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Part 1

Fall 2024

0 Introduction

Definition 0.1. An elliptic curve (F, O) over a field k is a nonsingular projec-
tive algebraic curve E/k of genus 1 with a marked point O € E(k).

Example 0.1. Consider the projective curve with affine chart E: 3? = 23 —n?x,

taking O = [0: 1: 0] the point at infinity. Then E(Q) 2 {O,(0,0), (£n,0)},
and this inclusion is strict if and only if n is a congruent number, i.e. the area
of a right triangle with rational side lengths.

It turns out that the set E(k) has naturally the structure of an abelian
group. Pictorially, it is given as follows.

One of the goals of this class will be to understand the arithmetic of elliptic
curves, i.e. the group E(k) for k a number field.

Theorem 0.1 (Mordell-Weil). For E an elliptic curve over a number field k,
the abelian group E(k) is finitely generated: F (k) ~ Z" x E(k)tors, Where r =
ralg(E/k) is called the algebraic rank of E/k.

For E//Q, one can attach an L-function roughly given by the Euler product
L(E/Q,s) = [ [ —app™® +p" )", wherea, =p+1—#E(F,). (0.1)
P

As we will see later, this converges absolutely for Re(s) > 3. We have the deep
conjecture.



Conjecture 0.1 (Birch-Swinnerton-Dyer). L(E/Q, s) is an entire function, and
if we denote 14, (E/Q) := ords—1 L(E/Q), s), then

Talg(E/Q) = ran(E/Q). (0.2)

All of the progress we have on this conjecture (which is only on cases of
rank < 1) heavily rely on modularity: the relationship of elliptic curves and
modular forms as follows.

Theorem 0.2 (Shimura-Taniyama conjecture, Breuil-Conrad—Diamond-Tay-
lor-Wiles,...). There is a bijection

{E/Q of conductor N}/isogeny «— {rational Hecke eigenforms of weight 2 and level T'y(N)}
(0.3)

For a modular form f, there is also a notion of an L-function L(s, f) for
which we can prove good analytic properties. In the above bijection, we have
L(s,E/Q) = L(s, fr), and this is how we can eventually prove that L(s, E/Q)
has good analytic properties.

Furthermore, to an elliptic curve E/Q we can attach Galois representations

pe: Gal(Q/Q) — GL2(Qy) 0.4)

and the association between modular forms and such Galois representations is
an instance of global Langlands.

1 GL; case

Before delving into elliptic curves and modular forms, let’s first discuss the
theory of L-functions for GL;.

1.1 L-functions of Dirichlet characters
Reference: [Bum97, Section 1.1].

Definition 1.1. A Dirichlet character modulo N is a group homomorphism
X: (Z/NZ)* — C*. We say x is primitive if it doesn’t factor through (Z/M7Z)*
for M | N proper divisors. In the case x is primitive, we call N its conductor,
and extend it to a function x: Z — C by declaring that y(n) = 0 whenever
(n,N) # 1.



Attached to a Dirichlet character x: Z — C*, we consider its L-function
Z X H (1—x@)p~ %)~ Re(s) > 1. 1.1)
n=1 P

For example ((s) is the L-function for the trivial character. Let’s briefly recall
how one proves that these L-functions extend meromorphically.

Theorem 1.1. If x(—1) = (—1)¢ for € € {0, 1}, we denote

A(s,x) = a—(s+e)/2p <S ;r 6) L(x, s). (1.2)

Then A(s, x) extends meromorphically to all s and satisfies the functional equa-
tion

'€NS
AT —s, 1) = 2 Ags, (1.3)
( X 00 (s,X)
where 7(x) is the Gauss sum
T(x) = Z x(n)e?m /N 1.4

n mod N
Proof. For simplicity, let’s consider the case Y is not the trivial character. Con-

sider the theta function
an e~ — an (1.5)

neZ n=1

This is defined such that so that it’s Mellin transform is A(s, x):

00 ore dt . (S+€)/2F + 9
J, o = S T = A0 )

A (twisted) Poisson summation formula tells us that

1 Ntl/2
X—l (M) = (ZNt) T(X) Qx(t) (1.7)
In particular we may write

© at () (YN 1 dt
A _ (s+e)/290 J (s—1—¢)/ 2 1
(5,%) L /NGX(t)t | oo () (1.8)

and changing variables ¢ — 1/(N?t) in the second term,

_ (s+e)/2 4t (p(1-ste)2 '
A5, %) L . 0, ()t =+ L/N 0,1 (1)t S a9

Now both 6, and 0,1 decay exponentially as ¢ — oo (here we are using ¥, X!

are nontrivial) and thus the above right hand side extends to an entire function
of s. The functional equation is also now clear. O
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1.2 [-functions of Hecke characters

Reference: [Bum97, Section 1.7].
Now let’s try to mimic the above discussion for an arbitrary number field
F. The Riemann zeta function generalizes to Dedekind zeta functions

Cr(s)= > L Re(s) > L. (1.10)

e Nm(a)*

One naive guess of analogues of Dirichlet characters would be characters of
the form xp: (Op/n)* — C*. But this doesn’t quite give an L-function, since
we would like to make sense of “yo(a)” for ideals a. Even “xo((«))” doesn’t
make sense.

A character y p as above only involves the finite places of F), and it turns out
that the fix for the above problem is to also involve the archimedean places:
we consider a continuous character

Xaot | [F = R x (C*)? - §' < C* (1.11)

v|oo

and we try to make it so that xo((a)) := xp(a)xy'(a) is well-defined. Note
that all the possibilities for yo, as above are of the following form: for v real,
we have

Xo(t) = sgn(t)|t|r, fore, € {0,1}, v, € iR (1.12)

and for v complex we have
Xo(t) = e™@8D|¢»  for n, € Z, v, € iR. (1.13)

Proposition 1.2. Given xp, there is always a choice of xo such that xp(a) =
Xw(a) forall a € Of;.

Proof. For notational simplicity, we will only consider the case F' is totally real.
The first step is to choose v, so that xp(a) = x«(a) for all a € O totally

real. Let &;,...,&,—1 be a basis of the totally real units. Then we are looking
at the system of equations
ZVU log|&j|o =logxp(§;) mod 2miZ. (1.14)

This has r —1 equations and r variables, and the determinants of the (r; —1) x
(r1—1) minors are in absolute value, by definition, the regulator Reg(&1, ..., & —1).
This is nonzero, and thus we can find a solution v,. Note that we can choose
them to be purely imaginary since all right hand sides are purely imaginary
and since log|¢;|, are real.



Now consider xp(a)/][,lalz” for a € Oj. Since a? is totally real, this
squares to 1, and thus is a function O} /0™ _ +1. Now we can choose
ev such that this function is [ [, sgn,, since Ox JORT I1, g, {£1}m. O
Definition 1.2. A unitary Hecke character of conductor n and infinity type xo

is a character xo: I(n) — S! which in principal ideals is given by xo((a)) =
xp(a)x!(a) for xp of conductor n. It’s L-function is given by

Xo(a) xo(p) \ 7
L(s,x0) = = Nrm(a)® = 1:[ (1 — Nm(p)3> ,  Re(s) > 1. (1.15)

Remark 1.1. One can also consider non-unitary Hecke characters as above.
The only change is that the L-function converges in some region Re(s) > o
where o depends on the growth of .

Theorem 1.3. For a Hecke character xq of conductor n, we define L(s, Xx) =
Hv|oo L(S7 Xv) as

Tr(s+ vy +€) if v is real,

o (1.16)
Le(s + vy + |ny|/2)  if v is complex,

L(s,xy) = {

where Tr(s) = 7=%/2I'(s/2) and I'c(s) = (27)~*T'(s). Then A(s, xo0) := L(s, x0)L(s, Xo)
extends meromorphically for all s, and we have the functional equation

A1 = s,x5") = e(x0, $)A(s, x0) (1.17)

where €(xo0,5) = (Dp - Nm(n))*~2¢(xq) for some nonzero constant e(xo) of
absolute value 1.

This was first proved by Hecke in a similar way to above. Instead, we will
discuss parts of the proof following Iwasawa-Tate. This is often reffered to as
Tate’s thesis. We will work adelically.

Proposition 1.4. There is a bijection between Hecke characters xo and contin-
uous characters x: F*\Aj — C* that matches conductors n and infinity types
Xoo- For p t n, we have that x,(wp) = xo(p)-

Remark 1.2. Here, the conductor of x is defined as a product of local conduc-
tors, as follows. Consider x,: F, — C*.If x, is unramified (i.e. xp|,x = 1)
Fp

then the local conductor is 1. Otherwise, let n be the smallest positive integer
such that yy|14p» is trivial, and then the local conductor is p".



Proof. We discuss how one constructs x from yg.
We denote AR = A7 the ideles away from n, embedded by

(O‘v)vfn = (av)v (1.18)

where oy, = 1 for p | n.
Given a Hecke character o, we define the character

Xt AR Cx (1.19)

given by the unramified characters x;(wy) = Xo(p) for p non-archimedean,
and by x%, = xo for the archimedean places. We note that x" is invariant by

FY = {a/pe F*: a,f € Op coprime withn, o =3 mod n}.  (1.20)

This is because if o € Op is coprime to n, we have

X (@) = X (@) [ [xp(@p)® @ = xoo (@) | [x0(0)*® = xeo(@)x0(()) = xp().
p

pin
(1.21)
Thus we have a character x": F»\AR* — C*.
Now we use that F*AR”™ is dense in A} by weak approximation. This
implies that x" extends uniquely to a character x: F*\A with conductor
dividing n. O

Let’s briefly discuss how this interacts with the Langlands conjectures. Very
roughly, we expect a relationship

{Hecke characters} <----» {1-dim Galois representations} (1.22)

and this is obtained by Class Field Theory and the above proposition: the Artin
map F*\AX — Gal(F/F) identifies Gal(F/F)? with the profinite comple-
tion of F*\AX. In particular, since every homomorphism Gal(F/F) — C* has
finite image, we have an identification

{finite order Hecke characters over F'} +—— {p: Gal(F/F) — C*}.

(1.23)
It is more interesting, however, to also consider characters p,: Gal(F/F) —
Q/, since these can have infinite image. With a bit more work, one can also
prove

{algebraic Hecke characters over F'} «+—— {

(1.24)

10

compatible systems of characters
pe: Gal(F/F) — Q) for all primes ¢

b



Here, algebraic is the condition that y,, restricted to the identity component
is an algebraic map of R-varieties. It is a general phenomena that an alge-
braicity condition at co is what should capture the automorphic forms which
correspond to compatible systems of Galois representations under Langlands
correspondence.

1.3 Tate’s thesis

Reference: [Bum97, Section 3.1].
For nontrivial Dirichlet characters xp: (Z/NZ)* — C*, the proof of the
functional equation relied on the integral representation

_7Tn ST€ dt S dt
A(s, x) J Z?”LXD Tylet /2 f ZXO n)® ‘(ntm)t/Q?

n=1 n=1
(1.25)
for ®,(x) = 2°¢~™". Changing ¢ > ¢2 and then ¢ — ¢/n for each n, we have

A(s,x) J . 2 X0 ((n))xoo (nt) Poo (nt)[t]* d*t = (L{X Do (£) Xoo (1) [2]* d* t> <Z xo((

n=1
(1.26)
Now we can write

> xo((n))n]~* = H (Z Xp(P")|p IS) — HJ o Xp(@lalyd e (1.27)

n>=1 k=0 ptN |lz|p<1

Hence, for @ = ®o x [ [,y char(Z,) we have

A(s, x) = J N O(x)x(x)|z|* d*x, (1.28)
AN
Q
where |z]| = [ [, |zv]o-
Now let F' be a number field. We consider the usual Haar measure dz =
[ ], dz, on Ap. We consider the Haar measure d*z on A, given by

1 if v is archimedean,
My = (1.29)

(1- )" otherwise.

These are such that dz,(Or,) = 1 and d*z,(Op, ) = 1 for non-archimedean
places v.

Recall we have the absolute value |-|: Ay — R* given by |z| = [[,|zv/o,
which is F*-invariant. This is such that d(ax) = |a|dz. Let denote A;’l the
ideles of norm 1, i.e. the kernel of |-|. Recall that F' X\A;’l is compact.

As in the classical proof, we will rely on a Poisson summation formula.

11
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Definition 1.3. We consider the Schwartz space S(Ar) to be finite linear com-
binations of functions of the form ®(z) = [[, ®,(z,) where &, € S(F,) and
where all but finitely many are char(Op,). For such v with ®, = char(Op, ), we
say ® is unramified at v.

Proposition 1.5. For ® € S(A ) and a choice of additive character : F\Ap —
C, we consider the Fourier transform

ba) = | e)via) i (130
Ap
This is also in S(AF), and for t € A}, we have the Poisson summation formula
1 e
3 o(at) = i K (;) . (1.31)
aeF aeF

Definition 1.4. For y a Hecke chatacter and ® € S(Ap), their zeta integral is

C(s,x,P) = J;v O(x)x(x)|z|® d . (1.32)

F

Note that we may write ((s,x,®) = ¢(0,x|-|?, ®), which we simply denote
COx[[% @).

Formally, we have

C(s,x,®) = HCU(S,XD,CI%), where (s, xv, Py) = JFX O, ()Xo (2)|2|E d* 2y

” (1.33)
Roughly, what will happen is that the local L factors L, (s, x,) will be the “gcd”
of all local zeta integrals (,(s, xv, Py).

Remark 1.3. A non-unitary Hecke character can always be written as y|-|” for
some o € R and some y unitary. This means that it suffices to understand
¢(s, x, ®) for unitary x; as ¢(s, x|-|, ) = ((s + o, x, D).

On what follows, y will be a unitary Hecke character and ¢ € S(Ar), unless
noted otherwise.

Proposition 1.6. The local zeta integrals ¢, (s, xv, ®,) define holomorphic func-
tions for Re(s) > 0. If x, ®, are unramified, then ¢, (s, xp, p) = (1—X(p)qp’s)_1.

Proof. To prove convergence, it suffices to see that {,..|®,(z)|[z[; d*x con-
verges. Over |z|, > 1, the rapid decay of ®, makes it so that it converges for
all s. Over the compact region |z|, < 1, ®, is bounded, and thus it suffices to
consider S‘xlvs1|x|§ d*z.

12



For v = p non-archimedean, this is

f' | <1|x|§dxx = > j | ey d*e = Dig (1.34)
Tlp< x

k=0 I%lp=ap k=0

which converges for Re(s) > 0. A similar computation proves the last claim
for xp, ®, unramified.

For v real we are looking at {"  [¢[*d

It]
= g” Sé 7"28% dé, both of which converge for Re(s) > 0. O

and for v complex we are looking at

Proposition 1.7. ((s, x, ®) defines a holomorphic function for Re(s) > 1, and
the product decomposition holds for such s.

Proof. This follows from the above, by comparison to the Dedekind zeta func-
tion. O

Proposition 1.8. The local zeta integrals have meromorphic continuation to all
s € C. There exists a meromorphic function ~,(s, xv, ¥y) (independent of ®,,!)
such that

Gu(1—s, X;la i’v) = (8, Xvs Y0)Co (8, Xv, Poy)- (1.35)

Proof. First we prove that such v, exists for Re(s) € (0, 1). For this, we need
D1
to see that the ratios % are independent of ®. By changing x, we

assume s = 0 for notational simplicity. Expanding, we have

G0 H G ) = [ ([ weteten)dy) v Nahas | ool

Fy v
(1.36)

1

and making the substitution = — y~ 'z, this becomes

1
—| || 2wreonesee e dtyas as7)

which is symmetric in ®,, ®/. This proves that 7, (s, xv, 1,) does not depend
on &,.

Now taking ®, resp. &, to vanish in a neighborhood of zero, the integrals
Co(5, Xu, @) TEsp. (y(1—s, x5!, ®,) define holomorphic functions for all s. This
implies that 7, (s, xv, %) is meromorphic for Re(s) < 1 resp. Re(s) > 0. O

Proposition 1.9. ((s, x, ®) has analytic continuation to all s, and is entire unless
X|px 1 is trivial. We have the functional equation
F

A

C('S?Xv <I>) = C(l - 87X_1>(I))' (138)

13



Proof. We write ((s, x, ®) = (1(s, x, ®) + (o(s, x, ) where

Gl ®) = [, M@l do, Glsx.®) = [, W@l a7
|x\£1 \x[il
(1.39)
By the rapid decay of ®, the term (; (s, x, ®) is entire. Now we write

Co(s,x,®) = Z JFX\A; ®(ax)x(x)|z|*d*z = JFX\AI§ ( Z <I>(oz:n)> x(@)|z|* d*z.

aeF> " g« lz|<1 NaeF>
(1.40)
We assume for simplicity that x|, .1 is nontrivial (otherwise one needs to
F

be a bit more careful with the poles). Then
s 1% ! s 1% dt 1 Sdt N
fFX\A; x(@)|z]"d"x :L JFX\A\; X(@)lz]* d*a— :fo X ()t th\A;J x(z)d" z

lz|<1 |z|=t

(1.41)
for some section z; of |-|: A7, — R, and thus this is zero. So we may write
Gl ®) = [, (2 <I><ax>> x(@)|e]* 4 (1.42)
|x|<1F aeF

which by Poisson summation is
1 A (O
®) = — D, e (= *d*a. 1.
Co(s, X, @) fF'x'\A; (m ; (m)) x(x)|z]*d*x (1.43)
z|<1 @

Making the change of variables = > 1/z, this becomes simply ¢ (1 —s, x 7!, ®).
Thus

(5, @) = Gils, X, @) + (u(L —s,x 1, @), (1.44)
which proves that ((s, x, ®) is entire and also proves the functional equation.
]

Corollary 1.10. If S denotes a set of places containing all archimedean ones and
the ones that x or v are ramified, then the partial L-function

L%(s,x) == | | Lu(s,x0) (1.45)
vgS

extends to a meromorphic function to all s, and satisfy the functional equation

L5(s,x) = (H %(&xu,wu)> LS5(1—s,x7") (1.46)

vES

14



In particular, the completed I'(s,y) is meromorphic for all s, and if we
further define

L ’7v(57Xv7¢v)Lv(5aXU) _ Cu (1 — S Xv ) ) C’U(S X’an)v) -
EU(S)X’leU) L —1 - Y
Ly(1 = s,x0 ) Ly(1 = s, x0 ) Ly(s, xv)
(1.47)
then we have the full functional equation
A(s,x) = e(s, )AL —s,x 1) (1.48)

for e(s,x) = [, €(s, Xv,¥v). As the next proposition shows, we can in fact
prove that €,(s, xv, ¥) are of exponential type, i.e. of the form AB?® for some
A, B € C*. Ultimately, this is done by a computation with explicitly chosen ®,,.

Proposition 1.11. Consider ®, € S(F,), and if v is archimedean we assume it
is real analytic at 0. Then the function % is entire. Moreover, there is a

choice of ®, such that both this ratio and €(s, x,) are of exponential type.

Proof. We prove the first part. The second part is proved by choosing particular
functions ®,, and we leave it as an exercise.
If v = p is non-archimedean, we have

Co(s,xp, @ Z s f Dy () xp(x)d . (1.49)
ke Jlel=ay

Since ®,, is compactly supported, the contribution for k large is 0. Since ®,, is
locally constant, the contribution for k£ small enough is Slw\ g O, (0)xp(x)d*x
If x, is ramified, this is zero, and thus (, (s, xp, ®y) is a ﬁmte sum. Similarly, 1f
Xp is unramified, then the difference (, (s, xp, ®p) — Py (0)¢p (5, Xp, char(OF,)) is
a finite sum, and the claim follows.

If v is archimedean, say ®, is real analytic for |z|, < . Since S|x\v>5 O (z)xy(2)|z]f d*x
extends holomorphically to all s, we need to understand the poles of

f () o (2)|2]t d 2. (1.50)
|z|o<e
For v real, consider the Taylor expansion ®,(z) = Y} -, anz". Then we are
looking at
¢ dz
J Z anx"|zl; d*x = QJ Z anx"+8+”” (1.51)
0 n>0 n=0
2‘7’L+6’u

and the poles are such that n+ s+, = 0 for some n with 2 | n+¢, and a,, # 0.

