
in particular “locally of finite type” and one can talk of ind-coherent
sheaves as in [GR17].

Warning: This situation comes with technical details not encoun-
tered in the situations below. We have not examined these issues in
detail but will flag them at relevant points in the text, e.g. (ii) of
L3

e De Rham context: F = k£ = C. We take Locs to be the space of
de Rham local systems (i.e., G-bundles with flat connections); this
is defined as a mapping stack (from the de Rham space L4r to BG)
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in [AGI5 10.1.1] and also studied in [BDl §2|. As observed in the
later reference [BD), 2.11.2], if the genus is > 2 and G is semisimple,
this is a classical stack, i.e., it is representable by the quotient of a
(non-affine!) underived scheme by G.

e Betti context: F = C,k = an algebraically closed field of charac-
teristic zero. Here, Locs is the space of Betti G-local systems on
Y, which can be again defined as a mapping stack, now from the
homotopy type Ypewi of ¥ to BG. In the case of genus > 1 (see
for the other case) we fix a basepoint and can consider this as
a space parameterizing 7 (X)-representations, where we retain stack
and derived structure; it can therefore be presented for a curve of
genus g as the conjugacy quotient of the space of representations of
71 into G

(111) Rep@ = {(xla Yty .- 7$g7y9) € GQQ : [l'lvyl] s [xgvyg] = 6}‘
Observe that its algebraic structure does not depend on the algebraic
structure of X.. As in the de Rham case, if ¢ > 2 and G is semisimple,
Repg is in fact a locally complete intersection affine ring, and Locx
is a classical(=underived) Artin stackﬁ

Remark 11.1.3. The space Locg of local systems with restricted variation
that we use in the finite context in fact makes sense for any field, and for F =
C sits inside both the Betti and de Rham spaces of local systems (see §C.2).
This space only sees formal neighborhoods of irreducible representations. In
general, restricted variation means the semisimplification of a local system is
fixed in any family, see [AGK™T20b} 0.5.3]. Still, this is sufficient to compare
with numerical predictions, and, more to the point, there is no known way
to go beyond formal neighborhoods of semisimple parts in the finite setting.

11.1.4. Cohomology of ¥.. We understand H*(X, —) to mean singular coho-
mology of a Betti local system, de Rham cohomology of a de Rham local
system, or (geometric) étale cohomology of an étale sheaf, according to con-
text. (Recall “geometric” means that, even if our curve is defined over Fy,
we base change to F = F,.)

11.1.5. The Frobenius action on Loc. In the finite context (with ¥ defined
over F, c F =TF,), there is an action of Frobenius on Loc:

(11.2) Fr: Locs — Locg.

We will write it out as part of our running battle with signs. We will under-
stand this to be defined by means of (equivalently):

o pullback of étale sheaves by the morphism
(11.3) id® (A — AI)*

on ¥z = X Xgpec F Spec F, or

88This can be deduced from the corresponding assertion in the de Rham case.
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e The inverse to the pullback by geometric Frobenius acting on étale
sheaves. Recall that geometric Frobenius is the morphism which
raises coordinates to the gth power with respect to a fixed F-projective
embedding.

A k-point of Loc s fixed by this action amounts to giving a G-local system
p with k coefficients equipped with an isomorphism Fr p ~ p. Suppose in ad-
dition that F is a Frobenius-equivariant coherent sheaf on Locs. Then there
is an induced “Frobenius” on the p-fiber F,. By definition, we understand
this to mean the composite

(11.4) Fp = Firp = I*F, 5 Fp,

where the first map uses the Frobenius-equivariant structure on p, i.e. the
structure that renders it fixed by Frobenius, and the final map uses the
Frobebius-equivariant structure on the sheaf F; moreover, in , Fr is as
in , and should not be confused with the geometric Frobenius on X
itself.

For example, if G = GL,, the the cohomology (or rather cochains) of the
n-dimensional local system associated to each p € Locgy,, can be regarded
as the fibers of a certain coherent sheaf 7 on Locx. With our conventions,
the action of Frobenius on ), is naturally identified with the pullback action
of geometric Frobenius on H*(Xg, p).

11.1.6. Tate twists. As explained in (2.6, (1) denotes the simultaneous ap-
plication of the following three shifts:

e a cohomological shift [1];

e a Tate twist by 1/2, where applicable (e.g., if we are dealing with
Frobenius equivariant objects);

e a change of parity, where applicable (i.e., if we apply it to a sheaf,
we regard that sheaf as a super-sheaf and change its parity).

11.1.7. Conventions for arithmetic class field theory. We will use class field
theory, i.e., the Langlands correspondence for GL1, and again we will try
to get signs right, for which reason we briefly recall it here. Suppose we
are in the finite context. We normalize local and global class field theory
so that geometric Frobenius elements in the Galois group are carried to
uniformizers in the local fields or adeles. In this version, the cyclotomic
character of a nonarchimedean local field with residue characteristic ¢, which
sends geometric Frobenius to ¢!, is matched with the normalized valuation
character x — |z| (sending a uniformizer to ¢=1). Globally the cyclotomic
character is also matched with x — |z|y«x. This convention coincides with
Tate’s in [Tat79]. As discussed in the adelic uniformization

(11.5) A* — Pic(X)(F)

carries the adele corresponding to a uniformizer w, at a closed point x € X,

to the line bundle O(z).
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11.1.8. Conwventions for geometric class field theory. Continue in the setting
of i.e., we are in the finite context. To each G,,-local system p on ¥ is
associated a Hecke eigensheaf x, on Bung,,, Whichlﬂfor r » 1 descends from
P via ¥ — Bung,,, (Pi,...,P) — O P;). In particular, the function
Bung,, (Fq) — k*, attached to x, (the trace of geometric Frobenius), after
pullback to the ideles A*, gives the idéle class character associated by class
field theory to p.

The construction just described gives rise, more generally, to an equiva-
lence of categories:

(11.6) GCFT : AUT(Bung,,) ~ QC'(Locg,, )

which holds in all contexts, but with appropriate conditions for sheaf the-
ory on both sides. In the de Rham setting, the equivalence GCFT is a
mild extension of the Fourier-Mukai transform of Laumon [Lau96| and Roth-
stein [Rot96] identifying D-modules on the Jacobian of ¥ with quasicoher-
ent sheaves on the moduli scheme of flat line bundles on X; in the Betti
case [BZN18, 4.3] it is a simple consequence of the identification of the first
homology of ¥ and the fundamental group of its Jacobian. The étale version
is likewise elementary but currently missing an explicit reference. See the
discussion of Conjecture [C:3.1] for more details on the geometric Langlands
conjecture of which this is the GL; case.

We take the opportunity to fix some signs. The Hecke operator T, at
x € X is “translation by x” arising the map D — D + x on divisors. It acts
by pullback on sheaves, thus sending a sheaf supported on Pic" to a sheaf
supported on Pic™!. The action of T, on Xp corresponds, on the right hand
side of , to tensoring with the fiber p, of p at the point x.

Remark 11.1.9. As a (rather minor) warning, while this normalization of
geometric class field theory is (up to sign) the standard one, it will not
coincide with the normalization of the Langlands correspondence for G =
G, posited in the global geometric duality conjecture Conjecture [12.1.1
Including these twists here would be needlessly heavy for the minor way in
which we use it.

11.1.10. G and M. G and M will be hyperspherical over k; since k is al-
gebraically closed of characteristic zero, there are no issues of rationality to
consider — this is defined as in Part [

We will moreover restrict in the current section to the case that (G, M)
is polarized, possibly with a twisting (see the end of and further
discussion for discussion of the general case). That is to say,

M =T*X or T*(X, 1),

89We use Bung,, as opposed to Picg,, to emphasize that we are interested also in the
stacky aspect of its structure - the notation Pic is often used to refer to a scheme.
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where X is a G x Ggr-space, and, if applicable, ¥ is a G x Ggr-equivariant
Gq-torsor over X, where G acts trivially on G, and G, acts by squaring on
G,.

Finally, we will allow ourselves to assume that X has an eigenform. As
previously discussed (see §3.8.2) and §10.1.3|for the corresponding computa-
tion for period sheaves) this should be considered a matter of convenience.

11.2. Epsilon factors. In this section we set up basic notions regarding
e-factors that will be used to define normalized L-sheaves.

11.2.1. Recollections on L and e-factors. Now, restrict to the case of 3 de-
fined over F,, and let T" be an étale local system of k-vector spaces on X.
Recall that we denote by I' the Weil group of the function field of the curve.
In this setting we have an L-function and an e-factor

L(s,T) and €(s,v,T) € k(¢°),

defined using 1 as in , which, we recall, depends in particular on a
fixed spin structure on . We follow the conventions of number theory in
writing this as a function of ¢°, although it would be more reasonable in our
current situation to treat ¢° as a formal variable. The spin structure being
fixed, we abridge €(s,¥,T) to €(s,T).

We understand the e-factor to be as defined by Tate [Tat79l §3.6] taking
the measure dx therein to be self-dual Haar measure. We then have

(11.7) e(5,T) = det(T)(0) - g(1/2~*)o= DT

where, in writing det(7")(0), we identify the determinant of 7" with an idéle
class character via class field theory, and the element ¢ was defined after
10.1)). We will also use notation such as €(0,77) in a way similar to the use
2.11)) for L-functions. Thus, if T is a representation of I' x G, then we set

e(s, T/) = [ [ e(s + k/2, T)
k

with T} the kth graded component.

Now, our choice of a square root of the different distinguishes a square
root 4/e(s,T') associated to the spin structure, namely
(11.8) Ve(s, T) = (det T)(0Y/?) - g11/2=3)g=1)dimT’

We have L(s,T) = €(s,T)L(1 — s,TV) and €(s,T)e(1 — s,TV) = 1. In par-
ticular the “normalized L-function”

(11.9) LM (s T) := Le V2(s,T) := e(s, T)"V2L(s,T)
is actually invariant under (7', s) < (TV,1 — s),
(11.10) LPo™(s T) = Lo (] — g T'V),

Remark 11.2.2. Let us note that the Grothendieck—Lefschetz trace form_ulla
interprets L(s,T) as the alternating product [],det(1 — ¢~ *Fr|H?)(-D"",
with H* the cohomology of the geometric curve ZE with coefficients in
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T, and Fr the pullback action of geometric Frobenius, which gives us the
interpretation

(11.11) €(0,7) = [ [ det(Fr| )=,

that is to say, the inverse of the trace of Frobenius on the determinant of
cohomology.

11.2.3. Geometric class field theory for line bundles. We will next introduce
the analogue of this y/€(s, T) in the geometric setting. It will be a line bundle
on Locg,, denoted by €17, depending on a choice of spin structure Kc1/2 (see
for a formulation independent of this choice). Although our numerical
discussion of € was restricted to the finite context, &1/, will be defined in all
contexts.

The construction is based on the following basic feature of geometric class
field theory, which we describe from several perspectives:

Proposition 11.2.4. There is a unique homomorphism of groupﬂ (to be
denoted L — [L])

(11.12) Pic(¥) — Pic(Locg,,), L — [L].
for L a line bundle on X, with the property that O(x) is sent to the line
bundle whose fiber over p € Locg, 1is the fiber of p at x.

Indeed, the definition uniquely specifies what [O(D)] is, and one checks
independence of D using the fact that, for fixed Ly, the space of D for
which O(D) ~ Ly is a projective space and in particular simply connected
if nonempty. The map is easy to describe concretely in each context.

m

— In the de Rham setting this homomorphism comes from the pullback
of the Poincaré line bundle (expressing the self-duality of Pic) under
the projection Locg,, — Bung,, from rank one flat connections to
degree zero line bundles.

— In the Betti context the bundle [£] is obtained by taking the bundle
associated to the representation z — 29°8£ on BG,, and pulling it
back via the map Locg,, — BG,, given by taking fiber at a fixed
point of X

— In the finite context, the bundle [£] is again pulled back from BG,,
just as in the Betti case@

Note that in the Betti and finite cases the class of [O(x)] is actually
independent of z.

In the finite case, if we suppose that £ to be defined over Fy, then there is
a natural way to equip [£] with the structure of Frobenius-equivariant line
bundle on Locg,,; if, for example, £ = O(z) for z € X(F,), then this arises

from the tautological identification of the fibers of p and Fr(p) at x.

9010 this statement, Pic is to be understood as a “mere” abelian group, i.e., isomorphism
classes of line bundles, without additional algebraic structure: this is all we need.
91This does not depend on the point at which we take fiber.
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For p a Gy,-local system defined over [Fy, in particular defining a Frobenius
fixed point on Locg,,, we have for this equivariant structure

trace of geom. Frobenius on [£], = x,(L)

where x, : Pic(¥) — k* is the character associated to p by class field theory,
normalized as in For example, if L = O(x) for z € £(F,), then trace
of geometric Frobenius on [£], is then the trace of geometric Frobenius on
the fiber of p at x, i.e. by the normalization of class field theory (7
X, evaluated at the uniformizer m,, which by uniformizes L.

Remark 11.2.5 (Construction via geometric class field theory). A more
structured approach to the homomorphism [—] is given by categorical geo-
metric class field theory — that is to say, the abelian case of the geometric
Langlands correspondence.

We discuss first the de Rham situation. In that case, with our normaliza-
tions (cf. §11.1.8) to each £ € Pic(X) we may consider the skyscraper sheaf
ig-1 .k at L7 (the inverse is an artifact of our normalizations). We take
its image under geometric Langlands correspondence ((11.6)), one version of
which is an equivalence of symmetric monoidal catego

(D(Bung,, ), *) ~ (QC(Locg,,),®).

where the monoidal structure on the source is given by convolution; and the
skyscraper is an invertible object of the source with respect to this monoidal
structure. Therefore, the resulting sheaf on Locg,, is an invertible object
of the category of quasi-coherent sheaves, i.e., a line bundle; this is just our
[L].

In the Betti and étale settings, we must first apply the spectral projection
before applying geometric Langlands. We will discuss the notion of spectral
projection at more length in §12.4] For example in the Betti setting, we
simply replace Pic by its homotopy type, and replace D-modules on Pic
by local systems. In particular we replace the skyscraper is-1 .k by the
corresponding “universal cover local system”, where the inclusion of £7! is
replaced by the path fibration at {£7!}.

11.2.6. The spectral bundle €y 5.

Definition 11.2.7. The half-epsilon line bundle associated to a choice of
spin structure KY/2 is defined as

€12 = line bundle [K2] on Locg,, associated to K'/? via (T1.12).
Having fixed a half-different 2'/2 = D e 5-v, we have an explicit descrip-
tion

(11.13) fiber of &,y at L ~ (X) L2

VEY

92Here, in contrast to (11.6]), it is convenient to take the ind-safe category on the left,
and quasi-coherent rather than ind-coherent sheaves on the right.
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We will sometimes write, for T' a local system of vector spaces,
e1)2(T) := fiber of €15 at det(T).

The bundle €75 categorifies the square root of a central € factor, i.e., a
e-factor as in §11.2.1| evaluated at its center of symmetry s = 1/2. On the
other hand, the square root of an e-factor at s = 0 is categorified by

(11.14) e1p(TY(1 - g)dim(T)).

From our comments above, in the finite context, the trace of geometric Frobe-
nius on the line &1/5(7") resp. €1,2(T){(1 — g)dim(T)) is given by NGEN)
resp. 4/€(0,T), where the choice of square root is determined as in (11.8)) via

the spin structure.

Remark 11.2.8. These constructions are closely related to determinant of
cohomology, cf. : €1/2 18, up to a global twist by a line, identified with
the inverse square root of the determinant of cohomology on Locg,,.

Let us explicate this as directly as possible in the de Rham case. Take a
vector bundle E equipped with flat connection. Computing its cohomology
by the de Rham complex, we find that the determinant of cohomology D
for the associated local system is then the product of the determinant of
cohomology for E, and the inverse of the determinant of cohomology for
E® 0L

D ~ det H*(E) ® (det H*(E® Q")) ",

where on the right we have coherent cohomology. Fixing a rational section
s of Q! with divisor Y. niP; gives rise to an isomorphism of line bundles
O niP;) =5 Q. We compute det(E ® Q') by repeatedly using the exact
sequence E — E(p;) — E,, ® K,,, where E,, is the stalk of E at p;, and
Kp,; the stalk of the canonical bundle. This leads to an identification D =~
XQ(det Ep,)~™ @ £, where the line ¢ depends on the tangent spaces at the
various p;s, but not on £ — in fact, it is identified with the determinant of
cohomology for the trivial local system. Therefore, if all n;s are even, the line
®;i(det E)*"i/ 2 gives a square root of D, at least up to a line that depends
only on the curve and choice of section s, but not on the local system.

11.3. Locg and the L-sheaf. Let X be a G x Ggr-space as in The
discussion that follows will largely apply unchanged to a general G' x Gg,-
space X but, with very rare and clearly noted exceptions, we will only use
it in the narrow situation just quoted, that is to say, spaces derived from
hyperspherical varieties.

We define the spectral analogue of “G-bundles with X-section,” namely,
we define Locg to be the moduli space of G-local systems together with a
(flat or locally constant) section of the associated X-bundle. In all cases, if
X = GX\G, then this space LOC)G-( will be Locg, together with its natural
map to Locgs.
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Before giving a precise definition we note that in the Betti and de Rham
cases the geometry is quite tame: Loc)Gv( — Locg is a global quotient by G of
a morphism of derived schemes. In the finite context the morphism remains
schematic, but the geometry of Loc itself is complicated, as we have already
noted.

(i) We will discuss the Betti context in the most detail, as it is most
explicit. )
One can construct Locg as a mapping stack in derived algebraic
geometry (as in [AG15, Appendix B]) from the Betti space associated
to ¥ (its homotopy type) to X /G:

Locg = Map(Epetti, X /G) — Locg = Map(Spesti, pt/G).-

This Locg is in fact representable as the quotient of an affine
derived scheme by an algebraic group, as we shall explicitly sketch
now in the case when the genus of ¥ is > 2 and G is semisimple (for
the case when X has genus zero, see Remark .

Let Repg be the space of representations of 71 (%) into G. Specif-
ically, after fixing a basepoint * € ¥, homomorphisms 71 (3%, x) —
G(S) for S a k-algebra correspond to S-points on the fiber of the
“product of commutators” mapping G29 — G, considered as a map
of k-varieties. We take Reps to be this fiber; a priori one this could
be taken as a derived scheme, but since we suppose that G is semisim-
ple and the genus is > 2, it coincides with a usual scheme. Let R
be the ring of functions on the affine k-variety Reps; then we get a
universal representation 71 (¥) — G(R).

The product X x Repg correspondingly carries an action of 71 (%),
using this universal representation, and we can consider the derived
fixed points, i.e., we take derived 7 (X)-coinvariants on the ring of
functions O[X x Repé]@

Call the resulting scheme (X x Repg)™; and explicitly we may
present

LOC)G:( := (X x Repgs)™ /G

as the quotient of the resulting derived scheme by G.
An even more explicit presentation when X is a vector space will

be given in

93The model example is as follows: 71 acts on a vector space X, then the derived
invariants of 7, on the ring of functions k[X] will be the symmetric algebra on the complex
computing homology of ; with coefficients in X. An explicit model for derived invariants
in general can be given as follows: Use the equivalence between commutative connective
differential graded k-algebras and simplicial commutative algebras over k, then pass to a
“free resolution” replacing O with a cofibrant simplicial k-algebra, and then finally passing
to O®E™ where Em is the usual contractible simplicial set with 7j-action, and taking
levelwise m1-coinvariants.
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The fiber of Locg above a classical local system p : w1 (2) — G(k)
is then the “space of flat sections” of p. When the genus of ¥ is
> 1, so that ¥ is topologically a K (w1, 1), this can be equivalently
described as the derived locus of fixed points of the mi-action of p
on X. These “derived fixed points”’ represent the functor sending a
differential graded k-algebra A to the homotopy fixed points of 7
acting on the simplicial set X (A) by means of p.

(ii) In the étale context the definition of Loc is more complicated. We

will define Loc)G:( only in the homogeneous case (i.e., trivial vectorial

part) where, if we have X = G/Gx, we take Loc)Gv( = Locg . with its
natural map to Loc.

We do not expect any essential difficulty in transposing defini-
tions similar to (i) or (iii) to this setting, which has been studied
by |JAGKT20b|, in greater generality, but we have not checked the
details.

(iii) In the de Rham context, the space of flat sections is similarly con-
structed as a mapping space replacing the role of Y gett; above by the
de Rham functor Xqg so that the fiber over a flat G-bundle is the
space of flat sections of the associated flat X-bundle.

Again, this stack is representable as the quotient of a derived
scheme by an algebraic group. The construction of this scheme can
be carried out using the theory of jet schemes (thought of as com-
mutative Ds-algebras or equivalently commutative chiral algebras)
which we explain pointwise: associated to X and a de Rham G local
system p is a commutative Dy-algebra, the sections of the jet scheme
for the associated flat X-bundle, and the construction of spaces of
horizontal sections (the commutative case of chiral homology, see
[BD, §2.4.1 and §4.6]) provides a dg ring representing the space of
flat sections of p. We expect this discussion to extend to families
without difficulty.

The definition as mapping stack in the Betti and de Rham context formally
implies a computation of the tangent complex, as in [AG15) Appendix B]. We
will use the following case: for a k-point of Loc? , the pullback of the tangent

complex of Locg to Spec(k) is given by the cochain complex of (Betti or de
Rham) ¥ with coefficients in the pullback of the tangent bundle of X/G.
For example, in the Betti case, take a representation p : m; — G(k) and a
k-point x € X (k) fixed via p; the pair (z, p) gives rise to a k-point of Locg
lifting p. The cohomology of the tangent complex, pulled back to Spec(k),
computes

(11.15) H*(2,[8 — Tulp),

where the subscript p indicates that both the Lie algebra of G and the
tangent space T, are considered as mj(X)-representations by means of the
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representation p, and [§ — T,] is referring to a 2-term complex with T}
in degree zero. In the finite context, a similar result can be deduced in
the homogeneous case using the computation of [AGK'20b| of the tangent
complex.

11.4. The L-sheaf. The spectral analog of the period sheaf is the push-
forward of the dualizing sheaf along 7 : Locg — Locg; we define the unnor-
malized L-sheaf as the sheared #-pushforward of the dualizing sheaf along
U

(11.16) Ly = (maw, x) e QC (Locy).

LocX

Here the shear // is obtained by shifting cohomological degrees thus@ the

Ggr-action on X induces a Ggr-action on Locg covering the trivial action
on Locgs. Accordingly, the s-pushforward of the dualizing sheaf obtains a
Ggr-action that can be used to shear it. That is to say, we may write m.w as
a direct sum @,,(m4w), of weight spaces, where Gy, acts by the character
x — x™ on (...)n, and the shear is then defined as @, (7+w),(n). For the
meaning of the angle bracket notation see for much more than you
want about shearing, see §6

Remark 11.4.1. Let us try to compare this definition with the automorphic
period sheaf in §10.3, The automorphic period sheaf involves the stack Buné
whose definition in (10.6) involves a twist by K2, reflecting the G,,-action

on X. A parallel definition might be to define Loc)Gv( not as we have in
but instead a “sheared” version where its ring of functions is cohomologically
sheared by means of the G,,-action. Such a construction will land us in
general outside of ordinary derived algebraic geometry, which is built on
affines given by connective (nonpositively graded) commutative dg algebras,
and much care needs to be taken because naive generalizations of usual
constructions often fail. However, one can reasonably define the relevant
category of sheaves on such a space, using the general formalism of shearing
categories. So, one might think of the construction above as a substitute for
actually constructing the shear of Locg .

In fact, in this spirit, we can reinterpret the above definition in the fol-
lowing way. Let p; = x : Locé — pt be the morphism to a point; then the
L-sheaf is the image of the dualizing sheaf of a point under the following:

(11.17) QC'(Loc )/

(p& \ﬂgk\

QC! (pt)/ QC! (Locg)! —= QC! (Locg)

94Again, signs: we regard the Gy, action as a left action, and the shearing on the
dualizing sheaf arises from regarding sections as equipped with the left G4, action.
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The last map\\ refers to the identification of sheared and ordinary categories
arising from the trivialization of the G,,-action on Loc, as in Example
To see this actually gives the same result as (11.16)), we use functoriality of

shearing, as in Example [6.3.10] and apply the discussion of to the

diagram:
(11.18) QCH(pt) e — L C! (pt) &t

|7rlex [
QC'(Locs)®m —— QC!(LOCG)G"JL QC'(Locg)

In our setting, the “explicit” construction of (11.16]) seems to be the correct
one, but it may be in more general situations (for example, the study of more
general boundary conditions, in the language of §1.3), that the appropriate
way to proceed is through some sheared nonconnective geometry of this kind.
This may also be related to puzzling unexplained shifts that we find when

we pass outside the case of X affine, cf.

11.5. Normalized L-sheaf. As in the L-sheaf has a normalized ver-
sion. We give a definition that depends on a choice of spin structure; see
for an invariant definition.

Again we suppose that X admits a G-eigenform with scaling character
defined by , which we will denote here by 77 to avoid confusion with

the automorphic side
(11.19) 7: G — Gy,

This gives a map 7 : Locy — Locg,, and we will denote also by €1/ the
pull-back line bundle (1j)*e1/, on Locg (see §11.2.6). We put

(11.20) £ = (mew)! @ eY)0(—Bx)-

This can be compared with — see Remark below. As we will
see in the L-sheaf itself can be regarded as a geometric version of
the L-function; and, with respect to this, £5™ imitates the “normalized
L-function” L™ — Le=Y2 discussed after (11.8).

Remark 11.5.1. Sign warning! Our conventions about left and right
become confusing at this point. We define 77 via , but we are now
using a left action of G. It may be helpful to note, in tracking signs, that
7 coincides with the determinant of the G-action on the tangent space to

any fixed point, with G acting by pushforward of tangent vectors. This
conclusion is very similar to the discussion before (3.36)); the difference is
that various left- and right- actions have been switched.

Remark 11.5.2. (Compare also to Remark[10.4.2)). The normalized L-sheaf
involves three twists, which are:

e the shearing twist /;, which depends on the G, action on X:
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e the £y /p-twist, which reflects the failure of X to be unimodular;
o the twist by (—f5x).

These are roughly analogous to the three twists of Remark but with
the order of the first two twists reversed. The negative sign of the third
one contrasts with the corresponding sign in Remark this is due to
the fact that, before, we were shifting the constant sheaf, while here we are
shifting the dualizing sheaf.

11.5.3. Change of grading. We now discuss the effect of changing the grading
(Ggr-action) on X through a central modification A : G,, — G, in parallel
with Again, these remarks are not essential to understanding the
main conjecture. Recall that, starting from a fixed Gg.-action, we denote
by X[\] the space X with the G,,-action twisted by A, which now denotes
a central cocharacter into G. We will prove in analogy with Lemma
that

(11.21) Lrgnn ~ 7L

with 7" a suitable spectral translation. To express this translation we first
digress back to geometric class field theory, cf. . (Note that, while
geometric class field theory is very helpful in interpreting the result, the proof
will not use it in any essential way; the reader can simply read the formal
proof starting from (11.24)).)

Recall the degree sheaf deg on Bung,, (Remark ; it is an avatar of
the square root of the cyclotomic character. Since deg is locally constant,
we may directly apply the equivalence of geometric class field theory from
(T1.6).

We will now identify GCFT(deg). Let ¢ : pt — Locg,, be the inclusion of
the trivial local system. The skyscraper 6y = txk at the trivial local system
carries an inertial action of G,, by automorphisms — it corresponds to the
regular representation of G,, under the identification of the trivial bundle
locus with the closed immersion BG,, < Locg,,. This corresponds under
class field theory to the decomposition of the constant sheaf on Bung,, by
components — except with component of degree n corresponding to the
weight A — A"

Therefore, we can shear ¢4k by this inverted G,,-action obtaining an object
(5g corresponding to the G,,-representation W := @, k_,(n), wherein k_,
is in G,,-weight —n. This matches the description of the degree sheaf as a
shear of the constant sheaf, so that we obtain

(11.22) GCFT(deg) ~ &/,

95T see why the sign arises with our normalizations, note that translation by the Hecke
operator T, for x € ¥ carries sheaves on Bung:i to sheaves on Bun(g:;l), cf. §11.1.8} and
on the automorphic side tensors by the sheaf that sends a local system p to its fiber pg,
which is in G, degree 1. Correspondingly, increasing the degree in Bung,, corresponds

to reducing the G,,-weight on Loc.
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Thanks to the symmetric monoidal property of GCFT, the spectral coun-
terpart to tensoring with deg is given by convolution 5g * — with the sheared
skyscraper. For example, since €1/, is in Gy,-degree (g9 — 1) and &) o in
Gp-degree 1 — g we get:

(11.23) 5+ ey = e1)pllg = 1),

The shift (g — 1) at the level of functions corresponds to the value of the
square root of cyclotomic on K2, which equals ¢(1=9)/2.

Let us now return to the nonabelian situation with a given central cochar-
acter \ : G,, — G. Note that X induces an action of the group object Locg,,
on Locg, with respect to which we shall consider the convolution action T
of the inverse of 6@, that is to say
(11.24)

T =Ty : F — pushforward of (5@)_1 F via Locg,, ® Locs — Locz,

Equivalently, we observe that BG,, < Locg,, also acts on Locs through
the embedding A, and we may write

(11.25) T := convolution action of (5{)_1, as a sheaf on BG,,, on Locg

Then T has the effect of regrading sheaves on Locg according to the action
of X : G,, — G. In particular, this describes the action of the substitution
X — X[)\] on (mew)/:

L X[\ = TCLx.

Now by (11.23)), taking account that we now have inverted 5{, and that
51V/2 is pulled back via 7 (see before (11.20)), we get for an arbitrary sheaf 7

on Locg the equality
T(F®eyp) = T(F) @eynl(1 = g){i1, \)).
For the normalized L-sheaf we find

LB = Lxp ® eyl =B = (TLx) ® 7)ol —Bx

— F(Lx @eYa)(~Brpy + (9 — DG W)y = TLRm™
for just as in ([10.14)) we have BX*[,\] = Bx + (9 — 1){n, A). This confirms
([T2).

11.6. L-sheaves for twisted polarizations. We now discuss the construc-
tion of L-sheaves for twisted cotangents and Whittaker inductions, a spectral
counterpart to the twisted period sheaves in Let us recall that the
construction of these twisted period sheaves amounted to “twist by a rank
one Artin—Schreier local system on Buné{ ;> and moreover that Artin—Schreier
sheaf was pulled back from the space of torsors for the canonical bundle K.

We will do something similar, now, on the spectral side.
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Remark 11.6.1. We note that Whittaker inductions on the spectral side
correspond to what one might call “Arthur functoriality” or “Arthur lifting”
in the classical theory of automorphic forms, as discussed in (specifically

{13 and 119)

Let G x G,, O (X, ¥) be as in §3.2.1, The affine bundle ¥ — X defines
a G x Gp,-equivariant map from X to the classifying space BG, (with the
squaring action of G4, and trivial action of ), whence a map

Locé,v( — Locg,

Our goal is to define the L-sheaf by twisting the previous construction by
the pullback to Loc)Gv( of a “spectral exponential” (or spectral Artin—Schreier)
sheaf on Locg,. The discussion will be parallel to the corresponding discus-
sion of period sheaves, but much more confusing, because

(i) of the presence of shearing in the definition of the L-sheaf, and
(ii) it is not clear what the spectral exponential sheaf on Locg, should
be.

The key point is that difficulty (i) and (ii) cancel each other out: our con-
d

struction of the spectral exponential sheaf (spelled out in §A.2) exists only
after shearing.

Remark 11.6.2. In the case X = U\G with the standard ¥, the only work
that we are aware of is due to V. Lafforgue [Laf09] - it can be checked that our
definition matches with that suggested therein — and work in preparation of
Hilburn-Yoo [HY]. In fact, Lafforgue’s computation makes clear the following
striking point: the spectral Whittaker sheaf is an object of ind-coherent
category QC" whose projection to QC' is not bounded below.

11.6.3. Construction of the spectral exponential sheaf. We will describe the
construction in the Betti case, leaving the modifications to the reader. A
choice of orientation on ¥ determines a map

(11.26) Locg, — A'[—1]

which will play a role similar to (10.16)). Here A![—1] is the derived scheme
whose ring of functions is k[z_1], see

Here is how the map arises. Given a complex V! — V9 — .
of vector spaces over k, we can functorially associate a derived stack over
k, which can be understood as the quotient of the derived scheme whose
ring of functions is the dual symmetric algebra on [V — V1 — . .] by
the action of V! considered as a vector group. The isomorphism class
of the resulting derived stack depends only on the quasi-isomorphism class
of the original complex. (For the functor of points in more generality see
|Tofrm|o|-4} Section 3.3].) Now the space of local systems Locg, for G, is
the vectorial derived stack associated, in this fashion, to the cochain complex
C*(X)[1]; mapping this complex to its truncation H?(X)[1] in degrees > 1
gives a morphism from Locg, to H2(X, k)[—1] ~ Al[-1].
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For example, in the Betti case, the morphism follows immediately
from the presentation , taking into account that the commutator is
trivial and that the conjugation action is trivial; namely, the generator x_;
is sent to the degree —1 element of the ring of functions associated to the
relation from .

On A'[—1] there is an object that plays the role of the exponential sheaf,
but exists only after some fiddling:

exp € QC'(A'[-1])/
It is defined in the shearing is for the squaring action of G,, on Al

Roughly, it is “Koszul dual to a skyscraper at 1” and the various adornments
I,/ are formal adjustments to the category that allow this to make sense:

e By Koszul duality, the category QC" for A'[—1] is identified with the
“category of sheaves on A![2],” which, formally speaking, is defined
as a sheared version of the category of sheaves on Al.

e The shearing has the effect of replacing A![2] by Al

e Finally, exp corresponds to the skyscraper at 1€ Al

11.6.4. Construction of the L-sheaf. Before reading the following, the reader
may want to glance at the reformulation of the untwisted definition given in
(11.17). It is this reformulation that the twisted definition will parallel.

Let We denote the composite G,y,-equivariant morphism Loc® — Locy: —
A'[—1] (squaring action on A'). The resulting diagram

(11.27) Loc¥X

Al[—1] Locg

is also Gy,-equivariant, with respect to the trivial action on Locs. It induces
Gy-equivariant functors on categories of ind-coherent sheaves and then (by
the functoriality of the shearing process) also on sheared categories (see
for background)

(11.28)
QC!(Locy )/ y
QC! (A [-1])/ QC!(Locs) — = QCH(Loce)

The last map\\ refers to the identification of sheared and ordinary categories
arising from the trivialization of the G,,-action on Loc, as in Example[6.3.8]
We are finally ready for the definition.
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Definition 11.6.5. Let G O (X, V). We define the associated L-sheaf by
pushing forward the Whittaker-exponential sheaf from Locg along the se-

quence (11.28)). In symbols,
—
(11.29) Ly =\ od o (Tg)(exp).
The normalized L-sheaf is defined by twisting the definition of exp by 51’/2
and shifting the end result by —Bx, cf. (11.20)).

In the case X = G/U with ¥ a nondegenerate character of U this ob-
ject can be reasonably termed the spectral Whittaker sheaf, i.e., a spectral
analogue of the automorphic Whittaker sheaf that, in turn, geometrizes the
Whittaker period in the theory of automorphic forms. Unfortunately, it is
quite difficult to compute with. Our primary evidence that is the right def-
inition comes — besides the parallel with the automorphic definition — from
our computations in the P! case (see §13) since we do not do any direct
numerical computations. See §14.9] and §18.5 for further discussion of the

spectral Whittaker construction in the context of Arthur parameters.

11.7. Dependence on spin structures. In this short subsection, parallel
to §10.7) we collect a few observations on the dependence of constructions
on spin structures. See also §C.7] Again, we emphasize we will make little
use of this formulation and include it for completeness.

Let us first say what we are not doing. One can argue that the spectral
analogue of a spin structure, i.e., the spectral analogue of a square root of
the canonical bundle, is given — at least in the finite context — by a square
root of the cyclotomic character. To make our discussion parallel to that
of periods, then, we might like to more systematically choose a square root
of the cyclotomic character, which roughly speaking will index a choice of
\/q that “varies over X,” and with such a choice we could treat spectral spin
structures and automorphic spin structures on precisely the same footing.
However, we have chosen not to do so — in effect, the choice of |/q € k leads
to a specific choice of a square root of the cyclotomic character, which in the
notation of corresponds to the square root |z|'/2 fixed by the given
choice of (/q. To our knowledge other choices are never considered in the
automorphic literature.

The remarks below are, therefore, not about this question, but about spin
structures in precisely the same sense as §10.7] that is to say, square roots
of the coherent dualizing bundle. We will use the same notation as in §10.7

First, let us discuss the dependence of the half-epsilon line bundle €/,

on spin structures. Changing K2 — KY2® L for £ € Bung/, replaces
€12 = [’Cl/z] by
K2 ®L] ~ €12 ® [£]

where L] is a 2-torsion line bundle on Locg,,. In other words, if we consider
Bung,, as acting on QC(Locg,),) via the homomorphism [—] of (11.12), then
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we have a canonically defined object in a twisted version of sheaves,
€12 € QC(Locg,, )P := Hompyn, , (Spiny;, @C(Locg,),))

(note that this fomulation requires defining [—] in a structured fashion rather
than just the level of isomorphism classes — see Remark below).

Next, the map 7 : Locsz — Locg,, allows us to pull back the Spiny-
twisted object €1, € QC (Locg,, )%™ just defined, to give a twisted sheaf
on Locg, which we can tensor with the unnormalized L-sheaf to account for
dependence on spin structures:

L = Li{(—Bx)®zy)p € QC!(LOCG)Spin := Hompun,,, (Spiny., QC' (Locg))

where Bung, acts on QC!(Locé) by tensor product with 2-torsion line

bundles pulled back from Locg,,. The duality exponent on Spin reflects
the fact that e1,5 is dualized in the definition of the normalized L-sheaf.
Compare with

Remark 11.7.1. For later use, we note that the action of Bungz, on QC!(LOCG)
that has just appeared can be described directly in terms of double covers
of G (see also Remark in the Appendix). For this, we describe in the
Betti or de Rham case an explicit version of the map [—] for Z/2-torsors.
The map G,, — B(Z/2) classifying the double cover of G, determines a
cover of Locg,, with Galois group H'(X,Z/2), whose fiber at a local system

Tr—T

consists of its lifts along G,,, — G,,. Cup product with the class of a
7,/2-bundle (i.e., the Weil pairing self-duality of H'(X,Z/2)) then gives us a
map from

(11.30) Bung, — Z/2-local systems on Locg,,
Pullback via 7 gives the desired morphism Bung, — Pic(Locg).

11.8. L-sheaves and L-functions. In order to better understand the mean-
ing of the definitions, we are going to compute some fibers of the L-sheaf,
and see that the resulting vector spaces categorify L-funtions. The main
results are summarized in Table[I1.8.1] The results here are not used in any
formal way in the study of the geometric conjecture, but they are part of the
motivation for the numerical conjecture enunciated later. Finally, in
we sketch another point of view on L-functions coming from the theory of
categorical traces in derived algebraic geometry, as expressing the derived
volume of Galois fixed points on X.

Let p be a G-local system with coefficients in k. In order to discuss
simultaneously the geometric and the arithmetic contexts, in the finite case
we will be thinking of p as a representation

prm(S) — G(k),

where 71 (X) is the étale fundamental group (with respect to a fixed geomet-
ric base point) of the curve ¥ over F,, and we will write p5°°™ when we need
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to emphasize that we restrict p to geometric 1. From p we get a k-point of
Locg,

tp : pt — Locg,
which depends only on p8°°™ in the finite context.

In what follows we will describe two types of results. Firstly, we will
compute various stalks of the L-sheaf; these results are valid in all contexts.
We will then compute Frobenius traces on these stalks; these results should
be understood as applying only to the finite context. When we talk about
Frobenius trace, here, we are implicitly using an extra structure, namely, the
fact that the L-sheaf has a natural equivariant structure for the action of
Frobenius on Loc described in §11.1.5

The main takeaways are, firstly, that these traces are L-functions, and, sec-
ondly, that the Gg4,-action shifts the point of evaluation of those L-functions.
The reader accustomed to arithmetic settings will note with some bemuse-
ment the signs (—1)? that occur below due to cohomological shifts by d;
somewhat surprisingly, these reflect numerical phenomena that are quite

complicated, see §14.§]

11.8.1. Notation and the conditions (a), (b), (c). p#°™ defines a k-point of
Locg, and let
bp = tpx(k)
be the associated skyscraper sheaf. p8°°™ may have automorphisms; we
write Z(p) for this algebraic group, i.e., the centralizer of p8°°™ in G, and
put
d = dimension of Z(p).

Consider the following three restrictions (a), (b), (c) that can be placed
on the situation. We will always (in the current section §11.8) impose (a)
and (b) below, and sometimes also (c¢) which will force d = 0:

(a) We assume that M = T*X, i.e., the affine bundle ¥ is trivial. How-
ever, our analysis will apply to arbitrary smooth G x Gg,-spaces X
(e.g. not necessarily affine, or satisfying any other conditions). @

(b) The classical fixed point locus of p&°™ on X is a singleton z( — that
is to say,

Kbseom — {ay),
where we consider xg as a reduced scheme. This implies also — in
the finite context — that zo will be fixed by p. We write T for the
tangent space at xg; then our assumption entails that

(11.31) H(Z,T) = H*(S,T) =0,
where T is regarded a local system of vector spaces on ¥ via p

and (see §11.1.4) cohomology in the finite case is always geometric
étale cohomology. See also Remark [I1.83]

geom
Y

961 we will carry out an analysis of the general type performed here in cases that
allow twisted polarization, but restricted to the case of the base curve P*.
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¢) p is a smooth point of the moduli space Locs, equivalently,
p G
HO(S,ad p&*™) = H*(S,ad p**™) =0,

with ad the adjoint action of G on its Lie algebra, i.e., ad p8°™ is a
local system of vector spaces of dimension dim(G).

Now, the Gg,-action on X fixes 29 € X (k) by the assumed uniqueness in
(b). Therefore, I'p fixes zp not only through its action via p, but through
its action via the corresponding extended Langlands parameter:

m(2) Y2 G x Gy — GL(T), T =Ty X.

We may therefore define the L-function L(s, T/) according to the prescrip-
tion of (2-9)); thus explicitly if T = @, T} we have L(0,T7) := [, L(k/2,T})
and if T" has trivial grading we get just L(0,7"). We have similarly defined the
normalized L-function, see , and will e.g. talk of Lnorm(O,T/) defined
similarly.

To keep the typography simple, we define

H*T := cohomology of ¥ with coefficients in the local system defined by T,

(again, geometric étale cohomology). Moreover, we define H *T/ to be the
sheared version of this cohomology, which coincides with the cohomology of
T/ = @, Tp(k). Thus, for example, if H*T is concentrated in degree 1, so
H*T = H'T[-1], we have (H*T)/ = H*(T/) = @ H'T},[k — 1](k/2).

Remark 11.8.2. Recall that, in the finite context, we have not defined Locg
in all cases; for the purpose of interpreting the results, one may either restrict
to the case in which X is defined, or assume that there exists a definition for
which the analysis below goes through (the only key points is that it should
satisfy base change and has the correct tangent complex). We do not see
any essential difficulty in establishing these points, but we have not done so.

Remark 11.8.3. In the finite context we are supposing that the fixed locus
of p restricted to geometric m is a singleton. However, one may hope that
a similar result remains valid under the restriction only to arithmetic 1,
because of “localization.”

Remark 11.8.4. The results that follow, in the case when p8°°™ has positive
dimensional centralizer Z(p), will refer to certain “completions” where we
replace a sum over Z(p)-isotypical components by a product. More precisely,
for T a representation of Z(p), decomposed into isotypical components as
T =P Ty, we write T" for the “completion”

(11.32) T" =Hom(k[Z(p)], T) = [ [ Ta-

Let us describe where this infinitude arises from in a simple example, just so
as to emphasize that it does not reflect any actual pathology of the situation.
Take G = G;;, and X = G. In this case, the L-sheaf is the push-forward ¢,k
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from p = trivial and corresponds, automorphically, to the constant sheaf.
Then

Hom(dy, L),

for p trivial, corresponds to the automorphic computation of Hom(k, k)
on Bung,,, i.e., we are computing H*(Bung,, ), which is a product over the
infinitely many connected components. For this reason, the above Hom-space
is an infinite direct product. This infinitude reflects the non-compactness of
Bung,,, and can be avoided by restricting the computation above to a finite

collection of connected components of Bung,, .

TABLE 11.8.1. The L-sheaf and which L-function it categori-
fies. In the case d > 0 the results must be “completed”; see Re-
mark [11.8.4, Also det H'(adp) is placed in degree dim(adp).

assumption | computation result trace of Frobenius on dual
(ab) Hom(d,, £ ) (Sym* H*(T7)) [—d] (—1)IL(1, T7V)
(ab) Hom(é,, L) (same) ® £15(T){—Bx) (—1)4g~Per2Lrorm (1, T0).
(abc) Hom(Ly,6,) | (Sym*H*T/)¥ ® det H*(adp) q "2 L(0,T7)
(abc) Hom (L™, 6)) (same) 1/2(T){Bx) q~be/2 Lrorm (0, TY).

11.8.5. Results. We summarize the results that follow in Table [T.81] It lists
(under the assumptions listed in the far left) what Homs from L-sheaves to
and from skyscrapers are. The final column is relevant only in the finite
context, and computes the trace of Frobenius on the dual of this Hom-space,
which will help guide us in our later numerical discussions. We now spell
out what the table says a little more carefully.

First two lines of the table: Assuming conditions (a), (b) from

and that the centralizer of p is d-dimensional we will compute below that

(11.33) Hom(d,, L) = completion of <Sym H*(T/)) [—d] and
[uncompleted RHS above¥] = (—1)4L(1, 7).

The first isomorphism is an isomorphism of Frobenius modules in the finite
case. The completion is discussed above in Remark but is necessary
only in the case d > 0. The meaning of the notation [...] is to take the

trace of geometric Frobenius, see §2.51 The reason that we are computing

with the dual space on the second line of comes from Lemma [2.6.1
which expresses the inner product of two functions in terms of the dual of a
Hom-space of sheaves; we anticipate, therefore, that it is not Hom(é,, £ ¢)
but its dual whose trace corresponds to a meaningful numerical computation
on the automorphic side.
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This and the definition ((11.20)) of the normalized L-sheaf will imply cor-

responding results in the normalized case:

(11.34)
Hom(d,, L) = completion of (Sym*H™*(T")) [—d]®ey,(T){—Bx) and

[uncompleted RHS above" ] = (—1)4g~ba/2Lrorm (1, 7/,

Note that the symmetric algebra here simply amounts to the exterior algebra
on H'! since assumption (a) entails that H° and H? is zero.
Second two lines of the table: Additionally supposing (c) from §11.8.1] we

will also compute:

(11.35)
Hom(Ly,d,) = (Sym H*T/)Y @det H' (adp) = [Hom(L,8,)"] = q e L0, 1Y),

(11.36) Hom(L¥™,6,) = (same) e1/5(T){Bx) =
[Hom(ﬁnXorm’ 5p)\/] -~ q—bc/2Lnorm(07 Ti)

Remark 11.8.6. It is an important and interesting question to relax re-
striction (c) of i.e., to prove versions of (11.35) and (11.36) when
p is not a smooth point. The reason is that it is understood that “! period
paired with an automorphic form gives L-function” is valid not merely for
cusp forms: it remains valid in the Eisenstein case, away from the polar locus
of the L-function. What happens at the polar locus of the L-function is a
subtle question, even at the purely numerical level — relaxing (c) would help
understand this.