Except for the condition a,, # 0, these are the same poles as I'g (s + v, + €,,) =
q—(strte) /2 (8+l/v+6v)
. )
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For v complex, we are looking at

1 21 re ) ) € dr
27 J ra e 0, (re'?) d*r df = J P = (1.52)
2mJo Jo 0 r
where
1 27 ) )
P(r) = — f ™0, (ret?) d. (1.53)
27T 0

If ©,(z) = X, ;=0 @n,mx" 2™ is the Taylor expansion at 0, then

1 2m ) 3
gb(?”) _ 5 Z ammeze(nu-&-n m),r_n+m _ Z Cmer_n+m (1.54)
™ Jo n,m=0 n,m=0
m—n=ny

So the possible poles are at n + m + 2s + 2, = 0 for some m,n > 0 with
m —n = n, and a,,, # 0. Except for the condition a,,, # 0, these are

precisely the poles of I'c(s + v, + |"2”|) i > (s + vy + @). O

2 Modular forms

2.1 First definitions

Reference: Parts of [DS05, Sections 1.1, 1.2].
Recall that Riemann’s proof of the functional equation for {(z) relies on the
integral representation

w —_—

£(s) = f Wtsﬂf, where 6(z) = Z e~ ™% for Re(z) > 0, (2.1)
0 nez

and on the following functional equation, which is a consequence of Poisson

summation formula

0(z) — \}29(1/2). 2.2)
If we write 7 = iz, then 0(7) has a Fourier expansion
0(r) = Z ¢, forq=e2mT (2.3)
nez.
and satisfies
b(=1/7) = /= 0(). (2.4)

1

So one way to construct functions like ((s) is to look at functions f: H — C
satisfying

16



1. f(r+1) = f(7)
2. f(r) =% f(~1/7) for some k € Z.

If f is also meromorphic, we will see later that (1) implies that f has a Fourier
expansion f(7) = ) ., anq". In the case that this is concentrated at n > 0, we
formally “define”

Ly(s) = L f(it)ts% @2.5)

then we have Ly (s) = (27)7°T'(s) >, and we can “prove” that

an
n>0 ns

Ly(s) = (%) -Lg(k—s). (2.6)

Definition 2.1. We consider the action of GLy(R)" inH := {z € C: Im(z) > 0}
given by the projective transformations

a b ar +b
T = — 2.
<c d> T ct +d 2.7

Note that this is well defined since if 7 = x + iy then

ay(cr +d) — cy(ax +b)  Im(7)det(y) .

- 2.8
ler + d|? ler + d|? 28

Im(y7) =
Definition 2.2. A meromorphic function f: H — C is weakly modular of
weight k for some integer £k if it satisfies

f <<Ccl Z) .T> = (et +d)*f(r) forall (Z’ Z) €SLy(Z), TeH. (2.9)

b

We denote v}, <<Z d

) ,7-> = (e + d)* the automorphy factor of weight k.

Remark 2.1. Note that T' = <(1) 1) and S = ((1) _1) generate the subgroup

0
SL2(Z). We can also check that v (v, 7) satisfy the cocycle condition

vk(7172, 2) = vk(71, 722) vk (72, 2). (2.10)

These mean that the condition f(y7) = vi(v,7)f(7) for all 7 is equivalent to
requiring it only for v € {T', S}.

The SLy(Z)-orbits of H have the fundamental domain {Re(7) € [—1/2,1/2]}n
{|7| > 1}:

17



1.5 |

0.5 1

1 0.5 0.5 1

Proposition 2.1. Let f: H — C be a meromorphic function which satisfies f(7+
1) = f(7). Then f has a Fourier expansion

) =D ang", q=e"". (2.11)

nez

Proof. By Fourier, f(7) has an expansion

f@) =Dl any)q", q=e" (2.12)

neZ

where we write 7 = z+iy. Then % = Ynez 2minay, (y)g™ and % = Dezn(—2man(y)g"+
ar,(y)¢"™) and hence Cauchy-Riemann equations are equivalentto >, _, a,(y)q" =

0. Thus a,(y) are constant. O

Definition 2.3. We say that f as above is holomorphic at « if one of the equiv-
alent conditions is satisfied:

1. the Fourier expansion f(7) = >, _, a,q" is concentrated on n > 0,

neZ

. f,as afunction of ¢, extends holomorphically to the puncture point ¢ = 0,

- limpy ryoo0 f(7) exists,

AW ON

f(7) is bounded as Im(7) — 0.

Definition 2.4. A modular form of weight k is a holomorphic function f: H —
C which is weakly modular of weight &£ and holomorphic at co. We denote by
M}, (SLa(Z)) the space of such functions. We say that f is a cusp form of weight
k if moreover we have ao(f) = 0, and denote by S;(SL2(Z)) the space of such
functions.

18



For v = <CCL Z> € GL(R)* and f: H — C, we denote

(f[VIk) () = det()* (e + d) ™ f(v7). (2.13)

This is so that the weakly modular condition is equivalent to having f[v]x = f
for all v € SLo(Z). More generally, we define

Definition 2.5. For I" € SLy(Z) a subgroup, a meromorphic function f: H —
C is weakly modular of weight k and level T if f[vy], = f forally e T.

Example 2.1. ForT' =T'(2) := {A = I, mod 2}, a fundamental domain is
2

1.5

1 —05 05 1 15 2

We note that there are three cusps: at oo, at 0 and at 1. We want to make
sense of holomorphicity at these cusps.

For I' € SLy(Z) a finite index subgroup, there exists N > 0 such that
((1) T) e T'. Then considering ¢y := €2>™"/V any weakly modular form of
level T has a Fourier expansion f(7) = >, _, an nq} as above, and we can use
this to make sense of holomorphicity at co: namely that this is concentrated
on n > 0. For other cusps ¢ € Q, we can find v € SLya(Z) such that y(c) = o,
and we consider f[v], which is weakly modular for v~ 'I'y. We then say that
f is holomorphic at ¢ if f[v] is holomorphic at co.

Definition 2.6. For I' < SLy(Z) a finite index subgroup, a modular form of
weight k and level T' is holomorphic function f: H — C which is weakly
modular of weight &k and level T" such that f[v]; is holomorphic at oo for all
~v € SLy(Z). We denote M (I") the space of such functions. We say that f is
a cusp form of weight k and level T' if moreover we have ag(f[v]x) = 0 for all
v € SLa(Z), and we denote Si(I") the space of such functions.
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Remark 2.2. We note that [y]p: Mi(I') — My(y~'TI'y) and [y]x: Se(T) —
Sk(y~'Ty).
Example 2.2. For 0(1) = >, _, 5", we have that 6? satisfies

02(—1/7) = —ith*(1), 6*(1 +2) = 6*(7) (2.14)

and is a modular form of weight 1 of level I where I" is the subgroup generated
1 2 1 0
by < > , < ) . To see that, note that

01 21
. (1-z+0) _i2z41) (_2z+1> _ izt g <—1> = (22+1)0(2)
2-2+1 z z & z
(2.15)

We have that I' € T'(2) has index 2, as I'(2) is generated by I and —1I. So #* is
modular of level I'(2). With some more care, one can make sense of 6(7) being
a modular form of “weight 1/2”.

Now we tackle the question of convergence of L¢(s) = Sgo f (z’t)ts%. For-
mally, if f(7) = >.,,cz angR;, We have

Lyls) = (2n)T(s) 3} s (2.16)
nez

Proposition 2.2. Let I' < SLo(Z) be a finite index subgroup and f € Si(T).
Choose N > 0 with ((1) 7) € I', so that f has Fourier expansion f(1) =

Yin=0an(f)ay - Then there exists a constant C' > 0 such that |a,(f)| < C(n/N)k/?
for all n > 0. In particular, Ly (s) converges absolutely for Re(s) > % + 1.

Proof. First we see that Im(7)*/2|f(7)| is I'-invariant:

Im(7) det(v)

k/2 .
EEXE ) [(e7 +d)*f(r)] = Im()|f(7)]. (2.17)

()17 = (
Since f is holomorphic at all cusps, it is bounded near the cusps. More-
over, it decays exponentially at oo since f is a cusp form. This means that
Im(7)*2f(7) is also bounded for Im(7) sufficiently large. Choosing a funda-
mental domain for the I" action on H, we can break it down as a union of
a compact region and of regions near each cusp. The above discussion then
implies that Im(7)*/2| (7)| is bounded for all 7, say

Im(7)/2|f ()] < C". (2.18)
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Now we have
1 N o N1 o
’an(f)‘ _ ’Nf f(IL‘ + iy)672mn(z+zy)/N dz| < C/yk/2f N|ef2ﬂ'ln(m+zy)/N‘ do = C/yfk/2627my/N‘
0 0

(2.19)
Picking out y = N /n gives us |a,(f)| < C"e*"(n/N)*/2. O

Corollary 2.3. If f € Si(SL2(Z)), then L¢(s) extends to an entire function and
satisfies L;(s) = (—1)¥/2-L;(k—s). (Note that k must be even since —I € SLy(Z)
and vg(—I) = (=1)")

Proof. As usual, we write

® dt 1 dt
_ J faned J ranedt (2.20)
1 13 0 13
and rewrite the second term as

szt J f(=1/(it)) t_ f f(it) - (it)Ft—= d (2.21)

This means that

dt
J fit)t f f(it)th=s - (2.22)
Since f(it) decays exponentially, this expression is entire for all s, and we see
that Ly(s) =% - Ly(k — s). O

We will also later establish functional equations for certain modular forms
of smaller levels, but we will have to work a bit harder. Eventually we will
look at modular forms for the subgroups

To(N) = {(i Z) €SLy(Z): c=0 mod N} . (2.23)

2.2 Modular curves and dimension formulas

Reference: Parts of [DSO05, Sections 2, 3].

For this subsection, we only work with modular forms of even weight. One
can also do similar arguments for general weight, but we restrict to the even
case for simplicity. In the case of even weight, we may assume without loss
of generality that all I' € SLy(Z) contain {+/}. For this subsection, we will
always assume that subgroups I' € SLy(Z) are of finite index and contain
{£1}.

We will compute the dimension of the spaces M (I') and Si(I") by relating
them to algebraic geometry.
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Definition 2.7. For I' € SLy(Z), we consider the modular curve Y (I') = I'\'H,
and denote ¢: H — Y (I") the quotient map. This can be given a structure of a
Riemann surface with structure sheaf

Oym(U) ={f:T-U — C: f is holomorphic and I'-invariant}. (2.24)

To write Y(T') in terms of charts, one needs to be careful with the elliptic
points. We refer to [DSO05, Section 2] for a detailed description of Y (T").

Definition 2.8. A point z € H is elliptic for T" if Stabp(z) < T is larger than
{£TI}. We call h, := #Stabr(z)/{£I} the period of 2.

Example 2.3. For I' = SLy(Z), the T'-orbits of elliptic points are represented
by ¢ and w, with periods 2 and 3 respectively. This means that for general T'
elliptic points can only have period 2 or 3, as Stabr(z) & Stabgr,(z) (). For
I' = I'(2) there are no elliptic points.

For p € H, write p for its image in Y (I"). Call ¢; a uniformizer at the point
p. The structure of Y'(I') as a Riemann surface is such that the meromorphic

function H — Y (I) , P!(C) vanishes to order h, on p.
Definition 2.9. We denote H* := H u P!(Q). This carries an a action of

GL2(Q)*, and for I' < SL2(Z) we denote X (I') := I'\H* the compactified
modular curve. This carries the structure of a compact Riemann surface.

Again, we refer to [DS05, Section 2] for more details on this. If Stabp(c0) =

{i (é ]\i*) } , then a uniformizer at @ is gy := ¢2™#/N_ We call N the width

of the cusp.

Remark 2.3. Really, the better way to think about Y'(I') and X (I") is as a stacky
quotient. In this viewpoint, what we are considering here corresponds to the
coarse space attached to the stacky quotient.

Proposition 2.4. f: H — C is weakly modular of weight 2k and level T' if and
only if wy(2) := f(2)(dz)* descends to a differential on Y (T'). Furthermore, f is
meromorphic at all cusps if and only if wy(z) further extends to X (I).

Proof. This follows at once from the computation that

d;‘j*g a(cz +d) — c(az +b) _
d,;r B (cz +d)? ==+ D™ (2:29)
as then
k
F05) = v G) = J02) = 1) () = wrs) = sl
(2.26)
O
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Given this, one maybe expect an identification of M}, (T") and H°(X (I"), Q®*).
However, this is not quite correct. One has to be careful with the elliptic points
and with the cusps.

* For cusps: we look at oo for simplicity. If it has width N, then we write
wr(2) = g(2)(dgn)*. Note that 9 = 2Tigy 50 dz ~ dqq—NN. This means
that

orde (wy) = ordy (f) — k. (2.27)

* For elliptic points: we write wy(z) = g(z)(dtp)k. If ¢, is a uniformizer
at p, then we have t; ~ t]’,}p, and thus dt; ~ tzp_l dt,. Hence g(z) ~

gorde(D=k =1 41}k and thus
ordy(wy) = —(ordy(f) — k(hy — 1)) = X _ <1 _ 1) . (2.28)
hy hp hp
Corollary 2.5. Denote
D= > p+ D> (1-1/h) peDiv(XI)®Q  (2.29)
peX (T) cusp peX (T) elliptic
and De = 3 },c x(r) cusp P € Div(X(I')). Then we have identifications
Mo (T) ~ HO(X(), Q¥%(|kD])),  Sax(T) ~ HO(X(T), Q¥ (|kD] — D.)).

(2.30)
In particular, Moy (T) is finite dimensional.

The above computation also has the following interesting consequence. We
denote by ¢;, the number of elliptic points of X (I') of period h, and by ¢, the
number of cusps of X (I).

Theorem 2.6 (Valence formula). Let f € Ms,(T"). In fact, we may let f be
weakly modular and meromorphic at all cusps. Then

Yoo+ Y “d,f(”=k-(2<g—1>+€2+2€3+eoo>.

peX (T') cusp peX (T') non cusp p 2 3
(2.31)

Proof. We have div(wy) ~ k- Kx ), for a canonical divisor K x(ry, which has
degree k - 2(g — 1). Thus

D ordp(wy) = k-2(g — 1), (2.32)
peX(T)
and the claim follows from the above discussion. O
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Remark 2.4. For p a cusp of width N, choose 7 - p = . Then we are defining
ord,(f) to be such that, in the Fourier expansion (f[v]x)(2) = X,cz anqR, We
have a,, = 0 for n < ord,(f) and a,, # 0 for n = ord,(f). It is important to
take the Fourier expansion with respect to gy .

Given this, we can use Riemann-Roch to study the dimensions of the spaces
Moy (T).

Proposition 2.7. Denote d = [SLy(Z): '] the degree of the map X(I') —
X (SL2(Z)). Then

gXT) =1+ — -2 _ 5B _ o (2.33)

Proof. First note that X (SLy(Z)) has genus 0 (as can be easily seen topolog-
ically by the description of the fundamental domain). Riemann-Hurwitz for
the finite map X (I') — X (SL2(Z)) tells us that

29—2=—-2d+ > (ex—1), (2.34)
zeX(T)

The only possible ramified points are the cusps and the elliptic points, which
are above one of y = i, y3 = w and y,, = 0. For h € {2, 3} we write

d= > ex=(#f"n) —en) htey-1 (2.35)
zef~(yn)
and thus
d—#f" ) = D, (ex—1) = (h=1)(#f  (yn) — en)- (2.36)
zef~(yn)

This allow us to write

1
Do (ea—1) = <1 - h) (d—ep). (2.37)
zef~1(yn)
We similarly have
D1 (ea—1) =d—#fH(0) = d — ex. (2.38)
zef~1(yw)
Now the claim follows. O]

Corollary 2.8. We may rewrite the valence formula as

d kd
D ordy(f) + > Or}fp(f):(s. (2.39)

peX (T') cusp peX (T') non cusp
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Remark 2.5. Warning: I am not 100% sure if the following is correct, so take
this remark with a grain of salt.! Thinking in terms of stacks, the left hand
side is the “natural” way to count zeroes, and so it should be equal to the
(stacky) degree of the line bundle Q®* on X (I')gck.” This degree is kd times
the (stacky) degree of Q2 on X (SLy(Z))sack- The (stacky) degree of the canon-
ical bundle 2 is minus the (stacky) Euler characteristic. This can be computed
with cell decompositions as x = > ..jis %7 and applying this to the fun-
damental domain

w w+1

1

we have: i) 3 vertices, with stabilizers of size 2, 3, o0, ii) 2 edges with stabilizers
of size 1 and iii) 1 face with stabilizer of size 1. Thus

1 1 1
X:(§+§+0)_(1+1)+(1):_6‘ (2.40)
For k = 1, we get
S(I') = HO(X(I),9), (2.41)

which has dimension g(X (I")). In all other cases, it turns out that the computa-
tion is reduced to the simpler form of Riemann-Roch that /(D) = deg(D)—g+1
for deg(D) > 2¢g — 2. Explicitly, this is

Theorem 2.9. For k > 1 we have
dim Moy (T) = (2k — 1)(g — 1) + |k/2]e2 + [2k/3|e3 + ke, (2.42)
and for k = 2 we have

dim Sy, (T) = dim Moy (T) — €co. (2.43)

IMore precisely, I am not sure how the cusps behave on the stacky framework, since they have
infinite stabilizers. The reasoning I am outlining here definitely work if all stabilizers were finite
(Deligne-Mumford stacks, or orbifolds), but I am assuming a similar reasoning also works in this

more general case.

2Here, X (I")stack is the stacky quotient I'\H* for I the image of I' on PSLy(Z), so that the generic
automorphism group has size 1. If one considers I'\SL,(Z) then the generic automorphism group

has size 2, and the left hand side is twice the “natural” count of zeroes.
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Example 2.4. For I" = SLs(Z), we have g(X (SL2(Z))) = 0, and

|k/6] +1 ifk#1 mod 6,
|k/6] ifk=1 mod 6.

(2.44)
Example 2.5. Looking at the fundamental domain of X (I'(2)), we see that
d=6,e3 =€3 =0and ey, = 3. Thus g(X(I'(2))) = 0, and

dim Moy (T'(2)) = k + 1. (2.45)

dim Moy (T) = 1 — 2k + |k/2] + |2k/3| + k = {

2.3 Modular forms of level SLy(7Z)

Reference: [DSO05, Sections 1.1, 1.2].

Later, we will see that the spaces Y (SL2(Z)), and more generally Y (I'g(V)),
are moduli spaces of elliptic curves. What follows is a first step towards the
proof of that.

Proposition 2.10. We have a bijection
Y (SLy(Z)) < {lattices in C}/homothety. (2.46)

given by 7 — 7 ® Zr.
Furthermore, there is a bijection

{f:H — C: f[y]x = f forall v € SLy(Z)} < {F': {lattices in C} — C: F(AA) = \"*F(A)}.
(2.47)
where F corresponds to f(1) = F(Z® Zt).

Proof. For the first bijection, it is easy to see that 7 — A, := Z @ Zr is surjec-
tive. Now if
A, =AM, (2.48)

this means that there is (ch b) € GLy(Z) such that

d

(0= 049

and in particular A = ¢r +d and 77 = g:j:g Note that (Z Z) € GLy(Z)* =

SLo(Z), as both 7 and 7" have positive imaginary part.
For the second claim, consider 7,7" € H, v € SLg(Z) and A\ € C* with
7" = y7 and A, = A\, then as above we have \* = v (v, 7), and thus

F(A;) =XT*F(A) <= f(7) =v(y,7) " f(y7). (2.50)
O
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Similarly, we have

a b

Proposition 2.11. Denote I'y(N) := {(c d) € SLa(Z): ¢ =0 mod N} . Then

we have a bijection

Y(To(N)) < {(A1,A2): Ay € Ay < C are lattices, Ao/A ~ Z/NZ}/homothety

(2.51)
which is given by
1
T— (Z®Zr, NZ(—BZT). (2.52)
We can use these descriptions to construct modular forms.
Definition 2.10. For k > 2, we consider the Eisenstein series
1

Gor(A) := )] = (2.53)

AEA\{0}

Under the above, this corresponds to a function Go: H — C given by

Goy(T) = > B (2.54)

2k
ez VT T

which is of weight 2k for SLy(Z).

Remark 2.6. For k = 1, this expression does not converge absolutely, and hence
will fail to satisfy the transformation property for modular forms. We can still
consider it as a conditionally convergent sum:

1
Go(T) =202+ > > ——3 (2.55)
neZ\{0} meZ (nT + m)
It is not hard to compute that
lim  Gox(7) = 2¢(2k), (2.56)

Im(7)—00

and hence that Gy, € Mo, (SLa(Z)) for k > 2. For k = 1, one can prove that G
satisfies the following instead:

Proposition 2.12 ([DSO05, Exercise 1.2.8]). Ga(7) — ﬁ is weight-2 invariant
for SLa(Z). In other words,

2mic
et +d’

(Ga[7]2)(T) = Ga(T) — (2.57)
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Proposition 2.13. We have ), M (SL2(Z)) = C[Gy, Gg].
Proof. First we compare dimensions. We need to see that
dim M (SLa(Z)) = #{a,b € Zsq: 4a + 6b = k}. (2.58)

This can be proved by induction on &, as dim M 15(SL2(Z)) = 1+dim My (SL2(Z))
and

#{a,beZzo: 4a+6b=Fk+ 12} =1+ #{a € Z=p,be Zz2: 4a + 6b =k + 12}
(2.59)
which is simply 1 + #{a,b € Z>: 4a+ 6b = k}. It remains to prove that G4, G
are algebraically independent.
By the valence formula, we have

OrdiQ(G” + Ord“?)(G“) + Y ordy(Gy) = % - % (2.60)
peX (D)0}

hence the only zero of G4 is at w, of order 1. Similarly, we have

ord;(Gg) ordy(Gg) 3 1
sttt D ordy(Ge) == = (2.61)

. 6 2’
peX(D)\{z,0}

so the only zero of Gg is at i, of order 1. Now assume F' € C[z,y]| was such
that F'(G4,G¢) = 0. By declaring deg(z) = 4,deg(y) = 6, we may write
F(x,y) = > Fx(z,y) where Fi(z,y) has degree k. Now ), Fj(G4,Gs) is a
sum of modular forms Fj, (G4, Gg) of differing weights, and it we can see that
this implies that each Fj (G4, Gg) is zero: we have

0 = F(G4,G6)(v7) = Y | Fu(Ga, Gs)(77) = D (e + d)* Fy(G4, Ge) (7). (2.62)
k k

Since this is true for all v € SL2(Z), we have that each F}, (G4, Gg) is identically
zero. Hence we may assume without loss of generality that F' = F}, for some
k.

We may also assume without loss of generality that = { F. Then plugging
in i, we get 0 = F(Ga(7),Ge(i)) = F(G4(3),0). But since = 1 F' and G4(i) # 0,
this is a contradiction. O]

The first nonzero cusp form is in S12(SL2(Z)), which is a multiple of

<2f(i)>3 - <2<G(66)>2' (2.63)
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Definition 2.11. We define

A= (27:)12((60(;4)3 — 27(140G¢)?) (2.64)

the Ramanujan Delta function, which is an element of S12(SL2(Z)). This is
uniquely characterized by A € S12(SL2(Z)) and a1 (A) = 1.

By the valence formula, we must have that A has a simple zero at oo, and
is nonvanishing at H.

Proposition 2.14. We have

=gq H (1—-4") (2.65)
Proof. From the homework, we have

271'2
Gar(r) = 20(2h) + 205 ,n;a% | (2.66)

for all £ > 1. Using this, we see that a;(A) = 1. Since dim S12(SL2(Z)) = 1, it
now suffices to prove that n(z) := ¢"/* 7, (1 — ¢") satisfies

n(=1/z) = V—iz-n(z) (2.67)

where the branch of /- is such that v/—iz is 1 for z = i. It turns out that this is
equivalent to the transformation property for G,. We have

dp 17 1 n (1 q" B 1
sy S St - ( Z(Zd

=1 n=zl \d|n
(2.68)
and so q ) q ,
D 6, M ta,.
R L (2.69)
Taking dlog of n(—1/z) = v/—iz - n(z), it suffices to prove that
d d
( 1)) = 5+ ). (2.70)
This is equivalent to
27 9 .
Ga(—1/z)d(—1/z) = Ga(z)dz — 7dz — Ga(—1/z) = 2°Ga(z) — 2miz.
(2.71)
O
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Definition 2.12. Define

) Ga(1)3 1 )
=)~ 4744 + 19884q + 214 (272
3(7) @) AG) "4 + 744 + 19884¢q + 21493760¢> + (2.72)

Since A: H — C is nonvanishing, j is a holomorphic function j: Y (SLy(Z)) —
C.

Proposition 2.15. j: X(SLy(Z)) — P(C) is an isomorphism. In other words,
we have C(X (SLa(Z))) = C(j5).

Proof. For ¢ € C we consider j — c: H — C. As j — ¢ has a simple pole at
oo, the valence formula applied to j — ¢ says that there is exactly one point
T. € H such that j(r.) = c. Similarly, the only pole of j is at oo, and thus
j: X(SL2(Z)) — P!(C) is a bijection, hence an isomorphism. O

3 Elliptic curves

3.1 Geometry of elliptic curves

Reference: [Sil09, Sections II1.2-111.4].
Let k be a field, and E/k be an elliptic curve.

Proposition 3.1. FE is isomorphic to the projective curve defined by a cubic equa-
tion of the form

y2 +a1xy + asy = 2 + agr? + ayx + ag (3.1

for some ay, az, as, aq, as € k, where O corresponds to the point [0 : 1 : 0]. This is
called a Weierstral® form.

Proof. We apply Riemann—-Roch for the divisors D = nO. First note that if D
is a divisor with deg(D) > 0, we have

(D) — (K — D) = deg(D) — g + 1 = deg(D), (3.2)

and since deg(K — D) = 2g — 2 — deg(D) = —deg(D) < 0, we conclude that
I(D) = deg(D).

We have £(O) = k, and we choose functions z, y such that £(20) = k®k-x,
L(30) = k®k-2®k-y. Then for D = 60, we have 1, z, 22, 23, y, 2y, y* € L(60),
and so they must be linearly dependent. Both 23 and y? must be part of
the relation since they have poles of order exactly 6. Scaling =,y we get the
equation of the form above, say

%+ aizy + asy = 2° + agx® + agx + ag. (3.3)
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This gives a map E — V(f) < P?(z,y) for f as above. Since both V(f) —
P!(z) and E — P!(z) have degree 2, the map E — V(f) has degree 1. Since f
is a cubic, we have either that V(f) is smooth, in which case £ — V(f) is an
isomorphism, or that V(f) is birational to a smooth curve of genus 0. In the
later case, E would be birational (and hence isomorphic) to a smooth curve of
genus 0, which is not the case. O

Upon choosing a Weierstral3 form, we have the chord-and-tangent con-
struction

-2 1

The following is a more natural description of this group law, which in par-
ticular proves it is associative and independent of the choice of Weierstrald
form.

Proposition 3.2. We consider the map E(k) — Pic’(E)(k) given by P +— (P) —
(O). This is a bijection of sets, which endow E(k) with an abelian group structure.
Moreover, this extends to an algebraic maps m: E x E — E and [-1]: E — E,
making E into a group variety.

Proof. If this was not injective, we would have (P) ~ (Q) for some P # Q.
this would give us a degree 1 map £ — P!, which would be an isomorphism.

Now if we have a Weierstrass form, we note that the chord-and-tangent
construction satisfies that (P) + (Q) ~ (P + @) — (O): if 1,1 are the linear
equations defining the two dotted lines above, we have div(l;/ls) = (P) +
(Q) — (P + Q) — (O). In other words, this is the same group structure coming
from the map E(k) — Pic(E)(k). This makes it clear that this group structure
extends to algebraic maps m: £ x F — E and [-1]: F — E.
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Surjectivity of E(k) — Pic’(E)(k) also follows from the chord-and-tangent
construction for a Weierstral3 form: a general divisor

(P1) + -+ (P) = (Q1) — - (Qr), (3.4

by repeatedly using the chord and tangent construction, is linearly equivalent
to(PL+--+P —-Q1—-—Qy)—(0). O

Definition 3.1. An isogeny f: E1 — FE» between elliptic curves is an algebraic
map with f(O;) = Os.

Note that for P € E>; we may consider the morphism 7p: Ey — E, given
by translation by P. With that, it is easy to see that any morphism g: F; — F»
factors uniquely as g = 7p o f where P = g(O1) and f = 7_p o g is an isogeny.

Proposition 3.3. Let f: E; — E, be an isogeny of elliptic curves. Then f respects
the group structures.

Proof. This follows at once from the functoriality of Pic’: We have a commu-
tative diagram

El%EQ

l l (3.5)

Pic(Ey) —* Pic"(E»)

Example 3.1. We have the following examples concerning isogenies.

1. 0: E — E' the constant map to O'.

2. For m € Z, we have the multiplication-by-m maps [m]: E — E: for
m=0,[m|P=P+P+---+ Pandform <0, [m] =[-1]o[—-m].

3. If char(k) = p > 0, we have the Frobenius map ¢: £ — E® . This has
degree p. If k is perfect, this corresponds to k(E®)) = k(E)’ < k(F) in
terms of function fields.

Proposition 3.4. If char(k) = p > 0 and k is perfect, any nongzero isogeny
Ey — E5 factors uniquely up to isomorphism as Fi; — E%p RN E5 where
E%p ) By is separable.

Proof. More generally, it is true that if f: C; — (5 is a morphism between

smooth curves, then f factors uniquely as C; — C{p D, C5 where C’l(p RSN Oy
is separable. To see this, consider the function fields K1 = k(C}) and Ky =
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k(C2). Then f corresponds to an inclusion Ky € K;. We let K3 € K; denote
the separable closure of K5 in K7, and let C3 be the corresponding smooth
curve with k(C3) = K3. This gives the factorization f: Cy — C3 — Cs, where
C1 — (5 is purely inseparable and C5 — C, is separable.

It remains to see that a purely inseparable map g: C; — (3 is a power of
the Frobenius. In terms of function fields, we have [K;: K3] = degg, and this
must be a power of p, say ¢ = p". Then K{ < Kjs, as if € K, its minimal
polynomial over K3 is of the form zP° — a with e < r for some a € K3. So
g factors as C; — C’f‘n — (3, and considering the degrees, CY’) — (3 has
degree 1, and hence is an isomorphism. O

Proposition 3.5. Assume k is perfect and let E/k be an elliptic curve. There is
an Gal(k/k)-equivariant equivalence of categories

{separable isogenies f: E — E' over k} < {finite subgroups ® < E(k)}
(3.6)
such that if fo and @ correspond, then ® = ker fo := fg Y(0"). In particular, if
® < E(k) is Gal(k/k)-stable, then fg is defined over k.

Proof. For each T € @, we consider the translation morphism 7r: £ — E. This
induces an isomorphism of function fields 7} € Aut(k(E)). Denote k(E)® <
k(E) the subfield fixed by such 73 for all P € ®. By Galois theory, k(E)/k(E)®
is Galois with Galois group ®. Let fo: E — E’ be the map of smooth curves
corresponding to this field inclusion.

We note that fg is unramified. If ¢ € k(E') and T € ®, we have ¢(fo(P +
7)) = ¢(fo(rr(P))) = (¢ o fa)(P), where ¢ o fo € k(E) is an element of
k(E)®, and thus ¢(fo(P + T)) = ¢(fs(P)). Thus fo(P + T) = fo(P) for all
Ted. IfQe FE and fo(P) = Q, then f3'(Q) 2 {P + T: T € &}, as so this
is an equality as #® = deg f¢. In particular, f is unramified everywhere. By
Riemann-Hurwitz, we have

29(E) —2 = (29(E') — 2) - deg fo (3.7)
and thus g(E') = 1. O

Let Isog(E1, FEy) denote the set of isogenies between F; and Es. It is an
abelian group via (¢ + ¢)(P) := ¢(P) + ¢(P).

Proposition 3.6. There is a unique duality (\) Isog(E1, E2) — Isog(Es, E1)
such that 0 = 0 and such that ¢ o ¢ = [deg(¢)]. It satisfies deg(¢) = deg(¢) and

$=¢.Wealsohavewzq3+d.
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Remark 3.1. For abelian varieties, the group variety Pic’(A) is not necessarily
isomorphic to A. It is instead called the dual abelian variety A. One still has a
duality as above: Isog(A1, As) ~ Isog(Asa, Ay).

Proof. Uniqueness is clear since if ¢ is nonzero and ¢ o f = ¢ o g, then we
would have that ¢ o (f — g) = 0, and thus that f — g = 0 since otherwise it
would be surjective and then we would conclude ¢ = 0.

We saw before that we have a canonical identification £ ~ Pic’(E) as
group varieties. Now an isogeny ¢: E; — E», induces a pullback map ¢*: Pic’(FE,) —
Pic’(E,), which we may think of as a map q@: Ey — FEj.

Now the composition qSo&: E5 — FEj is identified with ¢, 0 ¢*: PiCO(EQ) —
Pic’(E}). We can easily compute ¢ o ¢*: Div(FEy) — Div(E):

(909" )(P) = ¢ ( > 6@'@) = D, Q) = ( > eQ)'P deg ¢-P
)

Qep~ (P Qep~1(P) Qep1(P)
(3.8)

and thus ¢ o ¢ = [deg @].
We now prove that ¢ + 1) = ¢ + 1b. We can write ¢ + ¢: E; — FE, as the
composition

E1£E1XE1ME2XE2£>E2 (39)

and thus if £ e PiCO(EQ), we have

(p+¢)* L = A%, ¥)"'m* L = A%(¢, )" (LRKL) = A% (¢* LK™ L) = ¢*LRY™L.
(3.10)

The second equality requires an argument. Consider the line bundle M (L) :=

m*L ® priL~t @ pr5L~!, which we wish to see is trivial. For P € E,, we
considerip: E ~ P x E — E x E. Then

PISM(L) =ThLR LT (3.11)
Now if £ is the line bundle O(Q) for some @ € E,, we have
ipM(O(Q)) =0(Q - P)®O(Q)™

and since (Q—P)—(Q) ~ (—P)—(0), we have i, M (O(Q)) = O((—P)—(0)).
So in general, if £ € Pic(Es2) we have it M (L) = O((—P) — (0))®ds L, If
L € Pic’(Es), we conclude that i%M (L) is trivial for all P. This means that
M (L) ~ pri(L’) for some L'. Applying the same argument but switching pr,
and pr,, we conclude that M (L) is trivial.

This implies that [7n\] = [m], and in particular deg[m] = m?. Now

(deg ¢)* = deg[deg ¢] = deg ¢ - deg & (3.12)
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and thus deg ¢ = deg ¢. Finally, we have

>

RSN

[deg ¢] = [deg @] = (o )" = do o, (3.13)

O]

Remark 3.2. Restricting to separable morphisms, if ¢ corresponds to & <
E;(k), then ¢ corresponds to ¢(F;[deg¢]) < Fao(k). This gives an alternate
approach to prove this proposition: We construct ¢ for separable ¢ as above.
For the Frobenius Frob: E — E®) one proves that [p] is inseparable (as if
w is a holomorphic differential, we have [p]*w = pw = 0 as per homework),
and so [p] = Ver o Frob for some isogeny Ver: E() — F called Verschiebung,
which Frob is defined to be. It is a bit trickier to prove that ¢ + ¢ = ¢+ 1) with
these definitions, but this can be done cleanly with Tate modules and the Weil
pairing, as we will see later.

3.2 Weierstrald equations

Reference: [Sil09, Sections III.1].
Let k be a field. We consider a projective curve

E:y? 4+ a1zy + agy = 23+ asz? + aux + ag (3.14)

where ai,ag,as, a4, a6 € k.
In the case that char(k) # 2,3 there exists a change of coordinates y —
2
— W%‘S), T T — ‘“J{;‘M so that F is defined by E: y? = 23 + Az + B for
some polynomials A, B € Z[%][al, ag, as, a4, ag).

Definition 3.2. We denote

3
A = —16(4A% +27B%), j= —1728(42). (3.15)

We note that A, jA € Z[ay, ag, a3, aq, ag|, so they still make sense for general
k.

Proposition 3.7. E is a nonsingular projective curve if and only if A # 0.

Proof. This is a straightforward computation, which is easy if char(k) # 2, 3.
]

Proposition 3.8. j does not depend on the choice of Weierstrafs model of E.
Moreover, j is a complete invariant for isomorphism classes of elliptic curves over
k. We call j(F) the j-invariant of E.
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Proof. This follows from analyzing possible isomorphisms between Weierstraf3
models. In the simple form y? = x3 + Az + B, they are all changes of variables
r — u2z and y — u3y for some u € k, which correspond to A — u*A
and B — u%B. For char(k) € {2,3} one needs to be more careful with the
computations.

Given a j € k, one can also construct an elliptic curve with this j-invariant,

namely

36 1
2 3

g~ . 3.16
Yoy = st T o128 (3.16)

if j # 0,1728, and y? + y = 22, y? = 2 + 2 for the remaining two values. [

3.3 Elliptic curves over C

Reference: [Sil09, Chapter VI], or [DS05, Sections 1.3-1.5].
The main result we want to prove is the following.

Theorem 3.9. The category of elliptic curves over C (with morphisms given by
isogenies) is equivalent to the category of lattices {A < C} with morphisms given
by

HOID(Al,AQ) = {a e C: OéAl c A2} (317)

If Ep and A are matching objects, we have an isomorphism of Riemann surfaces
EA(C) ~ C/A which respect the group structures and is also compatible with
morphisms.

Together with Propositions 2.10, 2.11 and 3.5, this also give us the follow-
ing.
Corollary 3.10. We have
Y (SL2(Z)) < {E/C}/ ~ (3.18)
and

Y (Ty(N)) < {E1 — E» cyclic isogeny of degree N}/ ~

3.19
— {(E,C): C < E is a subgroup isomorphic to Z/N7}/ ~ . ( )

There are a few ways of approaching this. The fact that every C/A is iso-
morphic to some E (C) is an instance of Riemann’s existence theorem: compact
Riemann surfaces are algebraic varieties. The converse is an example of uni-
formization. We will present proofs which use some of the work on modular
forms for SLy(Z) that we did above, although there are also approaches that
do not involve modular forms.
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Existence. In order to prove that C/A are algebraic varieties, we need to con-
struct enough functions C/A — C. This is the study of elliptic functions. Denote

1 1 1
or()= 5+ D e (3.20)
2 e (z—=N) A
the Weierstrafs p-function of A.
Note that ¢/ (2) = —23],ca ﬁ is A-periodic, with triple zeroes at A

and simple zeroes at %A\A. From this periodicity, we have that p)(z + \) =
oA(2) + ¢(\) for A € A and constants ¢(A). Since g, is even, we can plug in
z = —\/2 to conclude that ¢(\) = 0. That is, p, is also A-periodic.

By integrating @/ /(pa — c) on a fundamental domain of A, we have that
pa — ¢ must have exactly two zeroes modulo A. Since g, is even, these are
either two simple zeroes z, —z with z ¢ %A, or a double zero at z € %A\A.

So analyzing zeroes and poles we have

Wh()?=C ] (palz) —pa(N) = Flpa) (3.21)
Ae(3A/M)\{0}

for a cubic F'(z) € C[z]. With a bit more work, we can see that the map
[pa @ @) @ 1]: C/A — P?(C) (3.22)
identifies C/A with the closed subvariety of P?(C) cut out by y? = F(z). O

Remark 3.3. We can compute this cubic F explicitly from the Taylor expansion
of px. We have

1 1 1 1
_ I _ = ny—(n+2)
prA(x) =5+ D 3 <(1_Z/A)2 1) S+, D (1A,
AeA\{0} n=1xeA\{0} ( )
3.23

and thus

1

oa(z) = o) + Z 22 (2n + 1)Gogne1)(A). (3.24)
n=1

Matching the first terms, we can compute that F(z) = 42° — 60G4(A)x —

140G¢(A). The discriminant of this WeierstraR equation is (47)'2A(A), and it’s

j-invariant is j(A). The fact that F' does not have repeated roots is equivalent

to A being non-vanishing, which we saw before.

Uniformization. Under the construction A — FE, above, the j invariant of E
is simply j(A) because of the above remark. As we saw before, given any ¢ € C
there is A with j(A) = ¢, and thus any elliptic curve over C is isomorphic to
some Fy. OJ

37



Remark 3.4. We can also approach uniformization by thinking of Pic’(E) as
the Jacobian of E:

HO(E(C), )*
H,(E(C),Z)
as dimc H°(E(C),Q) = g(E) = 1. and H{(E(C), Z) is a free Z-module of rank

2.

E(C) ~ Pic’(E)(C) = Jac(E) = ~ C/A (3.25)

4 Automorphic representations of GL

4.1 Adelic quotients of GL, and modular curves

Theorem 4.1 (Strong approximation for SLy). Let F' be a number field. Then
SLy(F') is dense in SLa(Ap y).
Proof. Let N* = { (é D } and N~ = { (i ?) } be unipotent subgroups of
Lo.

Then we have that SLy(Af s) is generated by N* (A s). This is because
SLy(Fy) is generated by N*(F,) and SLy(0y) is generated by N*(O,).

Let Z be the closure of SLy(F') in SLa(Af ¢). Then Z contains the closure of
N=*(F). By strong approximation for G, (i.e. the Chinese remainder theorem),

such closures are N*(Ap ). Since Z is a subgroup, we conclude that Z =
SLa(AFf). O

Now if K < SLy(Ay) is an open compact, the above theorem tells us that
SLa(Af) = SLo(Q)K and thus that

SL2(Q)\SL2(A)/K = SL2(Q)\ (SL2(R) x SL2(Q)K/K) = I'\SLy(R)  (4.1)

where I' = SLy(Q) n K.
Since ‘H = SLy(R)/SO2(R), we have for K, = SO2(R) that

SLo(Q)\SLa(A)/(K x Ky) = T\H = Y/(I). (4.2)

Definition 4.1. For N € Z=, consider the reduction-mod-N map redy : SLy(Z) —

SL2(Z/NZ). We consider the subgroups

o, - ({ )} e

We say that I' © SLo(Z) is a congruent subgroup if it contains I'(/V) for some V.
In the homework you will check that I" is congruent if and only if there exists
K as above with I" = SLy(Q) n K.
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Example 4.1. Denote K(N), K{(N), Ko(N) < SLa(Af) to be the subgroups

1 0 1 = * %
of elements of | [, SL2(Z,) congruent to (0 1) , <O 1> , <0 *) modulo N.
Then I'7(N) = SL2(Q) n K+ (V) for all three subscripts ? € {7, 1, 0}.