11.8.7. Proofs of the statements about fibers. We now give the proof of the
above statements about fibers of the L-sheaf that were stated in §I1.8.5} the
numerical statements will be proved separately below in §I1.8.7

We will compute this in the Betti model, the analysis of the other cases
being similar (see Remark [11.8.2). We shall consider the pullback diagram

X % X
Locp HLOCG

-, b

pt ——~ Locg

Now we observe that the fiber of Locg above p is the derived scheme
HY(3,T)[-1]. Indeed, by our assumption (b), this fiber is an affine de-
rived scheme with just one classical point, and its tangent complex is H*(T)
concentrated in degree 1.

Now, in QC" one has base change for *-pushforward and !-pullback, with-
out restrictions. On the other hand, the =-pullback of ind-coherent sheaves,
satisfying base-change with #-pushforward, is only defined for morphisms
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which are eventually co-connective [GR17, 4.3.2]; this is certainly the case
for the inclusion ¢, of a smooth point of Loc.

Suppose first that p has finite centralizer, so that d = 0, i, is proper and
(p%, z'p) form an adjoint pair; we then compute by base change that
(11.37) Hom(d,, L) = Hom(i,uk, L) = L!pEX = ﬂp*wi

X
Locp

so we get sheared sections of the dualizing sheaf of Lock,. As we saw Loc%.
is simply the vector space V.= H!(T) shifted via [—1] to a derived scheme;
as a derived scheme its ring of functions is Sym (VV[1]) and forms are the
dual of functions:

(11.38) sections of w = Sym (V[-1]) = Sym (H'T[-1]) = Sym (H*T).

The symmetric algebra is taken in the graded sense, i.e. at the level of
underlying vector spaces this is the exterior algebra on V. In combination
with this establishes in the case when p has finite centralizer,
i.e., d = 0; we will discuss the numerical version below.

Now we examine the case when p has d-dimensional centralizer Z. Here
we will use the completion from . Now we can factor ¢, as pt 5

pt/Z LA Locg with b proper. Observe

(11.39) Hom(bsaxk, Lx) = Hom(ak,b'Ly)
(11.40) = (a*bV'Lyg)"
(11.41) = (a'V'Lyz[-dimZ])"
(11.42) = (i, Lg[~dimZ])",

where we identified sheaves on pt/Z with Z-representations. The dotted
equality arises as follows: the sheaf a.k is identified with the regular rep-
resentation k[Z] of Z, and then we use Hom(k[Z],W) ~ W" for any Z-
representation W, with W* as in (11.32). We also used o' = a*[dimZ]
for the smooth morphism a. Equat therefore holds with a fur-
ther shift of —dimZ, giving again in this case. The version with the
normalized L-sheaf follows at once from the definitions.

Next, let us impose assumption (c), so that Loc is smooth at the point p.
In this case the map i, is “eventually co-connective” and also LCI; so Z'X and
i% differ by a shift. By adjunction we have

Hom(Lx,d,) = Homy (1, Lx, 0)

Then i myw = mpsijw (here and below w is dualizing on Loc™) ; canonically
.1

iy = i: ® (det T,) where T}, is the determinant of the tangent space at p,
which we understand to be placed in dimension dimT),; and — since i!p carries
dualizing to dualizing — ijw = wx ,(det T,)~ ! where wy,, is dualizing of

Locif . We deduce that

Hom(Lx,d,) = [sections of wﬁ-’p] ! ® det T),.
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Note that 7, = H'(adp). This in combination with (11.38) proves (11.35)
and again (|11.36[) follows simply by taking into accounts the shift in the

definition of the normalized L-sheaf.

11.8.8. Proofs of statements about Frobenius traces. Now we examine the
trace of Frobenius statement from , restricting, of course, to the finite
context. Our conventions about Frobenius morphisms have been given in
In the case d > 0 we are going to be computing Frobenius traces only
on the duals of the uncompleted spaces, see Remark [I1.8:4} we anticipate
these to be the relevant quantities that will match with the computation of
automorphic inner products.

For we note that the external shift by [—d] has no effect except
multiplication by a factor (—1)¢. We will therefore compute without it. In
what follows, the cohomology space H'! is considered as a vector space in
cohomological degree 1 (in particular, its symmetric powers, in the graded
sense, are exterior, in the ungraded sense). We assume, at first, that the G,
action on 7' is trivial. For , we have:

tr(Fr|Sym H'(T)") = det(1 — Fr|H (T)")
= det(1 — ¢ 'Fr|HY(TV)) = L(1,TY),

since by assumption 7 has no H° or H? and we have a perfect pairing
HYT) x HY(TV) — k(—1), where Fr is acting by ¢~! on the target. For
(11.35)), we use

tr(Fr|Sym HY(T)) = det(1 — Fr|H(T)) = L(0,T),

using again vanishing of H° and H?. We additionally use the fact that

the determinant of Frobenius on H'!(adp) equals ¢°¢, by (11.7) and (T1.11));
indeed, the relevant orthogonal e-factor is trivial since adp has trivial de-
terminant; moreover, the dimension of H'(adp) is even, so there is no sign
shift.

The modifications for nontrivial action of G4, are immediate, as the shears
“come along for the ride.”

For ((11.34) and we use the fact that €;, geometrizes the square
root of the central e-factor, see discussion before . We will now pay
more attention to the shears when computing. Decompose T' = P T} ac-
cording to the Gg-grading. We get

(11.43) 6(07T/) = l_[e(k/2,Tk) Ij:E'z'eg/g,T)q((g—l)w7
(11.44) (1,70 D (1 )9 vy~ (o De

where a = (1 — k)dim(7}) = dim(X) — v, because G, is acting on det(T’)
by the character )] kdim(7}), and this must equal 7, cf. the discussion
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preceding (3.36)). For (11.34]) we reason thus using (3.37)) (and recalling that

we are dualizing at the start!)

[((Sym* H* (7)) [~d] @ }u(T)—Bx)) | = (~1)q~"5 2[4 o(T)] (1, T0)
= (=1)%qPxPley o(T¥)] 7 L(1, TI)

= (_1)dq*ﬁx/2q*(9*1)(dimX*'Y)/2\/E(1’Ti\/)*lL(l,T/V)

1;9 (_1)dq—bg/2Lnorm<17 Tiv )7

where we used B¢ + (¢ — 1)(dimX —v) = (¢ — 1)dimG, see (10.3)), and the
(1.8

square root of € is chosen based on the fixed spin structure, as in ((11.8). For

(11.36)) we reason thus:

(11.45) [(ghastly mess)¥] = ¢~°¢¢*x/2¢(1/2, 7)1 L(0, )
_ q—bgqﬁx/Qq(g—l)(dimX—'y)/QLnorm (0’ Tﬂ) _ q—bG/2Lnorm (0, T/)

O

11.8.9. L-functions, algebraic distributions and volume forms. We briefly
sketch a geometric point of view on L-functions suggested by L-sheaves
and the theory of categorical traces, as an interesting direction for future
research.

In summary, we formally expect applying the trace of Frobenius to the
L-sheaf Ly defines an algebraic distribution — the “L-distribution” on the
fixed points of Frobenius on Loc, i.e., the stack of arithmetic local systems.
This trace is only defined (at best) after restricting to an open locus where
we require in particular that fixed points are isolated, i.e., away from poles
of the L-function. The L-distribution can be thought of as the relative form
of the volume of the derived Galois fixed points on X. (See Remark
for a parallel discussion of Arthur parameters.)

First let us recall some of the functoriality of traces and fixed points in
derived algebraic geometry, as explained in [BZN21), HSS17, [GKRV22|. It is
a consequence of the functoriality of ind-coherent sheaves that a morphism
f:+Z — Z defines a vector space (in the derived sense, so, strictly a chain
complex): the categorical trace of f, as an endomorphism of QC'(Z). This
vector space is identified with algebraic distributions — derived section of the
dualizing sheaf — on the derived fixed points of f,

Tr(fe) =~ D(Z7,w).

Furthermore a coherent sheaf F (i.e., a compact object of QC'(Z)) equipped
with an f-equivariant structure defines a trace distribution — an object of
the vector space Tr(f).

This setup is realized in the Betti setting as follows. We consider a topo-
logical surface ¥ with a diffeomorphism F' : ¥ — ¥, with mapping torus a
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3-manifold Xz (which plays the role of a global field in the classical Lang-
lands correspondence). We will apply the foregoing discussion to

Z = LocZ(%)

the Betti moduli of local systems on ¥, and we take the map f to be
that induced by F. The derived fixed point locus is the stack of local sys-
tems Locg(EF) on the 3-manifold ¥r. The L-sheaf attached to a G-space

X gives an F-equivariant sheaf on Z. It is not in general coherent, but
it will be so if we restrict to any subset where Z is smooth and the map
LocX(£) — Locs(Y) is finite. So we get an algebraic distribution at least
on the corresponding subset of Locg(E F)-

This algebraic distribution is a geometric avatar of the L-function. To
make a clearer connection to L-functions in the arithmetic sense, we would
like to apply this formalism in the setting of the étale geometric Langlands
conjecture [AGKF20b), as reviewed in §C.6] Namely, we would like to take

(Z, f) to be the formal algebraic stack Locg of restricted local systems with

its Frobenius action, so that Z/ = Locgith is the stack of arithmetic local

systems. The formalism of traces is applied in this setting in [AGK™20bl
24.7] and the categorical trace of Frobenius is identified as expected with
algebraic distributions F(Locgith,w). Thus the formalism above produces
an L-distribution in this space, but, again, only after restricting to a suitable
subset on which the L-sheaf is coherent (rather than merely ind-coherent).
We leave a clearer understanding of this subset, and what happens away
from it, as a question for later study.

The discussion above is related to the well known analogy between L-
functions and Reidemeister torsion and its generalizations (see, for exam-
ple, [AV22], where this analogy plays a key role). A particularly relevant
perspective on the theory of Reidemeister torsion volume forms has been
developed in [NS23|: it provides various mapping spaces in derived algebraic
geometry with canonical volume forms — i.e., sections of the determinant line

bundle of the cotangent complex.

11.9. Reduction to the vectorial case. We now consider the spectral
counterpart of L-sheaves in general can be expressed as “spectral
Whittaker inductions” (or better, Arthur inductions) of L-sheaves in the
vectorial case. We set up this functor as in the automorphic case, with the
spectral exponential sheaf replacing the Artin—Schreier sheaf.

Our notation will be parallel to that of Thus we fix a homomorphism
H x SLy — G with underlying cocharacter @ : G,, — G, which we assume
to have even weights on §. Let U = U, < G be the unipotent subgroup
defined by the positive part of the grading. Just as in §10.8 we then consider
the graded Hamiltonian G x H-space T\I"jG/U associated to

(11.46) (X =U\G,¥: U— A
and its L-sheaf Le 7 ¢ € QC'(Locs x Locy) following Definition [11.6.5
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Definition 11.9.1. (Compare with Definition [10.8.1): Let notation be as
above. The Arthur induction functor

Al : QC'(Loc ;) — QC'(Loc)
is the (1=)integral transform given by the spectral Whittaker L-sheaf:
AI(F) = mia(m5F @ Liyyig)-

Let us spell this out. First note we are applying throughout the general
functoriality of QC' from [GRI7] (see for a summary), in particu-
lar the !-tensor product for which !-pullbacks are symmetric monoidal and
pushforwards satisfy the projection formula |[GR17, I11].

The stack Loc® in the setting of is identified with Locg;; with its
natural map to Locs x Locg. Then using the morphism

— v
Ve : Locyy — Locys Al[-1],

we can identify the Arthur induction as

N = (K (e © 7))

with ¢ the projection to Locgs, and pj; the projection from Loc g, to Loc.
The Arthur induction of wrec,, recovers the L-sheaf associated to (X =

G/HU, V), and more generally Arthur induction of (polarized) L-sheaves
realizes Whittaker induction on Hamiltonian spaces:

Lemma 11.9.2. Given a homomorphism H x SLy — G (with even SLy)
and S = T*Y a polarized Hamiltonian H -space, the L-sheaf of the Whittaker
induction (X =Y x"U G W) of S is naturally identified with the Arthur
induction of the L-sheaf of S:

Al(Ly) ~ L y-

Proof. The identification comes from considering locally constant maps from
> into the following commutative diagram with Cartesian diamond:

pt/Gy ~— X/G

LN,

pt/HU

SN

pt/G pt/H
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Remark 11.9.3 (Arthur restriction). Asin §10.8we can also use the spectral
Whittaker sheaf as an integral transform in the opposite direction to define
an Arthur restriction (or “Arthur-Jacquet”) functor

AJ: QC'(Locy) — QC'(Locy)

which (by the same argument) takes the L-sheaf for a polarized G-space M
to that of the (twisted-polarized) Hamiltonian H-space given by its reduc-
tion M //¢U. It would be interesting, in particular in light of the heuristic
discussion of to verify if AJ is identified with the left adjoint of Al.

11.10. Independence of polarization. We now discuss the spectral coun-
terpart of §10.9] An ultimate goal is to reformulate our entire study in terms
of (G, M) and as in M we can think of this in two parts: independence
of polarization (a form of the functional equation for L-functions), and con-
structing the L-sheaf even if a distinguished polarization does not exist.

We will now examine independence of polarization in the Betti case and
we shall prove independence of polarization after projection via QC' — QC
under condition (11.47). These restrictions are to make the discussion as
simple and explicit as possible: it is likely that a suitably framed version of
the same argument works in the other contexts, applies to QC", and does
not require .

The reader can compare these points with the corresponding constructions
in §10.9] From the point of view of the classical theory of periods, the parallel
between these situations is quite surprising. As in the automorphic case, we
will only briefly discuss here the unpolarized situation, §11.10.4]

We now put ourselves in the polarized vectorial setting, thanks to the
discussion of §11.9] We are also going to assume that

(11.47) G is semisimple and the genus is > 2.

There should be no difficulty in removing this assumption (in fact, the cor-
responding assertion in genus 0 follows from our computations in .

Under this assumption and working in the Betti context we are going to
construct an isomorphism (as mentioned, inside QC):

(11.48) Ly~Ly, @det H*(X)™!
(11.49) L ~ Lo

where det H*(X) denotes the determinant of cohomology, considered as a
line bundle on Locy. These isomorphism could be seen, in light of
as categorifying the functional equation of the L-function, but the situation
is a bit more subtle: the point is that the L-sheaf is only a reasonable
geometrization of the L-function over a certain nice locus in the moduli
space, but this “categorical functional equation” for the L-sheaf nonetheless
holds everywhere.

We will prove (11.48]) in a very straightforward way: we write down a
presentation for the left hand side that is manifestly invariant under duality
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(up to the twist). Before we do that, let us see how to go from (11.48) to

(IT.49). Note that 3 for X and X" coincide by definition, see (10.3). On
the other hand, by definition (, £1/2 for X and for X are pulled back

from the same bundle &/ /2 via (respectively) 7 and 5~ !. Taking into account
(see Remark [11.2.8| for the argument in the harder de Rham case) that ¢}’ 1
on Locg,, is a square root of the determinant of cohomology line bundle, we
get

61V/2’X Q&g v = determinant of cohomology for X,

and so from ((11.48]) we will get the desired invariance under duality for the
normalized L-sheaf ((11.49)).

Remark 11.10.1. The identity that we are about to see is analogous to the
following simple numerical fact. Given a complex of finite dimensional vector
spaces V' with endomorphism F, the formal L-value L(V) := [, det(1 —
F|H ’7“‘/')(_1)]chl can be categorified in two different ways, namely both by
SymV and SymV"Y ® (det VV) — the determinant is regarded as placed in
cohomological degree equal to the dimension of V. This amounts to the

identity
1 x! -
k _ _ _ k
E " = = = E T
_ _ -1
b 1—=z 1—=x e

Nonetheless, the reader may like to convince themselves before reading
further that (11.48)) is not a formality, i.e, the definitions of both sides do
not obviously align.

11.10.2. The vectorial L-sheaf. Let R be the ring of functions on homomor-
phisms from 7;(X) to G, as in It is an affine complete intersection
ring; we have

Locs = Spec(R)/G,

and sheaves on Locg are then identified with G-equivariant sheaves on the
spectrum of R. It is in this model that we will compute the L-sheaf.

As we are supposing the genus of X is 2 or greater, this R is a usual
(underived) ring, which is even a complete intersection; some readers may
follow the example of some authors and sigh with relief.

We have a representation

m — G(R) — GLx(R),

i.e., a local system of free R-modules on 3. Proceeding, a cell decomposition
of the Riemann surface associated to ¥ gives a complex of free R-modules
that computes the cohomology of ¥ with coefficients in this local system;
explicitly, we lift this cell decomposition to a universal cover ¥ and take the
complex of mj-invariant cochains. The result is a complex of finite rank free
R-modules in degrees 0, 1, 2:

(11.50) C:Q->Y P



252 DAVID BEN-ZVI, YIANNIS SAKELLARIDIS AND AKSHAY VENKATESH

with bases indexed by 0, 1- and 2-cells; differentials are the usual differentials
of singular cohomology, but twisted by the universal local system.

We can think of @,Y, P as sections of vector bundles over Spec(R), to be
denoted by the same letters. The pullback of Locg to Spec(R) is “the kernel
of the map from @ to ker(Y — P),” except we interpret this in the derived

sense. To make this more precise, let us call Ifgég this pullback of Locg to
the spectrum of R, so that we have a diagram, where the horizontal arrows
take quotient by G:

~X <

Locg — Locy,

Spec(R) — Locx
~ X
Then Locs is the spectrum of the dual symmetric algebra to the complex
C of (11.50). Above, Q,Y, P are in degrees 0, 1,2 respectively; the dual
symmetric algebra is thereby in degrees < 0; ignoring differentials, it is
identified with

SymC" = Sym Q* ® Sym Y*[1] ® Sym P*[2],

where the symmetric algebras are taken in the graded sense so that, for
example, Y is in fact contributing an abstract exterior algebra. Also the
Ggr-action scales @, Y, P by the tautological character and acts dually on
the ring of functions.

To compute the L-sheaf, we will factorize the map 7 as

X,
Locg = @ — Spec(R)

where @ is now considered as a vector bundle over the spectrum of R. Let

w = dualizing sheaf of ]’I)ch
We have
(11.51) L = Qg [—dimG)/,

where
(1% := sections of m.w on SpecR,

as a G—equiYariant R-module. This €2y is equivalently described as sections
of w on I/BE?;(, Le., as homomorphisms O — w computed there, and this can
bee computed by adjunction along the proper map 7y : Ii(\)JcX — Q:

Qy = Homﬂovcg (O, mhwg) = HomQ(WO*Oﬂ&g,wQ).

Here, as above, we are by an abuse of notation regarding () as a vector
bundle over Spec(R). Now, the dualizing sheaf of wq is identified with

wQ =~ wspee R @ Sym(Q") ® (det Q)" [dimQ]
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(the fact that R is LCI implies that wg := wspecr is in fact locally free of
rank 1) and ignoring differentials at the moment we have an identification of
complexes

wr'Qy @ (det Q)[—dim@Q] ~ Homgym ov (Sym €Y, Sym Q)
which, after shearing everything in sight, becomes

Wit ® (det Q) ~ Homgymv[—1y(SymC [~1], Sym Q¥ [~1]).

Recall here that the shearing includes a parity shift on CV, so that the
shear of the symmetric algebra coincides with the symmetric algebra of the
shear, that is to say, there is no funny business switching between exterior
and symmetric algebras upon shearing. Now C¥[—1] is the complex PY —
YV — @QV in degrees —1,0,1, and forgetting differentials we get

(11.52) W'Y ® (det Q) ~ A*Y ® Sym(P[-1] ® Q¥ [-1]).

Here, to avoid unwarranted suffering, we write simply A*Y where Y is now
regarded as a usual module in even parity and degree zero, in place of than
SymY where Y is regarded as a fermionic module in degree zero.

By Poincaré duality, fixing an orientation, the corresponding construc-
tion, replacing X by XV, arises from the complex C¥[—2], that is to say,
PY - YY — @QV; and then we would similarly obtain after tensoring by the
determinant of Y, again forgetting differentials

(11.53) wyp', ® (det P¥) ® (detY) ~ A*Y ® Sym*(P[~1] @ Q" [~1]),

Since the determinant of cohomology of H*(X) is identified with (det Q)®
(det P)® (det Y*), comparing (11.52]) and (11.53)) and checking the differen-
tials match will shows the desired identification

Vi 0\ Of
QX®(detH (X))_QXv

of . To verify that the differentials match, we will write the differ-

entials in in a way that is manifestly symmetric. To do this we will
write out things in a basis, which, in this case, shows a certain beauty of the
construction.

Lemma 11.10.3. As above let C : Q@ — Y — P be a complex of free R-
modules in degrees [0,2] and write

d:Y - Pd :YY - QY
for the differential and dual differential from (11.50)). Here YV = Hom(Y, R)

and similarly for QY. Fiz a basis x1,...,xk,... for Y as an R-module with
dual basis x} for Y'V.

Then, with reference to the identification just made
(11.54)

Homg, o~ [_1)(SymCY [—1], Sym Q) = A*Y ® Sym(P[~1]® Q" [1])

the differential on the right-hand complex may be characterized thus:
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It is Sym(P[—1]® QY [—1])-linear and given on a term x1 A X2 AT3 A ...
(where, as usual, a hat on top of xi, means that it is omitted) by the following
rule:

e replacing any term x; by +;(dx;); here dxj € P;
e replacing any term T by +x; (d*:z:;-‘); here d*z% € Q*,

where in both cases the sign + is given by (—1)J71.

The presentation of the differential is manifestly symmetric under duality,

concluding the proof of ((11.48]).
Proof. We just need to write out (11.54)) and compute. (]

11.10.4. The spectral Weil representation. The isomorphism can be
seen as a kind of “spectral Fourier transform,” and we may expect it to be
related to the Fourier transform that appears in the Weil representation;
indeed, that

the L-sheaf in the vectorial case is characterized, up to a pro-
jective ambiguity, as the unique irreducible representation of
a certain algebra.

i.e., a kind of Stone-Von Neumann theorem. This is indeed the case, but
since it will take us a little way from the central concerns of this paper,
we will report on the construction in separate work. This points us a way
towards both a more intrinsic way of understanding the self-duality, and
more broadly a way of understanding L-sheaf. This is closely related to the
“algebra of L-observables” that is discussed in and at length in §I§

Let us at least see where the algebra comes from. In the situation above,
let

(11.55) V=C[l]@cY[-1],

where C is as in (11.50)) a complex of sheaves on Loc s in degrees [0, 1, 2] com-
puting the cohomology with coefficients in X; the complex V is represented
by a complex in degrees [—1,1]. V has moreover a self-duality structure for
it computes the cohomology of the M = T*X-local system associated to a
G-local system, just as C computed the cohomology of the X-local system,
and the self-duality structure arises from Poincaré duality pairing on coho-
mology. In particular, the resulting pairing V — VY gives k@V the structure
of a a differential graded Lie superalgebra. Moreover, this Lie superalgebra
acts on the L-sheaf constructed above and can be used to characterize it.

12. THE GLOBAL GEOMETRIC CONJECTURE

We will formulate the global geometric conjecture in multiple versions.
The general nature of the conjecture is that

the normalized period sheaf attached to (G, M) matches un-
der geometric Langlands with the normalized L-sheaf at-
tached to (G, M) for a hyperspherical dual pair.
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Before we go further, it may be helpful to say specifically the ‘data points’
on which are conjectures are based. The most important are:

(i) agreement with known numerical statements, to be discussed in
(ii) the case of P!, to be discussed in

What we present below should be regarded as a first attempt to formulate
global conjectures that are consistent with these data points and the known
formalism of geometric Langlands. We expect that, especially in regard to
technical details concerning the appropriate categories (see e.g. , they
may need further modification.

e In we formulate the conjecture in the case where M, M are both
polarized (after discussing in what categories to place the period and
L-sheaves).

o In we examine a few simple examples of The examples
we present here are the much more restricted class where one can
compute explicitly with the sheaves, and should be regarded more as
illustrations than as evidence.

e In §12.3] we give a somewhat extended discussion of the “group case,”
and reformulate some cases of the conjecture in terms of functorial
transfers between different groups.

e In we discuss the role of spectral projection in the Betti and
étale forms of the global geometric conjecture.

e §12.5] - §12.7 are an investigation of the role of parity (see §2.7] and
also . In §12.5| we explain why the parity condition plies
that the conjecture is independent of the choice of spin structure.
§12.6 is probably the most detailed test of the parity condition. We
first explain how to shift between normalized and unnormalized ver-
sion of the conjecture. This in particular leads in §12.7) to another
implication of the conjecture related to parity, | 12.20? , which we ver-
ify by hand in many examples

e In §12.8 we study the situation with polarized M and unpolarized
M. We achieve this generality at the cost of giving a less precise
conjecture, describing not the L-function but its “square” (this is
familiar in the automorphic literature). The version given in this
section works only over a certain subset of the space of local systems;
we discuss how to extend this form of the conjecture to the whole
space in the concluding section of this paper.

Remark 12.0.1. In a certain sense, the conjecture that follows is a ge-
ometrization of the “L-value equals period” philosophy well known in num-
ber theory. Let us describe how one would arrive at the conjecture, starting
from that philosophy; note that the purely numerical version of the conjec-
ture is studied in §I4] and the relationship between geometric and numerical

is discussed in
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(a) Firstly, one must decide which L-function is attached to a given pe-
riod. The guiding philosophy of our paper is that this fits into the
duality framework of hyperspherical varieties.

(b) Next, one must understand the correct normalization of the conjec-
ture; i.e., describe it in a way where the “fudge factors” that appear in
a typical “ L-value equals period” formula come from. This shows up,
for us, in the precise twists and shifts in the definition of normalized
L- and period sheaves.

(c) Thirdly, even in very simple settings such as the Hecke or Iwasawa—
Tate period, it is not in fact true that the relation “L-value equals
period” holds when paired against all automorphic forms: this is re-
lated to subtleties of Eisenstein periods where the L-function has
a pole (see Remark . This is a feature that is not even un-
derstood well in the numerical world. The correct conjecture must
reproduce this behavior. This point was emphasized to us by Tony
Feng and Jonathan Wang, who have studied the Hecke case in un-
published work. We do not discuss this point in isolation in this
paper, although it comes up implicitly a few times; however, to the
extent that we have tested it on this front, the conjecture passes.

(d) Finally, in geometrizing numerical statements, we must decide where
to use the dualizing sheaf, where to use the constant sheaf, and where
to use something in the middle. For example, these choices (in the
group case) must recover the fact (“miraculous duality”) of Drinfeld—
Gaitsgory that duality on automorphic and spectral sides are related
in a somewhat subtle way; see §12.3.1]

12.1. Normalized period conjecture: statement. We follow the general
notation set up in §10.1] and §I1.T} in particular, ¥ is a projective smooth
curve over the field F, and we consider sheaf theory with coefficients in k.

Before stating the conjecture, let us discuss the setting: what categories
do the L- and period sheaves live in? As has been studied in the work
[AGI5] of Arinkin and Gaitsgory in the de Rham setting (and more recently
in [BZN1§| in the Betti setting and JAGK™20b| in the étale setting), the
precise formulation of a geometric Langlands conjecture is quite a subtle
matter, because one must choose carefully which categories to work with on
both sides. We summarize the different forms of the geometric Langlands
correspondence available in different contexts in Appendix [C] cf.
We recall here that the de Rham and Betti settings are formulated
only over F = the complex numbers; for us, the étale setting will be applied
with IF the algebraic closure of a finite field. (In fact the étale setting applies
in greater generality, providing a common language for the finite setting of
{-adic sheaves and for the “common part” of the de Rham and Betti contexts
over F = C.)

One of the curious features of our L- and period- sheaves is that, although
both definitions are very natural and parallel to one another, they do not
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always live in the standard categories in terms of which geometric Langlands
has been formulated.

(12.1)

- The geometric Langlands correspondence, as reviewed in §C] only

takes as input automorphic sheaves on Bung. In the de Rham set-
ting, all sheaves are automorphic, but in the Betti and étale settings
one restricts to nilpotent sheaves on Bung, a class that includes Hecke
eigensheaves but not in general period sheaves. This comes from the
fact (Section that the Hecke action is not automatically lo-
cally constant over the curve, so only a subcategory of all sheaves
can spectrally decompose over Locs. As a result, to apply the cor-
respondence we need to consider period sheaves as functionals on
automorphic sheaves. Equivalently, to apply the correspondence to
period sheaves we must first take them out of their native habitat
and apply spectral projection P — P*P¢¢ which is a functor

SHV (Bung) — AUT(Bung)

from all sheaves to automorphic sheaves, i.e., the spectrally decom-
posable subcategory. The nature of the Betti and étale categories
is substantially different (for example because Loc? is close to an
affine variety while Loc® is close to an affine formal scheme) — as we
illustrate in some detail in Section in the former the spectral
projector gives the left nilpotent projection (left adjoint to the inclu-
sion), while in the latter it is the right nilpotent projection. Thus in
the Betti setting the period functional is given by Hom from the pe-
riod sheaf, while in the étale setting it is given by Hom to the period
sheaf.
In all settings, the spectral side of the Langlands correspondence
is usually formulated (as in [AGIH, IAGKT20b|) for ind-coherent
sheaves with nilpotent singular support on the corresponding stacks
Locg of Langlands parameters, a class that does not include most
L-sheaves. To accommodate them we choose to work in all settings
with the larger (but less familiar) ind-finite m form of the correspon-
dence, whose spectral side consists of arbitrary ind-coherent sheaves.
As explained in Appendix [C] the distinction between the ind-finite
and more standard “safe” forms of the Langlands correspondence, on
the automorphic side, boils down to whether we treat sheaves on
BG “homologically”, as modules for H,(G) (the ind-safe category,
as is the norm in the setting of D-modules and thus for example
in [AGI15]), or “cohomologically”, as modules for H*(BG) (the ind-
finite category). The cohomological (ind-finite) conjecture is strictly
stronger than the homological (ind-safe) one but is not well docu-
mented or supported. In particular, the analogue of the projector

97which we could also call “renormalized” or “cohomological”
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is not documented in this setting, but we will proceed assum-
ing it is valid; in case of any concern, all of our statements can be
“projected” to the safe category, see
We now formulate the matching of period and L-sheaves in all three set-
tings, using the spectral projectors that we will further discuss in
Before stating the conjecture, we recall issues of rationality, only of rele-
vance in the finite case: In § we specified a rather clumsy working
definition of a “distinguished split form of a hyperspherical dual pair”, where
the two sides are defined over fields [F, k covering all our present options for
coefficients. We will use this notion here, but it can be avoided by setting
up the situation up a little differently; see Remark [12.1.3]

Conjecture 12.1.1. Take (G, M = T*(X,V))r and (G, M = T*(X,¥))
be a distinguished split form of a hyperspherical dual pair with distinguished
polarizations, both sides admitting eigenmeasur@ﬁ. Write

P — 7)‘1)1{()1"1‘[17 E — Enxorm

for the associated period and L-sheaves as defined in §10 and respectively,
(—)%Pec for the spectral projection to automorphic sheaves, and d for “dualiz-
ing twist”, i.e., for the effect of applying the dualizing involution ( on
G or G. Then in all three settings we conjecture

the spectral projection PP of the period sheaf and the dual L-sheaf L%
match under the geometric Langlands correspondence.

In the finite case, when ¥ is defined over Fy and assuming (G, M = T*(X, ¥))
to have a distinguished split form over Fy, this is moreover compatible with
the natural Frobenius-equivariant structures on both sides. @

Since the Beilinson spectral projector has very different features in the
three settings, let us spell out separately what the conjecture amounts to:

de Rham: The period sheaf itself P = P%P°¢ and dual L-sheaf £¢
match under the de Rham geometric Langlands correspondence of [AG15]
— or, rather, its proposed ind-finite variant, see discussion above.

Betti: The left nilpotent projection of the period sheaf PP = 75lB
and dual L-sheaf £¢ match under the Betti geometric Langlands
correspondence of [BZN18S].

étale: The right nilpotent projection of the period sheaf PPe¢ = Pres
and dual L-sheaf £? match under the étale geometric Langlands cor-
respondence of JAGK™20b)].

“Left” and “right” refer to left and right adjoints to the inclusion of the
subcategory of nilpotent sheaves, see §12.4.2

98See Remark for some first remarks on removing this.

990n the left, this arises from the definition , taking into account that the Tate
twist modifies the equivariant structure; on the right,it similarly arising from the Frobenius
action on Locg covering the action on Locg, again taking account that the Tate
twists implicit in modify the equivariant structure.
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Remark 12.1.2. A few initial remarks on the statement:

(a) The P-and L-sheaves are independent of polarization (see §10.9
, and correspondingly the conjecture depends only on (M, M).

(b) At first sight it might appear unpleasant to have the dual £? of the
L-sheaf appear in the conjecture rather than the L-sheaf itself. In-
deed, this is merely an issue of our (somewhat standard) choice of
normalizations and can be reversed in one of several ways. One could
change the normalization of the Hecke action in geometric Langlands,
or switch the roles of arithmetic and geometric Frobenius in passing
to the numerical conjecture, or absorb the twist in the duality be-
tween hyperspherical varieties, or switch left or right conventions...
Of course, each one of these choices would cause changes somewhere
else.

(c¢) Let us comment on the implied normalization of the geometric Lang-
lands correspondence. The above conjecture includes the matching
between automorphic Whittaker and spectral dualizing sheaves up
to an explicit twist, which is, up to this explicit twist, the standard
Whittaker normalization of the correspondence, see §12.2.1] We have
taken the point of view, however, that one should not privilege Whit-
taker normalization over the matching of other periods.

(d) We expect that in the étale setting there is a natural pro-L-sheaf
which matches the pro-automorphic sheaf given by the left nilpotent
projection 75[' s (a pro-version of the spectral projection of P). This
“left” version is important for matching the conjecture with numerical
predictions, but we do not develop this version here.

Remark 12.1.3. (Alternate approach to rationality issues:) The conjecture
used the still tentative notion of distinguished split form in the case when
I has finite characteristic. This can be avoided by taking as starting point
a spherical variety over F, giving a conjecture that is in some ways more
general:

As usual, let G be the split group over F, and take a spherical G-variety
X over F, possibly endowed with a torsor ¥, and without roots of type V.
Assuming that the characteristic of F is sufficiently largem the discussion
of §4| can be applied directly in this situation to obtain (G, M) /k» Which we
assume moreover to be hyperspherical, and to admit a distinguished polar-
ization M = T*(X,V¥). In this setting, we may again conjecture that the
period and L-sheaves of Conjecture [12.1.1] match. Under further assump-
tions, one formulates a statement about Frobenius equivariance using the
Frobenius action on M that has been specified in .

1001t would be nice to have a more explicit statement here, for which we need to
examine the various structural results that have been used in §4.8|and verify their validity
away from an explicit set of bad charcteristics. This can at least be done straightforwardly
in any specific case.
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12.2. Some illustrative examples. We discuss a few illustrative exam-
ples. As we have already mentioned, the strongest evidence for the global
conjecture of course comes from the study of numerical examples, which we
examine in later sections. Both for this reason and because of the technical
difficulty of working out details in this situation, we make no attempt at
complete or rigorous treatment, simply sketching some computations that
seem to us likely representative of the true situation.

To avoid repeatedly having to mutter “spectral projection” in each ex-
ample, let us restrict ourselves to the de Rham context for this subsection
§12.3
12.2.1. The automorphic Whittaker model. Take M = Ty (U\G) the Whit-
taker model with dual M = pt. The conjecture says that, under the Lang-
lands correspondence, the Whittaker sheaf is exchanged with the dualizing
sheaf of Locs (up to a shift that will be examined below). This is a known
prediction (“Whittaker normalization”), due to Drinfeld. It often plays a
distinguished role because it can be used to normalize the Langlands cor-
respondence; from our point of view it is only one of many matching pairs.

The only point of relevance to examine is the normalizations, which we now
spell out. P5°™ differs from the “standard” Whittaker sheaf W by the shift

of (10.12)), which is given here by (10.3) and (3.37)):
PR — W((g — 1) (dimU — (2, 25)))-
On the other hand, the L-sheaf is the dualizing sheaf now shifted by ([11.20]):
L2 = w(—(g — 1)dimG)

In other words, in our normalization, the usual Whittaker sheaf and the
dualizing sheaf match after including a shift of (@) on the spectral side with

Q=(9-1)(2p,2p) — dimU — dim@G) .

In other words, this is the shift by which the normalization implicit in
Conjecture [12.1.1] differs from the standard normalization.

12.2.2. The spectral Whittaker model. We now take M = pt and M =
Ti(G/U) the Whittaker model. Recall that we have defined the correspond-
ing L-sheaf in The conjecture says that, under the Langlands cor-
respondence, the constant sheaf on Bung is exchanged with the “spectral
Whittaker sheaf on Locs” again up to an explicit shift. The work of V.
Lafforgue [Laf09] can be seen as proving a version of this statement in the
case of the projective line; see also

12.2.3. The Iwasawa—Tate case. We consider the Iwasawa—Tate case: M =
T*A', polarized by X = Al, as a G,,-space, with the “neutral” Ggr-action
which acts by scaling on M |TE| We already described the geometry of « :
Buném — Bung,, in Let z : Bung,, — Buném be the zero section

1OlNote, however, that G = G,,, is not acting by scaling on M: it scales X and acts by
inverse scaling in the cotangent direction.
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and j : Bunéf — Buném its complement; we have an exact triangle (denot-
ing here by k just the constant sheaf — it should be obvious on which set)
sk — k — z.k, and correspondingly

(12.2) Wk — Px — k.

where 70 is the restriction of 7 to Bunér’g. Note also that the fibers of the
map 7 are G,,-torsors over projective spaces; and so 7k ~ w0k[—1].

Taking account of the various twists to pass to the unnormalized sheaves,
the conjecture amounts to the assertion that Px(g—1) and £% match under
the Langlands equivalence (for a more general discussion of how to pass to
unnormalized sheaves from their normalized versions, see Lemma. Let
us check this stalk-by-stalk on Locg,,, away from the trivial local system:

Let p be a nontrivial local system on Y. Associated to p, there is (cf.
a locally constant sheaf G, on the space Bung,,(X), which has the
property that it pulls back to o2 under ¥" — Bung,, sending (Py,..., P,) to
the line bundle O(3 P;). The normalization of the Langlands correspondence
relevant in the conjecture sends the perversely shifted version of G,, that is
to say F, := G,{(g — 1), to the skyscraper sheaf §, on Locg,, (i.e., the
pushforward from the point p). We then compute:

(12.3) Hom(F,, Px{(g — 1)) = Hom(G,, Px) = Hom(G,, 72 [—1]k)
= Hom((n°)*Gy, k)[~1] = (SymH*(%, p)) [-1].

or strictly speaking a completion of this symmetric algebra, taking into ac-
count that the Hom is a product over components over Bung,  ; and by

i3
(12.4) Hom(é,, Lx) = a completion of Sym*H* (X, p)[—1].

Taking into account the duality twist in the conjecture, which inverts p, we
see that and do indeed match. It is not difficult to carry this
analysis out in families of p, except in the neighbourhood of trivial p, where
the situation is more interesting; Tony Feng, Jonathan Wang and one of the
authors (A.V.) have verified that the conjecture holds there too.

12.3. The group case and functoriality. Continuing our study of exam-
ples, we now discuss the group case, and then explain how to utilize the
group case to translate between the theory of periods and Langlands functo-
riality. We then briefly discuss a couple of instances of functoriality encoded
in the global period conjecture.

12.3.1. The group case and miraculous duality. Let us consider the group
case: M = T*G as a G x G-space. Unwinding the definition in this case, we
find that the un-normalized period sheaf Px ~ Ak is the !-pushforward of
the constant sheaf (equivalently: twisted dualizing sheaf) k& ~ w(—2bg) of the
smooth stack Bung under the diagonal embedding A : Bung — Bungxg.
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To obtain the normalized period sheaf we further twist by Sx = (g —
1)dimG, i.e.,

Prorm ~ Atk(bgy ~ Aw{—bg).

On the other hand, on the spectral side the dual Hamiltonian space is the
dualizing twist M = T*G, i.e., the action of one copy of G is twisted by the
duality involution (m Thus, denoting by A the diagonal of Locg,
the un-normalized L-sheaf is A,w® where the superscript d means that we
twist the diagonal inclusion A (or, equivalently, twisting the sheaf w) by
the dualizing involution in one factor. The normalized L-sheaf is given by
shifting this by bs = bg:

L~ A*wd<—bé>.
Thus, the global conjecture in the group case is the prediction that under the
geometric Langlands correspondence for G x GG, the sheaf Ajw corresponds
to the dualizing twist of A,w.

We now recall from the notion of duality for categories, and from
and its explicit realization for categories of ind-coherent sheaves.
Namely, the sheaf Ayw e QC'(X x X) ~ QC'(X) ® QC'(X) for any QCA
stack (quasicompact with affine diagonal, such as the stacks of local systems
of either de Rham or Betti flavor) encodes Serre duality QC'(X) ~ QC'(X)V
as its unit (and an analogous duality applies to the stack of étale local sys-
tems). On the other hand, as explained in Section it is a very special
feature of the stack Bung (X)), Gaitsgory’s miraculous duality Theorem
that the very sheaf Ajw encodes a self-duality of the category of automor-
phic sheaves (of either de Rham, Betti or étale flavor). We thus deduce the
following:

The group period conjecture is equivalent to the assertion
(formulated as [Gail7, Conjecture 0.2.5] in the de Rham set-
ting) that the geometric Langlands correspondence (in de
Rham, Betti or étale versions) intertwines the miraculous self-
duality of automorphic sheaves and Chevalley-twisted Serre
duality of spectral sheaves.

12.3.2. Period sheaves as kernels for functoriality. We can use functions or
sheaves on a product space as kernels for “integral transforms.” In particular,
this can be done on either the automorphic or spectral side of the Langlands
correspondence. But — starting with matching automorphic and spectral
kernels — it is not clear how the resulting integral transforms are related.

The group period conjecture, in the form stated at the end of §12.31]
permits us to analyze this issue. It asserts the compatibility of geometric
Langlands with “inner products” (i.e., self-dualities), and thereby allows us
to pass more readily between periods on product groups, and functoriality
statements.

1028ince we are taking k£ to be algebraically closed here, the duality involution is the
“same” (i.e., conjugate) as the pinned Chevalley involution.
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As noted in Remark the geometric Langlands correspondence is
expected to be tensorial under products of groups, i.e., to produce a com-
mutative diagram of equivalences Applying the matching self-dualities
of automorphic and spectral categories, we find a commutative diagram

(12.5)

SHV (Bungy 1) QC'(Locg, )

| |

Hom(SHV (Bung ), SHV (Bung)) — Hom(QC" (Locg), QC' (Locg)).

Here the horizontal arrows are induced by the geometric Langlands corre-
spondences for G x H, G and H, while the vertical arrows are constructions
of integral transforms from kernel sheaves (see Remark below for more dis-
cussion), provided by provided by the matching self-dualities of automorphic
and spectral sheaves for H: on the automorphic side, miraculous duality; on
the spectral side, Serre duality together with the dualizing involution. Under
this dictionary the group period is taken to the identity functor on Langlands
parameters.

Remark 12.3.3 (Relation to integral transforms). Explicitly, on the spec-
tral side of (12.5) we have the usual construction of !-integral transforms
associated to a kernel sheaf

KeQC X xY)~ (]—“ > pys (P FH @ /C)) ,

where we include a pre-composition with the dualizing involution on Loc;

while on the automorphic side we have a subtle “miraculous” modification
(see [Gail6b] for the D-module setting and |[AGK™20a] for the subtler “en-
hanced" version in the étale setting).

In particular suppose
GxHOM=T*X,¥),Gx HOM =T*X,¥)

are dual hyperspherical varieties, for which the (normalized) period and
L-sheaves Px € Shv(Bungxp), Ly € QC'(Locs, ;7) are defined. In other
words, we are in the setting of Conjecture [I2.1.1] for product groups. Then
the conjecture predicts that P¥ and EdX match under geometric Langlands.
Then we have the following corollary of Conjecture [12.1.1

Conjecture 12.3.4. The geometric Langlands correspondence intertwines
the functors given as in (12.5]) by the integral kernel PY* and by Egz, i.€.,
we have a commutative diagram

SHV (Bung) — QC'(Locy) ,

e s

SHV (Bung) — QC'(Loc)
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where d denotes the dualizing involution.

Example 12.3.5. An interesting example is the “Eisenstein case”, by which
we mean a putative duality between

X=0\G, X=0\C

as G x T and G x T spaces, both with trivial Ggr-action. In this case M, M
are not affine hence do not fit our definition of hyperspherical variety. In
many ways this example fits well with the formalism of this paper nonethe-
less, but it does present peculiarities, which we will draw attention to. The
actions are given by

(12.6) (g,t) : Uz — Ut zg, (§,): Uz — Utxg

(note the inverse; to see why something of this nature, take G a torus, where
this should reduce to the group case).

Conjecture [12.1.1] in this case predicts that the normalized Eisenstein pe-
riod sheaf Pgis and Eisenstein L-sheaf Lgis match (after applying the duality
involution d to the latter). However, numerical computation (§E|) suggests
that the shifts (Tate and cohomological) of the global Conjecture are not
correct, and rather there should be an additional shift of (¢ — 1)dim(U).
This discrepancy will also manifest itself in the study of parity (§12.7)).

In any case, let us ignore this for the moment, and describe the relation of
this conjecture with the theory of geometric Fisenstein series. After switch-
ing X to a left action by our general conventions we can write the
spaces as:

(12.7) X~B\(GxT),X~(GxT)/B,

and the map B — T is the standard one, b}lt the map B — T is the inverse
of the standard one. The duality twist of X is identified with (G x T")/B~,
again with inverted map B~ — T'. Now consider the diagrams:

Bunpg . Locp-

Bunr Bung Loc Locs

We have a spectral Eisenstein series functor Eisspec = PG, which is the
functor defined by the L-sheaf £ using Serre duality, taking into account
the remarks before the diagram and . (In the above diagram, the map
B~ — T is just the standard map: in passing from kernels to functors, we
have implicitly used the dualizing involution on the source, and this has the
effect of removing the previous sign.)