Remark 4.1. There exist finite index subgroups of SLy(Z) which are not con-
gruent subgroups. The arithmeticity of modular forms behaves wildly different
for congruent and non-congruent subgroups. For example, if " is congruent
then M (T') has a basis of forms with algebraically integral Fourier expansion.
Conversely, if a modular form f has algebraically integral Fourier expansion,
then it is modular for some congruence subgroup.®

In some cases, it is preferable to consider GL- instead of SLs.

Proposition 4.2. For a number field F, let K < GLy(AF,f) be an open compact
subgroup. Then the determinant map

det: GLo(F)\GLa2(Apf)/K — F*\Ap ¢/ det(K) (4.4)
is a bijection.

Proof. The mabp is clearly surjective.

Suppose GLa(F)g1 K and GLy(F')g2 K have the same image. This means
that det(g;) € F* det(g2) det(K). So we can find z € GL2(F') and y € K such
that det(g1) = det(xzgoy). Call t = zgoy.

Since SLy(F) is dense in SLa(Af f), it intersects nontrivially with g1t~} (tKt 1 n
SLa(Ar ). In particular, there are a € SLo(F) and b € K with g1t~ (tbt™!) =
a. Rearranging, this is g1 = axgoyb™! € GLo(F)go K. O

Remark 4.2. Since FX\A;J/OAF ~ CI(F), for open compacts K with det(K) =

Or we have
|GL2(F)\GLa2(Ap )/ K| = #CI(F). (4.5)

Proposition 4.3. Let K = GL2(A) be an open compact subgroup with det(K) =
Z. We denote Z <= GLg the center, and by Z(R)* < Z(R) the elements with posi-
tive entries. The natural inclusion SLa(R) — GLy(R) induces a homeomorphism

T\SLy(R) ~ Z(R)* GLy(Q)\GLa(A)/K. (4.6)

where I' = K n SL2(Q).

3This is the “Unbounded denominators conjecture”, recently proved by Calegari-Dimitrov-Tang.
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Proof. By approximation, we have GL2(A) = GL2(Q)GL2(R) K. Since GL2(Q)
contains elements with negative determinant, we may also write GLa(A) =
GL2(Q)GL2(R)™ K. So the right hand side is

Z(R)"GLy(Q)\GL2(Q)GL2(R) " K/K = (Z(R)"T)\GLa(R) " 4.7)

for ' = K n GL2(Q)*. Note that K < [[,GL2(Z,), and thus T' = K n
GL2(Z)t = K n SLy(Z) = K n SL2(Q). Now the claim follows as SLy(R) =
Z(R)"\GL2(R)*. O

Example 4.2. Denote K1(N), Ko(IN) & GL2(Ay) to be the subgroups of ele-

*

ments of | [, GL2(Z,) congruent to (8 ;) , (0 :) modulo N. ThenT';(N) =
SL2(Q) n K+(N) for the two subscripts ? € {1, 0}.

4.2 Automorphic forms and representations

Reference: [Bum97, Sections 3.2, 3.3].
Let f: H — C be a modular form for a congruence subgroup I' = SLy(Q) n
K of weight k. We consider the function F': GLy(R)*™ — C given by

F(g) = t(g,1) " f(g - ). (4.8)

—k/2

where 7y (g, z) := det(g) "/ “vk (g, z). We note the following:

1. 1y satisfies Ui (g192, 2) = Uk(91, 922)Vk (92, 2), and so F is built so that the
relation f(vz) = vx(y, 2z) f(2) translates to F(yg) = F(g). Note also that
vk(g,4) is Z(R)* invariant. So we may think of F' as a function

F: (Z(R)'T)\GLo(R)" = Z(R)" GLy(Q)\GL2(A)/K — C.  (4.9)

2. Fis not SO(2)-invariant on the right, and rather satisfies

Flat) = malatsi)lot-0) = 2550 Fg) = (0,i) TFla). te SO,
(4.10)

We write SO(2) = {( cos sin0> } Mandift = (COSG —sin 9) , we

—sin@ cos6 sinff cos@
have ,(t,4) " = ¢*. Hence F(gt) = ¢’*F(g).

“Note that this is parametrizing SO(2) clockwise. This unusual convention is so that the character
at the end is e?*?.
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3. Since f is holomorph1c it satisfies the Cauchy-Riemann equation: if we
denote % = 695 + i< a , we have af = 0. This is translated to an expres-
sion for F' involving "the Lie algebra action of gly ¢ in C*(GL2(R),C).
We recall that this action is given as follows: for X € gl, and G €
C*(GLy(R),C), we consider the function XG € C*(GL2(R),C) given

by
d
XG(g) = aG(gexp(tX))\tzo. (4.11)

We denote R, L, H, Z the following generators of gl, :
1 1 — 0 —2 1 0
(o h) =G n) =0 9) -6

(4.12)
Under the coordinates

_fa O Y2 gy 12 cosf sinf
_<0 a><0 y1/2 ) \~sin® cosh)’ (4.13)

—k/2 o —ik0

we have 7y (g,1) = y and we can compute that

; 0 0 0 ; 0 0
__—2i0 _ 20 ; _
R=e <21ya + 2y63 —1 ) e <2zy P Z&G) (4.14)

; 0 0 0 0 0
_ 20 [ o _ 219
L=e < 21y—agc + 2y—a + Z80) < 2zy—a + Z&G) (4.15)

H = 169’ (4.16)
2
7 = az- (4.17)
We have
of LOF(9) o(g,1) - . (OF ikF
0= g = i) 52+ ) D i) (5 - ) )
0 0 2 2 @18
0= Sta-1) = o, 5 4 Pl 8D — i) (G - ) )
; ; ; (4.19)
0= 2ig-iy = i) B 4 () D 56,7 g) (4200
In other words, F' is killed by
Z, L, and H—k (4.21)
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This discussion proves that F' is an automorphic form, as follows. Note that
the second point holds since f is holomorphic at the cusps.

Definition 4.2. The space of automorphic forms A(GL2(A)) is the space of
smooth functions F': GLy(A) — C satisfying
1. Fis GL2(Q)-invariant on the left.

2. Fis slowly increasing: for each gy € GLa(Ay), the quantity F'(g¢, o) is
bounded by a polynomial in the entries of g and g.'.
3. F is right O(2)-finite: the space spanned by the functions {F'(-k): k €
O(2)} is finite dimensional.
4. There is an ideal I < Z(U(gl,)) of finite codimension which annihilates
F.
Remark 4.3. Z(U(gl,)) = C[Z, A]where A = —% (H? + &k + LE) — 1 (H2 - 2H + RL).
In particular, if F' is associated to a modular form of weight k£ as above, then
AF=t(1-HF

The space A(GL2(A)) has the following pieces of structure:
1. Ttis a GLa(Af)-module by right multiplication.

2. Itis a (gly, O(2))-module: namely it carries actions of both gl, and O(2)
(by right multiplication), such that they induce the same action of so5.

It is common to say that a space with two commuting actions as above is a
GLy(A)-representation, although beware that in the archimedean place there
is no GLy(R)-action, only actions of gl, and O(2).

Definition 4.3. Consider Dy, to be the (gl,, O(2))-module defined to have basis

Riv, L's for i > 0 where (é _01 v = v and such that Zv = 0, Lv = 0, Hv =
Jov and cosf  sinf o — ikby
—sinf cosf '

Corollary 4.4. We have
li_II)l Mk(l“) ~ Hom(g[%o(g))(Dk, A(GLQ (A)) (422)

I" congruence subgroup

Consider a modular form f: ‘H — C. What does cuspidality mean in terms
of F'? For a modular form f of level ', let ', = I'n N (Q), where N is the upper

(1) Wf) } for some W e Z. We

have the Fourier expansion f(z) = >, - an(f)gy, - Here, the constant term is

triangular unipotent subgroup. Then I', = { (

w
ap(f) = L f(z +iy)dz (4.23)
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1/2 1/2
Recall that x+iy is equal to <(1) T) <y0 y_o1/2> -4 and so for g = <y0 y_01/2> )

we may write the constant term as

| wmgFeg)dn = [ wngile.)F(g)dn = mle.d) | Flag)d
T'oo\N(R) T\ N (R) T\ N (R)
(4.24)
Now denoting Ky = K n N(Ay) and using that N(Af) = N(Q)Ky, we have
N@Q\N(A)/Ky = (Knx 0 N(@)\N(R) = T \N(R), (4.25)
and thus
ao(f) = vi(g,1) f F(ng) dn. (4.26)
N(Q)\N(A)

Definition 4.4. For F' € A(GL2(A)), we consider its constant term (along N)
to be the function ¢y n: GL2(A) — C given by

crn(g) = f F(ng)dn. (4.27)
N(Q)\N(4)

We say F' is a cuspidal automorphic form if cp y is identically zero. We denote
Ap(GL2(A)) € A(GL2(A)) the subspace of such cuspidal automorphic forms.

Remark 4.4. If F' comes from a modular form f as before, note that the func-
tion ¢y accounts for constant terms at all cusps: if v € SLy(Z), then the
modular form f[v]; corresponds to the function GLy(R)" — C given by

(9= (g, )" f k(9 - 9) = 29, 0) 'Ok, 90) " f (g - 1) = r(g,0) " f(vg - 1))
(4.28)

which is F(y(-)): GLa(R)" — C. Adelically, this corresponds to F((-)y;'): GLa(A) —

C where v € GLa(Ay) is the image of v, and hence its constant term along N

is crn ()77 )
Definition 4.5. An irreducible automorphic representation (w,V') is an irre-

ducible GL3(A)-representation® which is isomorphic to a subspace of A(GLy(A)).
We say it is cuspidal if it is isomorphic to a subspace of Ay(GL2(A)).

Remark 4.5. By a version of Schur’s lemma, every irreducible automorphic
representation (m, V) has a central character w: Q*\A* — C. By twisting
(m, V') by a power of |det|, we may always assume that w is unitary.

Some (hard) facts about automorphic representations:

>Recall that this means that it is a GL2(A ¢)-representation and a (gl,, O(2))-module.
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Theorem 4.5 (Harish—Chandra). Given I < Z(U(gly)) of finite codimension,
p an irreducible finite dimensional representation of K., = O(2) and K <
GL2(A¢) an open compact subgroup, consider the subspace A(GLo(A), I, p)X <
A(GL2(A)) of automorphic forms F which i) is killed by I, ii) satisfy that the
(finite dimensional) K.-representation {F(-t): t € K} is p-isotypical and iii)
is K-invariant. Then A(GL2(A), I, p)¥ is finite dimensional.

Theorem 4.6 (Flath’s tensor product theorem). Let 7 be an irreducible au-
tomorphic representation.® Then there exist local representations , which are
irreducible smooth representations of GL2(Q,,) when v = p is non-archimedean,
and 7, is an irreducible (gl,, O(2))-module, such that

T = @’ Ty (4.29)

Here, almost all T, contain a GLy(Z,)-fixed vector &,,” and the restricted product
is taken with respect to &p.

Theorem 4.7. Let w: Q*\A* — C* be a unitary Hecke character. We consider
Ap(GL2(A),w) € Ag(GL2(A)) the subspace of automorphic forms with central
character w. We similarly consider L?(GL2(Q)\GL2(A), w) functions with central
character w which are in L? with respect to the inner product

<mﬁ>=L( f1(9)Fo(g) dg. (4.30)

A)GL2(Q)\GL2(A)

Then Ao(GLg(A),w) € L?(GL2(Q)\GL2(A),w). In particular, irreducible cuspi-
dal automorphic representations are unitarizable.

For a cuspidal irreducible automorphic representation of GL2(A), one can
define an L-function L(s,n) and prove its analytic properties and functional
equation a la Tate’s thesis. This was done by Godement—Jacquet. Without loss
of generality, we may twist © by a power of |det| to assume that its central
character w is unitary (in this case the function equation will have center at
s = 1/2). Godement-Jacquet considers zeta integrals

Z@@@=LHMMWMMMM”M® 4.31)

®More generally, we can take 7 to be an admissible GLy(A)-representation. Here (7, V) being
admissible means that for any every open compact K € GL2(A ) and irreducible finite dimensional
representation p of K, x K, the isotypic component V(p) of p in V is finite dimensional. An
irreducible automorphic representation is admissible by the above theorem of Harish—Chandra.

7In such case, 7, * is necessarily one-dimensional.
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where ® € S(Matax2(A)) and 5 are matrix coefficients of w: for fi, fo € m, we
consider

B(g) = B(f1, forg) = (nlg) fus fo) = L(A)GL oy, OO
(4.32)

5 Newform theory

Remark 5.1. We will focus on studying M. (I'o(N)) (since these contain the
modular forms corresponding to elliptic curves), although most of what we
will do extend to I'y (N). Furthermore, noting that

(]g (1]>_1F(N) (J(Y ?)_FO(N2>“F1<N>2F1<N2), 5.1

we have [(J(\)[ ?)] : My(T(N)) < My(T'1(N?)). So studying modular forms
k

for congruence subgroups is reduced to studying modular forms for I'; (N) for
all N. In other words: lim , My(I'(N)) = lim , My (I'1 (V).

One of the reasons we focus on the case I' = I'g(V) is because Z(Z) <
Ky(N). This is not true for I';(/N), and to extend the discussion to I'; (V') one
needs to be a bit more careful with the action of the center. In other words,
using that Ko(N) = K(N)Z(Z) and the above remark, we have

lim Mp(I'o(IV)) = Homg, o(2)) (Dk,A(GLz(A))Z(A)> = Homyq, 0(2)) (D, A(PGL2(A))).
N
(5.2)

5.1 Petersson inner product and Hecke operators

References: [DSO5, Sections 5.1-5.5].

We note two pieces of extra structure that comes from thinking of modular
forms adelically. We will denote [GL2(A)] := Z(R)"GL2(Q)\GL2(A), and
recall that

[GLy(A)]/K = Z(R)* GLa(Q)\GLy(A)/K = (K A SLy(Q))\SLy(R).  (5.3)

First, we can try to consider an inner product on the space of functions
C*([GL2(A)]). This is of course not quite true because of convergence issues,
but let’s ignore that and work formally for now. We want to consider

(F1, Fy) = f Fi(9)Fo(g) dg (5.4)
[GL2(A)]
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and if F, F; correspond to modular forms f1, fo € My (T'), this is

(F1, F2) :J

vk (9,49)| "2 f1(gi) f2(gi) dg = J f1(2) fa(2)y* 2 da dy.
MSLa(R) I\H

(5.5)
dadz dy df
— .

Here we are using that the Haar measure on GLo(R)™ is
Definition 5.1. For I' < SI»(Z) a finite index subgroup, the Petersson inner
product is the pairing (-,-): My(I') x Si(I') — C given by

(f1, f2) = f1(2) f2(z)y" 2 dz dy. (5.6)

\H

We note that this is well-defined since f,, being a cusp form, decays exponen-
tially at all cusps.

Secondly, we have an action of GL(A ¢) by right multiplication on A(GL2(A)).
Since we are interested in the spaces A(GLy(A))¥, we can consider the fol-
lowing convolution operators.

Definition 5.2. For K < GLy(A/) an open compact, the Hecke algebra of level
K is the space Hi := CF(K\GL2(Ay)/K) with algebra structure given by
convolution. The space A(GLz(A))¥ is a right H x-module via

(f * d)(g) = LL L S et an 5.7)
2(Af

Here we normalize the local Haar measures dh, so that K), has volume 1. This
makes it so that the identity element of H j is simply char(K).

We also can consider local Hecke algebras Hy, = C°(K,\GL2(Qy)/Kp),
and we naturally have Hx = ®),H, where the restricted product is over the
identity elements e, = char(K},).

Such Hecke algebras are very complicated in general, but when K, is a
maximal open compact subgroup, they are very simple to describe.

Theorem 5.1. If K, = GLy(Z,), then Hg, = C[S,, Ry'] where S, = char (Kp <1 0> Kp>

0 p
p 0
and R, = char <Kp <0 p) Kp> :

Definition 5.3. For any K, < GL2(Q,) open compact, we consider the ele-

ments Sy, R, € H, tobe S}, := char (Kp <(1) 2) Kp> and R, := char <Kp <g 2) Kp> .
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Remark 5.2. Note that if 7 < A(GL2(A)) is an irreducible automorphic repre-
sentation with central character w: Q*\A* — C*, then R, acts on 7 simply
by w,(p)~!. In particular, R, acts trivially on A(GLg(A))X0(N),

We now translate this action of the Hecke algebra classically.

Definition 5.4. Let I';,I'y < SLy(Z) be two finite index subgroups and « €
GL2(Q)*. We define the double coset operator

[I‘lafg]k: Mk(Fl) - Mk(rz) (58)

If we write I'yal'y = | |, "1, this is defined as

flT1ala]y = Zf[%‘]k- (5.9)

WhenT'; =T'; = I', we denote T),: M (I') — M (I") tobe T), = {F <(1) g) F] .

k
Remark 5.3. This definition of 7}, is valid for all finite index subgroups I' <
SLo(Z). However, this gives essentially trivial operators for non-congruence
subgroups: If IY © T is the smallest congruence subgroup containing I", we
consider the projection map [I'T’];: M (T') — My (") and let My(I')P"™ de-
note its kernel. A conjecture of Atkin, proved by Berger, says that all 7}, act
trivially on M (I")Prim,

Proposition 5.2. Let I' = K n SLy(Q) be a congruence subgroup for some open
compact K < GLy(Ay) with det(K) = Z.Let o € GLo(Q)*. Then if f € M;(T)
corresponds to F' € A(GL2(A)), we have that f[T'al']y corresponds to F * ¢ €
A(GL2(A)) where

¢ = det(a)"?* 'char(KaK) € Hy. (5.10)
Proof. We write I'al’ = | |; I'y;. Recall that we defined

(fIVIe)(2) = det(1)*  wn(y,2) 7 f (- 2), (5.11)
and that we attached to f the function F': I'\GLy(R)™ — C given by
F(g) = det(9)"?v(g,4) " f(g - ). (5.12)

So if we let ' = f[T'al']x, we have

F'(g) = det(g)"u(g,1)~" X (1 le) (g )

(5.13)
= det(a)*1 )" det(9)"?vi(g,4) vi(vs, 9 1) (g - D).
J

47



Noting that det(y;) = det(«), this is

F'(g) = det(a)"?7 ) det(v9)**vi(v59,4) 7" f(79-1) = det(a)*/* 12F %i9)-
J
(5.14)

Now from T'\GLz(R)" ~ Z(R)*GL2(Q)\GL2(A)/K, we have the automor-
phic forms F, F': Z(R)"GL2(Q)\GL2(A) — C. If (g7, 9o) € GL2(A), we take
p € GL2(Q) such that g, K = BK, and then

F'(g7,90) = F'(B 7 g0) = det(a)**71 Y F (7,87 g) = det(a)*/?~ 1ZF (B, 9e0)-

J
(5.15)

Recall that the closure of I" in GL2(Q) is K. So taking closure of I'al' =
L|; T'v;, we obtain that KaK = | |; Ky;. Hence

| |87 K = B |7 'K = BKa™'K = g;Ka 'K = g;| | K = | |gp7; 'K,
J ’ ’

(5.16)
and thus

F'(g7, 90) = det(a)** 71 Y Fgs7; " g0) = F + 6. (5.17)
j
O

Corollary 5.3. For I' = I'o(N) and any p, the action of T, corresponds to the
action of p*/>=1S,,. In particular, the operators T, on My(To(N)) commute for

varying p.
Proof. The first claim follows from the above as <(1) 2) is in Ky(N), for all
¢ # p. The second claim then follows as the .S, commute. O

Abstractly, it is easy to see how the action of H j interacts with the Peters-
son inner product. For any ¢ € Hx and F, I € Ap(GL2(A)), we have

<F1,¢*F2>=j F1<g>f Fa(gh=1)é(h) dh dg
[GL2 (A GLa(A)

j f Fi(gh)Fa(g)é(h) d(g, h)

[GLQ >< GLQ (A

= J (j Fi(gh™")¢(h~1) dh> Fy(g)dg
[GL2(A)] \JGL2(A)

which is simply (¢ * Fy, F») for ¢ := (h — ¢(h~1)).

(5.18)
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Corollary 5.4. For K, = GLy(Z,) we have S, = SpR,*'. In particular, T, for
p 1 N is self-adjoint under the Petersson inner product on Si(Io(N)).

Proof. The first claim follows from the above discussion as <(1) p01> and

-1
(p (1)> are in the same double coset of GLy(Z,).

0
The second claim then follows since 7}, corresponds to p*/>~1S, and R,
acts trivially on Sy (T'o(NV)). O

Corollary 5.5. The space Si(I'o(NN)) has a basis of eigenfunctions for the Hecke
operators T, with p { N.