We have two versions of automorphic Eisenstein series Eisy = psq' and
Eis; = pig*, which are (formally speaking) the |- and #-integral transforms
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defined by the period sheaf PEism up to sign issues mentioned below, the
Eisenstein desideratum formulated by Arinkin and Gaitsgory [AG15, §13] is
that the geometric Langlands correspondence intertwines the functors Kis,
and Eisgpec. The identification of Eisy with the integral transform associ-
ated to Prgis under miraculous duality — hence the compatibility between the
Eisenstein desideratum and the Eisenstein functoriality provided by Conjec-
ture , is precisely the subject of [Gail7, Theorem 4.1.2] (specifically
the first half of the proof).

As we see there are some issues that remain to be studied here. Most sig-
nificant is the unexplained shift remarked above and computed in §E] There
is also a matter of signs, i.e., on the right diagram B~ appears rather than
B; while this does not naively align with [AG15], it is probably a minor issue
related to the various possibilities for different sign normalizations implicit
in our discussion.

12.3.6. Geometric Gan-Gross-Prasad Period (GGGPP) and the Geometric
Theta Correspondence. An important example of using period sheaves as
functorial kernels is given by the 6-correspondence. This can be used not
only transfer automorphic forms, but to transfer interesting periods.

We discuss briefly perhaps the simplest example of this; it relates, in
classical language, to the relationship between Fourier coefficients of f-series
and representation numbers of quadratic forms.

Consider the hyperspherical dual pair

(12.8) (SLa x SOgy,, Std ® Std) and (SO3 x SOa,,, Bessel),

The Bessel period on the left is, more precisely, defined by the subgroup
A(SO3) - (V,¥) for a suitable unipotent subgroup.

Using the respective period and L-sheaves to define transforms as in ((12.5|),
we obtain

(12.9) sheaves on Bungr,, — sheaves on Bungo,,, .

and similarly on the spectral side. It is a familiar phenomenon in the theory
of ©-correspondence that “carries the Whittaker period on SLs to the
period on SOg, defined by X = SOs3,,/SOg,_1.” The numerical statement is
that the ©-lift adjoint to pulls back the Whittaker coefficient to the
SO, —1-period; we have not verified the analogous phenomenon geometri-
cally.

On the dual side, this presumably manifests itself as follows, with reference
to : the symplectic reduction of the Bessel space by SOz gives T* X,
with X the SOg,-space defined by SOa,/SO3(U, ¥); this is just the dual of
the SOq,-space X.

It will be interesting to study this further.

1031t is a nontrivial result of [DG16] that the latter functor is well defined in the de
Rham setting, where a priori only !-pullbacks and #-pushforwards exist in general.
104We thank Wee Teck Gan for this suggestion.
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12.4. Spectral projections. In this section we return to the point that
has been raised at the start of and explore the role of projection of
automorphic sheaves to nilpotent singular support in the global conjecture;
after an informal general discussion (§12.4.1|and §12.4.2)) we explain in detail
the simplest case — the duality of the automorphic Whittaker model for
G = Gy —ie, G = X = G,,, “Dirichlet boundary conditions,” and the
trivial period G = G,, acting on X = pt, “Neumann boundary condition”.

We refer to Section [C11] for an overview of the main features of the
different automorphic sheaf theories, and in particular to §C.4]for a discussion
of spectral projection.

12.4.1. General discussion: why do we want to project? One might want a
direct comparison between period and L-sheaves under the geometric Lang-
lands correspondence, and indeed we predict such a comparison in the de
Rham setting. However, we’ll see below that — even in very simple cases —
the endomorphisms of the period sheaf in finite or Betti contexts are much
smaller than those of the L-sheaf, so no naive comparison is possible. More
generally, in the constructible world (in any characteristic) there is no known
version of geometric Langlands that takes as input the entire category of (ind-
)Jeonstructible sheaves on Bung, so we must project the period sheaf into the
“spectrally decomposable” category in order to apply the correspondence.

Equivalently, we can only “test” — take homomorphisms to/from — the
period sheaf against a suitable subcategory of all automorphic sheaves in-
cluding in particular Hecke eigensheaves (which correspond to skyscrapers
on the spectral side).

- In the finite characteristic situation, and more generally in the set-
ting of the étale geometric Langlands correspondence, the available
automorphic test objects are ind-constructible sheaves with nilpotent
singular support, which correspond spectrally to sheaves with finite
(or equivalently proper) support.

- In the Betti situation we have access to arbitrary automorphic C-
sheaves with nilpotent singular support, which correspond to arbi-
trary support on the Betti stack of local systems (i.e., the Hecke
eigenvalues can vary in algebraic families).

The subtleties between the behavior of period sheaves in the different
formulations concern behavior “at infinity” in Loc, for example since the de
Rham and Betti functions on LoclTisldiffer by their growth at infinity. Dually,
on the automorphic side from a microlocal or symplectic perspective the
[compact] nilpotent sheaves correspond to objects living over finite subsets of
the base of the Hitchin system (in the semiclassical limit). Period sheaves are
typically very different — for example, the Whittaker period sheaf corresponds
to a section of the Hitchin fibration. Thus, spectral projection on period
sheaves is a violent operation some of whose properties remain mysterious.

105That is: the ring of regular functions on Loc, but with respect to the differing
algebraic structures corresponding to the Betti and de Rham moduli spaces.
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12.4.2. Left, right, and spectral projections. We are interested in projecting
automorphic sheaves into the subcategory of sheaves with nilpotent singular
support.

In general, there are two ways in which we can attempt to project a cate-
gory into a subcategory: by taking the left or right adjoint of the inclusion.
We will refer to these as “left projection” and “right projection,” and will de-
note them by P — P; and P — P, when they exist. There are tautological
maps P — P, and P, — P. In our specific case, there is another projection
of interest, the spectral projector

P - :Pspec’

which, as we will see, corresponds to either a left or right projection accord-
ing to context:
The behavior of the two projections in our settings is as follows:

e In the Betti setting, both left and right nilpotent projection exist.
This left adjoint exists in the Betti setting, and in fact agrees with
the spectral projector, resulting in the Betti period sheaf

P — PP = P Betti setting.

e In the étale setting, the Beilinson spectral projector P +— P = PsPec
produces a nilpotent sheaf which conjecturally identifies with the
right projection P — P,

P s popec L P,., étale setting.

On the other hand, the left adjoint does not exist except as a
pro-functoriﬂ_ml in the étale setting. We obtain thus a pro-object P
in the étale setting, which can also be identified with the natural
pro-version of the Beilinson spectral projector coming from the ind-
structure of Loc™. Thus, both (pro-)left and right projections in
the étale setting are given in terms of the spectral projection, so are

“not too far apart” in a precise sense.

Matching the geometric conjecture with the numerical conjecture, as dis-
cussed in requires studying homomorphisms from P and L to Hecke
eigensheaves. For this purpose it is useful to understand the left nilpo-
tent projection P, corepresenting the functor Hom (7P, —) on the category of
sheaves with nilpotent singular support. On the other hand, right nilpotent
projection P, will control, instead, homomorphisms to P and £ from Hecke
eigensheaves; such homomorphisms are also classically interesting, and are
captured numerically by the more exotic star periods, see

106Note that the left adjoint to a colimit preserving functor must preserve compact ob-
jects, thus is much harder to represent in the étale setting where only constructible sheaves
can be compact. This is perhaps easier to see on the spectral side where QC(Locgem) has
lots of perfect complexes (like the structure sheaf) while in the étale setting (where Loc
is close to being a formal scheme) only sheaves with finite support (on the coarse moduli
space) can be compact.
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This plethora of projections gives rise to several possible candidates for
the geometric conjecture. The candidate we have chosen (to use the spectral
projection in each context) is based on some simple plausibility checks that
rule out the other options. As we discuss below, in the Betti setting the right
period sheaf PP fails to match the L-sheaf already in the first nontrivial
example, while the left version passes that test; in the finite context the
situation is reversed. It remains of interest — in order to reproduce standard
numerical statements, as in Example [I4.7]— to understand what corresponds
spectrally to the pro-object P; in the finite context. For this one would need
a pro-version of the L-sheaf; we do not attempt this in this paper.

All in all, then, the situation involves many complications and is still an
evolving one!

Remark 12.4.3. Also, from the above discussion, we see that, although the
Betti right-projected period sheaf 7571:3 does not match appropriately with the
L-sheaf, this issue is rectified by projecting further to the étale category of
sheaves. In effect, this latter projection amounts to working only over finite
subsets of Loc (up to unipotents). Speaking informally, the problem with
the Betti right-projected period sheaf PP is therefore that its behavior at
infinity in Locg is bad.

12.4.4. The abelian Whittaker period: de Rham and Betti. We consider in
some detail the case G = G,, and X = G,, the Whittaker space.

Note that Bung,, is a product of the Picard scheme with BG,,, while
the derived stack of local systems, in either Betti or de Rham context, is the
product of the classical stack of local systems with the spectrum of an derived
exterior algebra, and the geometric Langlands correspondence respects this
decomposition (reducing to Koszul duality on the “nonclassical” factor).

For convenience, we will ignore the factor of BG,, automorphically and
the derived exterior algebra spectrally. As we will explain in Remark [12.4.5]
below, both the period sheaf and the L-sheaf will have the structure of an
external product along the decomposition

Bung,, = Pic x BG,, and Locg,, = LocClaSSlcal x Speck[z_1],

m m

and the second factors of these decompositions will match. So we restrict
our attention to what happens on the Pic and Locda”ssma1

The Whittaker period sheaf on Pic is simply a skyscraper (6-function D-
module) at the identity, i.e., the pushforward of the constant sheaf under
pt — Pic. Thus, the endomorphisms of the period sheaf are simply scalars
in either setting. The singular support (or semiclassical limit) of the period
sheaf is the cotangent fiber to Pic at the trivial bundle.

On the other hand the L-sheaf on Locgf‘fsml is, up to a shift, the structure

classmal

sheaf. Since Locg is the product of a smooth variety by BG,, these

endomorphisms are

O = algebraic functions on Locg,,
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These functions however differ drastically between the Betti and de Rham
setting. In the Betti setting we find O = k[H;]| the group algebra of the first
homology of the curve (abelianization of 71) with coefficients in our structure
ring k; this is, equivalently, the ring of functions on the algebraic torus which
is the representation variety of homomorphisms 71 — G, (considered now
without derived or stack structure). In the de Rham setting on the other
hand Locg,, is the universal vector extension of the Jacobian and admits no
nonconstant algebraic functions, so the endomorphisms of the L-sheaf are
just scalars.

Thus, in the de Rham situation the endomorphisms of period and L-
sheaves match, while in the Betti setting the former is much smaller than
the latter.

Remark 12.4.5 (Derived version). Let us mention the (matching) behavior
of period and L-sheaves over the “derived” factor we ignored above. The
period sheaf in both Betti and de Rham settings is the external product of
the skyscraper above with the “regular” sheaf on BG,, (the pushforward of
k under pt — BG,,.) This regular sheaf corresponds to the free module over
the homology H(G,) ~ k[z_1].

On the spectral side the derived ring of functions on Loc carries an extra
tensor factor k[z_1]. This contributes a free k[x_1]-module to the dualizing
sheaf, matching the period sheaf.

12.4.6. Projection to local systems. Restricting now to the Betti context, we
now consider the left and right projections of the skyscraper sheaf P to local
systems on Pic, i.e., to automorphic sheaves with nilpotent singular support.

Left nilpotent projection P; replaces the role of § in the discussion above
by the regular m(Bung,, )-module O[2g] where O = @, k is the group
algebra (considered as a local system on Bung,, in the obvious way). In
other words, to make ¢ into a local system we replace the inclusion of the
trivial local system by the path fibration (in this case universal cover) of
Bung,, and thus the compactly supported pushforward of the constant sheaf
becomes the “regular” local system.

Right nilpotent projection P, replaces § by M ~ Hm k, where M 1is the
space of all functions m; — k. These statements simply record the fact that
taking fiber at the identity exhibits an equivalence of locally constant sheaves
on Pic with the category of mi-representations on k-vector spaces, and for
such a representation V' we have

V ~ Hom,, (O,V), V* ~ Homg, (V, M).
Note, computing endomorphisms as O-module,
(12.10) End(O[2g]) = O, End(M) = “next question, please!”.

Corresponding, the endomorphisms of P, exactly match functions on Locg,,
and indeed P*P“ = P is exactly what corresponds to £ under the Langlands
correspondence. However the endomorphisms of P, are far too large.
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Remark 12.4.7. Despite their difference in size, P, and P; in the Betti case
are, in a certain sense, not far apart, as we now sketch. For p a point of Loc,
the restriction ¢7u of the composite morphism p PE - PIB arising from

757.B i P - 7513
is an isomorphism. Let us illustrate the phenomenon in the case 7 = Z

leaving the real-world case 1 = Z?9 to the reader. The short exact sequence
of k[z*1]-modules

k(2] — k((x)) @ k((z™1)) — formal series Y _, bpa™

R

gives rise to a morphism of the right hand group R to k[z*'][1] in the derived
category of k[z*!]-modules. Clearly, this morphism — which is analogous to
75,? — 75lB — is not an isomorphism, but it is an isomorphism when pulled
back to any k-point of G,,, because k((z)) and k((x~1)) do not have support
there. The error is “supported at 0 and c0.” It would be interesting to study
the analog of this example for some semisimple G.

12.4.8. Projection to étale categories of sheaves. Let us carry through the
same discussion (G = G,, and X = Whittaker) in the étale case. Recall here
that k is either C or the algebraic closure of Qg, and the allowable sheaves on
the automorphic side are ind-(locally constant constructible) sheaves. On an
irreducible F-variety X, such sheaves correspond to representations of 71 (X)
on a k-vector space which are locally finite, i.e. each vector lies in a finite
dimensional m-stable subspace. We are primarily interested in this context
when F is the algebraic closure of a finite field, but we will also remark on
what happens in the étale setting over C|

Each k-point of Locg,,, i.e., each rank one local system p : m — k*,
admits a universal deformation to a map m; — R} for a certain smooth
complete k-algebra R, abstractly isomorphic to k[[x1,...,z24]] ; and the
étale classical moduli space Locgf‘:Sical is a disjoint union of the spectra of
R,[x_1], each quotiented again by the trivial action of G,,. (In fact, all of
these R, are isomorphic to one another by twisting.) In particular, we again
have

(12.11) End(£) = [ [R,

or, as in Remark [12.4.5] if we are to include the contribution of the derived
structure, we would additionally add a generator in degree —1 in each factor.

In this case the left nilpotent projection of P is (up to a shift) the pro-
object corresponding to the complete k-algebra @ R, i.e., the structure
pro-sheaf of the formal stack Locs. Of course Locg (like any stack) carries
a structure sheaf as an object in QC, which is given by calculating the
limit of the pro-sheaf version of the structure sheaf (QC, being presentable

107This should be distinguished from our default usage of the word Betti, where we con-
sider allow locally constant rather than only ind-(locally constant constructible) sheaves.
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— see Appendix — is closed under all small limits by [Lur09al Corollary
5.5.2.4]), however this object doesn’t corepresent the given left adjoint (as
can be seen for example by its lack of compactness). Thus, it is clear in
this case how to modify the L-sheaf to get a pro-version that matches P.
Dually, this is the pro-local system associated to the complete (not locally
finite) 7i-representation @ R,,.

On the other hand, the right nilpotent projection of P corresponds, on the
spectral side, to the object whose pth component is given by E, = the top
local cohomology of the local ring R,. In coordinates R, = k[[x1, ..., Z24]]
the module E, is given by “k[z” 1]” where, to define the module structure, any
expression involving x; to a positive exponent is regarded as zero. Observe
that for R,-module M of finite length we have Homp, (M, E,) ~ Homy (M, k)
via the “constant coefficient” map E, — k (by exactness of the left-hand
functor we reduce to the case of M the augmentation).

In particular End(E,) = R, because R, is complete (see for example
[Hun07, Theorem 3.10]) and therefore the endomorphisms of P, are precisely
[T R, (or the same adjoining x_; if we compute on Bung,, rather than Pic)
which, in contrast to , match the endomorphisms of the L-sheaf.

Remark 12.4.9. Over F = C, we can think of the right projection P,
to the category of ind-constructible sheaves as “fixing” the behavior of the
right Betti period sheaf P2, by (speaking in dual terms) restricting to finite
subsets of k-points p of Locs. This makes sense: we already saw in Remark
that restricted to points 75713 and 7513 are actually the same thing.

12.5. Parity and independence of spin structures. We now observe
that parity conditions on our hyperspherical spaces implies that the validity
of the global geometric conjecture, Conjecture [12.1.1] is independent of the
choice of spin structure, or equivalently allows us to formulate it indepen-
dently of this choice. In the setting of Conjecture [12.1.1] we denote by

(12.12) n:G—-Gy, 71:G—>GCp, n:Gp— G, 7:G,, > G

the two eigencharacters, cf. , considered also as central cocharacters
into the dual groups. We get corresponding maps Bung — Bung,, and
Locs — Locg,, -

In Remark [10.7] we noted that the dependence of the period sheaf on spin
structures can be summarized by defining the period sheaf inside

Px € Hompyn,, (Spiny, Shv(Bung))

where Bung, acts on Bung through multiplication via the central homo-
morphism

z=ne* :7/2 — Z(G).
The same is true of the normalized period sheaf, which involves no additional
spin twist. That is to say: modifying the choice of K'/2 by a 2-torsion line
bundle £ on ¥ modifies the period sheaf by “translation through £” via z.
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Likewise in we saw that the dependence of the normalized L-sheaf
on spin structures is captured by considering the normalized L-sheaf as an
element of

L™ € Hompyn,, (Sping:, QC' (Locg)).

Here Bung,; acts on QC" (Locg) by tensor product with 2-torsion line bun-
dles which can be described as pulled back from Locg,, via 1 : G — Gpp.
That is to say, modifying the choice of K/2 by a 2-torsion line bundle £ has
the result of tensoring the L-sheaf with the pullback of £ via 7.

We now need to appeal to the compatiblity between the Langlands corre-
spondence and abelian duality for the center of G expressed in Remark [C.3.8]
Namely, the translation action of torsors for the center Buny ) on Shv(Bung)
matches under the geometric Langlands correspondence with the tensor
product action on QC!(LOCG“,) given by the canonical dual homomorphism
Bungg) — Pic(Locg) (see discussion before (11.30)). In particular for a
central involution 2 : Z/2 — Z(G) the induced actions of Bung,, agree.

Now observe that the twists appearing in the period and L-sheaf differ
by a universal amount, i.e. independent of the period under consideration
— namely, the shift by the canonical parity element e* : Z/2 — Z(Q).
Therefore, the validity of the conjecture does not depend on the choice of
KC1/2: 1f we change the choice of K2, it can be compensated by changing the
normalization of the Langlands correspondence, twisting by a line bundle on
the spectral side. See also Section [C.7]

12.6. Parity and change of grading. In this section we study the inter-
action of change of grading (as in Sections [10.4.3[ and [11.5.3) with Conjec-
ture [12.1.1] This is, more or less, just book-keeping.

Specifically, suppose that (G, M) and (G, M) are a hyperspherical pair in
the sense of with both M, M polarized. What we will explain here is
how to twist the conjecture to avoid the normalizing factors on the L- and
period sheaf. This will introduce an extra and rather unenlightening Tate
twist as well as altering the Gg-action on M and M. The main feature
of the resulting “unnormalized” conjecture is that it has a more transparent
parity condition in the sense of , see . We use notation as in
; we will use the same letters for the induced maps Bung — Bung,,
and Locz — Locg,,

Definition 12.6.1. If (G,M = T*X) and (G,M = T*X) are a dual hyper-
spherical pair, both sides equipped with a polarization and eigenmeasure, we
call the Gg,-actions on X and X obtained by twisting the neutral actions by
= and n~! respectively the unnormalized Ggr-actions on X, X.

We denote the twisted spaces by

X .= X[ and X™ := X[n7],

i.e. X[...] means that we twist the Gg,-action on X by the stated character.
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Example 12.6.2. It should be noted that the unnormalized actions depend
on the choice of polarizations.

Here is an example. Take (G = Gy, M = T*Al), with the scaling G-
action. Then the dual space is the same (G = G,,, M = T*A'). With the
standard polarization we have

n = 1) = standard character of G,

and correspondingly the twisted spaces X®, X™ are given by A! with trivial
action of Gy,

The twisting process, however, depends on a choice of polarization. Had
we chosen, for example, the “other” polarization of T*Al!, thus inverting
the G-action, then 1 would be inverted, and correspondingly the normalized
action on the dual X = A! would be given by A — A2, In words this
corresponds to various choices of “functions” or “forms” on either side.

Remark 12.6.3. “Un-normalized” refers loosely to the fact that these ac-
tions are adapted to consideration of sheaves and functions without incor-
porating L2-twists, that is to say, it is “arithmetic” in the general parlance
of &7

The definition is somewhat strange: the twist involved in defining the
normalized action on X involves the eigencharacter on volume forms on X
and vice versa. Now the eigenform for X is not unique, but determined only
up to characters of X, i.e., G-eigenfunctions in O(X); this dependence does
not matter by §3.8:2

Regrettably, as far as global coherence of notation, although these “unnor-
malized” actions fall in the “arithmetic” side of the arithmetic/analytic divide
of §27] they do not quite coincide with the “arithmetic actions” defined in

$6.8.3

Proposition 12.6.4. The following are equivalent:
(a) PY™ and the dualizing twist of L™ are dual to one another;

(b) The corresponding statement holds for X, X with unnormalized Ggr-
action and unnormalized period and L-sheaves, i.e.:
Pxw(r) and the dualizing twist of L ¢w are dual to one another.

Here, with notation as in (10.3)),
(12.13) r=Bxwm + Bgw — (¢ — 7.
and T ={n,n)y € L.

Proof. We start with the statement Eiénorm «— PY™ of the normalized
conjecture (the symbol <= here means “matches under the Langlands
correspondence”), z}nd use and .

If we abridge X', X’ for the spaces with twisted Gg-actions we have
TPY™ = PL™ where T is a translation by 7(K/?); and similarly £39™ =

TﬁnXorm with 7 now convolution with 5}1 through ! (see (11.25))).
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So the normalized conjecture is equivalent to

(12.14) ((né;) £t e (TPE™)
or, taking account of the effect of d on 4y,
(12.15) (ndy) X (L™ = (TP™)

Now spectral convolution with 7d,; corresponds on the automorphic side by
tensoring with {(deg), see after (11.22)), so the above is equivalent to

(12.16) (£5™) s (TP~ deg) T2 T(PI™(— deg))((g—1)7.

where we applied with A = 7, noting the presence of another minus
sign from the fact we have — deg.

Now, T' corresponds on the spectral side to tensoring by the pullback of
[K'/2] via 7 : Locs — Locg,,, which in our notation is the line bundle €12
on Locg, see and , and the inverse of T' corresponds to with
tensoring with ecll /21 SO becomes

(12.17) (al/zﬁf;gm)d — PYE™(—deg+(g— 1)7).

Taking into account (([10.12])) that PYS™ = Pxs(deg+Sx/) and using
(TT.20),
LY A=Bry == Px(Bxr + (g = 1)7).
thus

(12.18) (L) <= Px{Bx + Bx + (g—1)7)
See also . By Bxr = Bx —(g—1)7 and By, = By — (g — )T

and thus
(L) <= Px{Bx +Bx —(g—1)7)
O

Remark 12.6.5. By comparing to a suitable cover as in § one can
directly define the unnormalized Gg-action for the dual of a spherical variety
(X, ¥) without reference to Definition — in particular, whether or
not (X, W) has an eigenmeasure. Then part (b) above gives rise to the
appropriate “arithmetically normalized” formulation of the global conjecture,
valid whether or not (X, ¥) has an eigenform.

For instance, returning to the example of (X, X) mentioned in Example
5.2.3| statement (a) of Proposition is undefined; but statement (b)
makes sense and can be taken as the statement of the global conjecture,
where one takes the unnormalized Gg4,-action on both sides to be trivial.

This is related to the fact, already commented, that the parity condition is
“more transparent” when one works with unnormalized Gg,-action. Namely,
Proposition if applicable, proves that (e2’(—1),—1) acts trivially on
X™ and similarly for X™. That is to say:

(12.19) the action of G x G, on X™ and X™ factor through G
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where G is as in

Example 12.6.6. Take the “Godement-Jacquet” example, where (G, X) =
(GL,, x GL,, M, ,,), with action by m - (g1,92) = gl_lmgg. On the dual
side, X = GL,, x A" with action (g1,92) - (h,v) = (g1hgs , g2v). @ Here
the eigenform character on X is given by det(g29; 1n and correspondingly
n:ze— (272" € G. In particular, the normalized action of z € Ggr on X
is given by z-(h,v) = (h, 2! T™v). We see in this example that the normalized
Ggr-action has no evident positivity property along the vectorial fibers of X.
Example 12.6.7. Here are a few more examples comparing normalized and

unnormalized Gg,-actions; the notation (u) refers to an unnormalized exam-
ple.

name (G, X) Ggr (G, X) Ggr
Iwasawa-Tate (G, AT) scaling (G, AT) scaling
Iwasawa-Tate (u) (G, A1) trivial (G, A1) trivial
R.-S. (GL,, x GLpy1,Stdy(n41)) | scaling | (GLy, x GLyy1, GLp1) trivial

R.-S. (u) (GLy, x GLy11, Stdy (1)) | scaling | (GLyp X GLyy1,GLpg1) | (2™1! 2™)

Whit (G,G/(U,v)) (1,e727) (G,G) trivial
AZ norm. (SLy x G,,, A?) scaling (PGL3y x G,,, PGLo) trivial

A? (u) (SLy x Gy, A2) scaling (PGLs x G, PGL>) e2r

TABLE 12.6.1. Some examples comparing the normalized
and unnormalized Gg4-actions.

12.7. Parity phenomena. Proposition gives a useful mod 2 check
on our various shifts.

Namely, when doing computations involving extracting Frobenius traces,
it is best to (if we are using the analytic normalization of Satake) formulate
the global Langlands equivalence as an equivalence of supersheaves, see Re-
mark [C.3.3] and the discussion of §2.7.2l Then both period and L-sheaves
should really be understood as supersheaves, these parity twists being in-
curred in the normalization process on both sides and reflecting half-integral
powers of ¢ in the numerical theory, cf. .

Both normalized period sheaf and normalized L-sheaf have in general non-
trivial parity. Let us examine the relationship between these parities.

By construction, the unnormalized period sheaf has even parity. On the
other hand, Proposition implies that the action of —1 € Gy, on X
coincides with e?’(—1) € G. Therefore the unnormalized L-sheaf has parity
determined by the action of e2’(—1) € Z(G), this arising from the shearing
operation of . The only reasonable way for this to be valid for all
hyperspherical dual pairs simultaneously is the following:

108up to possibly permuting some indices, which we didn’t check, but makes no differ-

ence to the point of the example.
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Prediction: The parity of the integer 7 of Proposition
is independent of the choice of (X, X).

which, in turn, implies the following statement

(12.20)  dim(X) + vy + dim(X) + yg + dim(G/U) = {n, 7> mod 2.
which results by comparing a general (X, X) to the Whittaker case (X =
pt, X = G/U).

We do not have a general proof of this but it certainly holds in all examples
that we computed. See the table below. An interesting nonexample is the
Eisenstein case — formally outside the validity of our conjectures — X =
G/U,X = G/U, considered as G x T and G x T-spaces. This is another
indication that there remain some interesting issues to resolve in this case,

cf. Example [12.3.5]

name dim(X) | yx | dim(X) | vx | {n, %) | dim(G/U)
Iwasawa-Tate (1.2) 1 1 1 1 1 1
Group (1.3) g 0 g 0 0 0
Whittaker (1.8) g—1u 0 0 0 0 g—u
Godement-Jacquet (1.6) n n 0 n n 0
GLgns1/GLy % GLoyy (14) | 0 0| n+1 | 0| o0 n+1
Jacquet-Shalika (1.9) 0 0 n 0 0 n
Hecke. (1.1) 0 0 0 0] o 0
G xT,G/U g—u 0 g—u 0 0. g+t—u

sions taken mod 2. g = dim(G) etc. v as in Line
references, e.g. 1.3, are to Table @

TABLE 12.7.1. Some examples examining (|12.20]); dimen-
(13.36))

12.8. The L? conjecture and the algebra of L-observables. Our con-
jecture thus far has required access to a polarization, i.e., M = T*X or
a twisted version thereof, so as to construct an L-sheaf to match with the
period sheaf.

However, in — we hinted that there is a natural algebra acting
by endomorphisms on the L-sheaf. This algebra is a deformation of the
“doubled” L-sheaf obtained by substituting M for X.

This has a manifestation at the level of the period sheaf. Instead of at-
tempting to describe P3*™ or its spectral projection, we instead describe its
“square,” namely, the endomorphisms End(P}*"™); we anticipate this object
can often be described solely in terms of M (even when M is not polariz-
able). This corresponds to the fact, familiar in the theory of periods, that
access to M alone still permits one to describe the square of the period. In
the physics language, it is also a manifestation of the passage from geomet-
ric quantization (which requires a polarization) to deformation quantization
(which doesn’t), or from states to observables.

It is therefore reasonable to ask:
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Can we give a spectral description of the endomorphisms
End(P#P¢¢) of the period sheaf in terms of M?

To discuss this in more detail, let us assume (as in that M is
a symplectic vector space. We will remark after on the formulation in the
general case, and the discussion will be revisited from a more general and
structured point of view in §I8]

Let us moreover restrict ourselves to the locus Locg; of representations that
have a unique classical fixed point on the symplectic vector space M. This
should be understand as the complement of the locus where the relevant L-
function has a pole. This means that the complex V encountered in
is in fact cohomologically concentrated in a single degree and renders our
discussion extremely concrete.

Over Locg we can form a vector bundle H whose fiber at a point p is
given by the cohomology H'(M) where M is considered as a symplectic flat

bundle over the curve by means of p. Over the locus Locg, then, Loc™ is
the derived scheme obtained by (—1)-shifting of the total space of H.

Now, since the vector bundle H just mentioned carries an orthogonal struc-
ture H ~ HY coming from Poincaré duality, we may form its Clifford algebra:

(12.21) O, . := Clifford algebra of H with its natural quadratic form,

which is now a sheaf of algebras on Locg. @ It is very natural to suppose
that this @}’\Z 5 18 the “spectrally decomposed algebra of endomorphisms of

the period shéaf,” a notion we now explain.

The spectral action of quasi-coherent sheaves on Locx on automorphic
sheaves (the “automorphic to Galois” direction, see Section of Appen-
dix implies that the Hom-space Hom(F, G) of spectrally decomposable
automorphic sheaves F, G € Aut(Bung) can be disintegrated (or spectrally
decomposed) over Locgs, or, more formally, enriches to a quasi-coherent
sheaf Hom(F,G) on Locs. Namely, this sheaf is defined as inner Hom in
QC(Locg), i.e., by the universal property that for @ € QC(Loc) we should
have

Hom(Q,Hom(F, G)) = Hom(Q * F,G).

(Of course given the full geometric Langlands conjecture we may simply
take ) to be the internal sheaf Hom between the Langlands transforms of F’
and G — note that the Hom of ind-coherent sheaves can be enriched to take
values in quasi-coherent sheaves.) In particular the endomorphism algebra
of P%P¢¢ enriches from a mere algebra to a quasi-coherent sheaf of algebras
over Locs. We now give a conjectural description of the restriction of this
sheaf of algebras to Loc®.

1097hig is closely related to the universal enveloping algebra of the dg Lie algebra

mentioned in
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Conjecture 12.8.1. (Algebra of L-observables): Suppose that we are in the
setting of the global geometric Congecture|12.1.1 and M is a symplectic vector

space, which we do not require to be polarized.
Then there is an isomorphism of quasicoherent sheaves of algebras on Loc

o

G

©?\7[,E - EndQC’(Locoo)(PspeC)v

where Q°, . is the sheaf of algebras constructed from M in (12.21)), PP is

M3
norm norm

the spectral projection of PY™ (and thus agrees with P in the de Rham
setting), and End is the internal endomorphisms valued in quasi-coherent
sheaves, as noted above.

. e
fixed points of M to the Clifford algebra (O)?\Z s which makes sense indepen-

In other words, over the locus Loc% we have deformation quantized the

dently of polarization data. Given a polarization, the spectrally decomposed
period sheaf provides a compatible geometric quantization.

For example, if M = T*X for a vector space X, with scaling Ggr-action,
let us compute as in (and using the same notation) some fibers of
the above statement. Let p be, as there, a G-valued local system with a
unique fixed point 0 on X. Under the global conjecture the fiber of the
right hand side is the same as as Hom(L£)°™, £2°™) with £7°™ the fiber
of the normalized L-sheaf at p. As in this space is identified up to
twist with endomorphisms of Sym* H*(T) = A*H'(T), where T ~ X is just
the tangent space to X at 0. m The assertion of the conjecture
just amounts to the fact that the Clifford algebra of the orthogonal space
H® H* — with H = H'(T}) the cohomology group appearing above — maps
isomorphically to the endomorphisms of A*H; this is the usual realization
of the spin representation in presence of a polarization.

Remark 12.8.2. (The anomaly and spectral quantization) The conjecture
implies that Clifford algebra OF; , should in fact split (on Locj) —i.e., it is
isomorphic as algebra to the end’omorphisms of a vector bundle. This issue
is precisely the spectral analogue of the automorphic discussion in Let
us spell out our expectations on this issue:

The obstruction to splitting the Clifford algebra is an element of HQ(LOC%, 7)2),
which is closely related to the second Stiefel-Whitney class of the quadratic
vector bundle (see e.g. |[Lam05 V.3|). It is reasonable to suppose that this
obstruction class arises from the second Chern class cz € H*(BG) from the
embedding G — Sp(M ), i.e. cg yields by pullback a cohomology class in the
space of maps from ¥ to BG which can be integrated over fibers to give a

HO0Note that the H Y(T) appearing in the above statement really appears in degree
zero, because of shearing.
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degree 2 class in Loc. This is related to the study of the “Maslov cocycle.”
[T

In particular, this would indeed imply that the Clifford algebra is split so
long as M is anomaly free in the sense of that is to say, if co € H*(M/G),
considered modulo 2, is the square of an integral class in H?

Remark 12.8.3. What if M is not a symplectic vector space? There is a
similar discussion but with the cohomological degrees shifted, so it looks less
familiar from a classical viewpoint. For more details see

A simple example is M = T*(G/H) where (possibly after restricting to
an open subset of Locg) we suppose that i : Y := Loc; — Z := Locg is
a closed immersion. In this case, the endomorphisms Ende, (i,Oy) can be
considered as a deformation quantization of the relative cotangent bundle of
Y — Z. This relative cotangent bundle is in turn identified with LOC]\G,/[ ; thus
we may regard the endomorphisms as a deformation of its structure sheaf.

We return to this in

13. THE CASE OF THE PROJECTIVE LINE

We consider now the case of P! and discuss the relationship between the
local conjecture and the polarized global conjecture. It is our expectation
that the global conjecture should actually be a consequence of the local
conjecture, but we do not attempt to push this through here. Our goal is a
more modest one: we verify in various cases that

(13.1) Hom(€', period sheaf) = Hom(0, L-sheaf),

where € and 0 are corresponding “basic objects” in the automorphic and
spectral categoryFEl

These computations are sufficient to support various subtler points of the
conjecture (the choice of O versus w, the precise Tate and cohomological
twists, etc.) In particular, in cases involving twisted polarizations on the
spectral sides, the computations here are the only evidence that we currently
have that the proposed shift in the global conjecture is correct.

We will work in the étale setting throughout this section. Both sides of
(13.1) are a priori complexes of k-vector spaces with a Frobenius action.
However, as we will see, this Frobenius action arises from a natural Gg,
action (by letting Frobenius act by ¢~%? in Ggr degree a) and therefore we
will prove as an isomorphism of graded complexes of k-vector spaces.

111t should be able to prove a version of this statement, at least on any field-valued
point of Locg, using the results of [PPS00] and the methods of Meyer [Mey73| (who worked
only over the real numbers). Cf. also [AV22].

H2Then the degree 4 class on ¥ xLocx is the square of a degree 2 class. All that matters
for us is the (1,1)-component of this class — call it c11 € H'(Z,Z/2) ® H'(Locg, Z/2).
Because the squaring map H(X,7%/2) — H*(X,Z/2) is trivial we get c3; = 0 cf. Lemma
and this implies that the integrated class in H?(Locg,Z/2) vanishes, too. All we
used, in fact, was that co was the square of a mod 2 class.

13 The prime on the e is meant to remind of certain shifts in the normalizations.
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Remark 13.0.1. The reader with a background in the arithmetic Lang-
lands program who is only interested in numerical consequences may ask:
Why should one spend any time or effort on the “degenerate” case of P?
The reason is that the numerical computations in the classical Langlands
program provide good evidence for our conjecture on the cuspidal locus.
However, from this point of view, the situation with, e.g., the constant auto-
morphic form, or other forms constructed from residues of Eisenstein series,
remains murky. The study of P! provides a toy example where these latter
complications are still present, and can be studied without the appearance
of cusp forms. In particular, the issues we see in this Chapter are not only
geometrical in nature — corresponding complications would also appear in
the numerical study of automorphic forms on P!.

Remark 13.0.2 (The UFO, a.k.a. the raviolo). The global geometric con-
jecture on P! has a close variant (which we do not attempt to state formally)
provided by the global geometric conjecture on the “UFO” (or “raviolo”), the
non-separated curve R = D[]« D given by two formal discs glued away
from the origin. Indeed on the spectral side the stacks of local systems on
R and P! coincide. The stack Bung(R) is simply the equivariant affine
Grassmannian, and its category of sheaves is the Hecke category. The geo-
metric Langlands conjecture on R becomes the derived geometric Satake
correspondence, the period sheaf on R recovers the Plancherel algebra, and
the global geometric conjecture recovers the Plancherel algebra conjecture —
except that in all cases the algebra structures (convolution and factorization)
are encoded separately in special features of the UFO.

The contents of the section are as follows:

e In we discuss the geometry of bundles on P!.

e In we summarize the explicit geometric Langlands correspon-
dence in the case of P!,

e In §13.3| we review Koszul duality in the form that we will use it.

e In §13.4f we describe the geometry of Loc¥.

e In we compute the unnormalized L-sheaf. More precisely, we
compute its Koszul dual, and will find a very pleasant phenomenon:
this Koszul dual depends on X only through its contangent bundle
T*X.

e In §13.6)we complete the computation of the L-sheaf in the Whittaker
case, highlighting the perspective of Atiyah bundles.

e In we use the foregoing to compare normalized period and L-
sheaves in the case when X has no Whittaker twist.

Throughout this section we work in the étale framework, since the main
subtlety we hope to examine involve tracking cohomological and Tate twists.
Accordingly throughout this section, we use the notation

(13.2) Qe(a,b] := @e(g)[b]
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i.e., a Tate twist by a and a cohomological shift by b. These Tate twists will
actually be kept track of by a Gg.-action.

We also denote by lower case letters the dimension of the associated alge-
braic variety, e.g.:

g = dim(G),b = dim(B),z = dim(X).

In other contexts we have used g to mean the genus of the curve, but
hopefully this will not cause confusion in the current section since we are
working only with P*.

13.1. Example: PGLy-bundles on P!. To orient the reader (and, more
importantly, the author) who has not studied this situation before, we briefly
describe the simplest instance of the geometry, when G = PGLy:

The F,-points of Bunpgr, (P') are parameterized by non-negative integers:
up to twisting, each bundle is of the form

[n] :=0®O(n)

for a unique n = 0.

But although the picture at the level of points is straightforward, the
algebraic geometry of this situation is already somewhat nontrivial; in fact
the closure of [0] contains [2], the closure of [2] contains [4] and so on. To
draw pictures here we can pass to a smooth cover, and a convenient one is
the map

Extl((’)(n), O) — BuanLZ.

Then, for n > 2 the preimage of the closures of [n],[n —2],... gives an in-
creasing stratification of this n— I-dimensional vector space Ext! by varieties
of dimension 0, 2,4, ..., which captures the “stratified topology” of Bung.

For example take n = 4. We can identify Ext!(O(4),0) with sections

Pi= a2y 2(al + b+ i) of O(—4) on Gp: use < o ) to glue O D O(4)
on the complements of 0 and co. In this identification, the closure of the
preimages of [4],[2],[0] arefn_zl

origin = {b? = ac} < A®.

Thus, various computations with on Bunpgr,, will reflect the topology of the
singularity of this cone at the origin. If we go deeper, we see more involved
varieties defined by determinants.

13.2. Geometric Langlands for P!.

L4, see this, the vector bundle V' attached to a polynomial P belongs to the closure
of [2] exactly when V(—3) has a section, equivalently, when there are sections fi of O(1)
and f_3 of O(—=3) over A', such that both f_3 + Pf; and fi1 extend over o0. This forces
(a,b) and (b, c) to be linearly dependent, giving the cone b* = ac.
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13.2.1. The automorphic side. As usual, the automorphic side will be a suit-
able version of the category of étale sheaves on Bung, see The class
of the trivial bundle defines an open inclusion j : BG — Bung. Set e = jiQy;
it corresponds to the automorphic function whose value is 1 on the trivial
bundle and zero off it. We also put

(13.3) e :=e(b/2—g,—9|

using the notation of , i.e., the first coordinate is a Tate twist and the
second a cohomological twist. The shifts in € are adapted to the normal-
ization of the Langlands correspondence needed for the conjecture — recall
that our conjecture asserts there is a choice of shifts which makes period and
L-sheaves match for any choice of period.

We will use o0 € P1(FF) as a basepoint.

13.2.2. The spectral side. The stack Locg of local systems on P! is identified
with the quotient of the derived scheme g[—1] by the adjoint action of G:

Locg = §[~1]/G ~ T[-2](pt/G)

where T[—2](...) denotes the shifted tangent bundle of pt/G; recall that the
tangent complex of pt/ G is given by the adjoint representation in cohomo-
logical degree —1, i.e., §[1]/G. The category of coherent sheaves on Loc is
then the category of G-equivariant differential graded modules for Sym §*[1]
with finite dimensional cohomology; here, Sym g*[1] is understood to have
trivial differential.

The derived geometric Satake correspondence then further identifies these
categories with the derived “small” spherical Hecke category H = Hqg for
G. This is Koszul dual to the formulation of [BEOS| that was recalled in
Theorem [6.6.1} see §13.3] for discussion of Koszul duality in this context.

With reference to this, the augmentation 0 of Sym(g*[1]), considered as
a Sym(§*[1]) -module with its trivial G-equivariant structure, corresponds
to the unit of the spherical category.

13.2.3. The statement of the Langlands correspondence. The action by Hecke
operators at o0 on the sheaf €' defines a functor

H — Shv(Bung), T+ Té

which is an equivalence of categories [Laf09, [AGI15] — see [Ber21b, Theo-

rem 3.1.9] for a detailed treatment; that is to say, in this case, we have a
factorization of the Langlands correspondence, denoted by the dashed arrow
below:

(13.4) H Coherent sheaves on g[—1]/G

actope i

Shv(Bung) > Coh(Locs)
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where the top vertical map is that of geometric Satake. On the left side, we
have the small versions of the categories of constructible sheavesizsl and on
the right side we have categories of coherent sheaves; we can then pass to
Ind-categories everywhere to recover the “large” equivalence.

13.2.4. Incorporating Frobenius. The diagram is compatible with Frobe-
nius structures, i.e., we have a corresponding diagram where we impose
mixed Weil sheaves on the lefﬂ and Gg-equivariant coherent sheaves at
the right. Here Gy, is acting by z — 72 on § (this will become more fa-
miliar after we pass to the Koszul dual picture, where it will be acting by
x — 2 on §*). And with respect to this equivalence, Frobenius on the left

corresponds to ¢~ /% € Gy on the right; said differently, it acts by shearing.

13.3. Koszul duality and volume forms. In our later computations, we
will see that the L-sheaf becomes much simpler viewed through the lens of
Koszul duality: Let us write 0 for the augmentation of Sym §*[1]. Then
End(0) ~ Sym g[—2]. More generally, the functor

M > Hom(0, M),

of Koszul duality carries differential graded Sym(g*[1]) modules to differ-
ential graded Sym(g[—2]) modules. We refer to for a discussion of the
extent to which it is an equivalence (this depends on the precise finiteness
conditions on both sides).

It induces a similar functor on G-equivariant modules. It will be con-
venient to adopt the convention that g* lies in Ggr-degree 2. With this
convention, we can write

Symg[—2] = O(§" V.

It is useful to note that the Koszul dual symmetric algebra Symg[—2] ~
O(§*)/ to the exterior algebra O(g[—1]) is naturally realized as the convolu-
tion algebra of volume forms w(g[—2]) on the group-stack Q(g[—1]) ~ g[—2]
of loops in g[—1]. Indeed from the point of view of derived algebraic ge-
ometry, the Ext-algebra of a skyscraper always appears as the convolution
algebra of volume forms on the based loop space. This realization comes
from proper adjunction and base-change for the diagram

§[-2] ——0

v . a[—1]
1151.64, constructible sheaves !-extended from quasicompact substacks
11611 other words, we consider on the left only those complexes of sheaves on Bung or
the affine Grassmannian which are equipped with an isomorphism Frob®*V ~ V', with the
property that each cohomology sheaf has a filtration whose associated graded sheaves are
pointwise pure, that is to say, with reference to an isomorphism k ~ C all the Frobenius
eigenvalues on stalks have absolute value ¢*/? for some integer w.
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as follows:
Hom(ixk,isk) ~ Hom(k,i'i4k)
~ Hom(k,psp'k)
~ w(g[-2])

We will need the following basic Koszul duality calculation that generalizes
the above:

Lemma 13.3.1. Let p : W — Z be a vector bundle over a smooth stack,
p:V =WI[-1] — Z its shift (a derived vector bundle) and Z xy Z ~ W|—2]

the self-intersection of the 0 section i : Z — V. Then we have an equivalence
w(Z xy Z) ~T(Z,p«End(i,O0z) Qwz).

In other words, algebraic distributions on the total space of W[—2] are
identified with an wz-twist of the Koszul dual End(i,Oz) of the exterior
algebra of functions on W[—1], which is the graded symmetric algebra of
functions on W*[2].

Proof. The lemma follows from the relative version of the Koszul duality
calculation of over the smooth base Z (we use the smoothness of
Z to identify QC(Z) and QC'(Z) via the inverse equivalences =, ¥). In
other words, we describe the category QC'(W[—1]) by Barr-Beck-Lurie as
modules for the algebra object S/ = End(i,Oy) € Alg(QC(Z)), where S =
Sym(W) is the graded symmetric algebra on . This equivalence identifies
the adjunction (iy,d') is with the tensor-hom adjunction, tensoring with S/
and forgetting the S/-action.
Consider the pullback diagram

Zxv 72z

)

A ! Vv

The volume forms w(Z xy Z) are calculated as global sections on Z of
Miwzxyz ~ H*H!wz ~ i!z’*wz.
Thus we can rewrite

(13.5) w(Z Xy Z) >~ Hoch(Z)(Oz,i!i*wZ).

Under the Koszul duality equivalence, i'iswy is identified with the S/-
module S7® wy with S/-action forgotten, whence the result follows. '] O

117Alterna‘cely, we can proceed from (13.5) by rewriting the right hand as
Homy (i10z,ixwz), and using adjunction to express this as Homy (i4+Oz,isxwz) =
HomQC!<V>(i*Oz,i*Oz) ® p*wz. At the last step, we use the fact that wz is a line
bundle.
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13.4. The stack LocX. Let X be a smooth affine G x Ggr-variety and
¥ — X an equivariant A'-bundle where as usual Ggr acts on A by squaring.
As before, we may consider the derived stack

7 Loc® = Map, (P!, X /G) — Locgs

of locally constant maps from P! to the quotient stack X / G, or equivalently,
of G-local systems equipped with a locally constant section of the associated
X-bundle. .

A useful description of Loc™, well adapted to the Koszul dual description
of sheaves on Locg, comes by taking the fiber over the trivializable local
system locus 4 : p‘c/GY — Locg: we find a pullback diagram

(13.6) (T[-2]X)/G —— Loc*

E l

pt/G d Locg

where the shifted tangent complex T[—2]X is identified with the functor of
locally constant maps from P! to X.

Remark 13.4.1. Although we won’t use it, an alternate presentation which

makes clear the geometric nature is that Loc” is the quotient by G of the
fiber product

y = X XI(X) X,
where I(X) is the locus (in the derived sense) of pairs (g, ) with gz = z;
and the map X — I(X) sends z to (idg, z). Informally, the two copies of X

give the section above lower and upper hemispheres and the class in I(X)
gives the gluing datum.

13.5. Computation of the unnormalized L-sheaf. We continue in the
generality of the previous section §13.4l Our goal in this section is to describe
the unnormalized L-sheaf of X i.e., (Tr*wLoc X )/ , and its Whittaker version in
which w; _ x is replaced by a U-twisted version (the pullback of the spectral
exponential sheaf). The answer is given explicitly in terms of the geometry
of the associated Hamiltonian G-spaces T*X and T, &’jX .

Let us first of all observe that the moment map T*X — §* is equivariant
for Gy, actions, where we modify the natural G, action by the action by

squaring along fibers of T*X. Therefore, we obtain a morphism
OT*X[2] = O(T*X)i‘_ O(@*)i,

where, on the left, the ring of functions on 7*X but sheared so that linear
functions on the fiber are taken in cohomological dimension 2. This will be
implicitly used in the following statement:
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Proposition 13.5.1. (The Koszul dual to the L-sheaf is volume forms on
T[-2]X): The Koszul dual Hom(0, L y) of the L-sheaf is given as the
(0, —g]-shift of the following G-equivariant module for O(g*)/:

(13.7) D(X, Ope x ®og wy )

that is to say, global sections of the line bundle p*wg on T*[2]X or the
twisted version thereof.

Moreover, the above isomorphism is Frobenius equivariant, where we have
endowed (13.7) with a Frobenius action through the shearing of the trivial
Frobenius action on OT;‘XaWX7OX through the Gg,-action (see for

generalities).

Note that, when we write Hom(0,...), we mean that we take Hom “rela-
tive to pt/@,” i.e., we take the sheaf-Hom and regard it by pushforward as
a sheaf on pt/G, so that the result is a G-representation.

Although the twisted case of the Proposition of course includes the un-
twisted one, we will prove them separately to try to distinguish twistedness
from other aspects.

13.5.2. Proof of Proposition [153.5.1): the untwisted case. Consider the pull-
back diagram Since i is proper we may rewrite the desired Hom(0, L 3 )
as

(13.8) @(k?ai!ﬂ*wmcx) ~ ?r*?wLOCx ~ 7~T*WT[_2]X/G

since inner Hom from the trivial representation kpt e is the identity, and
applying base change. In other words, the Koszul dual of the L-sheaf is given
by the (0, —g]-shift of volume forms on T[—2]X, as a G-representation. The
shift arises from the fact that what appears in is the dualizing sheaf
of T[~2]X /G, rather than T[-2]X, and the dualizing sheaf of BG is not k
but rather k(0, —g].

This proves the claim as an isomorphism of G x Ggr modules but
we must also check the structure as module for O@(g*)/. For this, we must
compute the module structure under

End(ixk) ~ (w(g[-2]), %) ~ (O(g"[+2], ),

where the isomorphisms are as discussed in In order to compute this
we now perform Koszul duality on X, repeating the argument of Lemma
with V = (T[-1]X)/G — Z = X /G, but now working equivariantly for the
action of additive groups over pt/G as follows:

p

a[-2]/G ——pt/G O T[-2]X/G X/G

| | Pk

pt/G ———§[-1]/G O X/G———=T[-1]X/G
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Here the vector group g[n] (i.e., §[n]/G — pt/G) acts on T[n])? (again

connoting T[n]X /G — pt/G) by the (shifted) derivative of the G-action.
Each step of the identification of Lemma
w(T[-2]X) ~ psHom(i+Ox,ix0%) @ wy
is now compatible with the action of w(g[—2]) as endomorphisms of the
functor i,. In particular w(g[—2]) acts through its action on the first factor,

O(T*[2]1X) = peHom(ixOx,i+Ox),
where it is identified (through the G-equivariant algebra isomorphism (w(§[—2]), *) ~

(O(*),-) of Section [13.3) with the moment map action of (O(g*)/,-), as
claimed.

13.6. The Whittaker L-sheaf on P'. In the twisted case, we are going to
apply the equivariant version of Lemma [I3.3.1] as in the untwisted case, but
now with the total space ¥ taking the role of X and the group G x G, taking
the role of G. To guide us in this argument, we will recall some facts about
Atiyah bundles: the Atiyah bundle Atp = (T'P)/H of a principal H-bundle
P — X is, by definition, the quotient of the tangent bundle of P by H. It
fits into a fiber sequence

ad’p - Atp - TX.

By rotating this triangle we can realize the Atiyah bundle as the fiber of
the tangent map TX — adp[l] = ¥*T(pt/H) to the map ¢ : X — pt/H
classifying P, i.e., as the following pullback:

(13.9) Atp TX
I
pt/H — T (pt/H)

13.6.1. Proof of Proposition [15.5.1): the twisted case. Recall the definition

of L-sheaves in the Whittaker setting, Definition in which the role of
wy .x is taken up by the pullback (@! )/e:cp of the spectral exponential sheaf
(combined with shearing).

As in the untwisted case, we first realize this L-sheaf as the sections of
the pulled back exponential sheaf (rather than dualizing sheaf) on T[—2]X.
Referring again to the diagram

(T[-2]X)/G — LTX Yo A-1]
pt/G : Locg

we compute, as in (|13.8)),
(13.10) Hom(0, L) =\ o (i Vel (@)Y exp ~\ o # (T 0 i) exp.
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The\\ at the end is as in Definition [11.6.5; to remind us that the term
[%Z (Toi') exp] formally speaking lives in QC'(pt/G)/, but since the Ggr
action is trivial, this is identified with QC"(pt/G) itself (cf. Example [6.3.8));

we will however not explicitly mention this in the analysis that follows.
The right hand side of (13.10]), said in words, describes the sections of

(U 0 7')/ exp on T[—2]X; we shall prove
(13.11)  sections of (¥ 0i')/exp on T[-2]X = I'(X, OT&’,‘X ®oy wi V.
We are going to compute the right hand side in terms of volume forms on a

suitable Atiyah bundle. Notice first that (94* %
w

the shifted hamiltonian reduction of T*W¥ by G, and can be computed as
follows:

(13.12) O(TE XY =~ O(T* WY @p(gr oy ki

where kq is a skyscraper sheaf at 1 € g, cf. Definition
Consider now the derived vector bundle on X = ¥ /G, defined as

Aty[=2] = (T[-2]¥)/G.

correspond to functions on

We may think of it as a shifted version of the Atiyah bundle associated to the
principal G,-bundle ¥ — X. Using Lemma applied to Aty[—1] — X
and its zero section, we find an identification of volume forms on Atg[—2]
with sections of a line bundle on the shifted cotangent bundle

w(Atg[-2]) = (O(T* V)% @0, wi ).
Moreover this equivalence respects not only the the shifted Hamiltonian

G-action as before, but also the action of (w(ge[—2]),*) =~ (O(gX[2]),").
Therefore, the right hand side of (|13.11) equals

(13.13) w(Aty[~2]) @, (g, 2 b1

(compatibly with shifted hamiltonian G-actions) and we will now prove that
the LHS of (|13.11]) is expressed by the same formula.

Via (a shifted version of) the discussion of (13.9)), we have the pullback
diagram

Aty[-2] T[-2]X
E I
pt —— A[—1]/G,

The G,-action on A'[—1] is trivial, hence A'[—1]/G, = A'[-1] x BG,, and
we will now discuss the exponential sheaf (an object in QC'(A'[—1])/) as
living on A'[—1] x BG,, by tensoring with the trivial sheaf on BG,. The

exponential sheaf is defined as the twisted coinvariants q{k ®w(ga[—2])/ k1
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of the sheared skyscraper q{k (considered as an object of the sheared, ind-
coherent category) by the action of its endomorphisms w(gq[—2])/. By base-
change we have

(g )k = @'Yk = @y, oy
and passing to twisted coinvariants we get:
U exp = (@eyy, 2) Butau2 1

The left-hand side of (I3.11]) also coincides with sections of ' exp, and
therefore coincides with (13.13]), concluding the proof.

13.7. Normalized period and L-functions. We are now ready to com-
pare the normalized period and L-sheaves, or, more precisely, we want to
compare

(13.14)

Hom(e’, normalized period sheaf) and Hom(0, normalized L-sheaf) .

P’ L
We will also use P to denote the analogue of the left hand side defined
with e instead of €. We also use a superscript or subscript “norm” for the
normalized analogue.
We will consider the following setting:

e X a vector bundle over a homogeneous affine G-variety, i.e., X =
G x g V for an H-representation V'; here we suppose that G, H are
split reductive over [Fy.

e (X, V) is as in §13.4) a smooth affine G-variety and A'-bundle, with
Gy, actions acting by squaring along Al;

e The consequence of the local conjecture holds: the G-equivariant
cohomology of X is identified with the G-invariant functions on
T*(X, W)/, compatibly with Frobenius where the Frobenius action
on invariant functions comes from shearing the trivial action.

We are, of course, interested in the case when (G, T*X) and (G, T*(X, ¥))
form a hyperspherical dual pair; but the above is all we will actually use.

In terms of the larger scheme of this paper, the most important case of
the following computations is the case of spectral Whittaker (i.e., X = pt):
this gives an important data point that the shift is correct, whereas for
automorphic Whittaker the corresponding fact is well-attested by numerical

computations e.g. §14.5.2]

13.7.1. The normalized period sheaf. The fiber of Bun)G( over the trivial bun-
dle is “the space of sections of X ® K2 which, here, amounts to a (nec-
essarily constant) map P' — G/H, and then a section of V ® K2 over P!,
where V really means the pullback of the vector bundle X — G/H to P!, and
is therefore a trivial bundle. Since K/2 has degree —1 the bundle V ® K 1/2
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has no nonzero sections, and so the fiber of Bun)G( is simply X := G/H.
Consequently, by the definition (10.12)), we have

(13.15) P := Hom(e, PY°™) = H}o(X){(—h)
where we used Sx = —h(= —dimH) in the case at hand, see (10.3), and we

write H:G(X' ) for G-equivariant cohomology with compact support “along
X7, which is formally defined as the cohomology of BG with coefficients in
the compactly supported pushforward mk along 7 : X/G — BG. Here, and
below, identifications such as that of are understood to be Frobenius-
equivariant.

We will need to relate this H ;" ¢ to the usual equivariant cohomology, i.e.,

without compact support conditions:

Lemma 13.7.2. Continue with the notation X = G/H,h = dim(H),g =
dim(G). So long that the residue characteristic of F is sufficiently large, we
have:

_ _ h— _
(13.16) $e(X) = Hy(X) (—2 + 4
Here rg,rg are the ranks (dimension of mazimal tori) of G, H respectively.

Proof. H¥(X) is a H*(X)-module, and we will first of all prove it is free of
rank one. By standard comparison arguments it suffices to verify this in the
singular setting and with X considered over C. (This is where the assumption
that the characteristic of F is sufficiently large comes in. Presumably we
could sharpen this by using the compactification theory of X.)

By Poincaré duality — now working with singular cohomology of complex
points —

HI(X) ~ H2dim(X)—*(X)
so it is sufficient to verify that homology of X is free as a cohomology

module. Here we can replace X by the homotopy equivalent GPt/H Pt g
compact manifold (here a superscript cmpt marks the compact form of an
algebraic group over C), where the claim is simply Poincaré duality.

Returning now to the étale setting, let ax be a generator for H}(X) over
H*(X). Then ay is in degree g — h; for HY™"(X) is one-dimensional and
there is no compactly supported cohomology below degree g — h.

In particular « is an eigenvector for Frobenius. We will show that its
eigenvalue is ¢ with

1
(13.17) w = i(g—h—l—rH—rg).
In fact since cupping with ax gives an isomorphism of compactly supported

and ordinary cohomology we deduce, after taking Frobenius traces,
(13.18) tr(Fr| HY (X, Q) = (—1)7 "q"te(Fr| H* (X, Qr)),

i.e., if we write X (q) for the number of points of X over the finite field
with g elements, we obtain by (13.18) and Poincaré duality the numerical
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consequence

(18.19) X(g) = ()7 g X — g = ()

To compute w from (|13.19)), we compare (13.19) with the parallel compu-
tations for G and H separately. We see that the similarly defined wg and

wpy (i.e. if we replace the role of X above by G or H) are the dimensions
of the respective unipotent radicals, and then we get w = wg — wy proving

319,

Observe that ax is represented by an equivariant class: it extends uniquely
to ax € H, g;h(X ); this follows from the Leray spectral sequence associated
to X/G — BG, because, for degree reasons, there is no differential that can
kill acx, and no other E? term that can contribute. Let 7 : X/G — BG; the
action of compactly supported cohomology of fibers on cohomology of fibers
corresponds at the sheaf level to a product

mk @ myk — mk

Therefore ax € HI~"(mk) defines a map 7, k(—w, h—g] — mk of sheaves on
BG@G, which is in fact an isomorphism. Taking cohomology gives the desired
result. O

13.7.3. The normalized L-sheaf. We must first take into account the effect
of normalization on the L-sheaf, a truly depressing process because it is all
about signs. Recall the definition from (11.20)): L2 =L ® 51V/2<—ﬂx>.
This e 1 is pulled back, via the eigenmeasure character 7 = ngpec : G —
Gm, from a line bundle on Locg,, ~ gm[—1]/Gy, the quotient taken with
trivial action. This line bundle is seen to be the trivial bundle on g,, with
the scaling action of G, along fibers (interpreting e.g. € o 8S the square

root of the determinant of cohomology, see Remark [11.2.8). From ((13.5.1]

we deduce that
Hom (0, £3™) = T'(X, Oy ®o, wx )/ @ £Y)5(—Bx (0, —g],

where as usual
M=T;X.

The existence of a global differential form means that wy is trivial, but
it is not trivial equivariantly for the action of G. Indeed, fixing a global
differential form w on X; we have g*w = n(g)w; the left action of G' on forms
is via (g*)~! = n(g)~?, since G is acting on the left on X. On the other hand
G is acting on gy /2 through 7. Therefore, as far as the G-action is concerned,
the twists coming from wy and & /2 cancel with one another.

Now we consider the Gy, action. The left action of A € G4 on forms on
X is given by pullback through A~'. Therefore, cf. , the Gy, action

on wy is via A — A7,
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The above discussion allows us to eliminate the role of wy:
Hom(0, £3™) = 07 (0, — gl(—x — Bx)-

where the cohomological twist [Z], with & = dimX, arises from the coho-
mological shift in wy itself.

Recall from that Bx = —(dimG+~vx —dim(X)) in the case of genus
zero and so —fx — vy = g — Z. Thus

Hom(0, £3™) = o/ ( 3 T o].

Now, pass to G invariants and use the fact that, as stated in the setup at
the start of we are assuming to be true, in order to compute
these invariants in terms of X. The result is
g—

2

13.8. Comparison of automorphic and spectral sides. Combining

and we get

(13.20) L := Hom(0, £2™) = Hx(X)(Z=2, 0].

rq —TH ]

2 b
Because of our normalization, we want to instead use the twist P’ of ([13.14]),
i.e., Hom(e', P¥*™) rather than Hom(e, P}*™). The two are related via
(13.3)):

P = H(G/H)(— +

g—b+rg—ry
2
The global conjecture asserts that this should coincide with L as computed

in (|13.20):

(13.21) L := Hom(0, £2°™) = H%(X)(Z 3 T o).

The cohomological shifts match and so all that remains is to check the
Tate twist:

P'=P(g—1b/2,9] = H:(G/H)(

70]'

(13.22) PEb—rg+ra.

We do not have a direct proof of this, but it can be checked case-by-case
in all examples. In fact, it would follow from the validity of our general
duality proposal (Expectation i.e., the conjecture that applying the
construction of to (G, X,¥), when applicable, reconstructs (G, X). This
would imply that the unipotent radical of G acts freely on the open orbit
of X, and the quotient is identified with an rz-dimensional torus, proving
(113.22)).

To be precise, then, we have verified that, starting from a pair (G, X) /Fq

and (G, (X, V)) /i as described after (13.14)), and further assuming that:

- the characteristic of F is sufficiently large and
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- the equality (|13.22)) of numerical invariants is valid — which, as we
recall, would follow from the fact that our construction of M from

X is in fact symmetric, cf. §5.2.2f (i),
then, the consequence ([13.1)) is valid: the period and L-sheaf match “when
tested against e,” i.e.,

Hom(e', period sheafy) ~ Hom(0, L-sheafy)

are Frobenius-equivariantly isomorphic.

While this seems very conditional, we regard it rather as a significant check
of the self-consistency of our overall pictures, in particular in relation to Tate
and cohomological shifts. It is also plausible that by very similar methods
one could prove that the local conjecture implies the global conjecture in the
case of P!, by testing against arbitrary Hecke translates of € and not just
€’ itself. (See [Ber21b, §3| where similar calculations are carried out in the
spherical Hecke category itself.)

14. NUMERICAL CONJECTURE

Here we shall explicitly formulate, as conjectures in their own right, the
numerical consequences suggested by the global conjectures, and compare
them to known statements in the theory of automorphic forms.

These conjectures avoid the various technicalities of derived geometry that
we have encountered in the previous section. They are, to some extent,
consequences of the global geometric conjecture but we prefer to regard them
as free-standing statements with somewhat different ranges of applicability.
For further discussion of this point, see

We restrict to the case of everywhere unramified automorphic forms over
a function field, i.e., eigenfunctions of all unramified Hecke operators. The
reader familiar with automorphic forms will be disappointed with this re-
striction; but the general picture here is already sufficiently complicated to
suggest that it would be foolhardy to go beyond this at an early stage, and
in fact we believe that even here the story offers several interesting features
that have not been properly explored (e.g. §14.3| §14.4] §14.8) in the classical
theory. Of course, it is a fundamental question to develop the conjectures in
greater generality, which should go hand-in-hand with a deeper development
of the ramified local conjecture.

The contents are as follows:

14.1| sets up general notation.

§14.2| gives the numerical conjecture in the tempered case (the most
novel aspect of this for number theorists is the version about the =
period) and

° discusses the conjecture in the nontempered case.

° discusses the questions related to whether periods are real-
valued.
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e §14.5| studies examples of the tempered conjecture (the main inter-
est here is to make sure the constants are right) and studies
examples of the nontempered conjecture.

° discusses the relationship between the geometric and numerical
conjecture.

e §14.8| gives an introduction to the question of star periods. The star
period P% is an unfamiliar object in the classical theory of automor-
phic forms, but has been studied in the geometric Langlands context
by Drinfeld, Gaitsgory, Schieder and Wang, and it is likely it plays
an interesting role in the numerical theory also.

e §14.9| discusses the role of Arthur functorality and suggests a geo-
metric interpretation of the nontempered conjecture.

Throughout this section we write:
be = (g — 1)dimG

for the dimension of the smooth stack Bung.

14.1. Some conventions about L-functions. Our general notation will
follow that of the previous sections, in the finite context. In particular we
have a finite field IF; and take for coefficient field the algebraic closure £ of an
f-adic field. We work with a projective smooth curve ¥ over Fy; we denote
by F' the function field of ¥, and use other notation as in and §T1]

To handle issues of rationality, we will work with split forms of hyperspher-
ical dual pairs, a still somewhat tentative notion postulated and discussed
in § 5.3} a working definition of a class of such split forms is specified in and
after Definition [3.9.9] However, just as in §I2] there is an alternate way to
handle issues of rationality which avoids this notion: see Remark

We suppose that the G-side admits a twisted polarization over Fy:

(G x Gy, M = T*(X,¥)) 5, and (G x GgT,M)/k,

and, as elsewhere in the global part of this paper, we assume that X admits
an eigenmeasure; when M is polarized, we will also implicitly assume that
this polarization, too, has an eigenmeasure (i.e., a top volume form which is
preserved up to scalars by the group action). We will be writing G for G(k).

We will also fix an isomorphism k£ ~ C and use it to transfer results to the
complex numbers without comment; it also fixes a “positive” square root of ¢
in k, which gives us a root w'/? of the cyclotomic character. We will therefore
apply language from complex coefficients to automorphic forms valued in k,
e.g., we will speak of an automorphic representation 7 being “tempered,”
which we will understand to mean that it is so when transported by any

isomorphism k ~ C. @

L8 Ay eigenform is “tempered” when the associated automorphic representation is tem-
pered, that is to say, when its matrix coefficients lie in L?>*¢ modulo center.
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Recall (§2.9)) the notion of extended Langlands parameter, which we will
here understand to be a Frobenius-semisimple morphism

¢E=¢LXW%ZFF—>GXGQT

from the Weil group I' = I'r to an extended version of the dual group. For
such ¢ we may consider the scheme of fixed points

X?:={zeX:¢p(y)x =2}, M®:={xeM: dp(y)z ==z}

considered as classical schemes. (Hence, our convention here is different
from the one of Section where we used similar notation to denote derived
schemes of fixed points.) Note that by default the superscript ¢ always refers
to fized points of the extended Langlands parameter.

To each fixed point x of ¢ on M or X, let T, X or T, M be the tangent
space to M or X at z; for our current discussion we abridge both cases to
T,. It carries a representation (¢ g, T) of I' obtained by linearizing the ¢p-
action of I' at x, and we thereby obtain by differentiation a homomorphism

¢z.5 : I — GL(Ty)
which has an associated L-function which we shall denote by L(s, T: 9{5)
(14.1) L(s,T!) := L-function for the ¢z, p-action on Ty;

we similarly define the normalized version Lnorm(s,Tg), according to the
general conventions introduced in Note that the parameter ¢ will
be implicit in our notation for the L-value, except when necessary.

We use the same notation if the role of T}, is replaced here by an arbitrary
G x Gy representation: If p : G x Ggr — GL(W) then

(14.2) L(s, W) := L-function for I'p-action on W via p o ¢p.

This usage of the / notation is compatible with that introduced in
and and reminds us that we are dealing with an extended parameter,
or, equivalently, the L-functions above implicitly include shifts related to the
Ggr-action. Indeed, suppose that x is isolated, thus fixed by Gg,; then x is

fixed by ¢, and its tangent space is graded by the Gy,-action. Writing ¢S)L
for the induced representation on the i-th graded piece of the tangent space,
we get
i

(14.3) L(s, T) = HL (05 +5), bup > @¢

In the case of M, continuing to suppose that z is isolated, we have a sym-
plectic form on T}, that pairs the i- and (2 —¢)-eigenspaces, and in particular
one gets (by the definition (11.9)) and the functional equation)
(14.4)

Lo (s, T, MYy = Lo (—s, T, MY), L™ (0, T, MY) = L(0, T, MY).

See Example |14.1.1] m m below for explication of the last equality.
To help decipher these hieroglyphs we include:
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Example 14.1.1. (1) Take G = GL,, and let W be the standard repre-
sentation with Gg,-action given by A — A". Then for ¢y : I'r — G
we have

L(s,W/) = L(s + g,gi)),

Lis, (W@ W @)) = L(s + 5. 0)L(s + 1= 5.9).

where W*(2) here just means that we modify the G4,-action on W*
by squaring, i.e., W*(2) = W* with G-action given by X\ — A\27™.

(2) The following example looks a bit arbitrary at the moment but will
come up multiple times. Let

1
o1 = e* ows,

let G act on its Lie algebra § by the (left) adjoint action, and let Ggr
act on it by squared scaling. Then, writing e for a regular nilpotent
compatible with p, its centralizer g. becomes a Galois module, and
we have

where the d;’s are the exponents of G, i.e., the ring of invariant
polynomials for the G-action on its Lie algebra is generated by ho-
mogeneous polynomials of degree d;.

(3) Unravelling notation in [14.4 T, M is graded by the Gg-action as
T,M = @T,M® and then

Lrom (s, Toaly = T L (s + 2, T ) =

i

TTvets + % T, MY . L(s, T, MY).

When s = () we can split the e-factors into pairs \ﬁ(%, T, M)\ /e(1—
5, T M©@=9) and /e L, .M (1), both of which are identically equal

to 1 — the first by duality, between T, M® and T, M2~ and the
second because, being symplectic, T, M™) has trivial determinant,

see § [T

14.2. The conjecture in the tempered case. The conjecture comes in
several variants, which apply in overlapping but slightly different situations.
We will formulate below all three forms for tempered Langlands parameters.
The nontempered conjecture will be discussed in

As elsewhere in this paper, we write bg = (g — 1)dimG for the dimen-
sion of Bung, and are only considering everywhere unramified automorphic
forms and representations. We suppose that M = T*(X, V) is (possibly,
twisted-)polarized. Let Py, P%, PY°"™, P¥"°™ be as previously defined (see
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(110.8), (10.9), Remark|(10.3.1|and after (10.12))) and put for f an automorphic

function (i.e., a k-valued function on Bung)

(116)  Pe(f)= | Pxlo) fdg= Y i Pu(o)f(a)
) x

[G] z€Bung (Fq

Thus, e.g., Px(f) in the case of X = H\G is the sum of f over H-bundles
weighted by inverse automorphisms as H-bundle.

Note that, for the equality above to be true, we have fixed the mea-
sure on [G] = G(F)\G(A) such that the preimage of a G-bundle under
[G] — Bung(F;) has measure equal to the inverse of the number of its au-
tomorphisms. We fix this measure on [G] throughout, unless where stated
otherwise.

The sum occurring in (|14.6)) may not be, in general, convergent, if f is not
compactly supported, e.g., a cuspidal automorphic form when G is semisim-
ple. In the divergent case, when f is an automorphic form, there are often
standard techniques to regularize those integrals, as integrals of asymptoti-
cally finite functions, see [Sakl8, §5-6]. The possibility to extend those in-
tegrals, as G(A)-invariant functionals, from compactly supported functions
to a space of asymptotically finite functions depends on the exponents of
such functions, i.e., of Px and of f; we will regard the integral as undefined
otherwise.

The conjecture that follows relies on the Langlands parametrization of
tempered automorphic representations. Recall that tempered automorphic
representations are irreducible summands of representations unitarily in-
duced from cuspidal tempered representations, and therefore their Langlands
parameters are provided by the work of V. Lafforgue [Lafl8al [Laf18b].

Conjecture 14.2.1. (Global conjecture, tempered case). Suppose that m is
an everywhere unramified, tempered automorphic representation with Lang-
lands parameter ¢ (in particular, ™ has unitary central character). Then
we may choose a spherical vector f = f4 € m in such a way that fé=f
(where d is the duality involution, as in ; and f refers to complex con-
Jugation, transported to k ~ C), and moreover the following properties hold
with reference to any distinguished split form of a dual hyperspherical pair
h)'

(M =T*(X,W), M) as in §
(1) Suppose that M = T*X is polarized, without any twisting, and that
the fized points of the extended Langlands parameter ¢ on M is a
finite (reduced) set of points; let {x1,...,z,} € X be the corresponding

fized set on X. @ Then, for f cuspidal,
(14.7) PRmm(f) £ qbe/2 Y Lrem (o, (T, X))

119Although the statement below refers only to fixed points on X, discreteness of of
fixed set on M, rather than merely X, is needed to avoid poles of the L-function.
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Without cuspidality conditions on f, the normalized star-period is
given by
Py (f)

?

(_1)squg/QZLnorm(1’ d)d, (T:L‘,X)V )

where s is the dimension of the centralizer of the Langlands param-
eter of f, the x; are now the fixed points for the dualized parameter
&%, and the Ty, are considered as I'rp-modules through %, (See also

(14.10) below.)

Without assumptions on M, but assuming that f is cuspidal

P f) £ g7ba/2 Y /Lo (0, (T;,,, MY

the sum now being taken over fixed points {mi,...,m;} of ¢g on
M, again assumed finite. Here, /Lo (0, (Tpn, M)/) refers to some
square root of the quantity L(O,TmMi); note that these latter are
real-valued and positiv@. Moreover, this choice is invartant by the
action of the centralizer Z(¢) € G of the Langlands parameter, which
permutes the fixed points.

Remark 14.2.2. A few comments on the statements:

(a)

(b)

(14.10)

As we will see, in each individual case where the X-period has been
previously analyzed in number theory, the statements (at least the
ones about the usual period, rather than its #-counterpart) boil down
to known theorems or conjectures. However, even restricted to these
cases, there is some value in formulating it as above: It illustrates
how these known theorems or conjectures fit into the uniform duality
formalism of this paper, in particular it is far from obvious that
the various constants in the individual examples admit a uniform
description.

To help process the #-period statement, it is helpful to restrict to
the (very common) case that all fixed points of ¢ on X are in fact
G-fixed points. In this case, the statement becomes (see Remark

1172
PR(f)

?

(_1>squg/2 2 Lnorm(l’ T@X\)

where\ denotes shearing for the inverted Gg,-action. This now looks
more like , but observe that:

(i) the L-value has been shifted to 1;

(ii) there is an appearance of the interesting sign (—1)
(iii) The Gy, shift has been inverted.

S

120 his assertion is assuming — as is expected — the purity of the Langlands parameter;

see
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(c) Regarding the condition f¢ = f: At least if we suppose multiplicity
one, in that the line through f is uniquely specified by the Hecke
cigenvalues, we have f¢ = ¢f for some ¢t € C*; and since tf = 1 we
can modify f so that ¢ = 1. The resulting choice is determined up
to a real scalar. Moreover, in this situation, the line of f is defined
over the field generated by Hecke eigenvalues; being a CM field, the
choice of isomorphism k ~ C does not affect the validity of f¢ = f.

(d) The normalization of fs can be compared with standard ones by
using X = Whittaker, or (up to sign) by using X the group case,
see Example We have preferred however not to single these
cases out, regarding them as special (if particularly useful) cases of
the general duality phenomenon.

(e) It is a straightforward matter to pass between this conjecture and a
corresponding one for unnormalized periods, using the same type of
discussion as . The unnormalized period then involves various
powers of ¢ depending on Bx, Bx-

(f) Our discreteness assumptions in the theorem statement mean that
the L-functions appearing on the right hand side are always defined,
i.e., they are never evaluated at a pole point.

Correspondingly, we would expect that the left hand side can al-
ways be assigned an unambiguous regularization, cf. discussion after
(T4.6).

(g) The phenomenon of obtaining a sum of L-functions is not common
but has been observed. As we will see in the discussion of the group
case below, it is sometimes “hidden” in sizes of centralizers of Lang-
lands parameters that appear in conjectures about periods.

One example is the “Eisenstein case” of X = G/U, which we dis-
cussed from the geometric viewpoint in It does not fit into
the hyperspherical umbrella but has many features in common with
it. The relevant period computation is the constant term of Eisen-
stein series, which involves a sum of L-functions indexed by the Weyl
group; see for an examination of how this fits with the conjec-
ture.

A more interesting example is the appearance of centralizer groups
in period formulas, as in Example below; and a yet more in-
teresting example was given in the case of (a form of) X = GL2\SOs
in the PhD thesis of X. Wan [Wan19].

121ndeed, the quantity L™ (0, (T%, X)/) can be evaluted by means of (14.3); it has
i/2

a pole precisely when one of the ¢iZ)L ® w*’ contains a copy of the trivial representation

or the cyclotomic character w; assuming, as one expects, each q&f; ', to be pure of weight
zero, this can happen only for there is a ¢, r-fixed vector in Ty, X lying in G, degree
i =0 or i = 2. In the former case, there is a ¢g-fixed tangent vector at x;, contradicting
our supposed reducedness; in the latter case, the same happens for the “vertical” tangent
space for T*X above ;.
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(i) One case in which the integral diverges for trivial reasons is where
a central torus in G acts trivially on X. This is usually handled, in
the automorphic literature, by integrating on G modulo this central
torus. In the current case, this “trivial divergence” matches with a
similar trivial divergence on the dual side, and can be handled by
passing to an isogenous situation.

Example 14.2.3. The conjecture entails the normalizations

(14.11) normalized Whittaker period of f = ¢ ¢/

. . . (g—1)[—{2p,2p" >+dimU —dimG]
(unnormalized Whittaker period = ¢ 2 ,

(14.12) j[ M@ = #2)10.5)

with Z, the centralizer of the Langlands parameter ¢ inside G.

To see the first statement, we apply the conjecture to the case of X the
Whittaker period; then X is a point, and the result is obvious. For the
unnormalized Whittaker period, see .

For the latter, we apply the conjecture to the case of the group period
X = G as a G x G-space, where we twist the second factor of G to act through
the duality involution (we expect this to be the distinguished split form in
general, see Example . The normalized period equals ¢=%¢/2 3| f(z)|?
because f¢ = f.

The dual space X is the standard G as G x G-space. The fixed points
are then precisely z € G which centralize ¢, i.e., the centralizer. The L-
function appearing is orthogonal; recalling that the group is now G x G, the
power of ¢ on the right hand side of is ¢~ and finally the term e /2
that appears in the normalized L-function , after using the functional
equation to switch evaluation point to s = 1, equals ¢?6/2; thus .

As is clear from this example, the sizes of centralizer groups appear natu-

rally from fixed point counts. The appearance of these sizes has been noted
in period conjectures before; see, in particular, the work of Ichino and Ikeda
[ia]. [
Remark 14.2.4 (Nonlinear L-functions). The right hand side of can
be considered as a “nonlinear” L-function attached to X. It is a function on
G-valued Galois representations — satisfying a mild discreteness condition. In
the case that X is a vector space, it recovers the usual L-function, evaluated
at a point determined by the Gy -action. See [CV24| for a more explicit
development of this viewpoint in some cases.

1221)) the literature, one usually normalizes the ratio of local and global L?-norms to
be equal to 1, and this results in the sizes of these centralizers showing up in the formulas
for other periods (such as the Gross—Prasad and Whittaker periods). In our formulation
of Conjecture the eigenform f is normalized so that the sizes of centralizers play a
role in its L? norm, and do not appear in Whittaker or Gross—Prasad periods — and this
fits in more naturally with relative Langlands duality.
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Remark 14.2.5 (The case of number fields and ramified representations).
Although in this paper we work over function fields and everywhere unrami-
fied representations, the numerical versions of the conjectures are well-suited
for generalization to number fields and the ramified setting. At present,
however, we cannot formulate them with the same level of precision as the
conjectures of this paper.

The primary difficulty is that we cannot, in general, pick a single theta
series and a single vector f in the space of an automorphic representation
7 for which nice numerical formulas for various periods will hold, but we
rather have to reformulate the equalities of Conjecture [14.2.1] as equalities
of two pairings between the Schwartz space S(X(A)) of the adelic points
of the spherical variety, and the space of an automorphic representation .
The sums on the right hand side of (14.7)), (14.8), (14.9) will be over fixed
points of the hypothetical (extended) global Langlands parameter of 7, and
one can replace the L-functions that appear by partial L-functions (away
from a finite set of places that contain all ramified and archimedean places),
multiplied by “local zeta integrals.” The latter would be local pairings of the
same form as the global period pairings, and while the literature is abun-
dant with examples of those, we do not, in general, know how to encode
them into a general recipe, except in the case of , where, under an
additional “multiplicity one” assumption, such functionals were described in
[SV1T, § 17], generalizing the local Ichino-Tkeda periods [II10]. (Without
this multiplicity-free assumption, the paper [FLOI12| suggests that the local
multiplicity space should have a basis that is related to the fixed points of the
local Langlands parameter on M; this basis would provide the local Euler
factors in these conjectures.)

14.3. Nontempered representations. We shall analyze how to modify
part (iii) of our prior conjecture in nontempered cases (see also §14.9| for a
more geometric perspective).

14.3.1. Arthur parameters. We first set up notation for later use. Assuming
the Arthur conjectures [Art89] on the parametrization of the automorphic
discrete spectrum, let f, be an L? Hecke eigenform attached to the Arthur
parameter

éa:Tp x SLy — G(k).

We will assume that ¢4|T'r is pure of weight zero, i.e. all eigenvalues
of Frobenius elements, taken after any fixed embedding G — GLp, have

123Although elsewhere in this section we use f for an automorphic form, we will try to
consistently use fy here to avoid any confusion with the f of the sly-triple.
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absolute value 1 after transport to (CF-EI We write (h,e, f) € g for the sly-
triple. In particular, for fy to be L?, the parameter is discrete, that is, its
centralizer Zy of ¢ 4 is finite.

Associated to ¢4 are a Langlands parameter ¢, which should reproduce
the Hecke eigenvalues of fy, and an extended Langlands parameter ¢:

1/2 5
(14.13) ¢ =dao (id x [ wo w91/2 D Ty — G(k),
(14.14) op = ¢p x w2 Tp — G x Gy(k),

where, as usual, w is cyclotomic and w2 the square root defined using the

chosen square root /g (see (2.2))). Let us also write ¢ for the restriction of
¢4 to SLy and a = t|g,, for the associated cocharacter a : G, — G given by

A0
(14.15) A= [ 0 Al ] .
In other words, a is the composition of ¢ with the cocharacter denoted by
w in §[3:4.7] but we refrain from using w for that purpose here, since it has
been reserved for the cyclotomic character.
By definition, the restriction of ¢4 to I'g is pure of weight zero and this
implies the following useful fact:

Lemma 14.3.2. Assume that 4|l r is pure of weight zero. Then the Zariski
closure of ¢ contains the grou

(14.16) Gy, := image of (a,id) : Gy, — G x Gy
Proof. Consider
(14.17) palry x @2 Tp — G x Gy

and let A be its image. Suppose that the Zariski closure of A did not contain
Ggr. Then this Zariski closure intersects Gy, in a finite subgroup, say uy <
Gyr, and then the Zariski closure itself must be contained in a subgroup
of the form {(g,\) : AN = x(¢)} where Q < G is algebraic and x : Q —
Ggr a character. This contradicts purity, which asserts that all Frobenius
eigenvalues, for some fixed embedding () < GLy and after transport via
k ~ C, all have absolute value 1. Indeed, fixing a maximal torus Ty < @,
we can write X|7, as a linear combination of various characters occurring
in the embededing Ty — GLp, and it follows from this that x at any

124N0te that, in [Art89], Arthur assumes the existence of the hypothetical Langlands
group Lr and works with C coefficients. Above we have allowed ourself, in line with
our general setup, to work with k coefficients. Arthur assumes that the image of Lp is
bounded; with k coefficients the purity condition is a reasonable substitute.

1251, we defined G;,, by the inverse cocharacter into G; the inversion is due to
the switch from right to left actions, see §[2.10] The notation is compatible if we consider
Gy, as a copy 9f Gy with a map to the automorphism group of M, and it is only through
its action on M that this group plays a role here.
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(semisimplified) Frobenius element also has absolute value 1 in C, which is
false — x on this Frobenius coincides with the N /2th power of the cyclotomic
character. O

14.3.3.  The overall slogan is that to compute the period for an Arthur form
fo one uses not M but a certain “Kostant” or “Slodowy” slice of M; that is
to say, rather than considering I'p-fixed points on M we consider T p-fixed
points on the (smooth) slice of M given by

(14.18) Myjice := preimage of f + g under the moment map p : M — §*,

where e, f is the slo-triple associated to the Arthur parameter; and the action
is through ¢p. Here, as in § we write f + g for the affine subspace of
g* that would more canonically be denoted by f + §*°

Remark 14.3.4. Mg is not Ggr-stable, because Gy, doesn’t preserve
f + .. However, it is stable under the action of I'r through the extended
Langlands parameter ¢p associated to ¢4 (see ) This follows from
the fact that, with our previous notation, (a,id) : G4 — G x Gy, preserves
f + ge under the adjoint action — this is the action of the group G/, from
(3-20), taking into account the switch from right to left actions (§ 2.10). We
also observe that the I p-action on Mgjice scales the symplectic form through
the cyclotomic character, i.e., Y*w = w(y)w.

In we will suggest a heuristic reason for the appearance of this Mjice
(see also Remark (b) for another point of view). By the theory of the
Slodowy slice, the morphism G x (f + §.) — §* is smooth (see e.g. [GG02,
§2.2]) and from this we readily deduce that My, is smooth. Indeed, Mgjice is
a twisted Hamiltonian reduction of M by the unipotent subgroup determined
by the sls-triple, and this is the point of view from which it will appear in
our heuristic discussion §14.9

Observe that the fixed points of 'z on Mjjice are, by Lemma fixed

by the action of Gg,,, and in particular all such fized points map to f € g*.

Conjecture 14.3.5. (Nontempered periods are obtained by Slodowy-slicing
M:) Take a distinguished split form of a dual hyperspherical pair (M =
T*(X, W), M) as in , with M polarized.

Let fy be an everywhere unramified automorphic form belonging to the
discrete series with Arthur parameter ¢ 4, as above, and associated Langlands
and extended Langlands parameters ¢, and ¢p. Assume that the fixed points
of o on Msllce form a finite set mi,...,my. Then for a normalization of
fo with f¢ = f¢, independent of M, we have the equality:

(14.19) PR (f,) = —bG/QZ\/Lnorm (0, Ty, M)
where the L-function on the right is to be interpreted as in , and the

square root should be interpreted as in (14.9), i.e., as a choice of signs in-
variant under the centralizer of ¢ 4.
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The role of the shear in the notation above was explained in (14.1)); to

reformulate, the space TmMgi e is considered as a graded Galois representa-

tion via the restriction of the Arthur parameter ¢4 to ', with the grading
coming from the action of G’gr (see Lemma (14.3.2)); and this action, com-

posed with the square root w3 of the cyclotomic character, introduces shifts
to the point 0 of evaluation.

Remark 14.3.6.

(a) As a parallel to (14.12) we will compute in § [14.6.2] that (14.19)
implies in particular for the L? norm that

(14.20) f[ M@z = 26 )LO.T5 (S + 86 = (#2011 8D,

where g, is the centralizer of e and the shear on it in the last expres-

sion comes only from the action of G, <— SLy. On the other hand,

the shear on the tangent space T¢(f + §e) comes from the action of

G’gT, which is the combination of the action of G,, < SLy and the
usual (square) action of Gy, on g. < §*. The most vivid example is
when fy is the trivial function; then the normalization relevant for
the conjecture is just f4 = 1, and is giving the usual “Tama-
gawa number”’ formula for the volume of Bung — the product of the
order of the center of G, giving the number of components, and a
product of (-functions. See ([14.5) or §14.6.3| for that last deduction.

(b) Conjecture [14.3.5| can be considered a “regularization” of the prior
Conjecture [14.2.1} That is to say if we naively take the case (ii) of
Conjecture|14.2.1] and apply it to the nontempered case, we find that
the right hand side of diverges. Nonetheless (as is familiar from
examples, such as those examined in [II10], or from the consideration
of Eisenstein series), if we take the ratio between ((14.9)) and ((14.12)),
and formally cancel divergent factors, the result is compatible with
Conjecture [[4:3.5] The algebraic explanation lies in the following
diagram: Let O = [§, e], so that O < § is a complement to §y inside
g. Then with o, : ¢ — T, the orbit map, one has a commuting
diagram of isomorphisms of vector spaces:

(X,Y)—0.(X)+Y

0] @ Tstlice T:CM
< e (XY)=[X f1+Y .
8/ay ® Z(e) a*,

so the ratio of (14.19) and ([14.20)) gives the same result as the ratio
of (14.9) and (14.12)).

14.4. Real structures on normalized periods. We examine the L-functions
on the right hand side of ((14.9).
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The only case of interest here is where the SLo associated to M is trivial;
otherwise, one expects the period of all tempered forms to vanish identically.
Assuming this is so, M has the form G x“x (S @ d%) by . We can,
without loss of generality, suppose that a I' p-fixed point m; € M lies above
the identity coset of G / G x, and therefore that I'p — G factors through Gx.
The tangent space T, M decomposes, as a I'r x G4,-representation, as

T, M = (§/3x )0 ® S1 @ (8/8x)2

where the subscripts denote the G4,-weight. Note that (§/gx) is an orthog-
onal representation of I'r, S7 is a symplectic representation, and tempered-
ness of the automorphic form (for any isomorphism k ~ C) implies that the
representation of 'z on TmiM is pure of weight zero.

With this notation, invoking the functional equation , the L-value
L™ (0, T, MY) appearing in can be rewritten as

< /% norm 1
L1, (3/3x)) L™ (5, 51)

This is real (because each Euler factor is real) and non-negative (by the
Riemann hypothesis). In particular, (14.9)) entails that:

PR (£) is real-valued, when f is chosen so that f¢ = f.

(since we have taken f to be k-valued, this statement should be interpreted
as holding after transporting via k ~ C.)

Curiously, this statement is not obvious, and not discussed explicitly in
the literature, at least in any generality. We think that it represents an
interesting phenomenon, and pause to discuss it here. In what follows, we
will often refer to e”(—1); it is an element of the adjoint group of G and its
adjoint action defines an involution of G.

With f normalized so that f¢ = f, we have

PR = | Pgt= | g

Gl
and so Px(f) will be real-valued for such f if

(14.21) promm L (pyormyd,

Note that the right hand side is independent of the choice of isomorphism
k ~ C, while the left hand side depends on it; in other words, this stament
entails the assertion that PRo™ + (PRrm)4 ig totally real.

14.4.1. Some examples and corollaries. We have not verified in gen-

eral, but there are several cases where we can confirm it. We also discuss

some consequences of the expectation. For the discussion that follows, note

that, by transport of structure, (Px)? = Pya, and the same holds for the

normalized version.