Proof. By the results above, T}, are commuting self-adjoint operators, and so
they are simultaneously diagonalizable by the spectral theorem in linear alge-
bra. O

Remark 5.4. What does this correspond to in automorphic terms? Since cusp-
idal automorphic representations are unitarizable we have an orthogonal de-
composition of H g (n)-modules

SToN) = @ = Mev (5.19)

TS A(GL2(A))
Too ZDk

for some multiplicity spaces V; = Hom(m, Ag(GL2(A))). For p 1 N, we have
that wzl,( o) is one dimensional and in particular H (), acts by scalars on

TF;(()(N). So a basis of eigenfunctions as above can be obtained simply by taking
a basis of each of the terms on the right hand side.

We can also describe the effects of T}, on the Fourier expansion.
Proposition 5.6. For I' = I'y(V), we have that

anp(f) ifp | N,

5.20
anp(f) + Py (f) ifpIN. (5.20)

an(Tpf) = {

In particular, a1 (T, f) = ap(f).

Proof. We have that

TpleN(p)-f|:<g ?>L+I§f[<é ;)L (5.21)



and thus

-1
(1)) = 1S anlf) <1N<p>e2mz Py p—'fe%m<z+f'>/p> (5.22)

n=0 j=0
which is
e27rinz/p p—1 o
> an(f) | P N ) + 3 ernife ) (5.23)
n=0 N
This implies that an (T}, f) = anp(f) + P* 1N (P)anp(f)- O

Definition 5.5. For any p 1 IV, we recursively define operators Tj,» : M(I'o(N)) —
My, (T'o(N)) by
Tynt1 = TpyTpn — p* ' s (5.24)

for n > 1. By the problem set, such T« corresponds to p"(*/2~1) 5 . where

1 0
Spn = char <GL2(ZP) <0 pn> GLQ(ZP)> € HGLQ(ZP)' (525)

For p | N, we denote T)» = T}. We also define T;, for n € Z>; multiplicatively.

This is built such that a, (7}, f) = a(f). Soon, we will define newforms and
prove that they are Hecke eigenfunctions for all Hecke operators.

5.2 Fricke involution and geometric description

References: [DSO5, Sections 5.1-5.5].

We also give a description of Hecke operators in terms of the moduli prob-
lem. Recall that we have Moy (T'o(N)) = H(Xo(N), Q®%(--.)). From the in-
clusion I'y(Np) < I'g(IN), we have an induced map p;: Xo(Np) — Xo(N). We
also have that

(é 2>_1F0(Np> (é g) =To(N) nT(p) = o(N), (5.26)

which induces a map po: Xo(Np) — Xo(N). This gives us a correspondence
p2,«p} which we also denote T, because of the following proposition.

Xo(Np)

V & (5.27)

Xo(N) Xo(N)
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Proposition 5.7. Consider I'1,T's < SLy(Q) and o € GLy(Q)*, and consider
the diagram

X(T; nalya™l) —— X(a 'Tia nTy)
| | (5.28)
X(I') X(T2).
Then det(a)*1pg «p¥ corresponds to [T'1al2].
Proof. 1f T1aly = | |;T1vj, then Ty(al2a™") = | |;Ti(yja™"), and thus we

have a commutative diagram

%k
Mi(Ty) <2 My(Ty nalal) —2 My(a~Tia A Ty)

lplm l l”’* (5.29)

Mk(rg) L) Mk(al“gofl) % Mk(rg)

]k O

In terms of the moduli description of Yy(N) < {(E,C)}/ ~, we have

where a label v denote the action of det(~)

Equivalently, in terms of Yy (V) < {(E; — E2)}/ ~, we have
p(Er — Ep) = (E1 — Ey), pa(Er — E») = (B} — E») (5.31)

where F; — E| — FEs and Ey — E} — FE» are the unique ways of factoring
the Z/NpZ-isogeny E; — Es such that £y — E) and E), — E, are of degree
p.

Proposition 5.8. Let wy: Yo(N) — Yu(IV) be the involution given by the dual
isogeny: wy(E1 2, Ey) = (B 2, Ey). Then wy is given (]?r _01) , that
is, 7 — —1/(NT). In particular;, this extends to wy: Xo(IN) — Xo(N) and
P2 = WNP1WNp-

Proof. In terms of lattices, wy (A1 S Ag) = (Ay © %Al). Recalling that 7 €
Yo(NV) corresponds to (Z @ 7Z S +Z & TZ), we have

1 1 1 1 1 1
wn(T) < wy(ZDTZ < NZ@TZ) = (NZEDTZ c N(Z@TZ)) = (mZGBZ c ﬂZGBNZ)
(5.32)
which corresponds to —1/(NT). O
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Definition 5.6. We denote wy: My (T'g(N)) — Mp(T'o(IV)) the Fricke involu-
tion to be the operator

R 2=k |0 -1
~N = i"VN [(N 0>L (5.33)
that is,

(wn f)(r) = VN (N7)~F F(=1/(NT)). (5.34)

Adelically, we have wy = [ [,y w,,(v) where wye is

char (Ko(pe) <I?e é) Ko(p€)> = char <K0(pe) <£€ é)) € Hio(pe)- (5.35)

These w, are called Atkin-Lehner involutions.
Proposition 5.9. For all p, we have T}y = wyTpwn on Sp(Lo(N)).
Proof. In general, we have that
[Cal']i = [[a'T], (5.36)

for o/ = det(a)a!. So

T = [I‘O(N) (g (1)) FO(N)L (5.37)

and the claim follows from computing that
-1
0 -1 p O\ /0 -1\ (1 0
k) GG )65 e

5.3 Newforms

References: [DSO05, Sections 5.6-5.10].

We consider the following “degeneracy maps” 1), :2: Sk(o(N)) — Sk(To(Np)):
1 is induced from the inclusion I'o(Np) = I'o(N) and .3 is induced from
Fo(Np) >~ Fo(N) N Fo(p) c Fo(N> We write lp: Sk(ro(N))@Q - Sk(ro(Np))
to be 1, (av, B) = 1} (@) + 2(B).

Definition 5.7. The space of old forms is 57! (To(N)) = 5, x tp(Sk(To(N/p))®?).

The space of new forms is the orthogonal complement SPV(T'o(N)) = (S24(To(N)))*+
under the Petersson inner product. A newform is an element of S}V (I'(V))
which is an eigenfunction for the Hecke operators 7,, with (n, N) = 1.
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: 2 _ 1, _ 1k|(P O 2 _
Note that since Ly = WNplyWN = P [<0 1>L, we have (Lpf)(z) =
f(pz).

Proposition 5.10. The subspaces S¢4(T'o(N)) and SP¢ (To(IN)) are stable under
the action of the Hecke operators T,, and under the action of the Fricke involution

WH.

Proof. Since we have ¢} = wy,t2wy, it follows that SP4(I'g(IV)) is stable un-
der wy. Since w} = wx,l = wy, 50 is SPEV(I'o(N)). As T} = wnyTwy, it
remains to check that 7,, preserves S¢14(T'o(IV)): this implies that 7 preserves
S0d(Ty(N)), and thus that T;, preserves SI€V(To(NV)).

Now consider ¢ | N and 7}, acting on the image of ¢,. If £ # p, then T}, both
on S;(I'o(N)) and on Si(I'g(/N/¢)) are convolution by the same function, so
T, commutes with ¢}, (2. For £ = p, we have the commutative diagram

( n
sk<ro(N/p»?*g;_l“’(f)sk?zo<N/p>>@2
JLP lbp (5.39)

Sk(To(N)) ——2— Si(To(N))

We can check this on g-expansions, since (:2f)(z) = f(pz): if (o, 8) € Si(To(N/p))®?,
then the image under the bottom is

(@, 8) = a(2) + B(pz) = ), (anp(@) + an(B)) ¢" (5.40)

n=0

and under the top is

(a, B) — (Tpa + 83, —pk_llN/p(p)a> — Z (anp(a) + an(B)) ¢" (5.41)

nz=0
O
Since (:2f)(z) = f(pz), in terms of ¢-expansions we have
(2f)(2) = D an(f)g™ (5.42)

n=0

In particular, g € 3, v Sk (To(N /p)) satisfies that a,,(g) = 0 whenever (n, N) =
1.
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Lemma 5.11 (Main Lemma for I'g(V), Atkin-Lehner). f € Si(T'o(INV)) satisfies
an(f) = 0for all n with (n,N) = lifand only if f € pr L%Sk(FO(N/p)).

Proof. For D | N, a set of coset representatives for I'o(D)\I'g(V) is

1 0
(aD 1) for0 <a < N/D. (5.43)

So we may consider the projection

. 1 1 0
PTOJSk(Fo(D)) = 4]\7/ Z [(CLD 1>:|k (544)

0<a<N/D

~1
. 0 -1 1 0y/0 -1 N —aD
1 —_—
onto ¢,Sk(I'o(D)). Since (N 0> <a 1> ( 0) = (0 N >’

we have

. 1 1 a/(N/D)
prO.]’LUNSk(FO(D)) = NTD . Z]V/D [(0 1 . . (545)
<a<

We denote this by 7,p. Note that in terms of g-expansions we have

d—1 2min(z+a/d)
) = Y a2t T S (e G40

n=0 dln

Since (25 (Co(N /p)) = wnipSk(To(N/p)), we have

D1 2Sk(To(N/p)) = > im(m,) = ) ker(1 — m,) = ker (Hu - wp)) .
p|N p|N pIN pIN
(5.47)
Here the second equality is since TrZ% = 7p, and the third equality is since the
7, commute (as can be seen from their action on the ¢g-expansions).
In terms of g-expansions, we have

(Hum)ﬂz) S ()" (5.48)
(n,

pIN N)=1
and the claim follows. O

Corollary 5.12. If f is a newform, then a1 (f) # 0 and f is an eigenfunction for
all Hecke operators T,,. If a1(f) = 1, we call it a normalized newform, and it
satisfies that T,, f = ay,(f)f for all n. There is also a sign + such that wy f = *f.
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Proof. Suppose f € Si(I'o(IV)) is a Hecke eigenfunction for all 7,, with (n, N') =
1, say T,,f = A\, f. Assume that a;(f) = 0. Then we have a,(f) = a1(T,.f) =
a1(Anf) = Apar(f) = 0, for (n, N) = 1. By the Main Lemma, this implies that
f is an old form. The contrapositive of this implies that if f is a newform, then
ai(f) # 0.

Now let f € Sk(I'o(N)) be a normalized newform. Consider g = T,,f —
an(f)f. Note that this is an eigenfunction for all 7,, with (m, N) = 1. As
ai1(g) = 0, g is an old form by the above. Since T;, preserves S}*V(I'g(NN)), g is
also a newform, and thus g = 0. This implies that 7, f = a,,(f)f for all n.

The last claim follows similarly: consider g = wx f — a1(wy f)f. The same
argument as above shows that ¢ = 0 (here we are using that 7,, and wy
commute if (n, N) = 1). Thus wy f = Cf for some C € C, and since w%, = 1,
we have C? = 1. O

Corollary 5.13. If f € Si(I'o(N)) is a newform, we have

2 wl) [ 1 = ap(Hp~ + 1n(p)p" 727 (5.49)

S
n>0 p

Let + be the sign such that wy f = +f. Then

Ly(s) = 2m)*T(s) [ [(1 = ap(H)p™* + In(p)p* 172! (5.50)

is entire and satisfies the functional equation

Ly(k—s) = +N""5Ls(s). (5.51)
Proof. As we have seen before, we have
@ dt n
Ly(s) = fo Fa)e = = (2m)"T(s) ) a n(f ) (5.52)
n>0

for all Re(s) > 1 + £. Note that

+f(it) = (wn f)(it) = FNP(Nit) ™ F(=1/(Nit)) = N~27F (i) (V1))

(5.53)
and so we may write, taking u = 1/(Nt),
VN t VN du
L(s) = J flat)t’— + f f(@/(Nu))N*u=*—. (5.54)
0 tJo u
Thus
VN dt
N*2L¢(s) = f (t*N*/? + t’f*SN’“/H/?)f(it)T (5.55)
0
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Since f(it) decays exponentially as ¢ — 0, this shows that L;(s) is entire.
Moreover, the functional equation is now clear. O

Corollary 5.14. We have a decomposition S(I'o(N)) = @y v Dy /m L2S0ew(Ty (M)).

5.4 Representation theoretically

If K is an open compact and I' is the corresponding arithmetic subgroup, recall
that

iD= P 77 Vx (5.56)
m=m QD

where the sum is over irreducible cuspidal automorphic representations =, and
V. are multiplicity spaces.

Theorem 5.15. Let 7 = 7y ® Dy, be a cuspidal irreducible automorphic repre-
sentation with trivial central character. Then there is N with wffo(N) #0.If Nis

chosen to be as smallest as possible, then dim ﬂ;{O(N) = 1, and also dimV; = 1.
In particular, there is a bijection between

{m < Ao(GL2(A) with 7o, ~ Dy, and trivial central character} (5.57)

and
{normalized newforms for some T'y(N)}. (5.58)

Proof. We saw before that such NV exists, and take it to be the smallest such
N. Then 75°™ @ v < SpeW(To(NN)). Since 7 is irreducible, 750N is an
irreducible H g, (n)-module. But it contains a newform, which is a subspace of
dimension 1,% and thus dim ploW) _ g Furthermore, any element of wa(N) ®
Vx> has the same Hecke eigenvalues, and thus the same Fourier expansion up
to a scalar. Hence dim(wffo(N) ®Vy) =1. O

Corollary 5.16. Let 71, m2 S Ao(GL2(A)) be two irreducible automorphic repre-
sentations with m o, ~ m2 o ~ Dy, and trivial central character. Suppose m ~
as GLy(A y)-representations (that is, that 7y ,, ~ ma , as GL2(Q,)-representations
for all primes p). Then 7 = m as subspaces of Ag(GL2(A)).

Proof. This follows at once from V,, = C. O

More generally, we have the following harder theorems.

8Here we are using something slightly stronger than what we proved before: we are using that
a newform is an eigenfunction for the entire algebra H (), not just of the 7,. This follows from
the same argument as before, once we verify that H s () preserves STy (N)).
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Theorem 5.17 (Strong multiplicity one, Piatetski-Shapiro, Shalika). Let 71, mo <
Ao(GL,,(AFr)) be cuspidal irreducible automorphic representations for a number
field F, and let S be a finite set of places. If w1, ~ ma,, for all v ¢ S, then w1 = my
as subspaces of Ag(GL,(AFr)).

Theorem 5.18 (Newform theory for GL,,, Jacquet-Piatetski-Shapiro—Shalika).
Let p be a non-archimedean place of a number field F' and m, an irreducible
smooth representation of GL,,(F}). Consider the subgroups

Km={A=|" """ 7| modp™} cGL.(F). (5.59)
0 1

Then there exists m > 0 such that ﬂ,f( (m) # 0, and we denote m, the smallest

(mx)

K . . .
such m. For such m., we have that m, is one-dimensional.

Neither theorem is true for general GG. Multiplicity one fails already for SL,,
for n > 2. Newform theories have been proposed beyond GL,, only for some
other classical groups.

6 Modular elliptic curves and the Eichler-Shimura
relation

Our goal for this chapter is, for a normalized newform f of weight 2 and
level I'y(IV), to construct an abelian variety A;/Q. This realizes some cases of
global Langlands: if f correspond to an automorphic representation 7, the Tate
modules of A (to be defined later) are the Galois representations attached to
7 that are predicted by global Langlands.
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cusp irr aut rep 7 € Ag(GL2(A)) | Theorem 5.15 | normalized newforms
Too =~ Do, wy = triv f in some S3(I'o(NV))

\ J/Shimura construction

\ simple “GLs-type” .
N p 2 / isogeny
. abelian varieties /Q
*\_ Langlands
AN J/Tate module

el { Galois representations } Ja
7 p: Gal(Q/Q) — GLy(0y) |/
(6.1)

In every level of this diagram, there is a compatible way to attach an L-
function. We will mostly focus on the case that Ay is an elliptic curve, in
which case we will prove the compatibility of such L-functions in the right
column.

6.1 Shimura construction

References: [DSO05, Sections 6.6, 7.5-7.9].

Since X((/N) are compact Riemann surfaces, they have the structure of an
algebraic variety over C. We first need to see that in fact they have models
over Q.

Proposition 6.1. We have C(X((N)) = C(j(2),j(Nz)). The minimal polyno-
mial Fx(j,Y) € C(j)[Y] of j(Nz) is a polynomial in j, and has coefficients in
Q, that is, Fy(X,Y) € Q[X,Y]. In particular, Xo(N) has a model over Q with
function field Q(j(z), j(Nz)), which we denote Xo(N)qg

Proof. Since X (1) is the moduli space of elliptic curves, we know already that
this has function field C(y).
First note that since j(z) = j(vz) for v € SLy(Z), we have that Fy(j(2),j(Nvyz)) =
0 for all . Ranging through all v € T'o(IN)\I'¢(1), this gives [[o(1): To(N)]
roots of Fy(j,Y). We claim they are all distinct. If j(N~v;2) = j(Nv22), then

since j: I'o(1)\H ~ C, we must have that there exists 7 = Z) e Ty(1)
with
Nyi(z) = v(N72(2)). (6.2)
This means that
N 0 N 0
<0 1)71=’Y<0 1)72 (6.3)
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-1
and thus 7175 ! € To(1) A <J§ (1)) To(1) <Jg (1)> — Ty(N).

In particular, C(j(2),j(Nz)) € C(Xo(V)) have the same degree over C(j(z)),
and hence this is an equality. Hence

EnGY) =[] (VY =i(Nv2). (6.4)
7€l (N)\I'o(1)

Since the symmetric polynomials in the j(N~;z) are holomorphic in H,
they are polynomials in j(z), thus Fy(X,Y) € C[X,Y]. Say Fn(X,Y) =
> cnm XY™, Recalling that j(z) € Z[g][¢!], we can look at the g-expansion
of F(j(z),j(Nz)) to see that ¢, ,, are determined by a linear system with co-
efficients in Z. Thus Fy(X,Y) € Q[X,Y]. O

Remark 6.1. Note that the Fricke involution wy: Xo(N) — Xo(N), in terms
of function fields, corresponds to

J(z) = j(=1/(Nz)) = j(Nz), j(Nz)—j(=N/(Nz))=j(2), (6.5)

and in particular also descends to X, (N)q.

Remark 6.2. The natural maps Xo(N) — Xo(M) for M | N also descend to
maps Xo(N)gp — Xo(M)q. Given the above, it’s not hard to see that the Galois
closure of C(j(z),j(Nz)) is simply the function field of X (IV): I'y(1) acts tran-
sitively on the roots of Fiy(j,Y), and the stabilizer is (), .y ;)7 'To(N)y =
+I - T'(N). This gives a model X (N)qg over Q such that X(N)g — X(1)g is
Galois, and thus by Galois theory, the map X, (N) — X((M) also descends to
Xo(N)g — Xo(M)q.

In particular, the above remarks imply that the Hecke correspondences 7,
also descend to the models over QQ.

Xo(Np)g

y K (6.6)

Xo(N)g Xo(N)g

Corollary 6.2. Denote My (I'o(N),Z) < My(I'o(NN)) the subset of modular forms
with Fourier expansion in Z[q]. Then My(To(N)) = My(To(N),Z) ® C. Denote
Tz the Z-subalgebra of End(My(T'o(N))) generated by the Hecke operators T,.
Then Ty is a free Z-module of rank dim Mj(T'o(N)).

Proof. Assume k is even for simplicity. Then since Xy(/V) has a model over Q,
the space Mj,(To(N)) = H°(X(N), Q®%/2(...)) also has a model over Q. That
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is, there is a submodule Mj,(I'o(V))g with My (I'o(N)) = M(T'o(N))g ®q C,
and is such that the Hecke operators act on M (I'g(N))g.

For R € {Z,Q,C}, we denote Ty the R-subalgebra of End (M} (I'g(N)))
generated by the image of the T),. The existence of Mj,(I'¢(IN))g above implies
that Tc = Tg ®q C. We also have Tg = Tz ® Q, and thus T¢ = Tz ® C.

For R € {Z,Q,C}, consider the pairing {-,-): Tp x Mi(T'o(N),R) — R
given by (T, f) = a1(Tf). Then this is a left and right nondegenerate: 1) if
f is such that (T, f) = 0 for all T, then 0 = a1(T},f) = an(f) for all n, so
f =0, 2) similarly, if 7" is such that (T, f) = 0 for all f, then 0 = a,(TT,f) =
a1 (T, Tf) = an(Tf) for all n, f, and so T" acts trivially on My(I'o(N), R).