(a) In the Whittaker case, P;i( = Px by the very way d is constructed. This
can be seen as one reason to prefer the duality involution over the pinned
Chevalley involution.
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(b) In the case of “distinguished split forms of hyperspherical varieties,”

in the sense of Definition |3.9.9 (14.21) follows from Lemma |3.9.10] .

Namely, (Pi™)4 and P°™ should be considered, respectively, as quan-

tizations of the Hamiltonian space M? (obtained from M by composing
the G-action and the moment map with the duality involution, with the
same Gg,-action), and the space M (obtained from M by negating the
symplectic form and moment map). The independence of the normal-
ized period function from polarization (Proposition shows that

Lemma [3.9.10[ then implies (|14.21]).

(c) (Relationship between the normalized vectors for f and that for the dual

representation:) If f is normalized so that f¢ = f and W (f) = qb¢/? for
the normalized Whittaker period W, as in , then f belongs to the
dual (=conjugate) representation, satisfies the same relationship with its
d-twist, and W (f) = +¢%¢/2 where the sign is chosen according to the
action of Ad(e?(—1)) upon f.

In other words, the “good” normalization of a vector in the dual rep-
resentation is + f, the sign being taken according to the action of e?(—1)
upon f.

To see this, note that the distinguished split form of the group period
is (presumably, see Example G\(G x G), where the embedding is
not the diagonal, but rather the graph of Ad(e”(—1)); and correspond-
ingly the period of (f, +f) is given by S[G] | f|2, which is real and positive
as desired. The distinguished split form of the Chevalley-twisted group
period is now G\(G x G), where the embedding is via the duality involu-
tion, and correspondingly the period of (f, f) is given by Sffd = {1112,
again real and positive.

(d) (The role of v/—1 € Gg). Above we have considered reality of the

“spectral transform” of Py°"™; but indeed P3°*™ is often real-valued itself.
For example, in the Whittaker case, this is so if —1 is a square in F, or
if p belongs to the cocharacter lattice. The role of a square root of —1
here is of interest and it seems to occur in several related ways. We do
not understand this at a deeper level, but we observe that the action
of /=1 € Gy, gives an equivalence between M and the same space
with negated symplectic form and negated moment map. Since Py°™
and Pg°™ should be considered as quantizations of M and the negated
space, respectively, this reality is not unexpected.

14.5. Tempered examples: Whittaker, Gross-Prasad, Eisenstein,
Tate. We shall briefly examine (i) or (iii) of Conjecture in various
cases. As observed at the start of the section, in each case the L-function
formulae are familiar in number theory; the main point is to check that the
constants are right.

14.5.1. The Iwasawa-Tate period. Take X = A and G = G,,. We have com-
puted the normalized period in (10.22). An automorphic form is simply an
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idele class character x. The relevant normalization is taking f = g =12y
as can be seen from (14.11)). It is clear that f¢ = f, and we get

norm —(g— — 1 - norm
(PR, fy = 7@KV TIL(G, x) = gL (12, ),
as required.

14.5.2. The Whittaker case: compatibility with Lapid—Mao. Let X be the
Whittaker space with its twisted polarization. We will sketch that the ratio

of (14.12) and (14.11)) is as predicted by the work of Lapid and Mao. The

main point here is to verify that the power of g is correct. To avoid some
minor issues with center, suppose G is semisimple. We follow notation as in
the conjecture, so that f is an automorphic form with Langlands parameter

o.
Let W (f) denote the unnormalized Whittaker period of f; with reference

to adelic uniformization:

W(f) =

- f Y(u) f(uao)du, ag = e2f’(a*1/2)7
neU(F)\U(A)

where the measure on U(A) is normalized to give mass one to the quotient.
Now, by Example [10.5.4
P (f) = ¢ XPgPXW(f), Bx = (9 — 1)(dim(U) — (2p,2p)).

and combining (14.11)) and (14.12)) reads
W (f) ’2 qﬂX q_bG q—(g—l)u+(g—1)<2p,2p>

S[G] |fI? (#24)L(1,9) a #ZaﬁquL(l,g)
and so our conjecture implies
W(f)]Z g Dutle=1)Cp2p)
S If7 — #ZsdboL(1,5)

where the measure on [G] is normalized to give the maximal compact of
G(A) the volume 1.

Let us now explain why this conjecture is compatible with that of Lapid
and Mao |[LM15] (they also prove many cases). Their assertion, specialized
to the unramified case, says that the left-hand side above equals

(1 : 2(G)))vol([G]) f | (raF ool dn

neN

where the integral at the end is to be expressed as a product and regularized

in a standard way. Almost all the local factors in this product coincide with

the local factors of g(gf,(gé)), where d; are the exponents of G, cf. §14.1.1

The measure is chosen so that dn = ¢~ (9D [ I, dn, where each dn, assigns
mass 1 to the integral points of N. Note that in fact (n) = v(ag 'nag)
where 1y is everywhere “unramified,” and aq is as in (10.19)). Making the
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substitution n « agnay ', so that d(agnag') = |e2(%)|dn, we compute the
integral above to equal

—(g—1)u|,2p(ao) (gt (20-2)2pp 116(di)
g~V c2olao) f (r(n)v, vyo(n) dn = q Ly,

and now taking into account vol([G]) = #Z(G)qb¢ []¢(d;) gives the claimed
equivalence between our conjecture and that of Lapid and Mao.

14.5.3. The reductive case and the Ichino-Ikeda conjecture. Again, to avoid
minor issues with the center, suppose that G is semisimple. Assume now
that X = H\G and that M is defined by data Gx — G and a symplectic
G x-representation Sx, with trivial SLo.

In this case the numerical conjecture asserts that the H-period S[ H] fo van-

ishes if the parameter ¢ doesn’t factor through Gx; if it so factors uniquely
up to Gx-conjugacy, say as ¢x : I'r — Gx, then S[H] fe is real and the
conjecture implies

2
(14.22) gbe/2bu Sn 74 _ "9 7"ex L(3, $x)L(1, §/6x)
| th) ’

S[G] ‘f¢‘2 #Z¢> L(l
where we write bg,, = (g — 1)dimGx, and the L-functions are those associ-
ated to the parameter ¢x. The ratio of L-functions arises as

Lnorm(o7 TzM)
Lnorm(o’ g) )

where x is the unique fixed point determined by the factorization ¢x. It is
often in essentially this form that the conjecture appears in the literature
taking account that Sx @ §/gx ~ Vx; the paper of Ichino and Ikeda [II10]
was particularly influential. One must check the constants, which we do not
do here.

Many interesting examples fall in this case. See also § for the more
complicated analogous discussion in the nontempered case.

14.5.4. Eisenstein periods. As mentioned the Eisenstein case (which
does not lie inside our general framework of dual hyperspherical pairs, but
has many formal similarities) presents peculiarities. We will compute in
the ratio of Eisenstein and Whittaker periods and show that it coincides
(formally, because there are some trivially regularizable infinities) with the
ratio of the right-hand sides of , multiplied by ¢~°/2. As remarked in
this is an interesting discrepancy which requires study.

14.6. Nontempered examples: trivial, diagonal, polarized homoge-
neous. We now analyze several examples of the nontempered conjecture
A particularly interesting class of cases is when the SLo-type of the
form and the space X coincide.

The following Lemma will be useful at several points.
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Lemma 14.6.1. Tuke an orthogonal vector space W with I'r x SLa-action
respecting the quadratic form. Then, with notation as in
(14.23)

gDV (1 (e-invariants on W)Y = L(0, (e-coinvariants on W)/)

where e is the standard element of a sla-triple; moreover, the shearing in
the L-function refers to the extended Langlands parameters obtained via the

standard embedding G, SLs.

Proof. We write W as a sum of spaces £ ® V; where V; is the SLo represen-
tation of dimension ¢ with weights {(¢ —1)/2,...,—(¢ —1)/2}; and FE is self-
dual. The L-values appearing on the left and right sides of are now
L(HTI, E) and L(—Z_Tl, E) and the functional equation relating these takes
the desired form L(&1, E) = ¢flo-DdmEL(_ 21 B). Note that the root
number that intervenes, being a global e-factor attached to a self-dual un-
ramified representation of ', is trivial, because the different is a square. [J

14.6.2. The diagonal case and L? norms. We explain why the predicted for-
mula for L? norms follows from the general nontempered conjecture
(14.3.5). Here, suppose that G is semisimple and let us work with the period
(cf.(c) of
X = AG\G?,

where A? is the diagonal twisted by the duality involution. Let us take an
(unramified) Arthur parameter ¢ 4 for G, and “double” it to obtain an Arthur
parameter ® 4 for G2 = G x G and associated doubled extended parameter
®p. We will compute the period of (fy, fg) in the setting of Conjecture

since f(‘; = f¢, this computes the square of the L? norm of fo

The dual period is X = G as G x G-space. Identify the tangent space Tgé
with g by means of left-invariant vector fields; thus Z € g is associated to the
derivative of ge'?; we make a corresponding identification T*G ~ G x §*. We
take the right action of G x G on G, viz. (g,h)x = g~ xh, and this induces
the action on T*G given by Z — Ad(h™')Z in the second cordinate. The
moment map is given up to sign in each factor by (g, Z) — (Ad(¢~1)Z, 2).

Take a @ g-fixed point

z = (g, Z) € (T*G)™,

where the slice is the one associated to the sla-triple of the Arthur parameter

by (19,

The moment image equals (f, f), i.e., Z = f and g centralizes f. Now (by
Lemma g also commutes with G,, < SLs; so ¢ commutes with SLs
and lies in the centralizer of the Arthur parameter; that is to say, the whole
fixed space in the slice is

Z(pa) x fc Gxgt=T*G.

We focus on the fixed point z = (idg, f); for all other elements of the
centralizer will contribute in exactly the same way. The tangent space at x
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to the (isotropic) fiber ids x g* < T*G intersects T2 in the Slodowy slice
f+(8%)¢, which is Lagrangian by dimensional considerations: its dimension
is that of (g*)¢, which is half of the dimension of the preimage of f + (§*)©
inside T*G. Thus, the sliced tangent space Tj“ce can be identified with the
direct sum of the e—invariant@ on §* and its dual, the e-coinvariants on
g. The relevant Gg,-action on the former is through the combination of the
action of G,,, — SL9 and the squaring G,,-action, while the action on the
latter is only through G,, < SLo. For the calculation that follows, let us
use the action of G,, < SLo to shear both spaces, absorbing the squaring
twist into the point of evaluation of the L-function. Then, gives upon
squaring

2
“be )2
q U[G] | fo()] ]

A 2
= %L(O7 (e-coinvariants on §)/)L(1, (e-invariants on g*)/)
q

(14.23) _ .
=" "% (#25,)L(1,8))°

implying the desired formula (14.20]), taking into account that all the signs
in (14.19)) are the same, and that the period is positive.

14.6.3. fs = 1 and X = H\G homogeneous: We suppose now that H is
semisimple. Let f, now be the trivial (=constant) form with Arthur packet
¢a. We know from the computation of combined with the Tama-
gawa number formula to compute the volume of [G], that the appropriate
normalization is fy = ilm

It is possible to verify that the local conjecture implies an identification

Myjice ~ Ju,

the group scheme of dual reqular centralizers for H, that is to say, the group
scheme over the Kostant slice whose fiber is the centralizer of a regular
element in the dual group. This identification will be discussed further in
a sequel to this paper (it is related to Proposition as well as Example
S.4.9)).

More precisely, writing ¢g, ¢ for the invariant-theoretic quotients of the
Lie algebras of H,G respectively by conjugation action, the inclusion of
H into G induces a morphism f : ¢z — c¢g. Now, ¢y is identified with
the invariant-theoretic quotient of the dual Lie algebra for H, and via this
identification we obtain a group scheme of regular centralizers Jg — H over

126Note that in the group case we have been using the notation §. for the centralizer
Lie algebra of e; this conflicts with the invariant/coinvariant notation used here. We will
temporarily adopt this new notation for the present example, but it should not cause any
confusion in the remainder of the paper.

1271 the nontempered case, Conjecture pins down the normalization of forms
at best up to sign, because of the square roots on the right hand.
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¢z, and similarly for Jg. There is a morphism of group schemes f*Jg — Jy
over ¢, which in particular gives rise to an action of Jg on Myjice.

For a parameter of Myjice ~ Jg to be fixed by the parameter of the trivial
representation for GG, it must have image f under the moment map, so map
to 0 € ¢g, and so must also have mapped to 0 € ¢g; that is to say, the fixed
points of I'p acting via ¢4 on Mjice are contained in the centralizer of a
regular nilpotent on H, and in fact are precisely given by the center of H
(this by consideration of G,,-actions, see Lemma .

At each such point m, the tangent space Ty, Mqjice admits the centralizer
v of a regular nilpotent in H as a Lagrangian space; ¢ acts on v through
the cyclotomic character raised to the power 2d;, the d; being the exponents
of H (see §2.3.1).

Now, the normalized period of f4 = 1 is here given by ¢ PH2#Buny and
using > (2d; — 1) = dimH we get

¢ (#Bung)® = (#2)°¢" ([ [<(d)* = (#25)* - [ [<(di)(1 = di).
This verifies Conjecture [I4.3.5 here.

14.6.4. The case when the SLa-types of X and fy coincide; comparison with
[SV17]. We now examine the situation where SLo-type of the space X and
the automorphic form f are the same. This situation has several simplifying
features — it was for example the case in which [SV17| proposed a general
conjecture, with arbitrary ramification. Let us see how the Conjecture [14.3.5]
recovers the period conjecture in a form close to that of [SV17] in the un-
ramified case. We will again suppose that G is semisimple.

We will follow the setup as in Let the dual data for X be Gx <
G,.:SLy — G, and the symplectic G x-representation Sy, so that

(14.24) M = Whittaker induction of Sx along Gx x SLy — G.
As before we put

(14.25) Vx ZSx(—Bge/ﬂx.

Here Vx is graded, i.e., Vx = @, V(Z), where Sx lies in weight 1, and g, is
graded via G, < SLo plus two, see e.g. discussion in
To simplify our considerations somewhat we will assume that Gx is the
centralizer of SLg. (Otherwise the considerations below can be modified in a
fairly straightforward way involving sums over possibly more fixed points.)
We are going to consider a parameter

# :Tp — Gx,

giving a Langlands parameter ¢, : I'p — G and an Arthur parameter ¢4 =
or X v : I'p — G, and will derive from the conjecture the following explicit
formula, which is essentially the proposal of [SV17] (cf. (14.22)):

|normalized X-period of f¢,|2 B g box HiL(gbO,V)((i);i/Q)

(14.26) ot C #Z45, L(69,8x;1)




312 DAVID BEN-ZVI, YIANNIS SAKELLARIDIS AND AKSHAY VENKATESH

Proof that Conjecture implies (14.26). M is Whittaker-induced from
Sx along Gx x SLy — G. In particular there is a morphism M — G/GxU
where P = LU is the Levi subgroup determined by sls. We are going to
check

C’lag'm.; Ar}y I p-fixed point in Mgjice maps to the trivial coset
in G/GxU.
(14.27)

Assuming this for a moment we derive ((14.26). Since any fixed point for
Myjice has moment image equal to f, we see (see e.g. and ) that
the fixed points of 'z on Mjjice correspond precisely to fixed points of 'z on
Sx under ¢%, the extended parameter corresponding to ¢?. The only such
fixed point is the origin by similar reasoning to the proof of Lemma
It remains to understand the tangent space T to Mgjice at this fixed point
myg corresponding to the origin of Sx.

Referring to we see that Tgjce has a composition series whose asso-
ciated graded factors ar

W= g./8x,Sx, W".

Here:

e The ¢g-action on Sx is the action of qb% on Sy multiplied by w!/2.

w1/2

e The ¢g-action on W is qb% multiplied by the action through I'p —
Ggr(k). Here Gy, acts through G,, < SLy with a further shift by 2,
just as in

e The ¢p-action on WV is determined from that on W by means of
the duality, recalling (Remark that the pairing W & WV is
valued in k(1).

Conjecture [14.3.5[ and (14.20)) therefore show that

prem ()2 g=be 10, WY/)L(1, W/)L(1/2, Sx)

4, _
(14.28) oty ST T
ﬁq(bc—bcx)[’u? (8/6x)/)L(1/2,Sx)

#Zpa L(1,4x)

where the shearing on W is now considered via the G,, < SLo without
further shift. That is precisely .

We now give the proof of Claim [14.27}

By Lemma [14.3.2] any fixed point 2 € M is also fixed by the action of the
group G’gr of . Since that action is contracting the Slodowy slice f+ge
to f, any fixed point must lie over f under the moment map. Recall [GG02]
that the product My := G x (f + §.) is the Hamiltonian reduction of T*G by

128Tye latter factor arises, if we follow the notation of (3.19)), by noting that {Xeg:
[X, f] € f+ge} is precisely the centralizer of f, and taken modulo b (in the same notation)
is dual to g./b.
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U over coadjoint orbit of it of those elements which restrict to the functional
f on 1ty = the subalgebra whose G,,-weights are > 2. Sinceflzgl the G-orbit
of f intersects f 4 ge precisely in f, the only points of G/U over which the
moment image of M ¢ contains f are those represented by the centralizer
Z(f). By construction of the map M — G/GxU, the moment image of a
fiber of M is contained in the moment image of the corresponding fiber of M I
(e.g, the fiber over the identity coset in M has moment image contained in
f+ ﬁ}r), therefore any fixed point of Mgjice has to live over Z(f)GXU/GXU.
On the other hand, if P_, the parabolic opposite to P with respect to the
Levi subgroup L = the centralizer of a(G,,), the subset Z(f)GxU/GxU
lives over@ the open P_-orbit on the flag variety G /15, and the only a-fixed
point in that Bruhat cell is the coset of 1P. Hence, any G’gr—ﬁxed point on
Myjice has to live over a right coset of G xU represented by L Z(f) = the set
of elements that centralize both a and f, hence centralize SLy (cf. [Kosh9l
Cor 3.5]). By virtue of our assumption on centralizers, stated after ([14.24)),
it lives over the identity coset of GxU (while without this assumption, we
would have to sum over the set of ¢|r,-fixed points of the centralizer of

SL; mod Gx, analogously to the tempered case).
O

14.7. How are the geometric and numerical conjectures related? Let
us now return to the question of how the geometric and numerical conjectures
are related. In short, the numerical conjecture should be a consequence of
the geometric one, but the deduction involves technical issues that we have
not studied (and, particularly in the nontempered case, may also involve
some new structures of independent interest).

We restrict ourselves to the polarized case: M = T*(X,¥), M = T*X. In
the finite context, the geometric form of the conjecture, Conjecture [[2.1.1]
asserts that a certain period sheaf P (the spectral projection of Py)
matches, under a suitable form of the Langlands equivalence, with the L-
sheaf L.

Let f = fs be a Hecke cuspidal eigensheaf on Bung, with Langlands
parameter ¢, a k-point of Locs. Let us suppose that:

(a) ¢, restricted to geometric 7y, fixes a single point on X, and the same
is true for the dualized parameter ¢¢.
(b) fe is a pure self-dual perverse sheaf.

1291¢ Ad(g)f = f + X for some nonzero X € g, then Ad(axgay')f = f + A?Ad(ar)X,
and by taking A — 0 we would contradict the fact that G-orbits meet f + . transversally
(see [GGO2, 2.2]).

1305 see that an element g € Z(f) belongs to P_, we can use [McN04, Corollary 20] or
proceed as follows: h' := Ad(g)h, f form part of a sl>-triple, and by [Kos59, Theorem 3.6],
B’ must have the form h + u~ where u~ has has negative h weight. In particular, ad(h’)
acting on p~ is triangular with respect to a basis of h-eigenspaces, and all its eigenvalues
are therefore < 0; thus, p~ is also the sum of negative weight spaces for ad(h’). This
implies that ¢ normalizes P_, and therefore g € P_.
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Let f(z) : Bung(FFy) — k be the associated function, and let f be the
function arising from the Verdier dual, i.e., the conjugate of f after fixing an
isomorphism k ~ C. Numerically (b) has the effect that the L?-norm of f
is of size about 1. As in let us write [...] for geometric Frobenius trace
on a vector space.

Since spectral projection in our context amounts (at least conjecturally, see
and references therein) to the right adjoint to the inclusion of nilpotent
sheaves, we find
(14.29)

Hom(f, Px™) = Hom(f,spectral projection of Px”™) ~ Hom(dy, LZ™).

Passing to Frobenius trace, and using Lemma to evaluate the left-hand
side and (|11.34)) to evaluate the right hand side,

D fol@) PR (@) = g 2L (1, ¢, 1),

where on the left the sum is over Bung(F,;) and we weight by inverse-
automorphisms; and T is the tangent space to X at the unique fixed point
for the dualized parameter ¢%. On the far right, T/ is considered as a
I'r-module through ¢2.

That is precisely of the numerical conjecture Conjecture
That is to say, the geometric conjecture, together with the anticipated iden-
tification of the spectral projection, implies the star period part of the nu-
merical statement in the case that ¢ has finite centralizer.

Remark 14.7.1. The same reasoning also suggests why the (—1)° in the
statement of needs to be there when fy is no longer assumed cuspidal:
it arises (eventually) from a cohomological shift by s. (In more detail, it
should arise for the same reason as the (—1)¢ in the second line of (T1.34)),
whose source can be seen at ((11.39)).)

Remark 14.7.2. Suppose that G fixes the unique fixed point above. Then
we may rewrite

(14.30) L(1,6%, TV0) = L(1,4,1%),

where on the right 7% means that we shear by the negated G,,-action on T'.

Indeed, the representation qﬁdE of I'g on TV is obtained as the composite:

1/2
e @50 @ Gy — GL(TY),
where G acts on GL(TY) through its standard action precomposed with the
dualizing involution, and Gy, acts on T through its action arising from the
Ggr-action on X.

Now precomposition with the dualizing involution on both G and G,,
switches the isomorphism class of T" and that of T"V. Therefore, the action
of G x G,, on TV that occurs above is isomorphic to the action of G x Gy,
on T', which is the standard action on the first factor, but the inverse of the

action on the second factor. This explains ({14.30)).
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However, the star period part of the numerical statement is also the least
well-attested part by classical computations! One certainly wants to carry
out the same deduction for the !-period, and for this we would want to
argue that holds in the opposite direction, i.e., Hom(P*™, f) is
unchanged if we replace Px by its spectral projection. Assuming that is
valid, the argument above goes through to say

(14.31) PR () fy () = g PP L0, ¢, TY),

where we now used ((11.36)). But on the other hand the Langlands parameter

of f should be the image of ¢ under the dualizing involution, and therefore,
replacing ¢ by ¢¢, we get

(14.32) 2 P (@) f(x) = g "9 L(0,TY),

which is now of Conjecture . On the right, 77 is considered as
a I'p-module in the “obvious” way, i.e., through ¢ and not through ¢¢.
Consequently, for f normalized as above, and if we were to assume that
the left nilpotent projection exists and coincides with the right nilpotent pro-
jection, the geometric conjecture implies the numerical statement
about the period of the form f. In general, this left nilpotent projection
need not exist, but we may hope that some suitable “interpretation” of it
does (cf. . At the moment, then, the numerical conjecture is not a
consequence of the geometric conjecture, but rather a parallel statement.

Remark 14.7.3 (Period and L distributions). Recall from (following
the proposed formulation of L-functions as meromorphic algebraic dis-
tributions (i.e., meromorphic sections of the dualizing complex) on Loc‘z‘;irith
in the setting of JAGK™20b|. This suggests a parallel formulation of the
numerical period conjecture, which is what one might hope to obtain by
taking the categorical trace of Frobenius directly on the geometric period
conjecture. Namely, we expect L-distributions to be identified under the un-
ramified arithmetic Langlands correspondence with the corresponding dual
period functionals, represented as elements in localizations (via the spectral
action) of the space of automorphic functions k.[Bung(FF;)] over open sub-
sets of the stack of arithmetic local systems. See also §14.9.1|for an analogous
discussion of Arthur parameters.

14.8. Star periods and asymptotics. We will now discuss the star period
function P%, formulating some conjectures

1310ur focus here will be not so much on Conjecture itself, but rather about
even more basic formulas relating to the x-period. Tony Feng, Jonathan Wang and the
third-named author have carried out some computations supporting the *-period assertion
in Conjecture[I4:2.1] but we will not describe such computations here, except for Example
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Recall from Remark that the star version of the period sheaf is
defined as the x-pushforward of the dualizing sheaf from Buné , and, by
definition, P¥% is the function obtained by taking trace of Frobenius.

To simplify we assume that the Gg.-action on X is trivial throughout this
section. The work of Schieder and Wang suggests that Py can generally be
computed in terms of the theory of asymptotics on X, which we now briefly
recall.

Assume, here, that X is affine and homogeneous. Recall that to each
subset © of the roots of G'x we may attach a boundary degeneration Xg of
X (terminology of [SV17| — in particular, Xg is homogeneous). For every
(nonarchimedean) place F, there is an “asymptotics” map

asympg : C*(X(F)) —» C*(Xe(F)),

so that a function is equal to its image close enough to infinity “in the ©
direction.”

Restricted to compactly supported functions C(X (F')), the asymptotics
map is known to have image in a space of functions of moderate growth and
bounded support — “bounded” means that it has compact closure in an affine
embedding of Xg. Taken over all places together, we obtain a map

asympg : O (X (A)) — C*(Xe(A)),

whose image consists of functions of bounded support. Now let Pg : C*(Xg(A)) —
C”([G]) be the theta series, that is to say, sending a function f to 3y f(29);
it extends to smooth functions of bounded support.

Conjecture 14.8.1. Suppose that X is affine homogeneous with point sta-
bilizer H (and trivial Ggr-action). Then the x-period P is obtained by
evaluating

(14.33) g Y (~1)11 Py 0 asympg : C*(X) — C*([G])
(S

at the basic vector dx € CP(X), that is to say, at the characteristic function
of integral points.

The factor ¢°# arises from the fact that the star period is obtained from
the dualizing sheaf and not the constant sheaf. It may be possible to use
a suitable variant of as a definition of the x-period in the number
field case. One needs to give a suitable definition to asympg at archimedean
places.

In any case, Conjecture allows one to explicitly compute the star
period fairly readily, and, where we have looked, it appears to be compatible
with our numerical conjecture Conjecture The strange sign (—1)® in
Conjecture is related to the alternating sum above, but in a subtle
and beautiful way, since several © will contribute to a given pairing.
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We discuss here only the simplest example. Assume that X is wavefront
(terminology of [SV17]); then the only term in (14.33]) that can have a non-

trivial pairing with cusp forms is the term for © = ¢, and we get

(P%, fs) = ¢ "H{(Px, f4)

for f4 a cusp form. Our assumptions guarantee that the eigencharacter 7 is
trivial, and therefore P{""™ = P¥[—fx], PY*"™ = Px|[fx]; since Bx = by
here, we would also get:

(14.34) (P, fo) = (PX°™, fo)

According to Conjecture the left and right hand are given (in the
unique fixed point case) in the general form L™ (0,77) and L™ (1,T%).
Although we do not have a general analysis, this equality arises in the ex-
amples we have looked at in the following way: T is a sum of components
To @ T in Gy weights 0 and 1. Then (again, in examples we studied) Tp
is self-dual as a G-representation, which gives L""™(0,Ty) = L™ (1,Tp);
and for T} we have

1
LHOI‘H’I(O7 Tli) — Lnorm(§7T1) — Lnorm(ljﬁ).

Remark 14.8.2. Conjecture generalizes [Wanl8, Theorem C.7.2],
and we hope that it can be proven along the lines of Wang’s argument,
by compactifying the morphism Bun® — Bung, using an X-analog of the
Vinberg monoid.

Namely, consider the affine degeneration of X: this is an affine family X —
AXx ad, Where Ax .q is the quotient of Ax whose character group is spanned
by the spherical roots, and Ax ,q is its toric embedding corresponding to the
dual of the cone of spherical roots. The family carries an action of G x Ax,
and contains both X and an affine embedding of Xg (for all © < Ax) as
special fibers. See [Pop87], [GN10, §5.1], [SV1T, §2.5] for the construction;
the precise base Ax aq is (probably) not very important for the argument
we are outlining, and one can replace Ax ,q by a torus that is isogenous to
it. Let X®* be the open subset whose fiber over every point on the base is
the open G-orbit in the corresponding fiber of X'. The torus Ax acts freely
on it, and the quotient X'*/Ax is a compactification of X /Z(X) (sometimes
called the wonderful compactification, although this term is usually reserved
for the cases when it is smooth). As in [Wanl8, Lemma C.8.2|, we expect
that the morphism

Map® (3, X/G)/Ax — Bung,

where the bullet denotes maps which generically land in X'®, compactifies
the map Bun® — Bung, and can be used to address Conjecture [14.8.1

Conjecture fails when X is not affine homogeneous, as the argu-
ment that we outlined breaks down (e.g., the requirement for objects of
Map* (2, X/G)/Ax to lie generically in X* misses out a part of Bun®, when
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X is not homogeneous). An interesting example is the Iwasawa-Tate case,
with which we conclude:

Example 14.8.3. The Iwasawa-Tate case is of interest precisely because the
self-duality phenomenon described after fails and the mechanism for
compatibility between star and ! conjectures is somewhat different.

In the Iwasawa-Tate case with neutral Gg,-action we have, for L a point

of Bung,,,

(1435) P;l(orm(L) _ th(L®K1/2)—%deg(L@Kl/Q)’

(1436) P)ﬂ;_norm(L) _ qdeg(L)/2—(g—1)/2 + q—deg(L)/Q—(g—l)/2 o P)I}()rm(L)

We readily verify the predictions of Conjecture [14.2.1} if we pair Py*™
with a character x we get X(Kl/Q)*lL(%,X) = L""(1/2,x), where we reg-
ularized the pairing in the unique G-invariant way; if we do the same for
P we get —L""™(1/2,x). It is instructive to consider the asymptotic
behavior. Write r = deg(L). As |r| — oo we have

1—g+|r| 1—g—|r|
P)I}Orm — qf, P;;HOI"IH — q#

Therefore Py°™ blows up at o0 whereas P{""™ decays.

We already proved , see . We sketch the argument to check
: we can split Bunyx here into the open Bun§ and a closed zero-
section that is identified with Bung,,. Each fiber of Buny — Bung,, is a
G,,-torsor over a projective space, and correspondingly the #-pushforward of
w to Bun can be checked to be a shift of the ! pushforward of the constant
sheaf, which can be numerically computed fiber by fiber. Observe that the
symmetric form of is not seen by this way of computing: the first
term comes from the zero-section, and the remaining two terms come from
Bunk.

14.9. Arthur functoriality. In this speculative subsection we will make
some suggestions of geometric interpretations of the formulas presented in
the nontempered case (§14.3 and and the role of Arthur functoriality.
We postpone a somewhat sharper discussion in the geometric setting to
where we discuss also Arthur functoriality as an operation on arithmetic field
theories.

The basic situation for this section (as in other discussions of spectral

Whittaker data such as and §11.9) is that we are given a homomorphism
t: H xSLy > G

(where we often further assume that H < G is the centralizer of the SLy).
We restrict ourselves to even SLa’s, i.e., we demand that the corresponding
cocharacter w, acts on § with only even weights (see Remark for a
discussion of the odd case).
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Arthur’s conjectures [Art89] suggest very broadly that the automorphic
representation theory of G is built out of the tempered automorphic represen-
tation theories of the group H Langlands dual to H. The process by which
nontempered representations are built out of tempered ones, which we might
informally call “Arthur lifting” or “Arthur functoriality,” is analogous to the
conjectural Langlands functoriality relating automorphic forms on groups H
and G coming from an inclusion H G of their duals — indeed, that is the
special case of Arthur functoriality when ¢ is trivial.

Continuing with the setup from an Arthur parameter ¢4 associ-
ated to ¢ defines a I'p-representation into the centralizer H of the SLy (i.e.,
a Langlands parameter into H) which is pure of weight zero, and the associ-
ated Langlands parameter ¢y, into G is a shift of it by lg,, : G — SLy 5 G
(composed with the square root of the cyclotomic character). (cf. (14.13)).

This passage ¢4 — ¢ has a natural geometric version which we explain
in — namely, given an H-local system, we can shear the induced
G-local system by its G,,-symmetry coming from ¢|g, . The result is not an
ordinary G-local system but rather a derived or sheared local system — its
“associated vector bundles” are cohomologically graded through ¢|g,,, a geo-
metric counterpart of the nontempered nature of the Langlands parameter
¢r. Moreover the resulting local system comes equipped with a Lefschetz
operator (endomorphism of cohomological degree 2). The model example of
such an object is the cohomology of an algebraic variety over the curve %
equipped with its Lefschetz operator.

In the geometric setting we also have access to a much sharper version of
this pointwise construction of Langlands parameters into G from (tempered)
Langlands parameters into H. Namely, in we have constructed an
Arthur (or spectral Whittaker) induction functor

Al : spectral category for H — spectral category for G
which by Lemma [11.9.2] interacts nicely with L-sheaves:

L-sheaf of Y o L-sheaf of Whittaker induction X of V.

Moreover, in Corollary we show, in the geometric setting, that Al
interacts in the expected way with the underlying operation ¢; < ¢4 on
Langlands parameters. Applying the geometric Langlands correspondence,
the Arthur induction induces (conjecturally) a functor

Al : automorphic category for H — automorphic category for G

which provides a geometric analog of Arthur lifting — it will send Hecke
eigenobjects in the ordinary sense to Hecke eigenobjects with ¢-sheared de-
rived local systems as eigenvalues. As we discuss in this suggests
a strong geometric form of Arthur’s conjectures, in the form of a semi-
orthogonal decomposition of the automorphic category for G, indexed by
SLa-parameters, and with “associated graded” pieces generated by tempered
automorphic sheaves for the various SLa-centralizers.
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Remark 14.9.1 (Arthur lifting). In the formulation of the unramified arith-
metic Langlands correspondence of [AGK™20b| reviewed in §C.6, one can
formally consider taking the Frobenius trace of the functor Al to obtain an
arithmetic Arthur induction map F(Locgith,w) — F(Loccgith,w) on dis-
tributions on the space of Langlands parameters. (Such a map will only
exist meromorphically, i.e., after restriction to a suitable open substack.
See §11.8.9 and §14.7.3] for a parallel discussion of L-functions and periods
as meromorphic algebraic distributions.) Dually, assuming the unramified
Langlands correspondence, this would provide an Arthur lifting map on the
full space of unramified automorphic forms, after a suitable localization with
respect to the Hecke action; ignoring this latter subtlety, this is a map

AT : k[Bung (F,)]. — k[Bung(F,)].

In the arithmetic Langlands program the Arthur parameterization is not
usually thought of in terms of such a map AI, because the Arthur param-
eterization concerns automorphic representations, which at best pin down
individual functions up to scaling. The point is, however, that the theory
of periods suggests that there is a distinguished way to normalize automor-
phic forms (although our conjecture often only normalizes them up to sign,
it seems likely that the sign ambiguity can also be resolved). The map AT
above then takes normalized tempered forms on H to normalized nontem-
pered forms on G.

Notice that we have assumed above that the SLo has even weights. This
is in fact an important assumption here; in the odd case we can encounter
issues of anomaly, and it is plausible that there is no natural way to make
a map A without it annihilating some tempered eigenforms (this is related
to the existence of CAP forms).

14.9.2. Nontempered periods, revisited. We now revisit the conjectural de-
scription of nontempered periods, Conjecture [14.3.5] whose notation we keep;
however, to simplify our notation, we will just for now index L-sheaves by
Hamiltonian spaces M rather than by their polarizations X.

Thus we would like to describe the M-period of an Arthur form fy for a
polarized hyperspherical variety M = T*(X, ¥). The geometric counterpart
to this is the Hom pairing

Hom(Px, Al(Fy))

between the period sheaf associated to M, and the geometric Arthur lift of
a Hecke eigensheaf 74 on Bung, i.e., the automorphic sheaf corresponding
to the Arthur induction of a skyscraper sheaf Al(Oy) on Loc;.

Now, recall from Remark the operation of Arthur restriction (or
Arthur-Jacquet) AJ, which performs Whittaker reduction (adjoint to Whit-
taker induction) on the level of Hamiltonian spaces :

(14.37)  AJ: L-sheaf of M ~» L-sheaf of Whittaker reduction M // 1110

where U and ¢ are the unipotent subgroup and character determined by .
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To calculate the periods of Arthur forms geometrically, we need a guess
(based on similar phenomena in representation theory rather than explicit
calculation) that AJ can be identified with the left adjoint of Al. It is by no
means clear that such an identification is even morally correct, but we may
hope that it is close enough to true for numerical purposes, and conversely
take known evidence for the numerical statements about nontempered peri-
ods as suggestive of this statement, on the level of Frobenius traces. Given
this highly optimistic setup, and ignoring issues of normalization, we com-
pute

Hompung, (Px,Al(Fy)) =~ Hompoc, (L, Al(Og))
HomLoC;I (AJ (‘CM)a O¢)
Hompoc, (L3770 Op)

12

2

In other words, the M-period of an Arthur sheaf on G is calculated spectrally
by the Whittaker reduction, or Slodowy slice, to the dual hyperspherical
variety M. Passing from sheaves to functions as discussed in this
discussion suggests that X-periods of Arthur lifts on G are given by L-
functions on H associated to the Slodowy slice to M, which — modulo finer
issues such as normalization — is precisely what Conjecture says.

If we further assume that the Hamiltonian H-variety M // wU has a Hamil-
tonian dual H-variety My = T*(X g, V), then we can further describe the
interpret the final term above automorphically:

~ ?
Hompyng, (Px, Al(Fy)) ~ Hompun, (Pxy, Fo)-

where the ? reminds that this is not a theorem, but based on our optimistic
speculations about adjointness of Al, AJ.

Remark 14.9.3 (The L? picture). We can apply the above analysis in the
group case, as in §14.6.2] and §12.3.1] to describe the L? norm of an Arthur
form in the arithmetic setting or the endomorphisms of an Arthur sheaf

Al(f¢) in the geometric setting. First let us consider the formula ((14.20) for

L? norms:

(For fo) = #Zs)L(1,60).
In the case #Z4 = 1 the right hand side can be interpreted as trace of
Frobenius on the self-Hom of a G-derived local system equipped with a Lef-
schetz operator. This is, at least in an informal sense, compatible with the
geometric picture discussed earlier in this section.
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Part 4. Local-to-global aspects

Our main goal in Part 4 of this work is to explain how to relate the local
theory from Part 2 with the global theory from Part 3. A one-sentence
summary is

the local categories (automorphic and spectral) provide Hecke
constraints satisfied by the period and L-sheaves, and these
constraints are intertwined by the local and global conjectures.

This can be compared with the picture developed in [SV17] in which X-
periods of automorphic forms are given by Euler products whose local factors
describe the Plancherel measure on spherical functions on Xpg.

We first describe the one-point form of local-global compatibility in
asserting that the local and global period conjectures, Conjectures [7.5.1
and are intertwined by Hecke-linear functors from the local to the
global categories: the unramified automorphic and spectral ©-series.

This form of local-global compatibility can be significantly sharpened by
inserting the local category at many points {z;} < ¥ and allowing these
points to vary and collide. This is captured by the notion of factorization,
which we apply in

The ideas of this Part are to a much greater extent than before
obstructed by technical issues, in particular issues of sheaf theory
in infinite type on the automorphic side and the de Rham spectral
side, so that the most complete picture we present is on the Betti
spectral side.

In §16] we introduce a factorizable form of the local category and of the
Plancherel algebra. The mechanism of factorization homology — a geometric
analog of Euler products — produces a global counterpart to the Plancherel
algebra, the RTF algebra RTF x s, an algebra in the global Hecke category.
We also sketch the idea of a factorizable form of ©-series, which realizes
the RTF algebra as a “locally defined” source of maps between the period
sheaf and its Hecke transforms, and indicate its relation to the relative trace
formula.

In §17| we discuss the spectral counterpart to the factorizable Plancherel
algebra, the L-algebra Oy, and its relation to the hyperspherical variety M
via the mechanism of spectral deformation quantization. This gives rise to a
factorizable form of the local conjecture, in the setting where both M and
M are polarized.

In §18 we study the spectral counterpart of the RTF-algebra, the L-
observables O, s and its action on the L-sheaf. We are guided by the analogy
that the L-observables are to the L-sheaf as deformation quantization is to
geometric quantization, an analogy which we flesh out in a couple of ways.
The L-observables are a geometrization of the L-function of M (the square
of the L-function of X) and its factorization homology construction is a geo-
metric counterpart of the corresponding Euler product. We conclude with a
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foray into the geometric study of Arthur parameters, whose construction is
closely related to the theory of L-sheaves for twisted polarizations.

15. THETA SERIES AND LOCAL-GLOBAL COMPATIBILITY

In §zwe studied the local automorphic and spectral categories SHV (X r/Go)
and QC/(M /G) and formulated the local conjecture, Conjecture iden-
tifying the two. Among the consequences of this conjecture is that the local
automorphic category is controlled by the Plancherel algebra PLx studied
in §8 which is identified with the sheared coordinate ring Q,; := O/(M/G)
(the “L-algebra”) as algebra objects in the spherical Hecke category.

On the other hand we formulated in §12]a global conjecture on an algebraic
curve ¥ when M = T*X is polarized (or more generally twisted polarized
M = T$X ). This statement, Conjecture , relates the period sheaf
Px on Bung(X) studied in with the L-sheaf £ on Locx(X) studied in

In order to relate the local and global conjectures we first remove the
coordinate dependence in the local conjecture. We write the stack Xp/Go =
Bung (D, D*) as the moduli of G-bundles on the disc with a section of the
associated X-bundle on the punctured disc; when Gy U X is nontrivial,
we rather work with a “normalized” form where we twist the section by
K2, Likewise the Koszul dual form QC/(M/G) ~ QC'(LX/G) of the
local category admits a parallel coordinate independent formulation via the
identification £LX /G ~ Locé{(D, D¥).

The compatibility between the local and global conjectures captures the
relation between the four categories of sheaves involved (local and global,
automorphic and spectral) as modules for the unramified Hecke operators.
This compatibility has both one-point and factorizable formulations; this
chapter will study the one-point version.

Fixing a point x € X, we show that the Plancherel algebra PLx (as an
algebra in the Hecke category) acts on the period sheaf via the Hecke ac-
tion on the global automorphic category. This action is described in §I5.1]
as a formal consequence of the construction of the (one-point, unramified)
geometric O-series functor, a Hecke-linear functor

Ox . : SHV(Bung (D, D¥)) — AUT(Bung(X))

sending the basic object to the period sheaf. Likewise the L-algebra O;;
acts on the L-sheaf via the spectral Hecke action. This action is described

132pe conjecture depends on a choice of spin structure KY2 on %, which can be
eliminated by the use of C-groups as in

133For simplicity we are assuming here that we are in the polarized rather than twisted-
polarized case, which we also handle. Moreover, in the case when the eigencharacter
i : G — G, associated to X is nontrivial, we must also twist the spectral category
QC'(LX/G) by a “half-epsilon gerbe” e15 p, the local analog of the epsilon line bundle
correcting the normalized L-sheaf in see Remark for a brief discussion.
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analogously in §15.2| using a spectral ©-series construction

Lxz: QC'(Loc (D, D*)) — QC'(Locy (%))

This naturally leads to a compatibility between the local and global con-
jectures. This enhanced conjecture is formulatedliﬂl in Conjecture as
the construction of a Hecke-linear commutative diagram intertwining the
automorphic and spectral ©-series functors

GL

(15.1) AUT(Bung(X)) QC'(Locs (%))

®XJ3T ﬁX,CLT

SHV (Bung (D, D*)) —*~ QC!(LocX (D, D*))

in which the horizontal arrows are the equivalences of the local conjecture
and geometric Langlands.

Perhaps more concretely, the essential content of the local-global com-
patibility is the assertion that the global conjecture respects the actions of
the algebras PLx ~ O,;, which we express symbolically as an action of the
bottom row on the top row in the following diagram:

GL

Modules: Px € SHV(Bung(X)) QC'(Locy) 2 L

Algebras: PLx € Hg Satake QCU(§*/G) 2 Oy

15.1. Automorphic O series. In this section we introduce (the one-point,
unramified version of) the O-series functor. It is in essence a routine trans-
position of the notion of #- or Poincaré series to a sheaf-theoretic context.
The discussion applies in de Rham, étale or Betti sheaf theories.

15.1.1. Setup. Fix a point x € ¥ on a smooth projective curve, and let
O = O, c F = F, be the completed local ring at x and its quotient field,
respectively. We denote by D = D, < D* = D the spectra of these rings,
i.e., the formal disc and formal punctured disc at . We omit the subscript z
when possible, i.e., until we begin to vary the point z € 3. We restrict to the
case of X a smooth affine G-variety. The local unramified theory concerns
the stack Xr/Go of G-bundles on the disc with a meromorphic section of
the associated X-bundle.

Caveat: It will be important for this discussion that we assume

that the X-spherical category HY of I-sheaves on X r/Go is identi-
fied with the category of x-sheaves SHV,(Xr/Go).

134Again we omit for simplicity the case of twisted polarizations of M, and refer to
Remark [15.2.4] for the normalized version for nontrivial 7 involving epsilon lines.
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The Caveat is here since we will need the theory of #-pullbacks, which is
only available for =-sheaves. Recall from Remark that the theories of !-
and #-sheaves are expected to be equivalent on Xp/Go and specifically such
an equivalence is provided by the Local Conjecture. The #-sheaf category is
pointed by the basic (-)sheaf dx = ky_, the constant sheaf on the substack
Xo0/Go where the X-section extends to the whole disc.

15.1.2. Normalizing the local category. Recall that the period sheaf Px was
defined ( using the stack Bun® = Buny () of G-bundles with a sec-
tion of the associated X-bundle twisted by a chosen spin structure K'/2. To
compare this construction with the local category SHV(Xr/Go) we need to
twist the latter by a spin structure as well. This correction is not necessary
when the Gg,-action on X is trivial. In general this normalization does not
affect the local category SHV(Xr/Gp) up to equivalence (even as a Hecke
module), but is necessary to formulate coordinate-independent or factoriz-
able versions of the local conjecture as well as the ©-series and local-global
compatibility.

Recall that the stack Xz/Go (respectively, Xo/Go) parametrizes G-
bundles on the disc D with a section of the associated X-bundle on the
punctured disc D* (respectively, the disc D). We fix a spin structure /2
(on the curve X, or for the purposes of the local category alone, just on the
disc). The group-scheme G,.(O) acts on Xp/Go and we let

Bun)G((D,D*) = Xr/Go « Ggr(0) ICI/Q(O)X

be the twist of Xp/Go by the Gy,.(O)-torsor of trivializations of K2 over

the disc. We could, equally, describe this as a twist by the induced torsor of

sections of /2 on the punctured disc for the ind-group-scheme G, (F).
This definition follows the global paradigm from ie., Buné (D, D*)

parametrizes G-bundles on the disc with a section of the associated X @ K1/2-
bundle on the punctured disc, i.e., informally the fiber product

Bung; (D, D*) —— Map(D*, t—) -

|

idxKt/2
_— BunGng, (D)

Bung(D)

Likewise we let
Bung (D) := Xo/Go x®(©) £V2(0)*,
which is a closed substack i : Bung (D) — Bung (D, D*).
We define the normalized local automorphic category

7X7K1/2

H

with the basic object dx = ik, and considered with the normalized Hecke

action of §7.4]

:= SHV (Bung (D, D*)),
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15.1.3. ©-series. We now define the X-O-series at x, O x ., as a functor

— /
Oy H = SHV(Bund (D, D*)) — SHV(Bung(%))

which categorifies the classical numerical theta series ® — ] xp 2(29).
As with the classical version, this will respect the action of H by Hecke
modifications at x.

For this let us introduce the stack Bung (X, ¥\z) of G-bundles together
with an X ® K/2-section away from x, where we use the same language as
in §10.2l We may restrict such a section to the formal neighborhood of x;
fixing a trivialization of the G-bundle there, and so also of the X-bundle, we
get an F-point of X ® K2 that is well-defined up to the action of G(O).
This discussion gives the horizontal mappings in the diagram

Bung (D) Bung (%)

N S

Bung (D, D*) <— Bund (3, X\z) — Bung()

Note that the unramified morphism ¢ is locally of finite type, and !-
pushforward along it was used to define the period sheaf. Its ramified variant
¢z is of ind-finite type — i.e., if we bound the poles at x of the twisted map
to X we obtain finite type morphisms. As a result, the functor

¢zt - SHV(Bung (2, ¥\z)) — SHV (Bung(%))

is well defined, independently of the theory of sheaves in infinite type. (In

fact it agrees with the colimit preserving extension of the !-pushforward
along the finite type closed substacks with bounded poles.) We may then
compose with the (Hecke-linear) spectral projection ( to land in
the “automorphic” global category:

Definition 15.1.4. The unramified ©-series at x is the composition

_ / ¥ - spec
Ox.: H T SHV(Bund (=, 2\2) “ LS AUT (Bung (%))

By base change on the pullback square above there is a natural identifi-
cation
(15.2) Px =~ qk
qm*k

12

=~ QI!ix!W*E
~ Tk
~ Ox(0x)

_ 1/2
between the period sheaf and the O-series of the basic object dx € %X”C .

Moreover, O x , admits a natural H-linear structure, for it “arises from G(O)
invariants on a G(F)-equivariant diagram.”
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The functor ©x ;, has a normalized version

(15.3) Xz = Ox(deg+Bx)

obtained by post-composing wuth the shift (8x) as well as the deg-shear as
in . The constant shift by Sx commutes with Hecke actions, and the
deg shift has the effect of making ©%7™ Hecke-linear for the standard action
on the target and normalized (deg-shifted) action on SHV(Xr/Go) of
There is a similar identification of the image of the basic sheaf by ©%™ and
the normalized spectrally-projected period sheaf (PR™)Pec.

The O-series description of the period sheaf provides it with an action of

the Plancherel algebra:

Proposition 15.1.5. The identification (Px)*P* ~ O "(dx) endows the

spectrally projected period sheaf (Px )P, as an object in the Hg-module cat-
egory AUT(Bung (X)) with the structure of module for the Plancherel algebra

PLy € Alg(Hcg), the inner automorphisms of the basic object.

Note a similar assertion holds before spectral projection, but we focus on
the spectrally projected version for comparison with the spectral side.

Remark 15.1.6. (Twisting by spin structures.) We can remove the de-

pendence of the local category ﬂX’KW and the ©-series on the choice of
spin structure following the model of (whose conventions we follow).
Namely we consider the stacks ,Bung (D) < ,Bung (D, D*) of “G-bundles
on the disc with associated G,,-bundle K and sections (on D or D*) of the
associated X-bundle. The ©-series construction defines a functor

SHV(.Bung (D, D*)) —> SHV(,Bung/(%))

sending the basic object to the period sheaf, which is identified with the
version defined above for any choice of K2, and any two identifications
differ by the translation action of Bung/, on Bung(X%).

15.2. Spectral O-series and local-global compatibility. We now dis-
cuss the spectral counterpart of the one-point ©-series construction of Sec-
tion [[5.11

Fix a smooth affine G x Ggr-variety X. Rather than working with the
symplectic space M /G with its shearing, i.e., morally on the shifted cotan-
gent T*[2]X /G, we work with a Koszul dual form. Namely consider the
stack

(LX)/G ~ (T[-1]X)/G

which classifies G-local systems on the disc with a flat section of the asso-

ciated X-bundle on the punctured disc (here LX = Map(S', X) ~ T[-1]X
is the derived loop space of X ). This is the natural spectral counterpart of
the stack Xp/Go of G-bundles on the disc with a section of the associated
X-bundle on the punctured disc (as in Section [15.1).
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The spectral category QC/(M /G) has a Koszul dual description: we iden-
tify [ind-]coherent sheaves on T[—1]X /G, sheared to take into account the
Ggr-action on X, with sheared quasicoherent sheaves on T*X by the shear
of Koszul duality

(15.4) Ky = Hom(iswx, —) : QC(T[-1]X/G) — QC(T*[2]X/G)
| L L
K., : QCNT[-1]X/G)Y — QC(T* X /CY.

On the right of the first equation, QC(T*[2]X/G) really means that we
shear QC(T*X/G) by the rescaling action on the cotangent bundle. The
shearing in the second equation additionally involves the correction from the
action on the base. Koszul duality has been normalized here to identify the
pushforward i,w ¢ under the zero-section with the ring of functions OT*[Q] <

The spectral category, in either Koszul dual form, carries an action of the
(spectral) spherical Hecke category. Starting from Section we have been
using the description of this action as the action of QC/(§*/G) on QC/(M /G)
given by pullback along the moment map. On the other hand the spectral
Hecke category has a Koszul dual description (discussed in Section as
the category ind-coherent sheaves on the stack §[—1]/G ~ (0x30)/G of pairs
of local systems on the disc equipped with an identification of the punctured

disc. This category is monoidal under convolution, and acts on sheaves on
LX /G by modifications of local systems at the origin.

15.2.1. The spectral ©-series. We define a functor of H-modules, the (one-
point unramified) spectral ©-series

7
(15.5) Lyt QCINL/G) = QC'(LX/GY — QC!(Loce),

where in the middle we have the category of ind-coherent sheaves on LX),
but sheared through the Gg, action and Ky is the Koszul duality functor

of ([5).

The functor £ X8 defined using the spectral counterpart of Bun)G( (2, 3\z)

from Section namely the stack LOC‘g(E, Y\x) of G-local systems with

a flat section of the associated X bundle away from x € ¥, via the resulting
correspondence

Locg(D) — Locg(E)

| b N

LOC)G:((D, D*) <— Locé(E, Y\z) s Locg

where we recall that Locé((D) ~ X /G and Locé((D7 D*) ~ T[-1]X/G.
We define the spectral ©-series as Lz, =\ o qg*m'! (in notation similar to

(11.29); in particular, is the identification of QC" (LOCG)I with QC!(LOCG)

from the trivialization of the G, action). This admits a natural H-linearity
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from identifying the groupoid of Hecke modifications at x on Locs as the
pullback from the groupoid pt/G {elle pt/G on local systems on the disc.
Again, there is a normalized version L’r)l(orxm by incorporating the same ¢ and

B twists as in (|11.20]).
Just as in ((15.2)) there is a natural identification
Ly~ Ly, (liswxl)

between the L-sheaf of X and the O-series applied to the basic object iywx
(the base change calculation is identical to the identification of the period
and ©O-series in Section [15.1} with the roles of * and ! exchanged). Here the
notation [...]/ means the following: isw a priori belongs to the unsheared
category, but we may regard it in the sheared category because the Gy,-
equivariant objects are identified between usual and sheared categories, as
in .

The Hecke-linearity of the L-functor implies that the image of the basic
object iwx carries an action of the enriched (or inner) endomorphisms of
the basic object, which is just the algebra of functions Qy; := O(M/G) €

QC/(g*/G):

Corollary 15.2.2. Fiz x € ¥ and consider QC!(LOCG) as a module category
for the Hecke category QC/(§*/G) through modification of local systems at
x. Then the L-sheaf L € QC!(LOCG) carries the structure of module over
the algebra O, € QCH(§*/G).

We are ready, now, to state the one-point form of local-global compati-
bility in the case when both sides are polarized. Thus we assume given a
dual hyperspherical pair (G, M = T*X) and (G, M = T*X). We further
assume that the spectral eigencharacter 7 : G — G,, is trivial (see however
Remark . In this case we do not need to introduce spectral epsilon
factors to normalize the spectral side; the normalization is simply a shift

L= L (=B

Conjecture 15.2.3 (Local-Global Conjecture, 1-point version). The equiv-
alence Lx of the local conjecture (Conjecture and the geometric Lang-
lands correspondence are intertwined by the mormalized spectral and auto-
morphic ©-series:

SHV (Bun (D, D*)) —*~ QC!(LocX (D, D*))

oy lﬁ“ﬂ“
AUT(Bung (X)) —— QC'(Locy (X))

Moreover applied to basic objects this identification recovers the identification

of period and L-sheaves given by the global conjecture (Conjecture [12.1.1]).
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Equivalently, the conjecture asserts that the identification of period and
L-sheaves is linear with respect to the identification PLx ~ O,; of Conjec-
ture and the actions PLx OO PY™ of Proposition and Oy O
Cg?rm of Corollary 15.2.2} (Again note that in our special case with trivial
eigencharacter normalization does not affect the local spectral category at
all.)

Remark 15.2.4 (Epsilon factors and normalized local-global compatibility).
In the general case when we are given a nontrivial eigencharacter 77 : G —
G, we need to define the normalized form

QCI(M/G)"™ = QCUM /G) ®pep(cs) €1)2,p(C)

of the local spectral category by tensoring with a half-epsilon gerbe, as we

briefly sketch. The half-epsilon gerbe on D*, an invertible sheaf of cate-
gories over Locs(D*), is pulled back from a half-epsilon gerbe for G, via
7 : Locx(D*) — Locg,, (D*). The abelian half-epsilon gerbe in turn is con-
structed (by analogy with out of the skyscraper sheaf of categories
at {K/?} e Pic(D*) by applying local geometric class field theory. The local
and global half-epsilon factors are related by a functor

e a st €120 — QC' (Locg (%))

much as the local category and L-sheaf are related by the O-series, and this
functor allows us to twist the spectral ©-series to its normalized form

£y QUM /G — QT (Locy).

16. AUTOMORPHIC FACTORIZATION

The theory of factorization algebras is an algebraic counterpart of the
theory of Es-algebras in topology first introduced by Beilinson and Drin-
feld [BD) [BD04] to capture the commutativity of unramified Hecke operators
through a mechanism of colliding points on a curve. (We refer to and
for a brief overview of E,-algebras, factorization algebras and factor-
ization homology.)

In particular, the spherical Hecke category H¢ has not only the structure
of monoidal category but that of monoidal factorization category. In the
constructible setting this results [Noc20] in an E3-monoidal structure on Hg
—a derived weakening of the notion of symmetric monoidal category. The
spectral form of the spherical Hecke category QCY(§*/G) correspondingly
has a well-understood FEj3-structure in the constructible setting; however,
the de Rham form and the factorizable geometric Satake correspondence are
unavailable at the time of writing (but expected in upcoming work [CR23]).

In this section we discuss, in the de Rham and étale settings, the con-
struction of a factorizable form of the local category SHV(Xfr/Go) and of
the Plancherel algebra PLx of §§ In particular, we explain that the structure
on PLx of associative algebra object of the Hecke category can be enhanced
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to a locally constant factorization associative algebra object of the factoriz-
able Hecke category on any smooth curve 3. In the étale setting over C this
makes PLx into an SO(2)-fixed E3-algebra object in H¢, also known as an
associative oriented disc algebra.

These constructions are largely variants of familiar constructions in the
literature, in particular the factorization structure of loop spaces of Kapranov
and Vasserot [KV04] and the relative Coulomb branch construction (ring
object) of Braverman-Finkelberg-Nakajima [BEN19|, as seen through the
formalism of factorization (or chiral) categories as developed by Raskin and
Gaitsgory (see |[Rasl7al and |[Ras17h] as well as |Gaillb|, which is closely
related to the construction of this section in the Eisenstein case).

A crucial output of the theory of factorization is the mechanism of factor-
ization homology (see which “integrates” or globalizes factorization
algebras over X. Factorization homology appears to play a role in geometric
settings analogous to the construction of Euler products (as suggested for
example in [Gailba] and private communications by J. Francis and C. Bar-
wick). This notion is much better behaved and understood in the topological
setting of E,-algebras, hence in the Betti spectral setting, to which §I7 and
18| are restricted, but we continue to provide an overview on both sides.

The factorization homology of the Hecke category (in both automorphic
and spectral forms) produces the global Hecke category Hy, through which the
actions of spherical Hecke functors on the global category factors. Likewise
we can “globalize” the Plancherel algebra to produce an object that we call
the RTF algebra RTF y x;, which is an associative algebra object in the global
Hecke category.

We sketch the idea behind a factorizable form of the ©-series construction,
conditionally on the further development of sheaf theory in infinite type. The
existence of this factorizable ©-series implies that the one-point action of the
Plancherel algebra on the period sheaf descends to the RTF algebra. Just as
the Plancherel algebra encodes maps between Hecke transforms of the basic
object in the local setting, the structure on RTF x x; of algebra in the global
Hecke category produces maps between arbitrary Hecke functors applied
to the period sheaf. Thus the RTF algebra plays the role of a geometric
counterpart (categorification) of the Relative Trace Formula, the self-pairing
of the period functional with arbitrary insertions of Hecke operators, as we
discuss in We leave as an open problem the detailed study of the
RTF algebra and its relation to the more familiar forms of the relative trace
formula. This chapter is included as motivation and for the benefit of a more
complete conjectural picture that ties in the local and global conjectures. We
explain the main ideas but do not verify all the technical details; we hope
these can be examined in a more thorough treatment of the topic. In the
next section we present the spectral counterpart of this story in the Betti
setting, which is not plagued by the same technical difficulties.

The contents are as follows:
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- §16.1| presents the setup of factorizable loop spaces, factorization cat-
egories and factorization homology. o
- discusses factorizable forms of the spherical Hecke category H,

the X-spherical category ﬁX and the Plancherel algebra PL .

- §16.3 introduces the RTF algebra, the factorization homology of the
Plancherel algebra, and sketches the idea of the factorizable ©-series,
which endows the period sheaf with an action of the RTF algebra.

We will make use of some notions concerning sheaves of categories, ULA
objects and rigid tensor categories which are collected in Appendix In
Appendix [D] we explain how the structures discussed in this chapter arise
naturally from the algebraic formalization of boundary conditions in topo-
logical quantum field theory. The constructions of this section work in the
de Rham and constructible (in particular étale) sheaf-theoretic settings as
described in Appendix [B]

16.1. Factorization Categories.

16.1.1. Factorization algebras from loop spaces. We first discuss the basic
geometric source of factorization relevant to us, the factorizable version of
arc and loop spaces as introduced in [KV04] — see [Ras17h, Section 2| for
an excellent overview. We defer to Appendix [D] for background material
including generalities on factorization and the Ran space.

For the purpose of this section, X can be an arbitrary smooth affine G-
variety. Of course, when we discuss the global conjecture, we need to make
the further restrictions on X used by that conjecture.

For a point z € ¥ let O, < F, denote the complete local ring of ¥ at z
and its field of fractions. Given an affine scheme X we have an ind-scheme
of loops and a subscheme of arcs

LX, = X(Fx) =2 LXJr,:E = X(Om)

both of infinite type over k. As x varies, these spaces assemble to ind-
schemes LXs, — ¥ (and likewise for arcs).

More generally, by [KV04], Proposition 3.5.2|, given any finite set I the arc
and loop constructions, applied to the formal completions of finite subsets
of ¥, are representable by ind-schemes (of ind-finite, respectively ind-infinite
type) LX 431 © LXsr over L. Moreover, for X smooth these multipoint arc
spaces are “pro-smooth™ LX, sy — ¥/ can be represented as the filtered
inverse limit of smooth schemes under smooth affine morphisms over %/,
see [KV04, Example 4.2.5] and |[Rasl7bl Lemma 2.5.1].

We also need a hybrid of the loop and arc constructions: given a map
I — J and a J-tuple {z;}es of points in X, we may consider the ind-scheme
of loops into X at the points z; which are required to be arcs (i.e., integral)
at the {x;};cn; (Where J\I denotes the complement of the image). This
defines an ind-scheme L Xy | snr over 37 (see also [RasI7hl Section 2.10]).
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As discussed in it’s convenient to extend these assignments over the
category of possibly empty finite sets.

These objects carry three additional structures, which make {L Xy} (and
its arc subscheme) into a factorization algebra over ¥ in the correspondence
category of ind-schemes:

e Ran’s Condition: For every surjection I — J we have an isomor-
phism
LXsr x5 7 ~ LXyy.
e Factorization: For every decomposition I ~ [ [[ I we have an
isomorphism

LXEI|U11,12 ~ [LXZH X LXEIQ]

|U11,12

of the restrictions to the locus Uy, 1, < ! of disjoint I1- and Io-
tuples.
e Unitality: For every injection I <— J we have a correspondence

LXE",+:EJ\I

—

EJ Xsr LXZI LXEJ

compatible with factorization data.

We can summarize the conditions as saying we have an ind-scheme LX 7ot
over Rany; which is multiplicative, as well as an extension of this structure
over the unital Ran space (i.e., replacing surjections of finite sets by arbitrary
maps of possibly empty finite sets).

Replacing X by an affine group-scheme G over k, we have corresponding
versions of the loop group LG, LGy and LG which are group ind-
schemes over k, ! and Rany, respectively, and the subgroups LG of arcs.
If X O G is a G-variety, we obtain factorizable versions of the actions on the
loop spaces LG U LX compatible with factorization structures.

16.1.2. Factorization Categories. We now pass from spaces to categories of
sheaves. Factorization categories are generalizations of Es-monoidal cate-
gories, which themselves are derived versions of braided tensor categories.
The theory of factorization categories is developed in [Rasl7al [Gail0] in the
de Rham setting (see also [But20b] for a useful overview and applications
in a context very close to ours and [Noc20] for the factorizable Hecke cate-
gory). We do not present the fully structured oo-categorical definition here,
for which we refer to the above references, but only a practical snapshot
thereof. The discussion below applies equally well in constructible sheaf
theories but not in the Betti setting — we crucially use the !-tensor product.

Definition 16.1.3. A faithful unital factorization category over 3 consists
of the following data

e For every finite set I, we are given a sheaf of categories Cs1 over %1
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e Ran’s Condition: For every surjection o« : I — J we have an

isomorphism
AE)[CEI =~ CEJ.
e Factorization: For every decomposition I ~ I | [ I> we have a full
embedding

[Csn szz]|U11,12 - CEI|U11,12

of the restrictions to the locus Uy, 1, < YL of disjoint Ir- and I-
tuples.
e Unitality: For every injection I — J we have a morphism

SHV(ZJ) ®SHV(ZI) CZI I CEJ
of sheaves of categories compatible with factorization data.

The unital structure on C is said to be ULA if the unit morphism
usr : SHV (2! - Cyu,

defined by the injection of the empty set to I, is ULA over X! for all I (i.e.,
has a SHV (X!)-linear continuous right adjoint).

Again as noted the full unital factorization structure is best expressed as
an assignment I — Cxr over the category of possibly empty finite sets, or a
multiplicative sheaf over the unital Ran space.

Define we_, = uxr(wgr). Thanks to the ULA property of the unital
structure we can consider its inner endomorphisms

Asr = End(we,,) = uyusi (wsr),

where u® and u are linear over sheaves on X/ (so in particular the construc-
tion is compatible with restriction maps) This guarantees that the Ay form
a factorizable sheaf valued in associative algebras, and in the constructible
setting we may further apply Lurie’s results summarized in Corollary

Proposition 16.1.4. Let F denote a faithful unital factorization category
over X, with a ULA unit.

o The internal endomorphisms of the unit object
Asr = End(we ) € SHV (S')

form a factorization associative algebra on X.

e In the constructible setting over C, if we further assume that A is
locally constant, then the !-fibers A, (x € ) form an associative
Es-algebra, or (for ¥ = Al) an SO(2)-fived E3-algebra.

Recall from §D.4.4] that local constancy is the property of a factorization
algebra (as a l-sheaf on Ran(X)) that its l-restriction to the strata of Ran(X)
(configurations of I distinct points) are locally constant, together with a
hypercompleteness assumption (which is automatically satisfied for bounded
below cochain complexes such as we will encounter).
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16.1.5. Factorization homology. The first two items in Definition [16.1.3| give
the definition of a (I-) sheaf of categories over the Ran space Rany, (as in [Gail(]),
and we let

CRanE = hm' CEI
—,AL

denote its global sections. However, since we are using !-sheaves, Crans,
behaves like a homology theory for ¥ with coefficients in C: indeed by passing
to left adjoints we can rewrite this limit as a colimit over !-pushforwards,
which we consider the factorization homology of C:

j C:= lim Csi ~ Crany-
b)) —,0q,1

This is parallel to the definition of factorization algebras in topology (see §D.4]
especially Remark as factorizable cosheaves on the Ran space of a
manifold, and their factorization homology is defined as the cosheaf homol-
ogy.

The Ran space Ran(X) is homologically contractible [BD, [Lural, so that
CxRan(X) ~ k. However the Ran space of course still carries a large category
of constructible sheaves or D-modules SHV (Rany) = lim_, SHV(X!), which
is itself the factorization homology of the unit factorization category. As a
result the notion SZ C of factorization homology for a factorization category
is too large: a unital structure on C defines a functor v : SHV(Rany) — §,C,
so rather than a single unit (a pointing by Vect) we have a SHV (Rany; )-worth
thereof. In particular the images of skyscrapers at distinct points of 3 will
not typically be isomorphic.

Therefore it is useful to refine the notion of factorization homology for
unital factorization categories to a unital or “independent” version [Gail0l
by erasing the contribution of SHV(Rany). Namely the unital structure
on C endows SZ C with the structure of module for the monoidal category
(SHV(Rany), ) of sheaves on Ran(X) with the convolution monoidal struc-
ture (arising from the algebra structure on the Ran space in the correspon-
dence category). This monoidal category is augmented to Vect, and the
unital factorization homology

J C= f C ®(sHV(Rany),x) Vect
> >

is defined as the coinvariants of the naive factorization homology. This

construction takes the place for factorization categories of the (Betti) fac-
torization homology of E,-algebras, though is not as well behaved (see
c.g. [BerI9bl). By construction {i.C is pointed by Vect, in particular the
image of skyscrapers at distinct points of ¥ have been identified.

16.2. The Factorizable Plancherel Algebra. In this section we present
the factorization categories associated to loop spaces and the factorization al-
gebras extracted from them, leading to the factorizable form of the Plancherel
algebra PLx.
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16.2.1. Sheaves on loop spaces. Consider the factorization space LX over X..
Applying the functor SHV to the cosheaf LXyr over ! we obtain a sheaf
of categories SHV(LX )yr over ¥!. Varying I we have an assignment

I — SHV(LX )5

from finite sets to sheaves of categories, which assemble to a sheaf of cat-

egories SHV(LX)/%t over the Ran space of ¥. This assignment further
satisfies the faithful form of the factorization axiom above. In the D-module
setting, these maps are equivalences by the symmetric monoidal property
of the assignment X — D(X), producing the strong notion of factorization
category as it appears in [Rasl7al.

Proposition 16.2.2. [Ras17b, 2.10], [Rasl7c, 6.3] The categories {SHV (LX)}
define a unital factorization category SHV (LX) over ©2. The unital struc-
ture is given by the factorizable basic objects ® y 1 = I+WLX | o € SHV (LX)

for varying I, which are ULA over %1

Note the ULA property of the unit follows from the pro-smoothness of the
arc space and the preservation of the ULA condition under smooth pullback
and proper pushforward.

It follows from the proposition that in the constructible setting, the in-
ternal endomorphisms End(®x »)/* = {End(®y yr) € SHV(E!)} form a
locally constant factorization associative algebra on . (Hypercompleteness
is automatic since the sheaf is bounded below, and constructibility for the
stratification by diagonals is evident). Therefore we may apply Lurie’s re-
sults from §D.4.4 The corresponding F3 algebra over C is the simply the
commutative algebra of cochains on L X (equivalently on X). To get a
more interesting algebra we need to invoke equivariance.

16.2.3. Fuctorizable spherical category. In order to incorporate equivariance
we first recall the factorizable spherical category (see [Noc2()]). See [Noc20]
and [But20b] in particular for the notion of factorization monoidal category
(associative algebra object in factorization categories).

Definition 16.2.4. The factorizable spherical category ﬁfad 1s the unital
factorization monoidal category defined by the assignment

I~ Hgr = (SHV(LG, 51\LGx1 /LG, 51), ) € Alg(SHV (')

of the convolution category of LG -equivariant sheaves on the Beilinson-
Drinfeld affine Grassmannian, with its natural unital factorization structure.

Note that (as discussed in we use the ind-finite (or “renormal-
ized”) form of the spherical category [AG15].

The factorization structure on the spherical category is naturally compat-
ible with the action of H on SHV (Bung(X)) by Hecke modifications over
varying points — in other words, these actions assemble to an action of Sz H
on SHV (Bung (X)) (which is compatible in a suitable sense with the unital
structure).
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Remark 16.2.5. The factorizable spherical category satisfies a nontrivial
local constancy property [Noc20], which results in H carrying an E3 (or
in general associative Fy) monoidal structure in the constructible setting.
This local constancy uses the ind-properness of the affine Grassmannian in
a fundamental way. See for the spectral origin of this Es structure.

Lemma 16.2.6. The monoidal category Hy: is rigid over L1

Proof. The rigidity over 3! follows, as for the standard rigidity of the spheri-
cal category H over a point, from the ind-properness of the affine Grassman-
nian, which results in the ind-proper convolution map having a continuous
right adjoint. Note that the compactness of the unit in the spherical cate-
gory is a feature of working with ind-finite (renormalized) sheaves, and fails
eg in D(LGL\LG/LG,). O

16.2.7. Equivariant version. We now consider the factorizable version of the
local category SHV(Xr/Gp), by passing to the Hecke-module category of
LG sr-equivariant sheaves on LXy. The rigidity of the factorizable Hecke
category guarantees (through Proposition that the ULA property of
the unit (the basic sheaf ®y y.r) upgrades to the Hecke-linear setting as well,
and the following proposition is a formal consequence of the setup (though
again we do not present the details here):

Proposition 16.2.8. Let X be a smooth affine G-variety.

o The assignment

I — ﬁX,EI = SHV(LGJF’EI\LXEI)

extends to define a ﬁﬂwt—module in faithful unital factorization cat-

egories ﬁX’ﬁwt over X3, with ULA unit given by the equivariant basic
object O x.
e The internal endomorphisms

{]P)LX,EI = End((le:I) € ﬁz[}

form a locally constant factorization associative algebra ]P’L;f e

Al g(ﬂfad) in the factorizable spherical category, the factorizable Plancherel
algebra.

e [n the constructible setting over C, this endows the Plancherel algebra
PLx , with the structure of associative E's.-algebra object in the Hecke
category, or for ¥ = Al with an SO(2)-fired E3-algebra structure.

Remark 16.2.9 (Normalized version). Just as in the one-point case ex-
plained in the construction of Proposition has a natural “nor-
malized” modification in our setting of spherical varieties. Namely we use
the Ggr-action on X to twist the stacks LXyr of maps of punctured discs on
¥ into X by K2, and also shift the Hecke action by the degree deg,, as in
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Remark 16.2.10. The local constancy of the factorizable Plancherel algebra
here is not a subtle geometric property, like the local constancy of the Hecke
category itself [Noc20], but rather a formal consequence of the same local
constancy: any section of the factorizable Hecke category over powers of the
curve is automatically locally constant on the strata. We view a factorization
algebra in H as a (lax monoidal) functor of factorization categories from the
unit SHV(Rany,). The former is not itself locally constant but the inclusion
of locally constant categories into sheaves of categories admits a left adjoint
(as in JAGK™20b, Lemma G.1.6]) through which any morphism to a locally
constant category factors. In particular stratum by stratum a factorization
algebra in H is given by a functor from local systems on the stratum.

Problem 16.2.11. For X a smooth affine spherical variety, and working in
the constructible setting over C, is the factorizable form of the X-spherical
category locally constant? In particular this would endow ﬂX with an
SO(2)-fixed E9 structure (i.e., upgrade it to a balanced braided tensor cat-

egory).

Note that as discussed in §7.5.3] [7.5.17] this local constancy is in fact im-
plied by the local conjecture, since by the affineness of the spectral category
( the entire Hecke category is given by modules for the Plancherel
algebra, hence inherits its locally constant factorization structure.

As discussed in §7.6] there is substantial recent progress in understanding

the categories #~ in many examples. In particular the work on the Gaiotto
conjecture ( [BEGT21|, [BET22al, [BET22b|, [TY23b| and [T'Y23al]) pro-
vides an explicit understanding of how to construct and describe monoidal

75X . . . .
structures on H~ in a series of examples, which one hopes will lead to an
understanding of the factorization structures on the automorphic category
in general.

Remark 16.2.12. (The factorizable relative Grassmannian and the product
on the Plancherel algebra:) Let us sketch the factorization structure on the
Plancherel algebra in a more explicit way, in particular again making clear
its essentially finite-dimensional content. We also indicate explicitly how it
recovers a product structure on PLx, which we anticipate (but don’t check)
agrees with the one from [BFNIS].

In §8.2 we introduced the relative Grassmannian Gr™ as the subvariety
of Gr x X consisting, informally, of pairs (z,g) with xg € Xp. Now, both
Xo and Gr extend to factorization spaces; and the relative Grassmannian
extends to a factorization subspace of the product space.

Let us explicate this in the case ¥ = P',G = GL,, X = A"; the same
discussion applies to the general case with only notational changes.

The fiber of Xp and Gr over the point (z1, 29) € X2 are given, respectively,
are defined as the projective and direct limits over N of:

e Points x of A valued in the ring C[t]/fY, with f = f,, ., = (t —
21)(t = 22);
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e projective C[t]-submodules A of (ffiz\]zv(cc[?]twn-

Clearly, along the diagonal z; = zo, the fiber reduces to a similarly defined
family over X itself. Moreover, the factorization subspace corresponding to
Gr¥ is defined by the condition that x € A; this is clearly compatible with
specialization to the diagonal.

Now let us spell out how this constructs the product on PLy. Recall
that }P’Lg}/) denotes the V-multiplicity space of the Plancherel algebra. In
what follows, the role of the factorizable spaces can be replaced by the finite
dimensional versions sketched above.

There exists sheaves Ty on the factorizable affine Grassmannian over
Y x ¥ whose fibers are Ty [x] Ty away from the diagonal and Ty gw at the
diagonal. Working still over ¥ x X, take the !-pullback of this sheaf to the
factorization version of Gr¥ , and then the #-pushforward to ¥ x ¥. Recalling
the computation of the multiplicity spaces of the Plancherel algebra,
the resulting sheaf on ¥ x ¥ comes with canonical identifications:

off diagonal -stalks ~ PL{ @ PL{", diagonal !-stalks ~ PL{®").

Then a specialization map — which, for !-stalks, goes from the “nearby” stalk
to the “special” stalk — gives rise to the product

PLY’ @ PLY" — PLY®")

16.3. Factorizable O-series and the RTF algebra. Proposition
defines a factorizable version IP’]LQ“t of the Plancherel algebra, an algebra
object in the factorizable Hecke category. We now pass to factorization
homology, i.e., compactly supported sections of IP’]Lg(a  over Rany, an algebra
object in the monoidal category Hg s = SE ﬁfad given by the colimit of Hys
over !-pushforwards (see [Gail0|] for a discussion of monoidal structure on
factorization homology):

Definition 16.3.1. We define the RTF algebra to be the factorization ho-
mology of the factorization associative algebra IP)]Lg(aCt,

(16.1) RTFx 5 :f PLY € Alg(He x)
b))

The constructions of the previous sections show the way to assemble the
one-point O-series Ox , : TR SHV (Bung(X)) as the point = varies into
an “adélic geometric” object, the Ran version of the ©-series. However to do
so one must face the following difficulty: the ©-series is defined by *-pullback
on #-sheaves, while the factorization structure was defined using !-pullbacks
on sheaves of categories defined using !-tensor products. Thus in order to
carry out this construction we must assume that

e the categories of * and ! sheaves on LG x1\L Xy are identified for
all I, compatibly with !-pushforward along diagonal maps, and
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e the -pushforwards along diagonal maps satisfy base change with -
pullbacks of #-sheaves.

This is beyond the scope of the current work, and we leave the following as
an open problem:

Problem 16.3.2. Fix X a smooth affine spherical G-variety. Show the
following:

(1) The one-point ©-series O x , for any z € ¥ factors through a Hy, =
Sz FH-linear functor

_ Ox
Y X SHV (Bung(2))
Z'z,! 4
S

(2) The period sheaf Px admits the structure of module for the RTF
algebra RTFx y; € Alg(Hy;) extending the action of PLx , for fixed
x €.

The Hy-linear functor actp, from RTF x s.-modules to the global category
SHV (Bung(X)) can be interpreted as a coherent mechanism of constructing
maps Hompyn, (V * Px, W % Px) between arbitrary Hecke functors applied
to the period sheaf. Unlike the local situation with the Plancherel algebra,
in general this will not produce all such maps, however, but rather all maps
“of local origin”.

Remark 16.3.3. The compatibility between the PLx ;- and RTF x x-actions
on the period sheaf can be expressed as a commutative diagram of pointed
categories

acth

PLx ;-modsz; SHV (Bung(X)) .

iz,! %

RTFX72—mOdHE

Namely the pushforward of PLx , under the functor H, — Hy, (insertion of
a point) maps to RTFx 5, by the universal property of factorization homology,
which allows us to compare the (pointed) categories of modules for the two
algebra objects.

Remark 16.3.4. The spherical Hecke action on SHV(Bung(X)) is unital,
in the sense that it factors the action of SHV(Rany) on Hy through the
functor I'; : SHV(Rany) — Vect. Likewise one can ask for the factorizable
O-series to be naturally unital, i.e., to factor coinvariants of SHV(Rany) to
define a {, H-linear functor

Ox : f H — SHV (Bung (X))
b
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sending the unit (Vect-pointing) to the period sheaf.

Discussion. We sketch the main idea behind factorizable ©-series, contingent
on the sheaf-theoretic hypotheses above. Let Buné(zl ) — %! denote the
moduli stack of G-bundles on ¥ with a section of the associated X-bundle
on the complement of the universal I-tuple of points of ¥. This stack sits in
a correspondence

LG, 5\LX 51 <— Bungy (£) —= Bung(%) ,

and the O-series is defined for each finite set I as

Ox yr = qn7y : ﬁgz — SHV (Bung(%)).
By our sheaf-theoretic hypothesis, the ©-series commutes with the diagonal
pushforward functors Ay, | and so the © x 5;r assemble to a functor out of the

colimit of the ﬁX,ZU i.e., the factorization homology {. . Moreover this
structure extends over the unital Ran space by inserting arc spaces (and the
corresponding objects, the basic sheaves ®) as we saw in the one-point case:
for every injection I — J we have a commutative diagram with Cartesian
square

LG, 5/ \LX5, | 5. <— Bung (57)

I

LG, 57 \LXxy Bung (£7) —2> Bung(X)

I

The H-linearity follows as in the one-point setting, for example by lifting all
the diagrams to G(K)yr-equivariant diagrams by picking full level structures
and then passing to the quotient by G(O)sr.

In the second part, the functor PL ny—modgx — RTF x »-modpy, is given
as follows (see Lemma for a related discussion on the spectral side).
The inclusion at a point defines a composite lax monoidal functor

— ix,! - A1,! . —_—
Hm I 7‘[2 I hm_>,A” 7—[21 = HZ}

from fixed one-point to varying one-point to global Hecke categories. The
image of PLx ;, under the composite thereby maps to the image of PLx x
under A and thence to the colimit lim_, A, , PLx 5;v = RTFx 5. O

16.3.5. Relation to the Relative Trace Formula. We briefly comment on the
reasoning behind the nomenclature for the RTF algebra. We refer to [Yun1§)|
for an overview of the geometric interpretation of relative trace formulas in
the function field setting, and to [FNI11| (see a review in [Frel3b]) for a
study of a geometric version of the Arthur and Kuznetsov trace formulas
very close in spirit to our current work. In particular see op.cit. for the
interpretation of the spectral side of these trace formulas in terms of the



342 DAVID BEN-ZVI, YIANNIS SAKELLARIDIS AND AKSHAY VENKATESH

spectral side of geometric Langlands; the spectral analog of the RTF algebra,
the L-observables, is studied in

The relative trace formula expresses the inner product of O-series, i.e.,
the inner products of Hecke operators applied to period functionals. Let
us approach this problem in our unramified geometric setting, replacing the
inner product by a Hom pairing (cf. Lemma [2.6.1)).

Given two spherical G-varieties X,Y we can consider the Hom space
Homgpy (Bung (5))(Px, Py) between the corresponding period sheaves Px
and Py; a geometric incarnation of this is the fiber product Bung X Bung
Bung. More generally we can insert Hecke functors Hy, at finitely many
points {z;} of ¥ and evaluate Homgpy (Bung(x)) (&) Hv; z; * Px,Py). This
Hom space is related to the stack of pairs of G-bundles related by a Hecke
modification of prescribed type and sections of associated X- and Y-bundles
(whose point count is related to the relative trace formula as explained
in [Yunli8 2.2.4]).

As explained in (in the discussion of the closely related L? version
of the global conjecture), and in parallel with the characterization of the
Plancherel algebra in Remark [8.1.2] these twisted Hom spaces for varying
Hecke functors assemble into a single object, the inner Hom between the
period sheaves taking values in the global Hecke category. (Here we should
first pass from Px,Py to their spectral projection to make the action of
Hecke functors vary nicely; for simplicity we will not explicitly keep track
of this in the notation.) This is, in other words, an enrichment of the usual
Hom — one recovers the usual Hom by taking morphisms from the identity
object of the global Hecke category; we will denote it by Homyp, (Px, Py)
and call it the “RTF space.”

The RTF algebra RTF x5, comes with a morphism, in the global Hecke
category,

RTIF)(’E —> HOII]]H[E (PX, Px)

We regard the left-hand side as an approximation to the RTF space in the
case X =Y. More precisely, RTF x s can be considered the part of the RTF
space which is “of local origin”, i.e., comes from integrating the local version
of the RTF provided by the Plancherel algebra

]P)]LX - Homg(fbx, @X).

Based on the spectral description studied in we propose the following
heuristic picture: when we localize the story at a Langlands parameter with
a unique fixed point on X, then the RTF algebra and full RTF space should
agree. This is closely related to the assertion of Conjecture In general,
the former provides the “X-local part” of the later: on one hand, the RTF
decomposes as a sum over automorphic representations of periods squared.
On the other hand, the RTF algebra geometrizes the part of this sum which
is supported on the diagonal of X — the sum of squares of contributions
associated to individual fixed points on X, rather than the square of the
sum.
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Remark 16.3.6 (More general RTF). To put this construction in context, it
is useful to consider the following perspective: the RTF algebra is associated
not just to the pair (X, X) of G-spherical varieties but to the identity map
between them. More generally, given two spherical varieties X,Y together
with a G-equivariant correspondence X «— Z — Y we can ask to quantize Z

to an intertwiner, a Hg-linear functor between the categories ﬁX and ﬁy
compatible with factorization. The “inner endomorphisms” construction then
produces a (PLx,PLy )-bimodule PL;. Passing to factorization homology
we find a (RTFy 5, RTFy x)-bimodule RTFy s, together with a map

RT]FZ’E — RTFXA/(E) = HOIH]]-]IE (PX, PY)

to the global RTF space, which can be considered a contribution to the
RTF from the intertwiner Z. This is part of the richer story of the higher
category of periods suggested by the interpretation as boundary conditions,
which we explore in forthcoming work.

17. LOCAL SPECTRAL QUANTIZATION

In this section and the next we adopt the point of view that the construc-
tion of L-sheaves for a hyperspherical variety M is a problem of quantization,
relative to the stack Locs(3) of Langlands parameters on a curve.

Namely, for each local system p, we aim to produce an associative algebra
(“observables”) and a module for this algebra (“states”). The states are the
fiber L;;|, of the L-sheaf at p, while the observables are the fiber at p
of a sheaf of algebras we introduce, the algebra of “L-observables” Oy s,
which provides the spectral counterpart of the RTF algebra RTF,;y from
the previous chapter. We view the L-observables and L-sheaf at p as the
output of deformation quantization and geometric quantization, respectively,
applied to a symplectic variety, which for M = T*X polarized is simply the
cotangent bundle of the stack of p-twisted maps from ¥ to X, i.e., the
(homotopy) fixed points of the Galois group or fundamental group of X,
acting on X through p.

From the perspective of number theory, the L-observables and its action
as endomorphisms of the L-function provide a geometric counterpart of the
L-function of the symplectic variety M and its square-root provided by the
L-function on X. See also Remark for a discussion from the perspec-
tive of shifted symplectic geometry, and Appendix [D| where this problem is
placed in the context of the problem of quantizing hamiltonian G-varieties
to boundary conditions for a 4d TQFT B.

We restrict ourselves entirely to the topological setting over
C, so that local systems are always meant in the Betti sense,
and factorization algebras are meant in the locally constant
sense as Ep-algebras, see Appendiz[D4). For the local con-
siderations of there is mo distinction between the Betti



344 DAVID BEN-ZVI, YIANNIS SAKELLARIDIS AND AKSHAY VENKATESH

and étale settings over C; the global considerations of {18 are
confined to the Betti setting.

In this section we focus on the local and factorizable origin of this deforma-
tion quantization problem, which we encode by introducing the notion of a
spectral deformation quantization of M: a rotation-invariant Es3 (or factoriza-
tion associative) algebra Q,; in the spectral Hecke category, the “L-algebra”,
which deforms the O(§*)-algebra of functions O(M). This notion recovers
in particular a deformation quantization in the usual sense of O(M) as a
Poisson algebra.

We shall then describe explicit spectral deformation quantizations in the
polarized and twisted polarized cases. We can combine this discussion with
the factorizable Plancherel algebra of the previous section to give a factor-
izable form of the local conjecture (contingent on a factorizable form of the
Satake correspondence, cf. [CR23|): namely, there should exist a a factoriz-
able identification

PLx ~ Oy;.

In we will use the factorization structure (via the mechanism of factor-
ization homology) to describe the global deformation quantization obtained
as the factorization homology of the L-algebra, Oy 5, = SZ O,; and its re-
lation to geometric quantization, namely its action on the L-sheaf. From
the arithmetic perspective, the structure described in this section can be
viewed as a subtle extra structure on the G-representation O(M) needed to
construct a geometric form of the Euler product.

In more detail:

° discusses the factorizable form of the spectral Hecke category;

° gives the formal definition of a spectral deformation quantiza-
tion for a given (G, M) and discuss its relationship to the deformation
of M arising from loop rotation;

e J17.3constructs spectral deformation quantizations for polarized hamil-
tonian varieties M = T*X, while

e §17.4lextends that construction to the twisted polarized setting M =
T\I"jf( , and

e §17.5] explains how the spectral quantization of twisted cotangent
bundles produces an Arthur (or spectral Whittaker) induction func-
tor on quantized Hamiltonian spaces.

17.1. The factorizable spectral Hecke category. As mentioned we will
work in the simpler Betti setting over C, where the tools of topological field
theory (specifically factorization homology and E,,-algebras) allow us to give
a precise and tight relation between the local and global conjectures. We
refer the reader to Appendix [D] specifically Section for a brief review
of E,-algebras and their relation to Poisson geometry. In particular we
take advantage of Lurie’s identification of E,-algebras with locally constant
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factorization algebras on R™ (see Section|D.4.4) to go back and forth between
the two perspectives.

Terminology 17.1.1. For the rest of this chapter, we will often use the
term factorization algebra to denote

an SO(2)-equivariant locally constant factorization algebra A

on R?,
where a factorization algebra is understood in the topological sense (§D.4.4)),
i.e., a cosheaf on the Ran space of R? with multiplicative structure, or equiv-
alently as an Fs-algebra.

Such A then gives rise to a locally constant factorization algebra on any
oriented surface Y, in a fashion that is compatible with pullback under
morphisms of such. In practice this is how we shall think of them, i.e.,
a “SO(2)-equivariant factorization algebra” is a compatible collection of lo-
cally constant factorization algebras on all oriented surfaces. From the E,
perspective, an SO(2)-equivariant factorization algebra is an Es-algebra that
is invariant (in the derived sense) for the natural action of the rotation group
on Fs-algebras. These are identified with the notion of “framed FEs-algebra,”
i.e., an algebra over the operad of framed little discs, and give rise to alge-
bras over the colored operad of discs in ¥ for any oriented surface ¥ (see
Section |D.4.4)).

We can also speak of “factorization categories,” which are factorization
algebras, in the sense above, now taken to be valued in DGCAT. Symmetric
monoidal categories give rise to factorization categories, see e.g. [Rasl7b]. A
natural example is the abelian Hecke category of equivariant perverse sheaves
on the Grassmannian, which can be understood as a factorization category in
the sense above whose stalk at any point of R? is identified with the “usual”
abelian Hecke category. Crucially for us, the factorization picture extends
to the entire derived Hecke category H, as has been carried out in detail by
Nocera [Noc20]. Here H is as in but we drop explicit mention of the
group G. This gives the Hecke category H an SO(2)-fixed E3 structure, as
we now discuss:

17.1.2. The Es structure on the Hecke category. The convolution structure
on the Hecke category is compatible with the factorization Eo structure (as
first observed by Lurie), making  into a monoidal factorization category, or
equivalently an E3-category. It is important to note that unlike its abelian
version this is truly a noncommutative object, i.e., is not given by a sym-
metric monoidal (i.e., Fy,) structure.

This gives us the ability to talk about, e.g., a “factorization associative
algebra” inside H. Just as we can think of an associative algebra as (the
image of the unit under) a lax monoidal functor from Vect, we can de-
fine a factorization associative algebra object as a a lax monoidal functor of
monoidal factorization categories from Vecty to the factorizable Hecke cate-
gory. Passing to a stalk at a given point, we get an algebra object of H in
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the usual sense, and via derived Satake we also get a G-equivariant algebra
over g*[2]. By an abuse of notation we will say “A € H is a factorization
associative algebra in " in this situation, i.e., we will use the same notation
for the factorization object and its stalk.