This implies that dim¢ T¢ = dimge Mg (To(NV)). Take B such that elements
of My (T'y(N)) are determined by its first B Fourier coefficients. Then My (I'o(N),Z) <
7B is a finite free Z-module, and the above implies that Ty is also finite
free, with rank; Ty = ranky M}, (Fo(N), Z). As, we have ranky M, (FO (N), Z) =
dimc Mg (To(N)), and it remains to see that My (I'g(NV),Z) ® C — My (T'o(N))
is injective. This is because f1, ..., f, € My(I'o(IV),Z) are linearly independent
if and only if the matrix (a;(f;))1<i<B € Matpx,(Z) has rank r, but this is the

1<j<r
same as it having rank r as a matrix over C. O

Remark 6.3. In fact, one can prove that My(I'o(N))g = M(I'o(N),Q), for
instance by using Katz’s definition of modular forms

Corollary 6.3. If f € My(I'o(N)) and o € Aut(C/Q), then f7(z) := 3, 0(an(f))q"
also belongs to My (I'o(N)).

If f is a normalized newform, then Q(f) := Q(an(f): n € Z>1) is a totally
real number field, and a,,(f) are algebraic integers.

Proof. We have that {f,T,,f) = an(f){f, f). But we also have {f,T,f) =
(T} f, f). Remembering that T = wyT,wy, we have T} f = a,(f)f as well.
Thus (T f, f) = an(f){f, f) and it follows that a,,(f) is real. Since Ty is a free
Z-module, we also have that the eigenvalues of T}, are algebraic integers.

By the above corollary, f7 is also a normalized newform with real Fourier
coefficients for all 0 € Aut(C/Q). Its stabilizer is a finite index subgroup of
Aut(C/Q), and thus Q(f) is a totally real number field. O

Definition 6.1. We denote Jy(/N)q to be the Jacobian of X, (N)q.
Over C, this is the complex torus given by

HO(Xo(N), ) Sy(To(N))*

JO(N)(C> = H1(X0(N)7Z) B HI(XO(N),Z)'

(6.7)
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As noted before, the Hecke operators 7;, descend to correspondences over

Xo(N)QZ
Xo(Np)o
/ \ (6.8)
Xo(N (No
and so we may consider
Tp: DivO(Xo(N)) 2L Div0(Xo(Np)) 25 Div?(Xo(N)) (6.9

which induce an endomorphism 7, € Endg(Jo(N)g). That is, we have an
action Tz — Endg(Jo(N)g)-

Theorem 6.4. For f € So(I'g(M)) a normalized newform, let Iy = Tz be the
ideal attached to f, that is, Iy = ker(As: Tz — C) where A\¢(T5,) = an(f). We
consider

Af = Jg(M)Q/If-Jo(M)Q. (610)

Note that Iy, and hence Ay, only depend on the Galois orbit of f. Then Ay is a
simple abelian variety of dimension dimg Q(f) with Endg(A;) ® Q = Q(f).
Moreover, for every N we have an isogeny decomposition’

N)g -] A} (6.11)

where the product runs through Galois orbits of newforms in Sa2(I'o(M)) for M |
N, and my = og(N /M) = #{divisors of of N/M}.

Proof. LetV; < So(I'g(2M)) be the subspace spanned by f“ for all o € Aut(C/Q),
and let Ay := Hy(Xo(M),Z)|v, < V; be the image of Hi(Xo(M),Z) under
Sa(To(M))* — VF.

We first note that V; = Sa(I'g(M))[1]. We clearly have Vi < So(I'g(M))[1f],
and so it suffices to see that both have dimension Q(f). This is clear for V7,
and we have

(S2(To(M)[I4])* = S2(To(M))* /Iy = Tc/Iy = (Tz/Iy) ®C (6.12)

and so dimg S2(I'g(M))[1f] = rankyz(Tz/If) = rankz(Z[an(f), n € Z]) =
dimg Q(f).
°If we consider the isogeny category AbVar’ of abelian varieties with Homayyao (A, B) =

Homg(A, B) ® Q, then this is a semisimple category. Note A are simple objects in this category
since Endg(A;) ® Q is a field.
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It follows that
Af(C) = S(To(M))*/(I; + Hy(Xo(M), Z)) = V}/Ay. (6.13)

We will skip the discussion of why A is an abelian variety, but let’s at least see
that Ay Vf* is a lattice (in the case Q(f) = Q, this is enough to conclude Ay ¢
is an elliptic curve over C). We clearly have by construction that Ay @R = V',
and we also have

dimR(Vf*) = dimR((Hl (X()(M), Z)@R)/[f) = rankZ(Hl (X()(M), Z)/If) = rankZ(Af)
(6.14)
as we have a surjection H,(Xo(M),Z)/I; — Ay. In particular, we have that
dim Ay = dimg Q(f).
By construction, A has an action of Tz /I ~ Z[a,(f), n € Z], that is

Q(f) € Endg(45) ® Q. (6.15)

One can in fact prove that this is an equality'®, which implies that A; is a
simple abelian variety.

Now we define the map Jo(N)g — [[;]], Ay where f varies through
Galois orbits of normalized newforms for some Sy(I'o(M)) with M | N and n
then varies through n | N/M, by

!
N/Mn

Jo(N)g 2> Jo(N/n)g X Jo(M)g — Aj. (6.16)

We can check this is an isogeny by working over C, and then this follows from
Corollary 5.14, as we have the decomposition

S5(To(N)) = PP 2y (6.17)
f n

O]

Definition 6.2. And elliptic curve E/Q is modular if there exists a normalized
newform f such that F is isogenous to Ey := Ay.

In other words, modular elliptic curves are isogeny quotients of Jo(N)g.
Equivalently, an elliptic curve F/Q is modular iff there is a nontrivial algebraic
map Xo(N)g — E for some N. This is because Xo(N)g — Jo(IV)g is initial
among maps from X((V)g to abelian varieties.

'9The easiest proof uses Tate modules: Endg(Ay) ® Q¢ <= Endg,yg/q)(VeAy), and one can prove
that this right hand side is simply Q(f) ® Qq.
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6.2 [L-functions of elliptic curves

Given a number field F' and an elliptic curve E/F, we will attach an L-function
L(E/F,s) defined via an Euler product.

Elliptic curves over finite fields

References: [Sil09, Chapter V].
We let k = F, be a finite field.

Definition 6.3. For E/k an elliptic curve, We denote a(E/k) := g+ 1—#E(k).
Proposition 6.5. Let ¢: E — E be the q-Frobenius. Then [a(E/k)] = ¢ + ¢.

Proof. First we note that ¢ — 1 is a separable map. This is because if w is an
invariant differential, we have ¢*w = 0, and thus (¢ — 1)*w = —w # 0 This
implies that #E(k) = deg(¢ — 1). Now we have

[HER)] = (- 1)) =0 —¢—d+[1]=[g+1]—(6+0) (6.18)
and the claim follows. O

Corollary 6.6 (Hasse’s bound). Let E/k be an elliptic curve. Then |a(E/k)| <

2./3.

Proof. This is a form of Cauchy-Schwartz. We have 0 < deg(¢ — q?)), and this is
[deg(¢ — )] = (¢~ 9)(& — &) = —(& + )* + 40 = [~a(E)” + 4q] (6.19)

and thus a(E/k) < 2,/q. O

Definition 6.4. If X /I, is a variety over a finite field, we define it’s zeta func-
tion to be the following power series

Cx/F, (T) = exp (Z #X@qu)Tm> . (6.20)

m
m=1

Corollary 6.7. For E/F, an elliptic curve, it’s zeta function is

(1 — a(E/Fy)T + qT?)

(- 1)(1—aT) (©-21

Cryr,(T) =
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Proof. Let ¢ be the g-Frobenius. We have [¢"" + 1 — #E(Fym)] = ¢™ + .
Hence if o, § € C are such that o = g and a + 5 = a(E/F,), then #E(Fym) =
g™+ 1—a™ — ™. Then the claim follows from the computation that

Z Topm o~ log(1 —~T), (6.22)
m=1 m
and that (1 — aT)(1 — BT) = 1 — a(E/F,)T + qT?. O

Remark 6.4. If we denote Py(T) = 1 — a(E)T + qT?, then Hasse’s bound
is equivalent to P;(7") having non-positive discriminant, and in particular to
both of its roots having absolute value /g . This means that P (¢*) only has
roots with Re(s) = 1/2. So in fact we have verified the entirety of the Weil
conjectures for E/F, (see [Sil09, Section V.2] for more details).

Proposition 6.8. Let E, E'/k be two elliptic curves which are isogenous over k.
Then #E(k) = #E'(k).

Proof. Let f: E — E’ be an isogeny. If ¢ is the #k-Frobenius, then we have
fodrg = ¢ o f,and thus fo (¢pp — 1) = (¢pg — 1) o f. Taking degrees, we
conclude #E(k) = deg(¢p — 1) = deg(pp — 1) = #E'(k). O

Theorem 6.9 (Tate’s isogeny theorem). Let E, E’/k be two elliptic curves. Then
E, E' are isogenous if and only a(E) = a(E").

Definition 6.5. E/k is supersingular if char(k) | a(E), it’s called ordinary oth-
erwise.

Proposition 6.10. Let E/F, be an elliptic curve, and denote p = char(k). Then
Frob,, is separable if and only if E is ordinary. Furthermore, we have

0 if E is supersingular,

P . (6.23)
Z/p™Z if E is ordinary.

E(Fq)[pm] = {

Proof. For the first claim, it suffices to see that F/ro\bq is separable if and only if
E is ordinary. We have

a(E/Fy)w = [a(E/F,)]*w = Frob*w + Frob, w = Frob, w (6.24)
and thus p | a(E/F,) if and only if Fm is inseparable.
We have
#E(F,)[p"] = #ker([p"]) = deg,([p"]) = deg,(Frob,)",  (6.25)
and now the second claim follows from the first. O
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We also note the following:

Proposition 6.11. If E/F, is supersingular, and p = char(F,), then in fact E is
defined over .

Proof. Since E is supersingular, Frob,: E?) — E is inseparable, and thus is
isomorphic to Frob,: E® — E®*) Thus E ~ E®"), and E is defined over

Fpe. O

Reduction of elliptic curves

References: [Sil09, Sections VII.1-2].
Let F,, be a local field with maximal ideal m and residue field k.

Definition 6.6. Let £/ F), be an elliptic curve. We say that E has good reduction
if there exists an elliptic curve E/Op, extending E. For such a choice of E, we
say its base change E/k is a reduction of E modulo m.

It turns out that there is a “canonical” way to choose E/Of, as we now
explain. Given a Weierstraf} model of E over F},, we can always clear denomi-
nators to get a Weierstrals model with coefficients in O, .

Definition 6.7. Given E/F,, a minimal Weierstrafs model is a Weierstral$ model
of £ with coefficients in OF, such that 1,(A) is as smallest as possible among
all such choices.

Proposition 6.12. Given E/F, and a minimal Weierstrafs model E: F'(z,y) = 0
with F(z,y) € OF,|z,y], we denote E/k its reduction mod m to be the Weier-
strafs equation E: F(z,y) = 0 where F € k[xz,y] is the reduction of F. Then E,
up to isomorphism, does not depend on the choice of minimal Weierstrafs model.

Proof Sketch. We illustrate this in the case char(k) # 2,3: we have a Weier-
stra} equation y?> = 23 + Az + B and the valid changes of coordinate are
r — u2x,y — u 3y, which sends A — u*A and B — u°B. So A — u'2A.
Hence a change of coordinates between minimal Weierstral equations is such
that u € O?,,'

Then E/k is obtained by reducing the coefficients modulo m, and the char-
acterization of the possible changes of coordinate above proves that such re-
duction is uniquely determined. O

When E/F, has bad reduction, the minimal Weierstral} models reduce to
a singular Weistra equation over k. Its nonsingular points E"5(k) still form
a group by the chord and tangent construction, and we can fully characterize
what they look like.
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Proposition 6.13. If E/k is defined by a singular Weierstraf3 equation, then it
has a unique singular k-point, and we have one of three cases:

1. (Additive reduction) E™ (k) ~ (k, +),
2. (Split multiplicative reduction) E”S(k) ~ kX,

3. (Nonsplit multiplicative reduction) there is a quadratic extension k' /k such
that

- N,/
E™ (k) ~ ker ((k;’)x /LN I<:X> .
Note that in the case of a singular equation, we have

0 in additive reduction,
a(E/F,) :=q+1—#E(F,) =<1 in split multiplicative reduction,

—1 in nonsplit multiplicative reduction.
(6.26)

Remark 6.5. A more abstract way of thinking about E is using Néron models. If
R is a Dedekind domain with fraction field K and A/K is a smooth separated
scheme, a Néron model of A is a smooth separated model .4/R which satisfies
the Néron mapping property

if X /R is smooth separated, then any map Xy — A can be extended uniquely to X — A.

A theorem of Néron says that such models exist if A are abelian varieties. In
this case, .4 are also smooth group schemes. Now if A = F'is an elliptic curve,
one can show that E"(k) = £)(k) where £ is the connected component of
the special fiber of &£;. Then 6’,8 is isomorphic to G, ;. resp. G,, ; in additive
resp. multiplicative reduction.

L-function of elliptic curves

Let F' be a number field, and for a prime p we denote k, = F,, the residue
field of F},. Given E/F an elliptic curve, we denote

ap(E/F) := a(E/ky). (6.27)
Definition 6.8. The L-function of E/F is

L(B/F,s) =[] (1—ap(B/F)gy*+¢y )" [ [ (1—ap(E/F)g;*) " (6.28)
p good p bad

This converges absolutely for Re(s) > % by Hasse’s bound.
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Remark 6.6. By the discussion above, if we write L(E/F,s) =[], L(E/ky, s),
then we can uniformly write

- a(E Fym
L(E/qu,s) _ Z M

ms
m=0 p

) (6.29)

where we take the m = 0 term to mean 1.

Remark 6.7. For F = Q, there is always a choice of Weierstraly model over Z
which is simultaneously a minimal model over all Q,. For a general number
field, this is not always true: if Apip := [ ], p”»(Bpmin) is the supposed minimal
discriminant, this may not be a principal ideal. One can prove that £//F admits
a minimal Weierstra® equation over O if and only if A, is principal.

6.3 Eichler-Shimura congruence relation

References: [DS05, Sections 8.6-8.7]. See also these notes.

We will prove that if f € So(I'o(IV)) is a normalized newform with Q(f) =
Q, then a,(f) = a,(Ey) for all p { N. In other words, we will prove that L(f, s)
and L(Ey, s) agree outside of finitely many factors.

We saw before that we have a complex uniformization

Yo(N)c j i(E, C): C c FisaZ/NZ subgroup}/ ~ (6.30)

(E' — E) cyclic N-isogeny}/ ~ .
Similarly, we can give a moduli description for X, (N)q.

Definition 6.9. For a base scheme S, an elliptic curve over S is a proper smooth
morphism p: £ — S with a section e: S — E, whose geometric fibers are
connected curves of genus 1.

Remark 6.8. It follows that an elliptic curve £/S is automatically a commuta-
tive group scheme over S.

Definition 6.10. And isogeny f: E — E’ of elliptic curves over S is a mor-
phism which is compatible with the identity sections. Equivalently, isogenies
are morphisms f: F — E’ which respect the group scheme structure.

If deg(f) is invertible in Og, similarly as in the case of fields we have that
E' is determined by ker(f), which is a finite étale subgroup scheme of E. In
such case, we say that f is cyclic if ker(f) has a generator étale locally.
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Definition 6.11. We consider the moduli problem & (V) : Schz;/n] — Set to

be
E(N)(S) = {(E — E') cyclic isogeny of degree N}/ ~

= {(F,C) where C < F is cyclic of size N}/ ~

where all the objects on the right hand side are over S.

(6.31)

Theorem 6.14. £(N) has a coarse moduli scheme which is smooth over Z[1/N].
We denote it by Yo (N )z[1/n- It also has a compactification Xo(N )z /n), which is
a projective smooth scheme. This notation is compatible with previous notations,
as, over Q, this compactification of the coarse moduli scheme is the previously
defined Xo(N)q.

We denote Jo(N)z(1/n) the Jacobian of Xo(N)zpi/n)- This is an abelian
variety over Z[1/N] as Xo(N)z[i/n) is smooth.

Theorem 6.15 (Eichler-Shimura congruence relation). For p t N, the image of
T, € End(Jo(N)q) in End(Jo(N)r,) is equal to Frob, + Ver,.

Proof Sketch. To analyze T}, in Xo(N)r,, we need to make sense of Xo(Np)r,.
We make the following ad-hoc definition: for a Z[1/N]-scheme S, we define

Yo(Np)(S) = {(E — E',C) where E — E’ has degree p, and C c FE is cyclic of degree N}/ ~
(6.32)
and again this has a suitable compactification Xo(Np)r,. However, this is not
a smooth curve.
We consider the correspondence

Xo(Np)zp1/n

/ \5 (6.33)

Xo(N)zp1,n Xo(N)zp1,n

where o(F — E',C) = (E,C) and f(E — E',C) = (E’,C’). Here (" is the
image of C' in E’. Over Q, this is the same as the correspondence 7),, so we
need to understand the correspondence

Xo(Np)r,

/ \5 (6.34)

Xo(N)r Xo(N)r

P P

Consider ¢: E — E’ a degree p isogeny over F,,. Then o = [p] is insepa-
rable, so either ¢ or ¢ is inseparable. Since deg(¢) = deg(gﬁ) = p, this implies
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that either ¢ or ¢ is isomorphic to Frob,. In other words, ¢ is, up to isomor-

phism, either Frob, or Ver,. This means that we have two loci X,(NV p)%jFrObp

and Xo(N p)]?:verp of Xo(Np)r,. These loci intersect exactly at the points

(B Frob, E®), C) for which F@ is inseparable, which we saw is precisely

the locus where F is supersingular.

Now both loci X (N p)ngmb” and X (N p)]f;;verp are isomorphic to Xo(N)g,,
and thus Xo(Np)r, is the union of two copies of Xo(N)r, glued along the
(finitely many) supersingular points. Moreover, the supersingular points are
glued along the Frobenius map, which defines the following involution on the
supersingular locus Xo(V)g:

(B 2, p0) ) s (@) 2, g0 o)) ~ (5@ Y2, B o)), (6.35)

We write this as the following diagram

Xo(N)3 2% Xo(N)3:
Xo(N)F, Xo(N)F,
\ / (6.36)
id Xo(Np)F, id
/ X
Xo(N)g, Xo(N)g,

Here +(E,C) = (E 2, @) c®))and s(E,C) = (E® Y%, B, ). So away

from Xo (V)i , we have that

Xo(N)p

P

7, = BN v ~

Xo(N)r Xo(N)r,  Xo(N)r

P P p

(6.37)

But 3 or = aos = Froby, and thus T}, = Frob,, + Frob] in XO(N)FP\XO(N)fFi.
This implies that the two endomorphisms 7}, and Frob,+Ver, € End(Jo(N)r,)

agree in a Zariski dense subset, and hence must be the same. O

Corollary 6.16. If f € S2(I'o(NV)) is a normalized newform with Q(f) = Q,
then a,(f) = ap(Ey) forallp{ N.
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Proof. By definition, E; is a quotient of Jy (/N )g under which 7}, acts as [a,( f)].
By the Eichler-Shimura relation, we thus have that

lay(f)] = T, = Frob, + Ver, € End(EyF,). (6.38)

But we have seen before that Frob, + Ver, = [a,(F)] in End(Eyr,), and thus
the claim follows. O

7 Galois representations of elliptic curves

7.1 Elliptic curves over complete DVRs

References: [Sil09, Sections IV.1-IV.3, VII.2-VIIL.3].
Let R be a complete DVR with maximal ideal m and residue field &, let K
be its fraction field. We consider £/K and a minimal Weierstra® model £/R.
We note that we have a reduction map

~

(): B(K) — E(k) (7.1)

sending [z : y : z] to [Ax : Ay : Az] for any choice of A € K with Az, \y,\z € R
and with at least one of them not in m. As an application of Hensel’s lemma,
we have

Proposition 7.1. Let Ey(K) be the preimage of E"(k) under the reduction map.
Then Eyo(K) — E™ (k) is a surjective homomorphism.

It turns out that the quotient E(K)/Ey(K) is finite:

Theorem 7.2 (Kodaira, Néron). If E has split multiplicative reduction, then
E(K)/Ey(K)isacyclic group of order v(A) = —v/(j). In all other cases, E(K)/Eo(K)
is a group of order at most 4.

Denote F;(K) the kernel of the reduction map. It corresponds to points
[z:y:z] with v(x),v(z) > v(y).