On the spectral side, the E3 structure on the Hecke category just described
is visible in the description of H (see [AGI5]), which already arose in
as ind-coherent sheaves on the stack

Map(5?, BG) ~ §[—1]/G ~ BG x5, BG

of local systems on S2. Here the fiber product description comes from the
decomposition of S? into hemispheres. This mapping stack description makes
Locg(S?) into an SO(3)-fixed FEjs-algebra in the correspondence category,
whence a corresponding monoidal structure on ind-coherent sheaves thanks
to the formalism of [GR17], as explained in [Toel3].

There is not to our knowledge a published proof that the “automorphic”
and “spectral” Fj3 structures match. We will however not be making formal
use of this.

Remark 17.1.3. A crucial point in [Noc20| is the local constancy. This
arises from the following fact: if we let Gr be the affine Grassmannian — i.e.,
the space of modifications of a G-bundle at a point — and define similarly
Ggr(D) to be the space of modifications of a G-bundle supported inside a
disc, the map
gr — gr(D)

is a stratified homotopy equivalence with respect to natural stratifications on
both sides. As we have noted in Problem [I6.2.11] it’s an important question
to clarify when the corresponding local constancy holds for the X-spherical
category.

Remark 17.1.4. Note that we can regard stack §*[2]/G as the shifted cotan-
gent bundle T*[3]B G, which carries a natural 3-shifted symplectic structure.
The Es3-monoidal structure on the Hecke category provides a deformation
quantization [CPT*17] of this structure on T*[3]BG (see also [BBZB*20)
for a discussion).

17.2. Spectral Deformation Quantization. We define the notion of “spec-
tral deformation quantization.”

17.2.1.  Recall that the cohomology of an Es-algebra forms a graded Poisson
algebra of degree —2 (graded P3-algebra). Now the sheared algebra O/(M)
has a graded Poisson bracket of degree —2, i.e., is a graded Pj3 algebra, and we
would like to deform it into an F3 algebra, or equivalently a locally constant
factorization associative algebra on the Euclidean plane R2. Moreover we
would like to do this compatibly with two key structures:
e action of changes of coordinates (SO(2)-action on the plane): we
would like an associative factorization algebra defined on any oriented
surface X , and
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e the Hamiltonian G-action: we would like to quantize M compati-
bly with the Es-structure on the spherical category via the sheared
moment map u: M — §*/G.

These desiderata are captured in the following definition:

Definition 17.2.2. A spectral deformation quantization of the Hamiltonian
G-variety M consists of the following:
e a locally constant factorization associative algebra object O, in the
factorizable Hecke category H (see §17.1) and
e an identification of the cohomology of Q,; with sheared functions on
M,
H*(Oy;) ~ O/(1)
as Poisson algebras in QCY(g*/@).

. . - =M
In this situation, the M-Hecke category H =~ = Qy;-mods; denotes the corre-
sponding quantum Hamiltonian G-space, by which we connote a factorization
H-module category.

Note that we can pass between the deformation O,; and the deformation

HY of its module category: to pass from the latter to the former, we take
endomorphisms of the unit object.

Example 17.2.3. (Spectral deformation quantization in the presence of
the local conjecture): We already saw in §8| that, in the context of the lo-
cal unramified conjecture, O(M )i — considered as an algebra object in the
Hecke category — arises as the Plancherel algebra PLLx, the endomorphisms
of the unit object in the X-spherical category. The discussion of Section
upgrades this construction to a locally constant associative factorization al-
gebra. Hence the Plancherel algebra is naturally an SO(2)-invariant Fj
algebra, and gives (assuming the local conjecture) a spectral deformation
quantization of O(M)/.

Remark 17.2.4 (Comparing two forms of quantization). A spectral defor-
mation quantization of M gives rise in particular to a deformation of the
commutative algebra O/(M) to an Fs-algebra O,y

This is a special case of a general construction that can be used to degen-
erate an object to its cohomology: the Postnikov tower construction (i.e.,
the t-structure on the dg category Vect of chain complexes) upgrades Q; to
a filtered object in Vect (cf. [Lura]). We then apply the Rees construction
(as in [Mou21]) to obtain a A!/G,,-object, with fiber at zero (the associated
graded) given by the cohomology, namely O/(M).

On the other hand, there is another deformation of O/(M) of inter-
est. Namely, SO(2)-equivariance gives rise to a deformation of O/(M)
over k[[u]] = H*(BSO(2),k), by considering derived SO(2)-invariants (i.e.,
SO(2)-equivariant cohomology). This deformation moreover acquires the
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structure of associative k[[u]]-algebra. This can be seen (after passing to co-
homology) by considering the SO(2)-invariants of the Es-algebra Q,;, which
has one associative multiplication preserved by SO(2).

There is a strong compatibility between these two deformations of O/ (M),
namely they give rise to the same 2-shifted Poisson bracket:

Claim: the SO(2)-equivariant deformation defines a defor-
mation quantization of O/(M), i.e., the associated Poisson
bracket is identified with the Poisson bracket arising from
the symplectic structure.

This justifies, in other words, the definition of the Poisson bracket given
in The quoted can be proved by an argument of Ben-Zvi and Neitzke
(a version appears in [BBZB™ 20, Section 6], see [But20al, Proposition 25.1.1]
for a more precise general version) and amounts to a computation in the
SO(2)-equivariant homology of S?, which is indexing binary operations on
the cohomology. We briefly explain the relevant identity there. Consider
the cohomology of BSO(2) with coefficients in the homology of S?. This
is supported in degrees —2,0,2,...; and as a k[u] module (where u is a
generator for H?(BSO(2))) is given by taking a free module on generators
L, R in degree 0 (corresponding to the inclusion of the two fixed points) and
adjoining the class P arising from the fundamental class of S? satisfying
Pu = L — R. This identity Pu = L — R corresponds, after translating, to
the desired identity u{z,y} = zy — yx.

Return now to Definition . For a general (shifted) symplectic variety
(or Hamiltonian G-variety) the question of constructing a spectral deforma-
tion quantization poses a problem of shifted deformation quantization, as
studied (and solved using formality) in [CPTT17]| — or more rigidly, invoking
the grading, a problem of filtered deformation quantization (as in [Los22]).
In the coming sections ( we explicitly construct a spectral defor-
mation quantization in all polarized and twisted polarized cases. The general
case of our hyperspherical varieties is thereby reduced to the vectorial case,
i.e., to the spectral form of the Weil representation, much as automorphic
quantization can be achieved using the theory of the Weil representation

(§[10.9.2).

17.3. Spectral quantization for cotangents. We describe explicitly how
to give a spectral deformation quantization when M = T*X is a cotangent
bundle and the G,, action on X is trivial:

Let i : X — £LX ~ T[~1]X denote the inclusion of constant loops (zero
section). Thanks to the Koszul resolution we find an algebra isomorphism
End(iswy) ~ O/(M), and we use the resulting Koszul duality equivalence

(17.1) Hom(ixwyg, —) : QC' (LX) — QCY(M),

which naturally upgrades to a monoidal equivalence with respect to convo-
lution on the source and tensor product on the target.
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On the other hand, the monoidal category QC'(£X) naturally upgrades
to a factorization category, since £LX = Map(S', X) carries a framed Fs-
structure in the correspondence category of stacks, by considering maps from
complements of little discs into X.

This discussion can be upgraded to be G-equivariant. The action of Hecke
modifications on G-local systems on the disc induces an action on the stack
LX /G of local systems with a section of the X-bundle on the punctured
disc, i.e., the basechange of the descent groupoid in the following diagram:

LX)G—s (X))

.

(pt/G)S* —= pt/G ——~ Lpt/G

Hence QC*(£X /G) forms a factorization algebra object in modules for the
factorization monoidal category ﬁ@.

From this we can formally deduce that the internal endomorphisms of
the unit in QC'(LX/G) defines a factorization associative algebra object
O, in ﬁé. It is easy to describe the underlying associative algebra object,
since as a mere module category for a monoidal category we can identify
the H z-module QC'(LX /G with the QC/(§*/G)-module QC/(M/G). The
internal endomorphisms of the unit O/(M) € QC/(M/G) are identified with
the image of O/(M) under the moment map p : M — §*, so it follows that
we have an equivalence Qp; =~ M*O/](M ) of algebra objects in the Hecke
category.

17.4. Spectral quantization for twisted cotangents. Next we show how
to spectrally deformation quantize twisted cotangent bundles. The construc-
tion is closely related to our calculation of spectral Whittaker L-sheaves on
P! in §13.6] in particular the calculation of Equation

Let GO (X, ¥) be as in Section The twisted cotangent bundle T3 X
is obtained by Hamiltonian reduction by G, from the cotangent T*W of the
total space of U, i.e., we have a G-equivariant identification

TiX ~T*0 xg%;: pty.

We thus will start from the spectral quantization of T#*W as constructed
above and apply a quantized form of Hamiltonian reduction, by quantizing
pty.

To do so it will be important to keep track of gradings. First recall that
Ggr U G, with weight 2. Thus the category

He, = QCg:/Ga) ~ QC(g}) ® QC(GL)

has a factor given by unsheared sheaves on the affine line, and in particular
contains a skyscraper object O; at 1 € g:.
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We would like to endow Oy € Hg, with the structure of factorization as-
sociative algebra quantizing its evident commutative algebra structure with
respect to the symmetric monoidal structure on QC/(g*/G,). For this we
note that for any group H the category Hpy is linear over the SO(2)-fixed
E4—algebra|115|

End(ly, ) = O/(p")"

Thus we may specialize the entire Hecke category Hg, over 1 € g¥, and
recover (O as the unit in the specialized category, whence its factorization
associative algebra (SO(2)-fixed E3) structure.

Now we suppose U — X is a G x Ggr-equivariant affine bundle, where
Gy acts on G, as above. It follows that the category QC/(T*¥/G x G,)
has the structure of quantum Hamiltonian G x G,-space. We now need to
impose the moment map condition for G, in a factorizable fashion.

Proposition 17.4.1. The category QCY(M /G) associated to a twisted cotan-
gent bundle M = TgX carries a canonical structure of factorization H -
module through its identification with the category

QCU(M /G) ~ O1-mod(QC (LY /G x Gy))

of modules for the factorization associative algebra Oy € Hg, in the factor-
ization Hs ® He, -module category

QCUT* U /G x G,) ~ QC'(LY/G x Gy)).

The category QC/(M/G) is pointed by the sheared structure sheaf of
M /G. This corresponds under Koszul duality (compare with the calculation
in §13.6)) to the unit in the factorization category Ol—mod@C! (LY /G XxGy)).

This unit is given by O = W o the action of O; € Hg, on the unit of

QC' (LY /G xGy,), itself given as the pushforward of the dualizing sheaf under
the inclusion of constant loops

i: X/G~V/G x Gy — LY/G x Gy.

17.5. Arthur Induction: Local Case. We now explain another perspec-
tive on the quantization of twisted cotangent bundles: it provides the local
counterpart for the Arthur induction of L-sheaves and local, spectral counter-
part of the Whittaker induction for hamiltonian actions (Sections
and .

As a warm-up let us consider the case when sly is trivial, so that H <
G — although we could equally well work with a homomorphism H — G.
Classically, we define symplectic induction using the Hamiltonian bi-module
T*G for H and G.

Equivalently (taking the point of view of Hamiltonian spaces mentioned in
Remark we have the Lagrangian correspondence between the coadjoint

135This is in fact commutative, and is physically the ring of local operators in the field
theory, i.e., functions on the Coulomb branch (f)*/H)i.
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quotients, which fits in the following commutative diagram with pullback
square:

§"/G~—§"/H —=0*/H
L
pt/G <— pt/H

We may quantlze this diagram to produce a factorization algebra in bi-
modules He, = He @Rep(cz) Rep(H) for He oand H

He Hoey<—"MHg

17

Rep(G) —— Rep(H)

where as before H ;; denotes the local (spectral) Hecke category for H, ie.,
the shear of quasi-coherent sheaves on 6*/1:1 , but now considered as a fac-
torization monoidal category. As a plain category the bimodule ﬁG i is
simply QCi /H as expected, but we have now written it in a manifestly
factorizable fashion: we are applying the functoriality of QC" for correspon-
dences to the diagram

Locg(S?) <—— LOCG«7H(S2, D) — Locg(5?)

| |

Locg(D) Locyz (D)

where LOCG’H(SQ, D) denotes G-local systems on S? with a reduction to
H on one hemisphere.

Remark 17.5.1. The factorization bimodule H s, 7 is the 3-shifted form
of the familiar (Dx, D;v/)-bimodule Dy x used to define D-module functo-
riality, where X = pt/H — Y = pt/G.

_ We can now define quantized symplectic induction: given a factorization
H 7-module S (the quantized analog of a hamiltonian H-space S) we have

z‘ndf]S = ﬁéeg ®ﬂH S.

The analogous definition in the Whittaker case is now clear. Fix H x
SLo — G with even SLs.

Definition 17.5.2. The functor of Arthur induction from quantized Hamil-
tonian H-spaces to quantized Hamiltonian G-spaces is given by
]ﬂ

)

Al(S) := [ﬁ(}«—FIXSLQ Oy S
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where U
Heo g = 0;-mod(QCH (5=————
G(—HXSLQ 1 mo (Q (G > H > Ga))
s the bimodule of Proposition quantizing the Hamiltonian G x H-

space TeG/U.
18. GLOBAL SPECTRAL QUANTIZATION

In this section we study the global spectral quantization of hyperspherical
varieties M. This consists of three ingredient@ which can all be explicitly
constructed in the polarized and twisted polarized cases M = T§ X:

e geometric quantization: the L-sheaf £ ¢, an object of QC'(Locs(X));

e deformation quantization: the algebra of L-observables O A7, an al-
gebra in the global Hecke category Hs, = (g H which acts on QC' (Loci(X)):

e compatibility: the action Oy 5, O Ly encoded in the spectral ©-
series, a functor of Hy-modules

O0y,-mod —> QC!(LOCG(E)).

To carry this out, we shall review and apply the theory developed by Be-
raldo (building on work of Arinkin and Gaitsgory), which describes the global
Hecke category on the spectral side explicitly as a refinement of QC(Locx)
which captures not only support on Locs (Langlands parameters) but also
singular support (expected to be related to Arthur parameters). We conclude
with a foray into the geometric study of Arthur parameters, whose construc-
tion is closely related to the theory of L-sheaves for twisted polarizations.

The material of this chapter relates in particular to three prior sections of
the paper:

(a) In and in particular we discussed (in the case X =
a vector space) how the L-sheaf in the vectorial case could be seen
as a representation of a certain algebra deforming the L-sheaf not of
X but of M.

(b) In we examined the algebra of (a) in more detail over the locus
Locoé < Locs where there is a unique fixed point on M and saw
that the deformation of (a) is simply a Clifford algebra deforming
an exterior algebra. In our current terminology, this Clifford algebra
is (an incarnation of) the algebra of L-observables, i.e., a deforma-
tion quantization; and the existence of geometric quantization is the
question of Morita trivialization of the family of Clifford algebras,
which, we anticipate, is controlled by the anomaly (Remark .

(¢) The corresponding phenomenon in number theory is expressed by
: the endomorphisms of the period sheaf corresponds to the
square of the period, and at the numerical level, there is no distinction
between Q,; and its undeformed version L ;.

136We are indebted to Pavel Safronov for teaching us this tripartite point of view on
quantization in general and specifically of shifted symplectic geometry, cf. [Saf23].
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However, the discussion here refines all of these prior discussions in an im-
portant way, as we now explain — for Q,; s, has a structure finer than “sheaf
of algebras over Loc,” and we will now seek to construct it together with this
finer structure. Indeed, the global Hecke category provides a quantization
of the 1-shifted cotangent bundle T*[1]Locx, a higher analog of the sheaf
of differential operators, and thus O 7.y Will be equipped with a structure
loosely analogous to a D-module and the L-sheaf with that of a solution.

See §18.1.1| for an informal discussion.

Remark 18.0.1 (Beyond the polarized case). In general quantization prob-
lems are very hard without the data of a polarization. However as in several
other points in this paper we can apply the rigid structure theory of hyper-
spherical varieties. We describe Arthur induction functors for both the local
(§17.5) and global (§18.5) quantization problems, which reduce the three
quantization problems above to the linear case of a symplectic representa-
tion, i.e., to the spectral analog of the theory of the Weil representation. We
will discuss this case in more detail elsewhere.

. reviews the notions (relative flat connections, shifted differen-
tial operators and microlocalization of coherent sheaves) needed for
global spectral quantization, mainly following Beraldo;

° shows that a spectral deformation quantization gives a sheaf
of algebras — the L-observables Oy 5, — over Loc, and as alluded to
above, something more microlocal — an algebra over the Hochschild
cohomology of Loc. This generalizes the Clifford algebra encountered
in and should be considered the global spectral deformation
quantization. The compatibility with global geometric quantization
is expressed by the condition that the L-sheaf be a module for L-
observables, which we interpret as a solution to a “categorified holo-
nomic differential equation”.

o §18.3| verifies the compatibility between our global spectral deforma-
tion and geometric quantizations in the polarized case. We apply
a result of [HL22a| to identify the L-observables in this case with

“relative differential operators” along Loc® — Locg.

e 18] describes the modifications needed to describe L-observables
and spectral ©-series in the twisted polarized case.

e {187 introduces the notion of Geometric Arthur Parameters: we
study global Arthur functoriality, a geometric construction of non-
tempered Langlands parameters parallel to Arthur functoriality (§14.9))
which combines the singular support theory of [AG15] with an eigen-
property for Hecke operators that is sheared by an Arthur SLs.

Remark 18.0.2 (Shifted Symplectic Geometry Perspective). The construc-
tions in this section and the previous fit very naturally into the framework
of shifted symplectic geometry [PTVV13] and its origin as the semiclassical
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phase space geometry of the BV-AKSZ construction of quantum field the-
ories [AKSZ97]|, see [CHS22]. We refer to [PV18| [Saf23| for discussions of
shifted deformation and geometric quantization, respectively.

As discussed in Remark the equivariant moment map

p:M/G— g /G
gives the symplectic variety M the structure of 1-shifted Lagrangian in
g*/G = T*[1]BG. We instead want to consider the sheared version M/
which is a 2-shifted symplectic stack in the sense of [PTVV13|; for example,
in the polarized case when G, acts trivially on X, M/ = T*[2]X is a 2-
shifted cotangent bundle.

As we have noted elsewhere (see e.g. Remark it is troublesome
to work with M7 directly as a geometric object, and in this text we have
generally “simulated” it by carrying out constructions on M and shearing
them.

Ignoring this issue for this discussion, the sheared moment map /Li :
MUJG — §*[2]/G defines a shifted Lagrangian in the 3-shifted symplectic
stack §*[2]/G = T*[3]BG. In the AKSZ formalism, quantizing spaces of
maps into M/ defines a 3d TQFT (Rozansky-Witten theory), while quan-
tizing spaces of maps into M//G — pt/G (coupling maps to M to G-local
systems) defines a boundary condition for a 4d TQFT (the 4d B-model B).
The AKSZ description of Kapustin-Witten theory in terms of 7*[3] BG is due
to Elliott and Yoo [EY18| and is the basis of recent work [HY] on S-duality
for boundary theories and the analysis [EGW24]| of associated factorization
algebras of observables.

The quantization of T*[3] BG is the E3-monoidal spectral Hecke category,
while the quantization of 1/ is given by the spectral deformation quantization
0,7 constructed in this section (and its category of modules, the factoriz-
able local category QC/(M/Q)), an Fs-algebra object in (and Fs-module
category for) the Hecke category.

Now we evaluate these constructions on an oriented compact surface .
The mapping stack Map(E,M/) carries a natural (unshifted) symplectic
structure inherited by integration over X from the 2-shifted symplectic struc-
ture on M7. In the polarized case M = T* X, this construction recovers the
cotangent bundle of the space of maps into X. More generally, the moment
map defines a shifted Lagrangian uys,, and a relative symplectic variety q;:

25>

(18.1) Map(%, MY/G) Map (X, §*[2]/G) ~ T*[1]Locg

| |

Map(Z, X/C) ~ Loc X Map(%, BG) ~ Locg,

The shifted Lagrangian psy is the spectral counterpart (“BBB brane”) of
the Gaiotto Lagrangian “BAA brane” [Gail8, (GRIS8| [Lil7], the Lagrangian
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given by the moment map of M:
Map(%, M /G xC K) — T*Bung,

whose quantization is the de Rham period sheaf of M.

Given a local system p, the fiber of ¢;; defines an (unshifted) symplectic
variety whose geometric and deformation quantization give the L-sheaf and
L-observables at p, respectively. As p varies, the L-sheaf assembles into
an object of QC'(Loc), the geometric quantization of T*[1]Loc, and the
L-observables assemble into an algebra in the global Hecke category Hy =
SE H, which provides the deformation quantization of T* [1]Locs as described
below.

18.1. Relative flat connections and coherent microlocalization. In
this section, to provide technical background for what follows we review
the theory of relative flat connections, shifted differential operators and mi-
crolocalization of coherent sheaves following Beraldo [Ber19al, Ber21a]. This
theory provides a categorified or shifteﬂ analog of the quantization of the
cotangent bundle by differential operators and the corresponding theory of
singular support and wave front sets of distributions.

18.1.1. Coherent microlocalization and “shifted” differential operators. Now,
on any variety Y, the endomorphisms of any sheaf £ are of course an Oy-
algebra, but they also have a finer structure: There is a morphism of sheaves
of algebras

(18.2) HH*(Y) — Ext*(L, £),

from Hochschild cohomology of Y to the derived endomorphisms of £. For
Y smooth this arises from a canonical action (the “Atiyah class”) of the
tangent bundle 7y by degree 1 endomorphisms 7y — Ext! (£, £) arising by
associating to a vector field X the self-extension of £ arising by infinitesimally
displacing £ along X.

Said differently, the self-ext algebra on the right can be regarded as the
pushforward of a sheaf on the shifted cotangent bundle 7*Y[1]. This de-
scribes a microlocal geometry for the coherent sheaf £ Pzgl and is indeed a
shifted version of the usual versions of microlocalization, e.g. the ring of
functions on T*Y[1], carries a Poisson structure with bracket of degree —2,
which is the Gerstenhaber bracket when identified with HH*(Y").

137Ca’ceg0riﬁca‘cion and shifting are meant to be roughly synonymous — n-shifted sym-
plectic spaces are the classical phase spaces of (n + 1)-dimensional quantum field theories,
whose topological aspects are captured by n-categories.

138This is an analogue of the following process in real analysis: for a function on a
smooth manifold M, there is a standard way (the “Wigner distribution”) to lift |f|* to
a distribution on the classical phase space T*M. This distribution expresses how the
mass of f is distributed microlocally, and bears a close relation to the action of quantum
observables on f, in particular the module over the algebra of differential operators on M
generated by f.
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When developed in a derived setting — replacing the graded algebra H H*(Y")
by the algebra of Hochschild cochains — it yields quite a fine invariant: en-
domorphisms of a sheaf that commute with the Hochschild action are auto-
matically locally constant. For example, if £1, Lo are line bundles, so that
End(£;) = O, coincidence of the associated morphisms at the derived
level is equivalent to £1®L5 1 admitting a flat structure. See Remark
for a more precise formulation.

Return now to the general concern of this paper. Suppose that M is

q

polarized. In §12.8| we have constructed a certain sheaf of algebras Oy 5,

over the “nonpolar locus” Locé — essentially a deformation of the L-sheaf

of M itself — acting on the L-sheaf, i.e., with a morphism
Oy v — End(Lyg).

Now, according to our discussion above, we can seek to construct O i1,y not
merely as an O-algebra, but as an algebra equipped with a morphism from
HH*(Locg), compatibly with its action on the L-sheaf. In the remainder of
this section we will do this (in fact over the entire stack of local systems), if M
has a spectral deformation quantization. But the technical implementatiom
of all this is difficult because Loc is not a variety. We will now recall the
work of Beraldo |[Ber19al [Ber21al, which constructs a suitable version of “the
category of HH*(Loc)-modules.”

18.1.2. Relative flat connections. Let f : Y — Z be a morphism. Then
we can speak of the “completion Zy of Z along f.” This is represented by
the functor sending a scheme U to morphisms U — Z together with a lift
Uieq — Y of the induced morphism from the reduced subscheme of U. This
has a hybrid behavior: if f is a closed immersion, this will recover the formal
completion of Z along Y if Z is a point, it will recover the de Rham stack
of Y. In general the completion Zy is the fiber product Zy = Yyr xz,, Z
of Z with the de Rham space of Y.

The category of relative flat connections Flat(Y/Z) = Flat(f : Y — Z)
was introduced by Arinkin-Gaitsgory and Beraldo [AG1S8, Ber21a] with the
notation IndCohO(éy and is a modification of ind-coherent sheaves on the
completion of Z at Y@. It is defined as the pullback

Flat(Y/Z) —= QC(Y)

T

QC' (Zy) — QC'(v)

where f: Y - 2)/ is the completion of Z along Y. In other words, relative
flat connections on f are ind-coherent sheaves on the completion of f which

139vwe only consider representable morphisms of bounded, locally of finite presentation,
perfect stacks, avoiding many of the key technicalities of [Ber2lal and [Berl9al
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are quasicoheren@ i.e., in the image of the symmetric monoidal functor
Ty = —Quy : QC(Y) - QC'(Y),
when pulled back to Y.
Let us first illustrate two extreme instances of this notion: if Z is a point

we recover D-modules on Y, while if Y is smooth and f a closed embedding
we recover (ind-coherent) sheaves on the completion of Z along Y.

18.1.3. Relative flat connections as modules for relative differential operators.
In general [Ber21al 0.3.8] relative flat connections Flat(Y /Z) are identified
with quasi-coherent sheaves on Y equipped with a “compatible” action of the
relative tangent complex Ty 7, i.e., the fiber of Ty — f*Tz. Here Ty 5 is
identified with Oz-linear derivations of Oy and as such can be regarded as
a sheaf of differential graded Lie algebras on Y, acting nontrivially on the
structure sheaf of Y.

Equivalently, then, we can regard Flat(Y /Z) as modules in QC(Y') for the
relative differential operators for Y /Z:
(18.3)

D(f) := the universal enveloping algebra of the Lie algebroid Ty /.

Just as with the ordinary sheaf of differential operators this is not an algebra
in QC(Y) but a monad, i.e., an algebra object in endofunctors of QC(Y),
representable (via the mechanism of integral transforms) by a sheaf on Y x Y’
supported near the diagonal. We regard D(f) (or rather its pushforward to
Z) as a deformation quantization of the relative cotangent complex Ty Jz0 B
a relative symplectic variety over Z.

Remark 18.1.4 (Enveloping algebras). A general definition of universal
enveloping algebra in the QC" setting is given in [GRI7, Volume 2, Chapter
8, Section 4.2, as the groupoid algebra of a formal groupoid. Namely given a
Lie algebroid T on Y one has an adjoint pair (Ind, For) of functors, induction
and the forgetful functor, between QC'(Y) and T-modules in QC*(Y). We
then define UT := Forolnd to be the resulting monad, i.e., an algebra object
in endofunctors of QC'(Y). One can think of YT geometrically as 7', where
m:Y — Y /exp(T) is the quotient by the formal groupoid corresponding to
T.

In our setting (cf. [Ber21al, 0.3.8]) there is again an adjunction (Ind, For)
between QC(Y') and Flat(Y/Z), and the quasicoherent sheaf underlying the
algebra of relative differential operators is D(f) = For(Ind(Oy)). For exam-
ple:

- For Z = pt and Y smooth this recovers the usual induction / forgetful
adjunction between O-modules and D-modules, i.e., the description
of D as the underlying O-module of the induced D-module Ind(O).

1400 yr use of the term relative flat connections instead of relative D-modules is meant
to evoke this regularity condition — or to emphasize the role of Flat(Y /Z) as relative left
D-modules, cf. [Ber21al.
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- For Y — Z a closed embedding, again with Y smooth, the functor
For !-restricts a sheaf on a formal neighborhood of Y to a sheaf on
Y, whereas Ind is the pushforward. Correspondingly, For(Ind(0O))
recovers Homp, (Oy, Oy).

Note that since we are taking the enveloping algebra of the relative tan-
gent complex of Y /Z, the algebra D(f) is naturally QC(Z)-linear, i.e., its
pushforward to Z defines an algebra object in QC(Z) — a quasicoherent sheaf
of algebras — rather than just a monad.

We note for future reference that there is a “de Rham pushforward” functor
fedr : Flat(Y/Z) — QC'(Z) (again we're assuming f representable), such
that the composition fy 4z oInd ~ f, o T is the ind-coherent pushforward.

A little more on the two basic examples:

e When f : Y — Z is a smooth morphism of smooth varieties, D(f)
consists of differential operators on Y that are “along the fibers,”
which is to say, they commute with multiplication by functions on
Z; this quantizes the usual relative cotangent bundle of f.

e When f:Y — Z is an LCI immersion, then D(f) consists, as noted
above, Z-linear endomorphisms of Oy . This can also be seen from the
Koszul dual description of sheaves on the formal completion in terms
of the monad 4'i,. In this case the relative cotangent bundle T*(Y/Z)
has fibers (when considered as a sheaf on Z) given by odd symplectic
vector spaces N[1]@® N*[—1] where N is the normal bundle to Y —
Z, and its quantization D(f) should be considered as its Clifford
algebra quantization.

18.1.5. Shifted D-modules. Beraldo defines the category H(Y") of shifted dif-
ferential operators as (suitably regular) integral transforms for ind-coherent
sheaves supported near the diagonal:

Definition 18.1.6. [Berl9al Ber21al The monoidal category H(Y') of shifted
differential operators on a quasi-smooth stack Y is the convolution category
of sheaves on the formal neighborhood of the diagonal of Y,

H(Y) := Flat(A: Y > Y x Y)

By [Ber21al, Corollary 3.5.3] H(Y) is in fact a rigid monoidal category for Y
a perfect stack (such as all the stacks arising in this chapter). Locally (for Y
affine) the category H(Y") can be identified Koszul dually with the category of
modules for the algebra of Hochschild cochains HC*(Y) on Y, the self-Ext of
the structure sheaf of the diagonal, i.e., with integral transforms generated
by the identity. Its monoidal structure comes in this realization from the
FE-algebra structure on Hochschild cochains. On the level of cohomology,
this Fjy structure recovers the shifted Poisson (P») algebra of polyvector
fields, i.e., functions on T*[1]Y. Thus the algebra HC*(Y') and its module
category H(Y') define deformation quantizations of the shifted symplectic
stack T*[1]Y".
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Remark 18.1.7. Note the close parallel with Grothendieck’s definition of
differential operators as integral transforms for functions supported set-theoretically
on the diagonal. Indeed, for Y smooth, the subtleties of QC" disappear and
H(Y)-modules are precisely crystals of categories on Y, which are sheaves
of categories with a flat connection (sheaves of categories on the de Rham
space Yygr) or equivalently D(Y)-module categories. In general, to illus-
trate the rigidity of H(Y')-actions, observe that a H(Y')-linear functor F :
QC(Y) — QC(Y) is determined by the object F(O), which acquires the
structure of D-module, and thus if F' is proper (preserves compact objects)
F(0) is in fact a local system. For Y quasi-smooth, H(Y")-modules are sin-
gular generalizations of crystals of categories and admit a theory of singular
support in T*[1]Y just as D-modules have singular support in 7*Y. From
this perspective crystals of categories play the role of local systems — they
are characterized by having zero singular support.

The two natural H(Y)-modules QC(Y) and QC'(Y) play the role of
smooth functions and distributions, and in the latter case Beraldo’s theory
recovers the notion of singular support of (ind-)coherent sheaves [AGI5],
which is zero for quasicoherent sheaves. Namely given a coherent sheaf
F € QC'(Y) we may consider its internal endomorphisms Endyy)(F) as
an algebra object in H(Y'), which we regard as a “chain-level microlocaliza-
tion” of F, or as the system of differential equations satisfied by F. Passing
to cohomology we find its classical limit, the classical (or cohomological) mi-
crolocalization, an algebra on T*[1]Y as before whose support recovers the
singular support of F. There is a monoidal functor QC(Y) — H(Y') with
a continuous and lax-monoidal right adjoint H(Y) — QC(Y) (see [Ber20a,
0.3.4]), which means that we can “forget” an algebra object in H(Y") to a qua-
sicoherent sheaf of algebras — in particular the algebra Endyy(F) refines
the usual sheaf inner hom End gy (F), lifting it to a microlocal object.

18.1.8. Enhanced relative differential operators. The algebra of relative dif-
ferential operators D(f) was defined above — after pushforward to Z — is a
sheaf of algebras on Z. However this pushforward has a richer microlocal
structure — it naturally defines an algebra in H(Z), as we now describe.

For a morphism f : Y — Z, the category Flat(Y — Z) of relative flat
connections is itself a shifted D-module on Z, i.e., it has the structure of
module for shifted differential operators H(Z). In Lie algebra language this
action is given by the map of Lie algebras f*T[—1] — Ty, coming from
the relative tangent sequence of f. More formally, it is a consequence of
applying the functoriality of QC" to the action of the formal groupoid given
by the completion of the diagonal A : Z — Z x Z on that given by the
completion of f : Y — Z, see also Remark ) We can use this to
define an “enhanced” algebra of relative differential operators, an algebra
object in H(Z) whose underlying quasicoherent sheaf is the pushforward to
Z of D(f):



360 DAVID BEN-ZVI, YIANNIS SAKELLARIDIS AND AKSHAY VENKATESH

Definition 18.1.9. The enhanced relative differential operators along f :
Y — Z (for Z perfect) are the algebra object D(f) € Alg(H(Z)) given by
internal endomorphisms of Ind(Oy) € Flat(Y/Z).

Remark 18.1.10. The shifted D-module structure H(Z) O Flat(Y/Z) is
part of the rich functoriality of the theory of shifted D-modules developed
in [Ber19a) (see [Ber20al, 0.3.4] for a useful summary). Namely Flat(Y /Z) =
H(pt « Y — Z) is identified as the “Gauss-Manin” sheaf of categories on
Z, the pushforward of the structure sheaf of categories QC(Y') to Z in the
world of categories with flat connection,

Flat(Y/Z) ~ QC(Y) ®uyy HY — Z) D H(Z).

Remark 18.1.11 (The center of H and microlocalization). To continue the
metaphor of coherent microlocalization from we would like to un-
derstand the greater rigidity imposed by enhancing a QC(Z)-module to an
H(Z)-module. One way to measure this is to look at the functorial endo-
morphisms of modules for the two monoidal categories, i.e., their centers.
The center of QC(Z) is identified [BZFNI0| with sheaves QC(LZ) on the
derived inertia, which contains QC(Z) itself. On the other hand the main
theorem of [Ber21al identifies the center of H(Z) with [a subtle derived ver-
sion of| D-modules on the inertia £Z. In particular if Z is a scheme this is
identified with D-modules on Z itself, and the only coherent objects in the
center are flat vector bundles (local systems). Compare with the distinction
between center of O(Z) for Z affine, which are (classically) functions O(2)
or (derivedly) distributions on £Z, and the center of D(Z) which is (clas-
sically) locally constant functions or (derivedly) the de Rham cohomology
of Z. We interpret this loosely as limiting the ambiguity in prescribing a
coherent sheaf by the H-module it generates to tensoring with flat vector
bundles.

18.2. L-observables and Hecke constraints. Having recalled the neces-
sary technical preliminaries, will now define the algebra of L-observables.
Recall that in §12.8| we defined a quasicoherent sheaf of algebras (O)‘]’\Z on an
open Loc® < Loc in the vectorial case. In that setting the relative sym-
plectic variety of is a symplectic odd vector bundle, equivalently the
data of a quadratic vector bundle and QF., is its deformation quantization
to a Clifford algebra. Moreover Conjectur (combined with the global
period conjecture) identifies this algebra with the inner endomorphisms of
the L-sheaf, in the cases where it has been defined. The construction of this
section, which depends on being given a spectral deformation quantization,
defines a sheaf of algebras on all of Loc, together with a microlocal refine-
ment (algebra in H(Loc)). As we will see, it still acts on the L-sheaf, though
in general we do not expect it to give the full inner endomorphism algebra.
Fix now a smooth projective curve ¥ over C, which we consider in its
Betti realization as an oriented topological surface, and Locs = Locs(X) the
associated stack of Langlands parameters, a quasi-smooth algebraic stack.
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Recall ( that given a locally constant factorization category C on a
surface X, the factorization homology [AF15] , or topological chiral homology
in the terminology of [Lural, is the universal category equipped SEC with
functors i, : C, — SEC for x € ¥ compatible with the unital factorization
structure. If C = QC(Z) is the symmetric monoidal category of sheaves
on a perfect stack, then {(C ~ QC(Map(X, Z)) calculates sheaves on the
mapping stack.

We can apply this to globalize the Hecke action. The global spectral
category QC!(LOCG) carries an action H, O QC" (Locg) of the spherical
Hecke category for every x € 3. These actions assemble together into the
action of the global Hecke category

H; :=j H,
b

which was identified by Beraldo [Ber19b| with shifted differential operators
on Locgz:

Theorem 18.2.1. [Berl9b| There is an equivalence of monoidal categories
between the global Hecke category Hy, i.e., the factorization homology of the
spherical category, and shifted differential operators on Locs,

Hy, ~ H(Locgs).

In particular Hy, is rigid, and the local Hecke actions factor through the
global action

Qe H End(QC" (Locg))

~

Hy;

18.2.2. L-observables. We are now in a position to define the “algebra of
L-observables,” and to define abstractly a notion of L-sheaf in terms of it:

Definition 18.2.3. Suppose given a spectral deformation quantization Q ;.
The L-observables sheaf

@M,E = J‘Z @M € AZQ(HE)

is the algebra object of the global Hecke category Hs, that is defined by fac-
torization homology of the factorization associative algebra Q,; in the Hecke
category.

That the L-observables sheaf is indeed an algebra object follows from
the lax monoidal functoriality of factorization homology [AF15] applied to
the functor from Vect associated to Qy;. As noted in that we may
consider such an algebra object in Hy, = H(Loc) as a “microlocal refinement”
of an underlying quasicoherent sheaf of algebras on Loc.
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Remark 18.2.4. One way of taking a semiclassical limit here is by replacing
the factorization structures by “naive” commutative multiplications:

Above we use the “sophisticated” factorization structure on the spherical
Hecke category. If we instead endow it with its naive symmetric monoidal
structure (QC/(§*/G),®) coming from tensor product of coherent sheaves,
the factorization homology recovers the shear of QC(Map(X, §*/G)) (since
shearing commutes with factorization homology). The latter category — the
semiclassical limit of the global Hecke category — is a decompleted form of
the category of sheaves on the shifted cotangent bundle 7%[1]Locs, where
the shift comes from the orientation class of 3.

Similarly, the “semiclassical limit” of the algebra of L-observables can be
obtained by using the naive structure of Oy; as a commutative algebra over
g/ G in place of the spectral deformation quantization. In this limit, the L-
observable sheaf degenerates to the structure sheaf of the “spectral Gaiotto
Lagrangian” from Remark [I8.0.2] i.e., the pushforward of the sheared struc-
ture sheaf under the integrated moment map ps, of [I8:1] The underlying
quasicoherent sheaf on Loc, i.e., the pushforward i, +O, is a variant of the

L-sheaf of M.

18.2.5. L-eigensheaves and shifted differential equations. The rigid monoidal
category Hy acts on the spectral category QC!(LOCG) — an action we can
interpret as either by Hecke functors or by shifted differential operators.
Therefore, for an algebra object A € Hy, we can consider A-module objects
L in QC'(Loc). This notion can be expressed equivalently as giving an
algebra map A — Endy,_ (L) to internal endomorphisms of L, or as a pointed
H-linear functor

A-mody,, — QC! Loc), A— L,
>

and refines the more familiar notion of module for the underlying quasico-
herent sheaf of algebras.

Definition 18.2.6. An L-eigensheaf for M is a module object in QC!(LOCG)
under the L-observables Q,; 5. Equivalently, an L-eigensheaf is given by an
the data of Hx-linear morphism

Lyrs Oy w-mod —> QC'(Locy).

We call such a functor a spectral O-series for M and the category Hgf =
Oy y-mod the category of L-observables for M.

We are going to verify in that this notion of L-eigensheaf is compat-
ible with the constructions appearing earlier in the paper (i.e., “an L-sheaf
is an L-eigensheaf.”) The terminology “L-eigensheaf” is meant to suggest,
roughly speaking, that it satisfies all Hecke constraints encoded by the L-
observables. This is a less flabby notion than it might appear, or than the
notion of module for the underyling quasicoherent sheaf of algebras might
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suggest: the ambiguity in an L-eigensheaf is, roughly speaking, that of twist-
ing by a flat bundle. Recall that by Theorem [I8.2.1]the global Hecke category
Hy; recovers the shifted differential operators on the stack of Langlands pa-
rameters. Thus the pointed Hy-module IHIJEVI is prescribing a categorified
system of differential equations, and an L-eigensheaf is precisely a solution
of this system inside QC" (Locg). This is a categorified analog of the prob-
lem of finding a distributional solution of an algebraic system of differential
equations as a map from a cyclic D-module. Our expectation (cf. Re-
mark is that the eigensheaf condition loosely speaking determines
the L-sheaf up to tensoring with flat vector bundles; it would be useful to
formulate this more precisely.

Remark 18.2.7 (Holonomicity). In fact the L-eigensheaf condition is the
shifted analog of a holonomic D-module, in the following sense: the semi-
classical limit of the L-observables form a shifted Lagrangian uy ( of
Remark in T*[1]Locs. It is a very interesting problem to establish
analogues of the strong finiteness properties of holonomic differential equa-
tions.

Remark 18.2.8 (Numerical analogue). The analogue of the L-eigensheaf
property in the numerical relative Langlands program is that the period
function transforms under each local Hecke algebra as the basic function
on X does. This is not a trivial constraint; for example, it is frequently
enough to force the period function only to pair nontrivially with forms that
are functorially lifted from another group. However, it is nonetheless a much
less rigid property than the categorified version that appears above. One key
reason for this is that the above notion keeps track of the derived Hecke and
factorization structure.

18.2.9. Affineness and categorical factorization homology. We spell out a
more abstract perspective we will need in to interface with results
of [HL22a]. Namely, the given definition of HY is a “shortcut” made possi-
ble by the affineness of M: the module category

Hg = Oy; s-mod(H(Locg)) € H(Locg)-mod
is the global counterpart to the local Hecke-module category

HY = 0,;-mod(Hp) € Hpa-mod.

Specifically, ﬁM is a factorization algebra object in ﬂ@—modules, hence its

factorization homology defines a global module {, HY e H(Locs)-mod.
Lemma 18.2.10. The L-observable category Hgf is identified as H(Locgs)-
module category with the factorization homology Szﬁ

Proof. The factorization homology is defined a colimit over disc embeddings

of the ﬁ@—module categories ﬂM. This is calculated as a colimit of the
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induced Hy, = SE ﬂé-module categories ﬁM ®ﬁc Hy,. Thus we are reduced
to calculating a colimit of categories of modules for algebra objects in a
fixed monoidal category. But the functor R — R-mod taking algebras to
their pointed categories of modules preserves colimits (it is the left adjoint
of taking inner endomorphisms of the pointing), so the colimit category is
identified with modules for the colimit algebra. O

18.3. L-sheaves and L-observables in the polarized case. We now ex-
amine the polarized case M = T*X for a G-variety X, and, in particular,
the compatibility of the constructions of this section with the rest of the
paper.

Specifically we shall verify that the L-sheaf as constructed previously —
i.e., the push-forward L (X) = QW X of the dualizing sheaf under

(18.4) q: Loc® —> Locg

— is in fact a L-eigensheaf, with respect to the spectral deformation quanti-
zation constructed in §17.2} In fact we interpret the results of [HL22a] in our
case as giving a complete description of the L-observables and the spectral
O-series construction in terms of the theory of relative flat connection and
relative differential operators from

This is all in accordance with the semiclassical picture described in the
introduction to the section. In the case at hand, the ‘relative” symplectic

variety over Locg described in (18.1) is the relative cotangent bundle of

Loc® — Locg; as we discussed, the algebra of L-observables is a “relative”’

deformation quantization of this, and it is therefore reasonable to expect
that it is described by relative differential operators.

18.3.1. Spectral O-series in the polarized case. We first give a direct argu-
ment for the eigensheaf property of the L-sheaf in the polarized case by ex-
hibiting it as the image of a spectral ©-series functor (as in Deﬁnition.
In other words, we present the spectral counterpart of the argument we ex-
plained for Problem (without the accompanying technical difficulties
in the automorphic setting).

Proposition 18.3.2 (Polarized L-sheaf). The L-sheaf L (X) € QC'(Locg),
as defined in Section carries the structure of L-eigensheaf attached to
M, given the spectral deformation quantization described in . That
is to say, the L-sheaf carries the structure of module for the L-observables

@]\Z/,E € Alg(HZ).
Prop.[18.3.2 In Section (and more specifically (15.5)) we enhanced the

L-sheaf to the image of the unit under the one-point H-linear spectral ©-
series

L, QCHLX/G) — QC'(Loce).
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The construction is easily seen to extend to a factorizable morphism of
H-module, which automatically gives a global spectral ©-series, hence an
L-eigensheaf.

More precisely, given an arbitrary collection of embedded discs ¢y : [ [; D —
¥ with boundary circles iy : [[ @Dy < ¥ we consider G-local systems on
¥ with sections of the associated X-bundle on the complement of the discs,
with its natural action of Hecke modifications of local systems and forgetful
map to Locgs:

(X/G)! Loc™

I N

Locg(tr, X on duf) <— Locg (8, X on E\uy) b Locg
tr

This correspondence defines the I-fold version of the ©-series, and is easily
seen to be unital, sending the pushforward of the dualizing sheaf on the closed
locus Loc™X to the L-sheaf, and compatible with the factorizable H-action.

It follows from the universal property of factorization homology (its con-
struction as a colimit) that these multipoint O-series descend to the factor-
ization homology. In particular this endows the L-sheaf with a factorizable
action of the local L-observables, hence an action of O MY O

18.3.3. L-observables and relative differential operators. We now turn to
the identification of L-observables with relative differential operators on gq.
This identification will be deduced from (a special case of) a recent result
of Ho and Li [HL22a|, which calculates factorization homology (and more
generally associated topological field theory structure) of a wide class of
Hecke categories generalizing Beraldo’s description of the global Hecke cat-
egory [Ber19b].

First recall that Lemma allows us to identify the category HM :=
0,7 »-mod of modules for the factorization homology of Oy, with the factor-

ization homology of the local category ﬁM, which is the object calculated
by [HL22al:

Theorem 18.3.4. [HI.22a, Theorem 3.3.1] Let M = T*X equipped with
the spectral deformation quantization described earlier. The category of L-
observables is identified with relative flat connections, i.e.