Remark 7.1. In terms of Néron models, recall that we have E"(k) = £2(k).
The surjective map E(K) = £(R) — & (k) identifies

E(K)/Ey(K) ~ ®(k), Eo(K)/Ei(K) =~ &](k) (7.2)

where ® = & /&7 is the group of components of £, which is a finite étale group
scheme.
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To analyze the group F;(K), it is convenient to make a change of coordi-
nates so that the identity is at (0,0). Let z = —z/y and w = —z/y. Then we are
looking at

w = 2% + a1zw + agZ?w + asw? + arzw? + agw® = f(z,w). (7.3)

and points of Ej(K) correspond to solutions with z,w € m. Note that if
we are given z, then w is fully determined: we can write w = f(z,w) =
f(z, f(z,w)) = f(z, f(z, f(z,w))) = --- and this converges to a power series
w(z) € Zlay,az, as, as, ag][[z]. So the group structure of F;(K) is captured by
a single function z3 = F(z1, 22) where (z3,w(z23)) = (21, w(21)) + (22, w(22)).
An explicit computation shows

Proposition 7.3. We have F'(X,Y) € Z[a1, a2, a3, a4,a6|[X,Y] and F(X,Y) =
X +Y + (higher order terms).

Definition 7.1. A (1-dimensional commutative) formal group over R'! is a
power series F'(X,Y) € R[X, Y] such that F(X,Y) = X+Y +(higher order terms),
F(X,F(Y,Z)) = F(F(X,Y),Z)and F(X,Y) = F(Y,X). For a formal group

F', we denote F'(m) the set m with group structure given by z+ry = F(x,y). A
homomorphism of formal groups f: F' — Gis f € R[T] such that f(F(X,Y)) =
G(f(X), F(Y)).

Remark 7.2. It is automatic from this definition that F'(X,0) = X, F(0,Y) =Y

and that there exists i(7") € R[T] with F(T,i(T)) = F(i(T),T) = 0.

Definition 7.2. For a 1-dimensional formal group F, its associated group F'(m),
is the set m equipped with the group operation x +r y := F(x,y).

Example 7.1. 1. For E/K an elliptic curve, the construction above gives a
formal group E such that F;(K) = E(m).

2. @(m,y) =z +y.
3. ((/};L(x,y):x+y+xy:(1+a:)(1—|—y)—1.

4. For any formal group F, we have the multiplication by m homomorphism
[m]: F — F given by

F(T,F(T,---)) ifm >0,
(1) := | P ) 7.4
i([—m](T)) if m <0,
where F' appears m times in the first line. Note that we have
[m](T) = mT + (higher order terms). (7.5)

"This definition works for any ring R.
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Lemma 7.4. Let f(T) = aT + (higher order terms) be a homomorphism f: F —
G of formal groups. Assume a # 0. Then f is an isomorphism if and only if
a€ R*.

Proof. If g(T') = bT + (higher order terms) is a homomorphism ¢g: G — F, itis
clear that f¢(T') = abT + (higher order terms), so having a € R* is necessary.

The inverse ¢ of f can be constructed by induction: we first construct
g € TR[T] such that f(g(T)) = T. Let g1(T) = a~'T, and inductively define
gni1(T) = gn(T) + XT"! to satisfy f(g;(T)) = T mod T!. We are looking
at

F(g0s1(T)) = Fgn(T) + AT"™1) = f(ga(T)) + AT mod T2 (7.6)

and thus we can choose A to complete the induction. This constructs a right
inverse of f.

Similarly, we can construct a left inverse h € TR[T] with h(f(T")) = T, and
then we must have h(T") = h(f(g(T))) = g(T).

To check g: G — F is a homomorphism, we need to check

9(F(z,y)) = G(g9(z),9(y))- (7.7)

Equivalently, we may change x — f(x) and y — f(y) and apply f to both
sides of the equation, so that it reduces to F'(f(z), f(y)) = f(G(x,y)), which
is given. O

Corollary 7.5. Let m be an integer with char(k) { m. Then if F is a formal group
as above, we have F'(m)[m] = 0. In particular, if E/K is an elliptic curve, then
Eo(K)[m] ~ E"(k)[m].

Proof. The first claim is immediate from the proposition since [m]: FF — F'is
an isomorphism.
The second claim follows from the Snake lemma on the diagram

A

0 —— E(m) —— Eo(K) —— E™(k) —— 0

~|m l[m] |m (7.8)

0 —— E(m) —— Eo(K) —— E™(k) —— 0
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7.2 Tate modules of elliptic curves

References: [Sil09, Sections III.7, VII.4, VIL.7].
Let k be a perfect field.

Definition 7.3. Consider E/k an elliptic curve. For a rational prime /¢, we
consider the ¢-adic Tate module of E to be

T,E := lim E[("] (7.9)

where the transition maps are [¢]: E[(""!] — E[("].

Note that since each E[¢"] carries an action of Gal(k/k), TyE also carry
such an action. Since the transition maps are surjective, 7, F is also a continu-
ous Z,-module.

Proposition 7.6. As a Z,-module, we have that

Z? if ¢ # char(k),
TyE ~ {7y if ¢ = char(k) and E is ordinary, (7.10)
0 if £ = char(k) and F is supersingular.

Proof. This follows from what we have seen before that

(Z)e"Z)? if £ # char(k),

E[0"] ~ S (Z/¢t"Z)  if £ = char(k) and F is ordinary, (7.11)
0 if ¢ = char(k) and E is supersingular,
and that the transition maps E[(""!] LNy [£"] are surjective. O

Definition 7.4. We define V,F := T, E ®z, Q, the ¢-adic Galois representation
attached to F, and we denote pg,: Gal(k/k) — GL(V,E).

Proposition 7.7. Let Ey, Es be elliptic curves over k and ¢ # char(k). Then
HOIIl(El, E2> ®Z Zg i HomZg[Gal(E/k)] (TgE1, TgEQ) (712)
is injective.

Proof. For any ¢ € Hom(E, Fy) ®y Zs, we can choose a finitely generated
submodule M < Hom(E1, E5) such that ¢ € M ®y Z,. We claim its saturation
M@ s still finitely generated. Consider the finite dimensional R-vector space
M ® R. The degree map deg: M — Z extends to a continuous map deg: M ®
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R — R. Then M%* < M ®R is a discrete submodule, since deg(M %"\ {0}) > 1.
Hence M is finitely generated, and thus free.

Let ¢1,...,¢m be a basis of M¥* and we write ¢ = >, ¢; ® a;. Then ¢
is in the kernel of the above map iff for every n we have that | ¢; ® (a;
mod £")|g, e = 0. Since ¢ # char(k), this is the same as having ¢ = A o [("]
for some \ € M ®, Z;, as M4 is saturated. This means that ¢; mod ¢* = 0
for all 7, n, and thus that ¢ = 0.

Note that, a posteriori, this result implies that Hom(E, E») is finitely gen-
erated, and hence that it is a free Z-module, so in fact we could have taken
M = Hom(E}, Ey). But we don’t know a priori that this is free! O

Remark 7.3. The above map is an isomorphism in the following two cases:
1. (Tate) when k is a finite field.
2. (Faltings) when k is a number field.

Proposition 7.8. Let I be a number field and E/F' be an elliptic curve with good
reduction at p, and p 1 £. Denote E/k, the reduction of E. Then the GalﬁF/F)-

action on TyE is unram_iﬁed at p, and the reduction map TyE — TyE is an
isomorphism of Z¢|Gal(k,/ky)]-modules.

Proof. Let p t m. Let F'/F be a finite extension and p’ a prime above p. We
consider E(F') € E(F},) — E(ky). Then E(F')[m] € E(Fy,)[m] = E(ky)[m]
as E(my)[m] = 0. In other words, the reduction map E(F")[m] — E(ky)[m]
is injective. This implies that E(F’)[m] is unramified at p, since the inertia (by
definition) is the subgroup that acts trivially on k.

Hence E[m] is unramified at p, and E[m] — E[m] is injective. Since both
groups are isomorphic to (Z/mZ)?, this is an isomorphism. O

Corollary 7.9. In the situation of the proposition above, the characteristic poly-
nomial of a Frobenius element Frob, € Gal(F/F) on T, E is T? — a,(E)T + gy.

Proof. Since [ap(E)] = Frob, + F/roﬁ, we have Frobﬁ + [gp] = [ap(E)]Frob,
in End(E), note that Frob, € End(E) induce the same action as Frob,
Gal(F/F) in End(T,E) = End(T,E).

If this was not the characteristic polynomial, then Frob, would act as a
scalar in Ty F, say « € Zy. Then if o, € Z is with oy, = @ mod ¢" and |a,| <
/2, we would have (Frob, — [a,])|gpe) = 0, and so

0 + 2" < deg(Froby + [a,]) + deg(Froby — [an]) = 2(gp + a2) < 2y + £27/2,

(7.13)
which is a contradiction for n sufficiently large. O
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In fact, the above proposition is an if and only if.
Theorem 7.10 (Néron—-Ogg—Shafarevich). Let F' be a number field, E/F be an
elliptic curve and p a prime of F. Then the following are equivalent.
1. FE has good reduction at p.
2. For every p 1 ¢, the Tate module T, E is unramified at p.
3. For a single p 1 ¢, the Tate module T, E is unramified at p.
Proof. (1) = (2) follows from the above, and (2) = (3) is obvious.
We consider the general case of an elliptic curve E and a prime p. We

consider the reduction E /ky (which may be singular). Note that the inclusion
E[("] € E(F,)[¢™] is an equality'?, as both are isomorphic to (Z/¢"Z)?. Thus

(T;E)" = lim E(F"™)[£"]. (7.14)

n

The group E(F,'"")/Eo(F;™") is finite since Opynr is a DVR, and we also have
Eo(Fy)[en] = E™[("] by the same proof as in the above proposition. We
conclude that we have an injection

TE™ «— (T,E)% (7.15)

with finite cokernel (bounded by the Tamagawa number #E(F;"")/Eo(F;™")).
In particular, }
(ViE)l ~ V,E™, (7.16)

By our previous analysis of E"* in the case of bad reduction, we have

Z7 good reduction,
T,E™ ~ {7, multiplicative reduction, (7.17)
0  additive reduction,

and thus V, F is necessarily ramified at p if E has bad reduction at p. O

7.3 Artin L-functions

The discussion that follows can be done for Galois representations for Gal(F'/F)
for a general number field F, but we stick with F' = Q for simplicity.

12Here we are implicitly choosing an embedding F' — F,, that is, a compatible choice of places
above p for all number fields above F.
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Definition 7.5. A compatible system of Galois representations (pg, Vy)¢ is a col-
lection of continuous representations py: Gal(Q/Q) — GL(V;) where V; are
finite dimensional QQ;-vector spaces, satisfying the following: for every prime
p, the characteristic polynomials

char <pg(Frobp) | Vzlp) € Qlx], forl#p (7.18)

have coefficients in Q and are independent of ¢ # p.

Definition 7.6. Given a compatible system p = (p;, V;), of Galois representa-
tions, we define its Artin L-function L(p,s) =[], Ly(p, s) where

_ —1 L\ 1
Ly(p,s) = det (1 — p* py(Frob; ) | V/’) . (7.19)
Example 7.2. 1. The trivial compatible system p = (ps, Q) has L-function
L(p,s) = (1=p~®)~" = ((s).
2. We denote the Tate twist Q(1) = {Q(1)}, where Q(1) := V;G,,. This

is unramified at all p # ¢, and Frob, acts as p. Thus for any compatible
system p = (pg, Vy)¢, we have

L(p@Q(1), 5) = det(1—p~*pe(Froby )p~" | V")~ = L(p, s+1). (7.20)
It is also common to denote p(k) := p ® Q(1)®* for k € Z.

Proposition 7.11. If E/Q is an elliptic curve and p = (V,E), is the compatible
system of its Tate modules, then L(E,s) = L(p,s — 1).

Proof. If p is a prime of good reduction for F and ¢ # p, we have that the
characteristic polynomial of Frob, in V;E is T? — a,(E)T + p. In particular, the
characteristic polynomial of p~*Frob,; Lis

T? —ap(B)p 5T + p~271, (7.21)
and hence
Ly(p,s —1) = (1 —ap(E)p* +p %) = L,(E, s). (7.22)

For primes p of bad reduction, we have seen before that (V,E)’» = V,E",
and then the claim follows from the previous classification of E*: i) if E has
additive reduction, L,(E,s) = 1 since V,E™ = 0, ii) if E has split multiplica-
tive reduction, then V,E™ = V,;G,, ~ Q,, where Frob,, acts by multiplication
by p, and thus

Lp(pys—=1) = (1=p " Up )t = (1= p™) ' = Ly(E,s),  (7.23)
iii) similarly, in the case of nonsplit multiplicative reduction we have that Frob,,

acts by —p, and thus L,(p,s — 1) = (1 + p~*) ! = L,(E, s). O
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7.4 Weil pairing and étale cohomology
Let k be a perfect field, and ¢ # char(k). We consider E/k an elliptic curve.

Theorem 7.12. There exists a perfect, alternating, Galois equivariant pairing,
called the Weil pairing
[ TgE X TgE i Zg(l). (724)

Furthermore, if ¢: E1 — Es is an isogeny, then e(p(P), Q) = e(P, $(Q)). Equiv-
alently, we have an isomorphism of Galois representations

2
det T)E := /\TEE ~ Z(1), (7.25)

and this is such that an isogeny ¢: Ey — Es induces the map Zy(1) ~ det Ty F1 —
det T, FEy ~ Zy(1) given by multiplication by deg()*>.

For an elementary proof, see [Sil09, Section III.8]. Instead, we will discuss
this in terms of étale cohomology.

Proposition 7.13. Let A/k be an abelian variety. We have (1, A)* := Hom(T¢ A, Zg) ~
H} (A, Z¢) as Z[Gal(k/k)]-modules.

Proof Sketch. We have that H} (A, Z¢) = Hom(n$(A), Z¢),'* so it remains to
show that 7¢{(A;) ® Zy = T, A.
By definition, we have

i (Ap) = lim  Aut(A' — Ap). (7.26)
p: Al—Ag
finite étale
It turns out that every such A’ is also an abelian variety: for the case of elliptic
curves, Riemann-Hurwitz implies that 2 — 2¢g(A") = deg(y) - (2 —2¢(A4z)), and
thus A’ is also a genus 1 curve. Since all such ¢ are separable, if follows that
they are a factor of [deg(y)]:

[deg(p)]: Az — A’ L A;. (7.27)
Thus we may write
Str g N _ s N1,
N

13Note that this is equivalent to e(p(P’),o(Q’)) = deg(yp) - e(P’,Q’). This is implied by
e(o(P),Q) = e(P,3(Q)) by taking (P,Q) = (P(q)), and implies it by taking (P', Q') =
(P, ¢(Q)) and cancelling deg(¢).

14This can be thought as an étale version of the Hurewicz map m; (X )% ~ H;(X).
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and A[N] ~ Aut(A4g 1, Ar) via P — 7p the translation isomorphisms. Thus

(4 ~ [ [ 1A (7.29)
y4

and the claim follows. O

Proof of Theorem 7.12. Under the above identification, we have a cup product
pairing

(TyE)* x (TyE)* = Hy(Ey, Ze) x Ha(Eg, Zy) = He(Eg, Zy) ~ Zy(—1) (7.30)
where the last isomorphism is due to Poincaré duality. By properties of cup
product, this is perfect, alternating and Galois equivariant.

This identifies det((7yF)*) ~ Z¢(—1), and taking duals this is the same as
an identification det(7yE) ~ Zy(1). For the last claim, if ¢: F; — Ey is an
isogeny then we have the following commutative diagram by the functoriality
of cup product and Poincaré duality.

H(By js Ze) x Hg(Ey s Zg) —— HG(By g, Zo) —— Ze(—1)

w*xw*T w*T deg(w)T (7.31)

H(Ey g, Ze) x Hi(Ey g, Ze) —— HE(Ey g, L) —— Zy(—1)

O

Remark 7.4. The usually defined Weil pairing (as in [Sil09, Section III.8]),
agrees with the above identification det(7yF) ~ Z, up to a sign.

Remark 7.5. Note that if £/F, and ¢: E — E®) = E is the Frobenius isogeny,
then p* € End(H},(Ej, Zy)) agrees with the geometric Frobenius Frob, le
Gal(F,/F,).

7.5 Galois representations via étale cohomology
If C/k is a curve over a field perfect field £ and ¢ # char(k), we also have

H(Cy, Ze) = H(Jac(C)y, Ze). (7.32)

In particular, we have the following decomposition as Gal(Q/Q)-modules from
Theorem 6.4

HE(Xo(N)g, Qu(1)) = Hiy(Jo(N)g, Qe(1)) = [ [(Vedp)* ()& =] [(Vedy)®™s

f
(7.33)
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where the last equality (V;A)*(1) ~ V;A is due to the Weil pairing'®.
As Ty acts on X,(IV) by correspondences, this cohomology group also car-
ries an action of T7'°. For example, by Hodge theory we have

Hgei(Xo(N),C) = H*(Xo(N), Q) ® HO(Xo(N), Q) = S2(To(N)) @ S2(To(N))

(7.34)
as Tz-modules, and thus by the discussion in Section 5.4
H]%etti(XO(N)a C) = (‘B W;(O(N) ® C2. (7.35)
TS Ao (GL2(A))
ﬂ'QOEDQ
Recall that dim wa(N) = 0o9(N/M) if M is the conductor of 7;. That is, if

[ < m as in Theorem 5.15, then m; = dim wa(N).

Since the action of Ty, is by geometric correspondences, the Betti-étale com-
parison isomorphisms are Ty, equivariant. So fixing an isomorphism of fields
tp: C ~ Qyp, we have

Hét(Xo(N)@ Qo) = @ Lg(ﬂ'JIc(O(N)) Prp (7.36)
neAo(GLa(4)
Too~Do

as He,(vy x Q[Gal(Q/Q)]-modules, where pr ¢(1) = VA for f < 7. In fact,
all this discussion generalizes to the congruence subgroups I'1 (V) as well, and
thus in fact

lim  Hi(X(KnGL2(Q)g, Q)= B wulr)Bpme (7.37)
KcGL2(Ay) 7S Ag(GL2(A))
open compact Too D2

as GL2(Af) x Q/[Gal(Q/Q)]-modules.

Remark 7.6. This is an example of the so-called Kottwitz conjecture. More
generally, the cohomology of Shimura varieties are expected to realize certain
cases of the global Langlands correspondence. More precisely, for certain con-
nected reductive groups G over QQ, we can attach Shimura varieties, a collection

{Sha(K)}  kecga,  of quasi-projective algebraic varieties over a certain
neat open compact

15In general, for an abelian variety A, the Weil pairing is a perfect alternating pairing Ty A x
T,AY — Z4(1), but since A and AY are isogenous, we have ;A ~ V;AV. In fact we have a
canonical such identification when A is a factor of a Jacobian of a curve, as above.

161n fact, the right hand side is a decomposition into ']I‘(ZN)-isotypic components, where 'I[‘(ZN) =
im(Z[Ty,: (n, N) = 1] — End(S2(To(N))) is the Hecke algebra away from N.
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number field F. These admit Hecke actions by finite étale correspondences

Shg(K ngKg™') —— Shg(97'Kgn K)

Tkgk: l l (7.38)
Sha(K) Sha(K),
and thus ' ) ' )
Hét(SthQf) o= h_n,lHét(ShG(K)E7QZ) (7.39)
K

is a G(Ay) x Q[Gal(E/E)]-module. For 7 < A(G(A)) an irreducible auto-
morphic representation appearing in this cohomology, the Kottwitz conjecture
gives a conjectural expression of

Vo= Z(—l)"(Hét(ShG, Qo)[n]) (7.40)

as virtual Gal(E/FE)-representations in terms of the Langlands parameter of 7.
See for example Section 3.2.2 of these notes for a discussion on this. In the
simplest cases, we expect

Vi(d/2) < a(my) - [ry o ox] (7.41)
as virtual Gal(E/E)-representations, where
* d =dimShg(K),
* a(my) is a certain integer,
* o.: Gal(Q/Q) — “G(Qy) is the Langlands parameter of T,

e r,: YG(Q)) — GL(V,) is a certain finite dimensional representation de-
termined by the Shimura datum.

In general, this formula is more complicated in cases that the group G has
nontrivial endoscopy.

8 Elliptic curves over global fields

8.1 Roadmap for the Mordell-Weil theorem

References: [Sil09, Section VIIL.3], although our presentation is slightly differ-
ent since we will use canonical heights (as in [Sil09, Section VIIL.9]).
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Theorem 8.1 (Mordell-Weil). Let E/F be an elliptic curve over a number field
F. Then E(F) is a finitely generated abelian group.

The proof of this relies on two ingredients, which will be the focus of the
later sections in this chapter.

Theorem 8.2 (Weak Mordell-Weil). Let E/F be an elliptic curve over a number
field F, and let m be an integer. Then E(F)/mE(F) is a finite group.

Theorem 8.3 (Néron-Tate). There exists a height function hyr: E(F) — Rsg
satisfying the following properties

1. The pairing {-, nr: E(F) x E(F) — R given by
1 - . .
(P,Q)Nr = i(hNT(P + Q) — hnr(P) — har(Q)) 8.1)
is bilinear, and also satisfies that iLNT(P) = (P, P)NT.