(18.5) HM ~ Flat(LocX/LocG).

To check compatibility of this identification with our constructions it is
useful to explain the translation between our notation and that of Ho and
Li. First recall that we are using Flat(f : Y — Z) to denote what appears
in [HL22a| (as well as [AGI18, Ber21al) as IndCoho(éy). We consider a
morphism ) — Z of perfect stacks of locally finite presentation. Given a
manifold with boundary (0M, M) (or more generally a morphism of Betti
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spaces or anima N — M) we consider the mapping stack (), Z)(M:0M) .—
VM % ~on ZM together with the morphism of stacks

daronny : VN — (Y, 2) M),

Moreover to an open embedding N < M of manifolds with boundary, Ho
and Li attach the correspondence

YN M M

| | |

(y’ Z)(N,@N) - (y7z)(M,M\N) - (y7z)(M,(7M)

We specialize this construction to our setting Y := X/G — Z := pt/G
and to 2-manifolds as follows:

e For (M,0M) = (D? S') we obtain
g(p2.s1) : LocX (D) = X /G —> Locg(D, X on S') = LX /.
e For (M,0M) = (X, &) we obtain
qs,2) LOCX(E) — Locs(X).

e For a disc embedding ¢y : N = [[; D < M = ¥ as in Proposi-
tion [I8.3.2] we obtain the correspondence used to define the spectral
O-series,

(X/G)! Loc* — LocX

| |

(LX/G)! <— Locgs (S, X on £\N) — Locg.

[HL22a] then applies the functoriality of IndCohy under correspondences
from [Ber19a) to construct a functor from the category of manifolds with open
embeddings to dg categories, which on objects attaches M +— Flat(q(ar,onr))-
The main result of [HL22a] identifies the category attached to any n-manifold
with the factorization homology of the E,-category obtained by restricting
the functor to embedding of discs (D™, 0D").

When specialized to our setting, we find:

e For (M,0M) = (D?,S') we obtain an Ey-category (Ha(), Z) of op.
cit. 3.2), which evaluates to the local category

Flat(qp2 51y : X/G — LX/G) ~H' = QCY(LX/C)

since X /G < LX /G is a nil-isomorphism from a smooth stack, so
the relative construction simply encodes QC" on the target.
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e For (M,0M) = (3, ) we obtain the global “Eisenstein” category of
op. cit. as the factorization homology of the Hecke category, which
evaluates to the description of the global category in Theorem

= j "= Flat(q(s,g) : Loc® — Locg).
b

e The pointing of ]I-]I]E\Z is given by applying the functorality of Flat to

the unit of H =QC "LX/@G), i.e., the pushforward of the dualizing
sheaf on YP = X /G. We find the pushforward of OLOC;( under

Flat(LocX/LocX) = QC(LOCX) — Flat(LocX/Locé)7

i.e., the sheaf of relative differential operators.

In particular we highlight the following additional consequences of the
general construction of [HL22al, which identify the L-observables, the global
O-series, the L-sheaf and its eigenproperty in terms of relative differential
operators:

Corollary 18.3.5. e The algebra of L-observables Oy, € Alg(Hy,)

(as endomorphisms of the pointing in Hé/[) 1s identified with the
enhcmced algebra of relative differential operators D(q) along q :

Loc™ — Locg (cf. Deﬁmtzon

e The spectral O-series HM — QC (LocG) of Definition fac-
tors, with reference to the identification (18.5} , through the relatwe
de Rham pushforward q. g : Flat(LocX/Loc@) — QC'(Locg) of Re-
mark (and similarly for the factorizable version).

e Under this identification the L-sheaf qsw;  x = ¢:Y(O;  x) is iden-
tified with the relative de Rham pushforward gy g of the induced D-

module of relative differential operators Ind(O; | x) € Flat(LocX /Locg)

18.4. The twisted polarized case. We briefly discuss the modifications
necessary to carry out the construction of one-point and factorizable spectral
O-series and the description of L-observables in the case of twisted cotangent
bundles M = T\I"jX .

We follow the setup and approach of Namely we first replace the
role of the G-space X by that of the G x G4-space ¥ — X to obtain one-point
and factorizable ©-series functors

QC'(LY/G x Gy) C'(Locg,) ® QC*(Locg)

\/’

Hrpxg
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as in §15.2] and §18.3] Moreover the factorization homology Hp=y is again
identified with relative flat connections for Loc¥ over Locg, x Locs. The

unit in ﬁ‘y 1S 14Wy /G x G, and maps to the L-sheaf on Locg, x Locg.
We now change perspective and consider this L-sheaf as representing the
integral transform

U _ X
Locé <G = Locé
Locg, Locg

which takes the spectral exponential sheaf on Locg, to the spectral Whit-
taker L-sheaf as in . This construction is linear for the (one-point or
factorizable) action of the Hecke category for G,. Thus we may now pass
everywhere to modules for the factorization algebra O € Hg, (the quantum
version of imposing the moment map value 1 for the Hamiltonian G,-action

on T*W). This operation takes H" to the factorization H -module
QCNTEX /G ~ O1-mod(QC (LY /G x Gy))

as in Proposition By Lemma its factorization homology is

described by modules for the factorization homology O s of O; € Hg, in
the factorization homology of QC'(LV¥/G x G,). Thus the O-series functors
above become

Hom(O1,s-mod( (QC'(Locg, )),QC!(LOCG))

\/

(where we have also used the Hecke-linear self-duality of QC'(Loc) to turn
the tensor product into a functor category). Now observe that the spectral
exponential sheaf on Locg, is naturally an O x,-module. Thus we may apply
the functors produced by the spectral ©-series to the spectral exponential
sheaf, producing the desired ©-series functors

Er QC*(Locg)

N

Hy;

One can likewise carry out the quantum hamiltonian reduction by G,
to identify the L-observables and their modules with the natural twisted
counterparts of relative differential operators and flat connections as in the
previous section. We omit the details.
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18.5. Geometric Arthur Parameters. In this section we discuss the geo-
metric counterpart of the theory of Arthur parameters and its relation to the
process of Arthur functoriality on the automorphic side, as discussed in
on the numerical level. While Arthur’s conjectures propose the parametriza-
tion of nontempered automorphic forms, the geometric counterpart proposes
the parametrization of automorphic sheaves with a sheared Hecke eigenprop-
erty and nontrivial singular support. The shearing and singular support are
both captured by the datum of an S Ly homomorphism. Thus the basic sit-
uation for this section (as in §3.4 and is that we are given a subgroup
H c G and a commuting SLo:

LZHXSLQHG.

We restrict ourselves to even SLo’s, i.e., we demand that the corresponding
cocharacter w acts on § with only even weights (see Remark for a
discussion of the odd case). Recall from that in the setting of Arthur’s
conjectures [Art89] one considers Arthur parameters

¢4 :Tp x SLy — G(k),
where ¢4|T'r is a Langlands parameter into the centralizer H of the SLy
which is pure of weight zero, as defining Langlands parameters
wl/? 0

gbL:qSAo(idx[ 0 172 }):Fpaé(k‘),

into G (where @ is the cyclotomic character).

The geometric counterpart of this is the construction of sheared local sys-
tems for G out of (usual) H-local systems and the commuting SLy; infor-
mally, these will be G-local systems whose associated vector bundles are
given cohomological gradings (and weights) by the associated cocharacter
ta,,-

In we constructed an Arthur (or spectral Whittaker) induction func-
tor from sheaves on Locy; to sheaves on Locg, while in we constructed
a local counterpart from ﬂg—modules to ﬁ@-modules. We now establish
local-global compatibility and use it to check that Arthur induction satisfies
a Hecke eigenproperty with eigenvalues given by sheared local systems. In
other words, this process constructs objects with Hecke eigenvalues given by
a derived local system, cohomologically regraded by the diagonal part ¢|g,,
of the Arthur SLs, and with singular support given by the Arthur nilpotent.
This is a global counterpart of the “Arthur” properties of the Hecke module
QC/(M /G) described in Section

Remark 18.5.1. [Odd SLsy’s| The case of odd SLs triples is not covered by
our current construction. The essential issue is that of defining the global
spectral geometric quantization —i.e., L-sheaf — of a non-polarized symplectic
representation, in this case the action of the SLo centralizer H on W = u/u,.
Again, this question reduces to the case of the spectral Weil representation

which we intend to discuss in more detail elsewhere.
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Remark 18.5.2 (Functoriality and domain walls). More broadly, Arthur
functoriality is expected to have the structure of a domain wall or interface

(§D.1.4)) between the arithmetic TQFTs
Al : By — B

describing the theory of Langlands parameters for the groups H and G.
Such a domain wall encodes in particular maps Bj; (Z) — Bx(Z) for arbitrary
input geometries =, compatible with all the relations and structures of the
field theory. (Indeed such a domain wall structure is to be expected for the
spectral quantization of any hyperspherical G x H-variety; see §12.3| for a
related discussion of periods vs. functoriality.)

This domain wall, in the physics context of supersymmetric gauge theory,
was constructed in the work of Gaiotto and Witten [GW09b, [GW09al, Ga118]
(see also Remark [1.2.1] - Namely to an SLs homomorphism into a group G
they attach a maximally supersymmetric (1/2 BPS) boundary condition for
N = 4 super-Yang-Mills theory for (the compact form of) G, the Nahm pole
boundary condition associated to the SLs data ¢. The Nahm pole boundary
condition has flavor symmetry given by the (compact form of) the centralizer
H of the SLs, which enables it to be coupled to the H super-Yang-Mills
theory and thereby upgraded to a domain wall between the theories, which
may further be topologically twisted to define a domain wall between the
TQFTs By and B.

18.5.3. Sheared local systems. In Example we discussed the equivalence
Rep(G)wﬂ ~ Rep(G), which does not respect the standard fiber functor. As
a result, the tensor category Rep(G) has many nonisomorphic fiber functors

(=) : Rep(G) — Vect, VeVl
taking a representation to the shear of the underlying vector space by the
given cocharacter @ : G, — G. Geometrically, a cocharacter defines a map
Bw : BG,, — BG and such a map defines a sheared fiber functor

< (=Y forget

Rep(G) —— Rep(G,,) —— Rep(G,,,) —— Vect.

We will be interested in these functors primarily as defining Rep(G)-module
category structures on Vect —i.e., potential “eigenvalues” for Rep(G)-actions.

We denote Vect with this Rep(G)-module structure as Vect™/ (or Vectpw/ if
we keep track of twisting by a G-torsor).

This is a remarkable feature of Tannakian formalism in the derived set-
ting that diverges from classical experience: seemingly Tannakian categories
like Rep(G) have infinitely many non-isomorphic fiber functors due to the
phenomenon of shearing. Indeed Tannakian reconstruction in the derived
setting [Lurbl, [BHL17, [Ste23b| requires that one impose a connectivity (or t-
exactness) hypothesis to circumvent such phenomena. In our current setting
this bug is a crucial feature: the sheared actions of Rep(G') on Vect arise nat-
urally as the Hecke eigenvalues for Arthur parameters (see e.g. [FN11][LL09]).
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Recently S. Slaoui and G. Stefanich have shown that for a large class of
geometric stacks X shearing is the only obstruction to Tannakian recon-
struction, in that isomorphism classes of tensor functors QC(X) — Vect are
parametrized not just by points of X but by points and inertial cocharacters
z : pt/G,, — X via the shearing construction F — (g*}")/.

Recall that G-local systems p on a curve ¥ are identified with connec-
tive tensor functors p : Rep(G) — Loc(X) to the tensor category of local
systems on ¥, through the assignment of the associated local system to a
representation V € Rep(G), p(V) = p x& V. If p is endowed with a G,,
of automorphisms @ : G,, — Aut(p), then so is the symmetric monoidal
functor p (i.e., each of the associated local systems p(V) is functorially and

multiplicatively assigned a G, symmetry). Hence p can be sheared to give
a new functor Bmﬁ : Rep(G) — Loc(X), a sheared G-local system, whose
associated local systems pw/ (V') carry nontrivial cohomological gradings.

From another point of view, we can fix a cocharacter w : G,, — G and
consider G-local systems p endowed with a reduction to the centralizer G&
of ww. We may then shear p by the induced G,,-symmetry. The associated
local systems p@/(V') are given by giving the local systems p(V) (for G-
representations V') a cohomological grading determined by the w-grading of
V.

These sheared local systems are not points of Locs in the usual sense, but
rather “Tannakian points”, in that they give non-connective tensor functors
from QC(Locs) to Vect. Namely, the G,,-symmetry of the local system p
defines a morphism i, : pt/G,, — Locs, and hence a tensor functor

%
QC(Locs) . Rep(Gyy,) (;)Z Rep(G,) T8 Vect.

Sheared local systems are the geometric avatars of the Langlands param-
eters associated to Arthur parameters. Given an H-local system py and a
homomorphism ¢ : H x SLy — G, the induced local system p = P e
has in particular a reduction to the centralizer of the induced cocharacter

w = t|g,, of G and we can form the sheared local system p®/, which will
play an important role in what follows.

18.5.4. Arthur indyction. Becall that in §11.9| we used the L-sheaf for the
Whittaker space M = TG /U as the kernel for a spectral Whittaker induc-
tion functor

Al : QC'(Locy) — QC'(Locy)
from sheaves on Locy; to sheaves on Locs. On the other hand in §I7.5] the
local spectral quantization of M provided the kernel ﬁég fixsL, for alocal

counterpart, taking gﬁ—modules to ﬁé—modules. We now establish local-
global compatibility by applying the Whittaker version of spectral ©-series

from
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Proposition 18.5.5. Local and global forms of Arthur functoriality are com-
patible:
e (One-point) Fizving a point x € X, Al lifts to a natural map Aly; of
ﬂé—modules

Al

QC!(Locy) QC" (Locg)

M Al

He st O, QC*(Locyy)

e (Factorizable) More generally, Al lifts to a map Alg of Hx-modules
Hei f1xs1, ®y QC' (Locy) — QC (Locg)
where Hé(_ﬁstQ 18 the factorization homology of ﬁ@—HxSLQ-

Proof. Using the self-duality of QC'(Loc ;7) and the tensor product identifi-
cation

QC!(LOCH) ® QC!(LOCG) ~ QC!(LOCHXG)
the desired functors are represented by integral transform constructions

Hefixsr, — QO (Loc )
and

He sz, — QO (Locg,q)
linear for the one-point and global Hecke categories for H x G, respectively.
Now observe that the source of these functors as the (one-point and factoriz-
able) spectral quantizations of the hyperspherical G x H-space M = Ty G/U.
Thus the desired functors are provided by the (one-point and factorizable)
spectral ©-series construction of §I8.4] O

We will now apply Proposition to establish properties of the Arthur

induction functor which are global analogues of the local Arthur properties
from i To do so we analyze ﬁ(}%—ﬁx s1.» a factorization algebra in
ﬂé ® H p-modules. Recall from Proposition that ignoring its factor-
ization structure (fixing a point x € X), i.e., as a plain module category for
the monoidal category Hps ® Hy ~ QCH(§*/G) ® QCY(h*/H), we have an
equivalence

He s, ~ QCUTH(G/U)/G x H)

where the module structure comes from applying QC/ to the Ggr-equivaraint
diagram

TE(G/U) /G x H

T

§/G b*/H.
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This identification does not respect factorization structures but it does re-
spect the SO(2)-action of changes of coordinates, so gives an equivalence
that is locally constant on X.

The Slodowy slice description of Example[3.4.10] provides an identification
of H x G x Ggr-spaces T\I"jG/U ~ g, x G, where H O §. via the coadjoint
action, compatibly with the moment map to h*, though not with the moment
map to §*. Thus we have an isomorphism

(18.6) ﬂG‘(—HXSLQ = QCi(ge/ﬁ)
as plain Rep(G) ®ﬂH—m0dules. Explicitly the Rep(G) action is given by
(187)  Rep(G) ~ QC(pt/G) — QC(pt/H) — QC(gc/HY

where the first isomorphism comes from the inner structure of the w-action
on G (see Example [6.4.3[ and §18.5.3).
From this one can deduce the following

Corollary 18.5.6. Arthur induction takes Langlands parameters to Arthur
parameters:

(1) The functor Al is naturally ww-sheared: for any x € X it inter-
twines the Rep(H) and Rep(G)-actions via the sheared forgetful func-
tor (=)®/: Rep(G) — Rep(H). Moreover the identification is locally
constant in 2.

(2) The functor Al produces f-antitempered sheaves
Al: QC'(Locy) — QC}_(mti(LocG) c QC!(LOCG),
i.e., sheaves annihilated by the local Hecke action at any x € 3 of
the sheared structure sheaf OJ/\Qf e QCl(§*/@).
(3) Furthermore, when restricted to QC(Locy) the functor Al produces

sheaves which are also f-tempered, i.e., with singular support con-
tained in N<f.

In particular for any smooth point {p;} € Locj, the Whittaker induc-
tion of the skyscraper Al(k, . ) is an f-tempered and f-antitempered sheared

Hecke eigensheaf with eigenvalue the shear (pé)w/ of the induced G-local
system (cf. Section [18.5.3).

This construction of geometric Arthur parameters suggests an explicit
description of the graded pieces of the “Arthur filtration” of the spectral cat-
egory QC!N(LOCG) by f-tempered sheaves for nilpotent orbits f (as discussed
for example in [Lys23]), whose numerical counterpart is discussed in
Namely we conjecture

Conjecture 18.5.7. The functor Al, restricted to quasicoherent sheaves on
Locy, generates the f-tempered graded piece of the Arthur filtration.

If the Arthur restriction is identified with the adjoint of Arthur induction
(see Remark §11.9.3)) this would then produce a monadic descripition of
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the pieces of the Arthur filtration in terms of the bi-Whittaker reduction
Uw\\T*G//¢U.
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TABLE A.1.1. Modules under S, S7, A

S-mod | S”-mod | A-mod | Ind-coherent(A)
S S7 k k, see (A.4)
ko K/ A A

k1 See §A.2
Slz—1 | (S[=—1) 4_!A.2

Part 5. Appendices

o T
N — T

APPENDIX A. KOsSzuL DUALITY.

We discuss some examples of shearing in relation to Koszul duality and
the construction of a spectral analog of the exponential sheaf.

A.1. Koszul duality and sheaves on lines. We now examine in some
detail various categories of modules for symmetric and exterior algebras,
which arise throughout this work in many guises. As elsewhere, we work
with coeflicients of characteristic zero, and all constructions are derived, i.e.,
take place in the relevant dg or co-categories. (We recommend |[GKMO9S| for
a thorough discussion of the basic issues of Koszul duality in the language
of triangulated categories, and [DG13| for the co-categorical setting.)

The essential features are all visible in the case of the symmetric algebra
S = k[zo] in a single variable of cohomological degree 0, which we give G-
weight —2, and the Koszul dual exterior algebra A = k[y_1] on a generator
in cohomological degree —1, which we give G4,.-weight 2. (We keep track of
cohomological degrees with subscripts and have x, y denote dual coordinates,
indicating G,,,-weights. All algebras appearing in this section will be formal,
so we will often identify a dg algebra with its cohomology ring.)

Remark A.1.1 (Even shearings). Note that the G,,-weights appearing in
this section — and hence the associated shearings — are all even, so that we
do not encounter changes of parity and all vector spaces are considered even.

A.1.2. S-modules. The basic category we start from is the usual module
category for S, i.e., quasicoherent sheaves on the affine line A' = Spec(S),

S-mod ~ QC/(A%).

We will keep track of four basic S-modules:

(a) the structure sheaf k[zo];

(b) the skyscraper kg at 0, arising from S — k sending zo to 0;
(c) the skyscraper ki at 1,arising from S — k sending z( to 1.
(d) the structure sheaf of the punctured line k[zq, xo™1].

The first three objects are represented by perfect complexes of S-modules,
which categorically speaking form the small category of compact objects in
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the big category of arbitrary unbounded complexes of S-modules

Perf(S) = (S-mod)¢ < S-mod ~ Ind(Perf(5)).

A.1.3. S/-modules. Now let us shear, according to the Ggr-action: we have
S/ ~ k[xzs] where u = zo has cohomological degree 2, which we identify
with the G,,-equivariant cohomology ring H*(BG,,). Passing to categories
of modules, we have

SV-mod ~ QC/(AY).

As discussed in § QCY(AY) is not equivalent to QC/(A!) itself, though
the corresponding categories of graded modules are equivalent, i.e., quasi-
coherent sheaves on A'/G,, is equivalent to its shear. The category S/-mod
has a topological interpretation as a form of the G,,-equivariant category
of a point. More precisely it is the ind-finite’ or “renormalized” form of
Shvg, (pt), defined as the ind-category of G,,-equivariant constructible sheaves

on a point.
We note three basic objects in QC/(A'):

a) the regular module = pt) 1tselt;
h lar module S/ = H% (pt) itself
(b) the augmentation kg =k=H (Gn);

(d) the periodic module k[xa, 22 '] (the structure sheaf of the sheared
punctured line, or G,,-Tate cohomology of a point).

The first two are compact objects, i.e., objects of the small category Perf(Si) =
QCY(AY)¢. These objects (endowed with evident G,,-equivariant structures)
are the shears of the correspondingly labelled objects (a), (b), (d) inside S-
modules. However, the ungraded S-module k1 does not have an analogue in
the sheared category.

A.1.4. A-modules. Let us consider the Koszul dual setting. Let
A = k[y—1] ~ Homgy(k, k)

be the Koszul dual (homological) exterior algebra, which is naturally identi-
fied with the homology H(G,,) with its Pontrjagin product (i.e., the “topo-
logical group algebra” of G,,,). We can also consider A as the ring of functions
on the affine derived scheme Spec(A) ~ A![—1], the shifted version of the
dual affine line, so that A-mod ~ QC(A'[—1]). Topologically, A-modules re-
alize locally constant actions of G,,, i.e., G,,-equivariant sheaves on a point;
indeed A-modules recover the standard notion of equivariant D-modules on
a point,
A-mod ~ D(BG,).
We note two basic bounded coherent (finite dimensional) objects in A-mod:

(a) the augmentation k, and
(b) the regular module A.
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Again the small category of compact objects here is given by perfect com-
plexes of A-modules. The first object is not perfect (=compact), while the
latter is. In the realization A-mod ~ QC(A'[—1]), k corresponds to the
skyscraper sheaf at the origin, a singular point.

We have functors switching the augmentation and regular modules for S/
and A

(A1) — ®g k : S-mod «— A-mod : Homy (k, —)
k —— A[—1]

Ly/p—y

i.e., they exchange equivariant and ordinary cohomology of G,,,-spaces [GKM9S];
A[—1] can be thought of as the dualizing sheaf of A, or as the cohomology
of G,,.

In particular the functors can not be inverse equivalences on the full (un-
bounded) categories of modules, since the noncompact augmentation of A
is taken to the regular module for S/ and the latter is compact inside the
category of S/-modules. In other words, they don’t restrict to equivalences
of the categories of perfect modules for S/ and A, though they do identify
perfect S/-modules with bounded coherent A-modules.

Another way to see the failure of to be an equivalence is that the
periodic module k[za, x5 '] € S/-mod vanishes under (A1), for it is sent to
the acyclic complex

(A2 Per -+ = kly-1] "= kly—1] 3 kly—1] - -+

In this equation, the various copies of k[y_1] are placed in degrees that differ
by 2 from each other.

A.1.5. Ind-coherent modules for A. We can make Koszul duality an
equivalence by “correcting” either side.

The solution we will adopt is to correct the side of A-modules: we en-
large A-mod = QC(A'[—1]) to the ind-coherent category of A, i.e., the ind-
category of the category of A-modules with finite-dimensional cohomology.
We will denote this category by QC'(A'[—1]). This enlarged category of
A-modules consists of formal colimits of finite dimensional (coherent) A-
modules. If we replace A by a usual ring (rather than a dg-ring) the ind-
coherent category can be equivalently described as the (dg-enhanced) homo-
topy category of injective complexes of A-modules [Kra05]; in such a category
acyclic complexes of the general form need not be trivial.

Since the category of A modules is the ind-completion of the category of
perfect complexes, extending the inclusion of perfect into coherent complexes
gives

(A.3) =:QC — QC'.
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We warn that = does not agree, when restricted to coherent sheaves, to the
tautological inclusion of coherent sheaves into QC' — see examples (b), (b)’
below.

Remark A.1.6. We note that there is also a functor
U QC - QC

in the opposite direction (we follow the lettering of [Gaillal), which is right

adjoint to =, and arises from the ind-completion of the inclusion of coherent
sheaves into QC'. This functor is not fully faithful. (In the case when A is a
usual Noetherian ring, this ¥ is just the tautological functor from injective
complexes to the derived category and is denoted @ by Krause.)

The passage from usual modules to the ind-coherent category has the effect
of (in fact is designed for) forcing the augmentation of A to be a compact
object (in fact a compact generator) like S/ € (S/)-mod, and indeed Koszul
duality now extends to an equivalence

S-mod = QCI(AY) «—— QC'(A[~1]) = Ind(A-mod; 4 ).

Some examples:

(b) k as a A-module is coherent and thus gives an object of the ind-
coherent category (via the inclusion of the coherent category to the
ind-coherent). It will be convenient, for comparison with what follows
to represent k by the coherent complex of free modules

(where the various copies of k[y_1] are generated in degrees 1,3,5,...)
and under Koszul duality corresponds to S7.

(b)” The image of k& under the functor Z of can be thought of as
the bounded above complex of free A-modules:

(A5) Bk o klya] S klya] >0 0 -

where the various copies of k[y_1] are generated in degrees 0, —2, —4, . ..
and which we regard as being in the ind-coherent category by taking
only finitely many terms of the above, and then taking a direct limit.
Z(k)[1] corresponds under Koszul duality to S/[z5']/S”/, which is a
direct limit of torsion modules.

(c) The infinite acyclic complex encountered in understood as the
colimit of bounded-below truncations as above, now yields a nonzero
object Per of the ind-coherent category, which fits now into a sequence
k — Per — Z(k)[1]. This Per is the image of S/[z5 '] under Koszul
duality. Under the functor ¥ of Remark it is carried to the
trivial object.
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A.1.7. Singular support. The distinction between the categories
A-mod ~ QC(A'[-1]), /-mod ~ QC'(A'[-1])

can also be captured by the theory of singular support of (ind-)coherent
sheaves [BIKOS, [AG15].

Namely, the singular support of an object of QC'(A'[—1]) is a closed coni-
cal subset of A! —1i.e., either {0} or all of A!! Explicitly the singular support
is zero if and only if the Koszul dual module is torsion. “Quasicoherent
sheaves are ind-coherent sheaves with trivial singular support,” in the sense
that

= QC(A[-1]) - QC!(A'[-1])

is fully faithful with essential image those objects with zero singular support.

Remark A.1.8. Care is needed with these notions! As we saw above, the
augmentation object k in A-modules can be considered in QC" in two differ-
ent ways, giving the objects called k and Z(k) above.

- The singular support of k is Al but
- The singular support of Z(k) is {0}.

A.2. The spectral exponential sheaf. We now define an exotic object on
the affine line which plays the role of the exponential D-module or Artin-
Schreier sheaf in the coherent setting. It can be considered a spectrally
quantized form of the Hamiltonian G,-space

pt; := a point with moment map value 1 € g?.

In other words, we are seeking an algebraic avatar of the exponential func-
tion, which defines a character of the Lie algebra

exp : gq := Lie(G,) — k

of the additive group — but not of the additive group itself. Correspondingly,
we are going to construct this spectral exponential not as a quasicoherent
sheaf on BG,, but rather inside a sheared version of that category. Indeed,
the category QC(BG,) = Rep(G,,) of representations of the additive group is
identified by Cartier duality with sheaves on the dual additive formal group,
i.e., the formal completion of the dual Lie algebra g} at 0, and thus doesn’t
have an object corresponding to the skyscraper k;. However, we can perform
the decompletion formally using Koszul duality and shearing.

To formalize this, we use the same setting as the previous section, with
Koszul dual symmetric and exterior algebras S = k[zg] (where xg has Gy,
weight —2) and A = k[y_1] (where y; has G,, weight 2). To make the link
with what we just said, we adopt the following point of view:

- We view the y-line A'[—1] ~ QG, as the based loops in the additive
group@

141Equivalently, the shift by 2 of the classifying stack BG, ~ A'[1] (a coaffine stack,
cf.Remark .



380 DAVID BEN-ZVI, YIANNIS SAKELLARIDIS AND AKSHAY VENKATESH

*

- We view the z-line Spec(S) ~ g} as the dual Lie algebra of the
additive group.
As discussed above, Koszul duality identifies ind-coherent sheaves on the
y-line
QC'(A'[-1]) ~ QC/(g})
with the shear of ordinary quasicoherent sheaves on z-line. This is an
equivalence of G,,-categories, where, writing out the actions:

e the shearing G,, is acting on A! by the inverse square character, and
on the coordinate y on A! by the square character;

e dually, the shearing G,, acts on g by the square character, and on
the coordinate x on g} by the inverse square character.

Now observe that since the G,,-weights of x and y are opposite, we find a
sheared Koszul duality equivalenc

QC! (Al [_1])ﬂnegated action QC(QZ)

On the left, we are now shearing by the the inverse of the action just
described, i.e. the G,,-action on A!'[—1] is through squaring. We are led to
the following definition:

Definition A.2.1. Let G,, act on A" through squaring. The spectral expo-
nential sheaf

exp € QCH(A[-1])/
is the image of the skyscraper ki at 1 (evaluation module at 1 € g ) by the
sheared Koszul duality equivalence QC(g¥) ~ QC'(A[—1])/.

Here are a couple of different ways to think about this construction:

e Recall that by definition, the shear of a category has the same G,,-
equivariant objects as the original category, but with the enriched
graded Hom-spaces modified by a shear, and from this data one for-
mally reconstructs the whole category. Thus we start with the Gy,-
equivariant skyscraper, the augmentation object k € QC'(A[—1]),
which corresponds to S/ € S/-mod. Thus its endomorphism algebra
is the symmetric algebra S7. Now, the sheared category QC'(A[—1])/
is built so that (i) it has an object by name &/ but (ii) this object
has endomorphisms the naive symmetric algebra S = k[xg] itself
(now entirely in degree zero), so that (iii) we can form the triangle

k05 k. This formal construction is exp.

e We can see exp as a deformation of @/, the shear of the struc-
ture sheaf @ € QC'(A'[—1]), in the sense that there is a functor
QC(A") — QC'(A[—1])/ carrying the skyscraper kg at 0 to O and the
skyscraper at 1 to exp (this is just a rephrasing of Definition .
With reference to this functor, the “deformation class” in Ext!(kq, ko)
is carried to the degree +1 endomorphism of O/, which comes from

taking y_1 : O — O, and shearing: y; = y{l : O/ — OV has degree
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1. We can think of the pair of O and the self-map y_; as a kind of
semiclassical limit of exp.

Remark A.2.2. Note that the exponential sheaf exp is naturally a character
sheaf on the group-stack A'[—1] = QA i.e., a (commutative) algebra object
with respect to the convolution symmetric monoidal structure. This follows
from the commutative algebra structure with respect to tensor product on
the skyscraper sheaf under the symmetric monoidal functors of shearing
and Koszul duality (which identifies the convolution symmetric monoidal
structure with tensor product of modules for the symmetric algebra). A
similar observation was made by Hilburn and Yoo [HY].

APPENDIX B. SHEAF THEORY

In this appendix we survey the somewhat bewildering array of different
categories of sheaves that we encounter in the paper. Definitive reference
for many of the features we recall include [DG13, [GRI7, IAGKT20b|. The
contents of the section are as follows:

e §B.2]recalls general features of the category theory we will use.

° §B.3 discusses categories of algebraic sheaves (“coherent sheaf the-
ory").

° begins our discussion of categories of topological sheaves (“con-
structible sheaf theory").

o continues by discussing constructible sheaf theory on stacks.

e §B.6|discusses the “finiteness versus safety” distinction for constructible
sheaf theory on stacks (also known as renormalization).

. discusses constructible sheaves on infinite type objects.

. discusses duality structures on categories of sheaves.

B.9| colllects some notions we will make use of concerning sheaves

of categories, the ULA condition and rigid tensor categories.

QD (L
T

o)
N

B.1. The format of sheaf theories: synopsis. Let us first start with
a synopsis of the overall format of sheaf theories. The (dg) categories we
encounter come in two general flavors, “small” (consisting of sheaves with
finiteness conditions, such as coherence or constructibility) and “large” (con-
sisting of unbounded complexes and closed under arbitrary direct sums). The
sheaf theories are divided into two archetypes: topological (A-side) (starting
in §B.4), appearing on the automorphic side of the Langlands correspon-
dence and algebraic (B-side), Section appearing on the spectral side.
The topological theories are further divided in three types: de Rham, Betti
and (intermediate between the two) étale.

The general format of the construction of sheaf categories is as follows.
One first defines sheaves on the basic building blocks — for example, finite
type schemes (see below for more precise discussion). This assembles into a
contravariant functor from such schemes to categories under (suitably cho-
sen) pullback. To incorporate pushforwards, base change and adjunctions, it
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is extremely convenient to use the formalism of correspondences as laid out
in [GR17] making sheaf categories a functor out of a category of correspon-
dences of schemes.

Next we need to define sheaf theory on more general objects in algebraic
geometry, such as stacks, infinite-type schemes, ind-schemes, and most gen-
erally prestacks (arbitrary “functors of points”, i.e., functors from affines to
simplicial sets). A unifying theme in sheaf theory is that we first define cat-
egories of sheaves on a class of objects which we take to be basic building
blocks. We then define the category of sheaves in general as the limit of the
categories of sheaves on building blocks under pullback —i.e., as a right Kan
extension.

So the question is: what are the basic building blocks? We will encounter
three basic variants of this idea in the “topological” setting.

o [Safe sheaves| Here we take the basic building blocks to be finite type
schemes. The resulting categories built by right Kan extension will
be called safe sheaf categories. These are the sheaf categories most
commonly used in the geometric Langlands program, eg JAGK™20b].
The corresponding compact objects in these categories on algebraic
stacks are the safe sheaves of [DGI13| and hence we refer to objects
of the large categories as ind-safe sheaves.

e [Finite sheaves and “renormalization”].

There is an alternative which is often better adapted to equivari-
ant settings: take the basic building blocks to be finite type alge-
braic stacks and there we use the category of ind-finite sheaves, i.e.,
the ind-category of “finite” objects (constructible sheaves or coher-
ent D-modules). We then use these sheaf categories as the basic
building blocks to define the categories of ind-finite sheaves on arbi-
trary prestacks (still locally of finite type). These are referred to as
renormalized sheaf categories in the geometric Langlands literature.

The distinction between ind-finite sheaves and ind-safe sheaves on
stacks arises from the fact that, for example, the constant sheaf on
BG@G is certainly finite in a reasonable sense — for example, working
locally on covers — but is not a compact object of the safe sheaf
category. This is an aspect of the fundamental theme of comple-
tion/decompletion in equivariant topology, and plays the role on the
automorphic side that the distinction between perfect and coherent
complexes (an aspect of singularity theory) plays on the spectral side.

e [Sheaves in infinite type| Finally, in local Langlands we encounter
geometric objects of infinite type, such as the loop group G, the arc
and loop schemes X, X for X an affine G-scheme and the quotient
stack Xp/Go. To define sheaf theory in this context requires an op-
posite procedure: (affine, or quasi-compact quasi-separated) schemes
of infinite type are naturally constructed as limits of schemes of finite
type. One defines sheaf categories on such objects as colimits of sheaf
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categories on finite type schemes under pullback, in other words as a
left Kan extension. (Here again there’s a bifurcation, whether we use
I- or x-pullback, though the two theories give equivalent answers in
the placid setting.) We again can choose how to treat equivariance
for affine group schemes like Go (with safety or finiteness). Once
(equivariant) sheaves have been defined on all schemes in this fash-
ion we can use them as building blocks (under colimits) for general
stacks, ind-schemes and prestacks and use the same (right Kan or
limit) procedure as before to extend sheaf theory.

B.2. Higher categories: small and large. Let us begin by specifying the
world in which we take categories of sheaves as living. Recall that we work
over a fixed field k of coefficients, of characteristic zero. We work primarily
with k-linear differential graded (dg) categories, and often abuse notation to
refer to such objects simply as categories. Moreover our dg categories will
always be stable (or pre-triangulated, a property which implies that their
homotopy category is triangulated). An equivalent notion is provided by the
theory of stable k-linear co-categories, and we use the terms “dg category”
and “stable k-linear co-category” interchangeably. Eventually, of course, it
would be desirable to have a formulation of our conjectures in arbitrary
characteristic, in which case the language of stable co-categories would be
more suitable, but in our present setting we find it conceptually easier to
speak of dg-categories.

We will use the language of homotopical algebra developed by Lurie in [Lur09a,
Lural, for which we refer to the exposition in [GR17, 1.1.5-8|.

We consider two main classes of dg-categories, informally referred to as
“small” and “large”. This refers to the size of the category in a set-theoretic
sense: the categories that we call “small” are essentially small (i.e., their
isomorphism classes are sets), while the large categories are not, and are
typically obtained ind-completing small categories. The small categories we
consider are closed under finite limits and colimits, while the large ones
are closed under all (small) limits and colimits. We will distinguish them
notationally using either lower case/upper case letters, or without/with an
overline;

example of notation: Shv or S (small) versus SHV or S
(big).

e The oo-category DGCaty has as objects small, idempotent-complete dg-
categories with morphisms given by exact functors. Such dg-categories are
closed under finite (homotopy) limits and colimits. Examples include (dg-
enhanced derived) categories of constructible sheaves, perfect complexes or
bounded coherent complexes or finitely presented modules over a ring.

e The oo-category DGCaty has as objects presentable dg-categories with
morphisms given by colimit-preserving functors. Presentability encodes that
these categories are cocomplete (closed under all small colimits - in particular
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infinite direct sums), but also accessible (are generated under suitably con-
trolled colimits by a small set of objects — a weaker notion than compact gen-
eration). They are automatically closed also under all small limits [Lur09al,
Corollary 5.5.2.4], and enjoy the co-categorical form of the adjoint functor
theorem [Lur09al, Corollary 5.5.2.9]. Thus the large categories are much
more suited for formal categorical operations. Examples include the (dg-
enhanced) unbounded derived categories of quasicoherent sheaves or of all
modules over a ring.

Both DGCaty and DGCaty admit natural structures of symmetric monoidal
oo-categories under the Lurie tensor product. In particular we may perform
higher algebra in these settings and speak of algebra objects (which are them-
selves monoidal dg categories and have their internal theory of algebras and
modules), modules, tensor products and so on, with all notions taken in the
homotopical (co-categorical) sense.

One can formally add filtered colimits to a small category C to obtain a
(compactly-generated) presentable category Ind(C), and this defines a sym-
metric monoidal functor

Ind : DGCaty, — DGCaty.

Conversely we may pass from a presentable category D to its small category

of compact objects D¢. These operations define quasi-inverse equivalences
between the category of small categories DGCaty and that of compactly gen-
erated presentable categories, with morphisms restricted to functors which
preserve compact objects. This allows us to pass back and forth between the
small and large settings when convenient, and indeed all large categories of
interest to us will be compactly generated.

Remark B.2.1 (Calculating colimits of large categories). An important
technique for working with large categories is that a colimit in DGCaty under
functors which have colimit-preserving right adjoints (i.e., in the compactly
generated setting, functors that preserve compact objects) can be identified
with the limit in DGCaty of the same categories under the right adjoints.
This is [Lur09al, Corollary 5.5.3.4], identifying the opposite of the co-category
Prl of presentable categories under left adjoints (where DGCaty is defined
as Vecty-modules) the oo-category Prft of presentable categories under right
adjoints.

B.2.2. Dual categories. Recall that a (presentable dg) category C is dualiz-
able if there exists another presentable category C¥ and (colimit-preserving)
functors

u:Vect > C®CY
(the unit or coevaluation) and

e:C®RCY — Vect

(the counit or evaluation) satisfying a standard relation. (See [Lural 4.6] for
the general oo-categorical notion of duality.) Such duality data are uniquely
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determined in the higher categorical sense, i.e., up to contractible choices, if
they exist. Compactly generated categories C = Ind(C) are automatically
dualizable, and the dual category can be described explicitly as the ind-
category of the opposite to the small category of compact objects,

C¥ ~ Ind((C%)%P).

Self-duality for a category is an identification C¥ ~ C, which could come
from a contravariant autoequivalence of the generating category of compact
objects. Self-duality is equivalent to giving unit and counit maps

U :Vect > C®C, E :C®C — Vect

satisfying the same relation. Self-duality is additional data, but it suffices to
specify the unit U (which reproduces an isomorphism C¥ ~ C by tensoring
with C¥ and contracting by €). In the presence of self-duality we can convert

bilinear forms to endomorphisms, i.e., we have an equivalence C ® C —
End(C).

B.3. Coherent sheaf theories. On the spectral side of the Langlands cor-
respondence we will make use of categories of coherent sheaves on derived
schemes and stacks of finite type over k, a field of characteristic zero. These
come in two main variants:

- On the one hand, the big category of quasicoherent sheaves QC(X)
and its small version Perf(X) consisting of perfect complexes;

- on the other hand the big category QC'(X) of ind-coherent sheaves
and its small version Coh(X) consisting of coherent sheaves (bounded
coherent complexes).

Both have natural pullback and pushforward functors and symmetric monoidal
structures. The former enjoys f* functoriality without any restrictions and
plays the role of “functions”, with tensor unit @, while the latter enjoys f*
functoriality without any restrictions and plays the role of “distributions”,
with tensor unit the dualizing sheaf w. The book [GR17| provides a com-
prehensive account of the general sheaf theory, while the articles [DGI3|
BZFN10] provide convenient starting points and the articles [Gaillal [AGI5|
develop the key properties of ind-coherent sheaves and the notion of sin-
gular support, which interpolates between the two sheaf theories. For the
convenience of the reader we provide a very brief synopsis.

B.3.1. Quasicoherent sheaves. The big category QC(X) of quasicoherent
sheaves on any derived stack is defined as follows. We first define QC' as
a functor on affine schemes by assigning QC'(S) = O(.S)-mod with pullback
f* given by tensor product. We can then use right Kan extension to define
QC(X) for any stack (or prestack) X, i.e.,

QC(X) = lim QC(S)
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where the limit is over the category of affines over X: “a quasicoherent
sheaf on X is a (star-pullback-) compatible system of quasicoherent sheaves
on affines mapping to X.”

By construction we have pullback functors f* : QC(Y) — QC(X) for
any morphism f : X — Y. For X a QCA (quasicompact with affine auto-
morphism groups and finitely presented classical inertia) algebraic stack of
finite type, the compact objects QC(X)¢ = Perf(X) are given by the per-
fect complexes (locally representable by finite complexes of vector bundles).
Moreover QC(X) is dualizable, satisfies the Kiinneth formula QC(X xY) ~
QC(X) ® QC(Y) and (as a result) is canonically self-dual. For arbitrary
QCA morphisms f : X — Y the functor f* has a colimit-preserving right
adjoint f, satisfying base change and the projection formula. Under the
more stringent condition (satisfied in most common stacks in characteristic
zero, in particular every stack we’ll encounter coherent sheaf theory on) that
X is perfect we also have that

QC(X) ~ Ind(Perf(X)),

ie., QC(X) is compactly generated by the perfect complexes. Finally, we

recall that #-tensor product of sheaves (#-pullback of external tensor products
along the diagonal) endows QC(X) with a symmetric monoidal structure,
with unit the structure sheaf Ox (the #-pullback of k from a point), satisfying
the projection formula.

B.3.2. Ind-coherent sheaves. For a scheme of finite type X, we have the
familiar small category Coh(X) of coherent sheaves (bounded coherent com-
plexes), a full subcategory of QC(X). We have an inclusion Perf(X) <
Coh(X) which is an equivalence precisely when X is smooth. The corre-
sponding large category

QC'(X) = Ind(Coh(X))

is the category of ind-coherent sheaves. By construction it comes with a
unique colimit-preserving functor ¥y : QC'(X) — QC(X) extending the
inclusion Coh(X) — QC(X). This functor is an equivalence on the bounded
below subcategories with respect to standard t-structures, and can be recon-
structed purely from the t-structure on QC'(X) as left completion. For X
a bounded (eventually coconnective — i.e., the structure sheaf is supported
in a finite number of cohomological degrees) derived scheme this functor is
essentially surjective and exhibits QC(X) as a colocalization of QC'(X).
Moreover QC'(X) can be recovered from QC(X) with its t-structure as
anti-completion |[Lurbl C.5.5.]. The “difference” between quasicoherent and
ind-coherent sheaves, i.e., the kernel of W x, sits in cohomological degree —o0,
i.e., all the cohomologies of an object in the kernel of ¥ x vanish.

Ind-coherent sheaves are extended to stacks in parallel fashion to the def-
inition of QC. First, ind-coherent sheaves on quasicompact schemes enjoy
a continuous !-pullback functor and #-pushforward functor, which form an
adjoint pair (ps,p') for proper morphisms and satisfy base change. In fact
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they naturally assemble together to form a functor out of the correspondence
category of schemes |[GR17, Part III]. As with QC and =-pullbacks, we can
then right Kan extend QC' (now with !-pullbacks) to all prestacks locally of
finite type. The full correspondence formalism also extends to this setting,
where we can !-pullback along any morphism and #-pushforward along any
quasicompact schematic morphism. Moreover (py,p') adjunction holds for
any (ind-)proper morphism.

The correspondence formalism automatically encodes a symmetric monoidal
structure on QC" — the !-tensor product ®', defined as !-pullback to the di-
agonal of the external product. Moreover this monoidal structure satisfies
the projection formula (see [GR17, Section 2, Introduction to Part III]). An
important further structure on QC" is that of module over (QC,®) [GRIT,
I1.6]. The functors ¥ is naturally QC-linear, as is pushforward — one of
two “mixed” forms of the projection formula for the action of QC on QC"
(see [GR17, Proposition 1.4.3.3.7] and §13.3). We will use the notation ® for
both the tensor structure on QC' and its action on QC" and the notation ®'
for the tensor of QC".

For any QCA algebraic stack, QC*(X) = Ind(Coh(X)) is compactly gener-
ated by coherent complexes, satisfies the Kiinneth formula and is canonically
self-dual [DG13|. This self-duality provides a natural general formulation of
Serre duality, and makes !-pullbacks and =x-pushforwards dual functors. It
carries a symmetric monoidal structure, the !-tensor product, with unit the
dualizing sheaf wx (the !-pullback of k from a point). It also carries the struc-
ture of QC'(X)-module category compatible with pushforwards (via the pro-
jection formula). Acting on wx defines a functor Tx : QC(X) — QC*(X),
which is dual to the colocalization ¥x when the latter makes sense (for
schemes or algebraic stacks).

B.3.3. Singular support. The theory of singular support of coherent sheaves
on quasi—smoothm stacks JAGI15| allows one to quantify and control the
difference between