2. Forany B > 0, the set {P € E(F): hyr(P) < B} is finite.

Remark 8.1. Part (1) roughly means that we can thin}< of hyt as a qqadratic
function. In fact, it is easy to see that it implies that Ay (mP) = m2hyr(P)
for all m € Z, and that we have the parallelogram relation

hyt(P + Q) —5 NP = Q) _j o (P) + v (Q). (8.2)

Proof of Mordell-Weil. Let m > 2 be an integer, and P,..., P, € E(F) be a
set of representatives for E(F)/mE(F). We let By = max;(hnt(F;)). From the
parallelogram relation and the positivity of iy, we note that we have

hnt(P — Q) < hnt(P — Q) + hnt(P + Q) = 2hnt(P) + 2hnt(Q).  (8.3)

Let Qo € E(F'), and we recursively write Q; = mQ;+1+P;(;) fori(0),i(1),. ..
{1,...,n}. We have
. Int(Qj — Pyy) 2 2
hnt(Qj41) = fng v m*(hNT(QJ)JrhNT( i) < m*( nT(Q;)+Bo).
(8.4)
Repeating this, we have
. 2\"- 2 4 8
hNT(Qn) < <m2> hNT(Qo) + <’rnQ + m + ﬁ + - > By (8.5)
and thus 1
hnt(Qn) < ﬁhNT(Q) + Bo. (8.6)
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Now for any e > 0, this implies that there is n with h n1T(Q@n) < B + €. This
proves that F(K) is generated by the finite sets {P € E(F): hnt(P) < B +¢}.
In fact, this implies that it is generated by the finite set {P € E(F): hyp(P) <
Bo}. O

8.2 Group cohomology and Galois cohomology
Group cohomology

Let GG be an abstract group. We consider the category Mod of Z[G]-modules.
We note that this is an abelian category with enough injectives'” and projec-
tives.

Definition 8.1. The invariants functor (—)%: Modg — Ab is left exact and
defines derived functors H*(G, —): Modg — Ab, the group cohomology of G.

Remark 8.2. We note that this is also functorial in the first variable: if f: H —
G, then we have pullback maps f*: H*(G,M) — H*(H, M). This will soon
become clear in terms of cochains, but abstractly this comes from the natural
transformation

\\\// (8.7)
f* MOdH (=)

since the functor f*: Modg — Mody is exact.

Remark 8.3. Since M® = Homyjoa, (Z, M), we also have that H*(G, M) =
Ext{foq, (Z, M).

Using the interpretation of Ext as a left derived functor on the first vari-
able, we can compute H*(G, M) as follows. We consider the following free
resolution of Z in Modg.

where P; = Z[G*!] with diagonal G-action, and where

di(gov R 792) = Z (_1)j(g(]7 R udjv s 792) (89)
j=0

17 s far as I understand, this requires the axiom of choice if G is infinite.
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Then H*(G, M) is the cohomology of the complex

0 — Hom(Py, M) 2> Hom(P,, M) 45 .. (8.10)
This gives the presentation of H*(G, M) by homogeneous cochains. Rather, it
is often easier to work with inhomogeneous cochains C*(G, M) = Maps(G*, M)
by making the identification

Hom(P“M) = CZ(GvM)v f = ((gla"'vgi) = f(1791791927--~7gl'"gi))'
(8.11)
In this way the differentials d': C*(G, M) — C**1(G, M) are given by

-

I
—

(de)(g1,-- -5 9it1) = grc(ga, - -, gir1)+ Y, (=1 c(g1. - - -, giGj+1, - - - gir1) +(=1) (g1, - -, 92).

J

(8.12)
Example 8.1. We of course have H°(G, M) = M¢, and the above give us the
description
ZYG, M)
1 _ 9
H (G,M) = BIG. M) (8.13)
where
ZYH G, M) = {c: G — M s.t. ¢(g1g2) = c(g1) + g1 - ¢(g2)} (8.14)
and
BYG,M) = {(g — gm —m): me M}. (8.15)
Example 8.2. If M is a trivial G-module, then B'(G, M) = 0, and
HY(G, M) = Z(B, M) = Hom(G, M). (8.16)

Remark 8.4. If we have an exact sequence 0 — M; — My — M3 — 0, then the
boundary map H°(G, M3) — H'(G, M;) in terms of inhomogeneous cochains
is given as follows: if m € M{ and m € M, is a lift, then we consider the
cochain c € C'(G, M) to be ¢(g) = gim—m. It is easy to see that c € Z(G, M)
and that its image in H'(G, M;) does not depend on the choice of 7.

Galois cohomology

If G and M have a topology, it is not as easy to define group cohomology. The
category TModg of continuous G-modules may not even be abelian!'® For our
applications, we will only consider the case where M has discrete topology.

18Take G = Z with the discrete topology. Then TMod; = TAb is the category of topological
abelian groups, which is additive but not abelian.
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If G is a topological group, the category Mod of discrete G-modules is
abelian and has enough injectives, so we similarly define H*(G, M).

Proposition 8.4. If G = lim , G/H is profinite, then we also have the following:

1. H*(G,M) = Z*(G,M)/B*(G, M) where Z*, B* are similarly as above,
but considering continuous cochains,

2. H*(G,M) = lim  H*(G/H, M™) where for Hy < H the transition maps
are the inflation maps

H*(G/Hy, M2y — H*(G/H, M) (8.17)
induced by G/H; — G/H and M2 < M1,

Definition 8.2. If F'/F is a Galois extension of fields and M is a discrete
Gal(F’/F)-module, we denote

H*(F'/F, M) := H*(Gal(F'/F), M). (8.18)
If F/ = F*°? we also denote this by
H*(F, M) := H*(Gal(F*®?/F), M). (8.19)

Example 8.3. 1. If M is a finite Gy, -module, then

M ,
0 — NGy 1 - _ v = ;
HO(F,, M) = M%%», H(F, M) (Frob, “T)3I" H(F,, M) =0 fori > 2.
(8.20)
2. If E/F is an elliptic curve over a number field F, we have the exact
sequence
0 — E[m] — E(F) ™ B(F) -0, (8.21)
which induces
0= E(F)[m] — E(F) b E(F) — H'(F, E[m]) » H(F,E) - ---
(8.22)
and thus we have the Kummer map
k: E(F)/mE(F) — H'(F, E[m]). (8.23)

It turns out that H'(F, E[m]) is infinite!®, but we will see in the next sec-
tion how to bound the image of s by a finite submodule, the Selmer group
Sel,,(E/F) € HY(F, E[m]).
9For example it can happen that E[m] = E(F)[m] and then H!(F, E[m]) = Hom(GF, E[m])
which is infinite.
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8.3 Selmer groups and weak Mordell-Weil

References: [Sil09, Sections VIII.1-2 and X.4].

Let F' be a number field, £/F an elliptic curve and m € Z an integer.

As mentioned in the previous section, we consider the exact sequence of
Gal(F/F) modules

o,

0 — B(F)[m] — E(F) ™, B(F) - 0. (8.24)

Taking Galois cohomology, we get the Kummer map
k: E(F)/mE(F) — HY(F, E(F)[m)). (8.25)

Concretely, x(P) is represented by the cocycle x(P)(0) = 0(Q)—Q for a choice
of Q € E(F) with m@ = P. The plan is to try to bound the image of .

Given an embedding F' — F,, we can consider the analogous sequence
0 — E(F,)[m] — E(F,) 1m, E(F,) — 0 which fits into a commutative

diagram

0 —— E(F)[m] E(F) E(F)
lw j j (8.26)
0 — E(F,)[m] — E(F,) — E(F,) — 0

They similarly induce local Kummer maps «,: E(F,)/mE(F,) — E[m]

0 — E(F)/mBE(F) —"— H'(F,E[m]) —— H'(F,E)[m] — 0

| [ Jie

0 —— E(F,)/mE(F,) —=— H'(F,, E[m]) —— HY(F,, E)[m] — 0
(8.27)

Definition 8.3. The m-Selmer group of E/F is

Sely, (E/F) := {c e H(F, E[m]): loc,(c) € im(k,) for all v}

(o] ¢} .2
= ker (HI(F, E[m]) — H(F, E) 1, toew [ & (7. E)) (828)
The Tate-Shafarevich group of E/F is
II(E/F) := ker (HI(F, E) -] [H'(F, E)) : (8.29)
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By the above discussion, these fit into the so-called fundamental exact se-
quence

0 — E(F)/mE(F) — Sely,(E/F) — HII(E/F)[m] — 0. (8.30)
Theorem 8.5. The m-Selmer group of E/F is finite.
Proof. Step 1. For p { m of good reduction, we claim that
im(ky) S ker (H'(Fy, E[m]) — H' (I, E[m])) . (8.31)
Indeed, we have seen that the reduction map 6 E(F) — E(ky) induces an

isomorphism E(F,)[m] => E(k,)[m], and thus if P € E(F,) and Q € E(F,)
are such that m@Q = P and o € I,, we have

ko(P)(0) =0Q —Q=0Q —Q =0, (8.32)

which implies that x,(P)(c) € E(F,)[m] is also trivial.
In other words, we have

Sel,,(E/F) < ker (Hl(F,E[m])—> 11 Hl(Ip,E[m])). (8.33)
ptm good

We will in fact prove that this right hand side it finite.

Step 2. We now reduce to the case where the action of Gal(F/F) on E(F)[m]
is trivial. Let L/F be a finite Galois extension with E[m] < E(L). Then we
have an inflation-restriction exact sequence

0 — HY(L/F, E[m]) — H*(F, E[m]) — H*(L, E[m]). (8.34)

Note that the restriction map also induces Sel,,,(E/F') — Sel,,,(E/L) since we
have the commutative diagram for all v’ | v

E(F,)/mE(F,) —— H(F,, E[m])

l l (8.35)

Koyt
E(Ly)/mE(Ly) —> HY(L,, E[m])
In particular, we have that

ker (Sel,,(E/F) — Sel,,(E/L)) — H'(L/F, E[m]). (8.36)
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This right hand side is a finite group, and thus we have the implication
#Sel,,(E/L) < 00 = #Sel,,(F/F) < 0. (8.37)
So we may assume without loss of generality that the Gal(F/F)-action on
E[m] is trivial.

Step 3. In the case E(F)[m] = E[m], we have H'(F, E[m]) = Hom(Gal(F/F), E[m]).
Combining everything, we have the diagram with exact rows

Sel,.(E/F)

J

0 ker E[m]) ——— [1pm H' (I, E[m])
" good

0 — Hom(Gal(F*/F), E[m]) — Hom(Gal(F/F), E[m]) — []m Hom(I,, E[m])
good

(8.38)
where ¥ = {v | moo} U {p bad}, and F* is the maximal abelian extension of F'
unramified away from X. Since E[m] has exponent m, we also have

Hom(Gal(F>/F), E[m]) = Hom(Gal(F*™/F), E[m]) (8.39)

where F*™/F is the maximal subextension of F'* of exponent m. Now Class
Field Theory? tells us that F>™/F is a finite extension, and thus we conclude
that Sel,,,(E/F) is finite. O

Definition 8.4. The {-adic Selmer groups of E/ I are Sely= (E/F) :=lim Selyn (E/F)
and Sy» (E/F) := lim Selp(E/F).

These fit into the short exact sequences

0— E(F)®Q¢/Zi — Sely=(E/F) — UI(E/F)[{*] — 0 (8.40)
and
0— E(F)®Zy— S (E/F) — QLH(E/F) [£"] — 0. (8.41)

n

Conjecture 8.1 (Tate—Shafarevich Conjecture). The group II(E/F) is finite.

Assuming this conjecture, we for example have F(F) ® Zy — Sy« (E/F),
and so the Birch and Swinnerton-Dyer conjecture becomes equivalent to

20In fact this statement is much weaker than Class Field Theory, see [Sil09, Proposition VIII.1.6]
for an elementary proof.
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Conjecture 8.2 (Bloch—Kato conjecture for T, F). We have
rankyz, Sy (E/F) = ords—1 L(E/F, s). (8.42)

It turns out that both terms can be defined purely in terms of T;E: on the
one hand, we have seen that?!

L(E/F,s) = L((T,E)*, ) (8.43)

and on the other hand we have that Sy (E/F) = H}(F, T,E) is the Bloch—Kato
Selmer group of TyE. Analogous objects exist for geometric’>?> Galois represen-
tations p: Gal(F/F) — GL,(Qy).

Conjecture 8.3 (Bloch-Kato conjecture). If p is a geometric Galois representa-
tion, we have

dimg, H}(F, p) — dimg, H(F, p) = ords—1L(p*, s) (8.44)
where*> H'(F, p) = {ce H'(F, p): loc,(c) € H}(F,, p) for all v} for

ker (H(F,, p) — H' (I, p)) ifvid,

8.45
ker (H'(F,,p) > H' (Fy, p®@Berys)) ifv | L. ( )

H}(Fvap) = {

Remark 8.5. Similarly to the Birch—-Swinnerton-Dyer conjecture, this L-function
conjectured but not known to extend meromorphically. This means that the
right hand side of this conjecture is not known to be well-defined in general.

8.4 Global heights

Given a projective variety X /Q over a number field F, we want to construct a
height function
h: X(F) >R (8.46)

that in some sense measure the arithmetic complexity of points of X.

Example 8.4. For X = Py, a point X(Q) = P'(Q) can be represented uniquely
up to + as [a: b] with a,b € Z relatively prime, and we define h([a: b]) =
log max(Jal, b))

21Technically speaking we haven’t defined the Euler factors of the right hand side for primes
above /, but this can be done with ¢-adic Hodge theory.

22This means that it is unramified at all but finitely many places, and that it is de Rham at places
above /.

230ne needs to be more careful here about what one means by Galois cohomology here, since
the coefficients have a nontrivial topology.
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It will turn out that we will only define such functions up to a constant
error, so we make the following definition.

Definition 8.5. For two functions f,g: X(F) — R we denote f ~ g if the
difference f — g is bounded in absolute value.

Heights on projective spaces

For a number field F' and a place v, we normalize the absolute value |-|, as
follows: if v is p-adic, then |p|, = p~!, if v is archimedean, then |z|, = |v(z)|
for the usual complex absolute value |-|. Note that this is so that if F//F is an
extension of number fields and v’ | v, then |z|, = |z|, for v € F.

Definition 8.6. We define a height function h: P"(Q) — R as follows. For F

a number field and =z, ..., z, € F, we define
Mleo: - al) = o SF: Qo] logmax(faoh, - eala). (847)
xg: . _[FiQ]U v Qyp gmax(|Zgly, .- -5 |Tnlv)- .
Remark 8.6. Note that this is well defined: if A\ € F, we have h([zo: -+ : x,]) =
h([Axo: ---: Azy,]) because of the product formula
=TI, (8.48)
and we have that if F//F is a finite extension, then m DopplEy: Qo] =
[FU: Qv]
[F:Q -

Remark 8.7. Note that for P € P}(Q), this recovers the definition from before:
writing P = [a: b] in lowest terms, we have max(|a|p, |b|,) = 1 for all primes

p.
Proposition 8.6. The height function h: P*(Q) — R lands in Rx.

Proof. We can always choose [zg: ---: x,] such that one of the coordinates is
1. For that choice, each term in the summation above is non-negative. O

Proposition 8.7. Let f: P" — P™ be a morphism defined over Q. Then we have
hPm o f ~ deg(f) . th.

Proof. Denote d = deg f,and write f = (fo: -+ : fm) for fo, ..., fm € Q[Xo, ...
homogeneous polynomials of degree d without common roots. For P = [zg: ---:

denote | P|, = max;|z;|,. Then we can easily bound

(P < Cr - Pl 1 . %fv %s nonafrchimedean, (8.49)
' #monomials if v is archimedean,

89



where C’fv is the maximum of |-|, over all coefficients of the f;. Then for
Cr=11, C v @l and 0 = Cy - (#monomials), we have

M(F(P)) = [F?Q]E[Fv: Q. logmax(|f;(P)\,)

v

< log(C Z -d- logmax(\x| ) (8.50)

v

=log(C) +d- h( )

For the opposite bound, we need to use Nullstelensatz. Since the f; share
no common root, we have rad(fo,..., fm) = (Xo,...,Xy,). So there exists
e € Z and g;; € Q[Xo,...,X,] such that X{ = Zjﬂilgi,jfj. Note g, ; are
homogeneous of degree e — d. So

1  if v is nonarchimedean

1Pl < m%;X(lgu(P)l)‘\f(P)lv-{ o . © (85D

M if v is archimedean,
and since g; ; are homogeneous of degree e — d, we have

1 if v is nonarchimedean,
1955 (P)|y < Cyo - |P|% { (8.52)

#monomials if v is archimedean.

Combining this and dividing by |P|¢~¢, we conclude that d - h(P) < log(C) +
h(f(P)) for some constant C' similarly as above. O

Remark 8.8. Note that the to make the above implicit constant effective, one
needs to effectively find the g; ; that are guaranteed to exist by Nullstelensatz.

Proposition 8.8. For any B,d > 0, the set {P € P"(Q): h(P) < B, [Q(P): Q] <
d} is finite.

Proof. For P = [x¢: ---: x,], we may assume without loss of generality that
xo # 0, and then

h(P) = [F:l@] DIF: Qulos e i > [FlQ] SUFy : Qo] log max([oe, [71]0).
(8.53)
And so we are reduced to the case n = 1. That is, we need to see that the set
{[1: 2] e P1(Q): h([1: z]) < B, [Q(z): Q] = d} (8.54)
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is finite. For such z, denote F' = QQ(z) and consider the minimal polynomial
T+ a1 T4 4 - 4 ag € Q[T], with roots z1, 3, . .., x4 € Q with, say, z1 = z.
We have

d . . .
1 if v is nonarchimedean,
ail, = |+ | < max(1, |z;]y) - e . .
|a;lo Z H ¢ E (1, [ilo) {(?) if v is archimedean.

IS{1,...,d} i€l
#I=j .
(8.55)
and thus
d e .

0 if v is nonarchimedean

log max(|a;|,) < ) logmax(1, |z;|,) + ’
s (lasf.) l; SR (L fail) {dlog(Z) if v is archimedean.

(8.56)
Since z;,z; are all Galois conjugate, we have h([1: x;]) = h([1: z;]). Noting
also that the right hand side is > 0, this implies that

1
(L a7 -+ aa)) = e DF: Quldogmax(L,faol - ladh) < dlog(2) +a-h([1: )
' (8.57)
Thus, the case n = 1 reduces to the case of P%(Q), which is easy. O

Heights on projective varieties
Finally, we define heights for a general projective variety X.

Definition 8.7. Given a very ample divisor D on X, we may define a height
function hp: X (F) — R, well-defined up to ~, as follows: choosing sections
generating £(D), we get an embedding ¢p: X — P" and then we let hp =
hpn o ¢p. Note that different choices of bases of £(D) give embeddings, but
they differ by an automorphism of P", and so hp is well defined up to ~ .

Theorem 8.9 (Weil height machine). There exists a unique collection of homo-
morphisms )
h(_y: Pic(X) — Fun(X(Q),R)/ ~ (8.58)
for X projective varieties over Q, satisfying the following:
1. If D is very ample, hp ~ hpn o ¢p.
2. hpig ~hp+ hg.
Moreover, this satisfies

3. For ¢: X — Y a morphism, we have hx 4+p ~ hy,p o ¢.
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4. (Northcott property) If D is ample, then for all B,d > 0, the set

{Pe X(F): hp(P) < B, [Q(P): Q] <d} (8.59)
is finite.

5. If D is effective, we have that hp is bounded below outside of the base locus
b(|DJ) of D.

Proof sketch. The uniqueness is clear, since every divisor can be written as a
difference of very ample divisors.

For existence, we need to check two things: i) if D = div(f) is principal,
then hp ~ 0, and ii) if D, FE are very ample, then hp, g ~ hp + hg.

For i), writing D = Dy — D> as a difference of very ample divisors, we have
HY(L(Dy)) = f- HY(L(Dy)), and so if ¢p,: X — P is [go: -+ : gn], then we
may choose ¢p,: X — P" tobe [fgo: ---: fgn] and

max(|(fg:)(P)lv) = max(|f(P)lo|gi(P)lo) = [f(P)o - max(lgi(P)l.), (8.60)

and thus hpn (¢p, (P)) = hpn(ép,(P)) by the product formula.
For ii), one considers the Segre embedding S: PV x PM — pNM+N+M
This is such that we have the commutative diagram

X ————— X
lA l¢D1+D2

X x X P (8.61)
lqﬁDl XPp, lf

PN « pM S PNM+N+M

for f is a hyperplane section. This is because S*(O(1)) = O(1) x1 O(1), and
thus

(So(¢p, X¢p,)eA)*O(1) = A%(¢p, x¢p,)*(O(HKO(1)) = A*(L(D1)KL(D2)) = L(D1+Ds).
(8.62)

Since f is a hyperplane section, we have hpno¢p, +p, = hpyminimofodp, +p,

It remains to see that h(S(z,y)) = h(x) + h(y), which follows from

og s ()= o (g ) ms (Il ) ) = log s (hl)+ 1o . (1)
<j<

(8.63)
By (2), both (3) and (4) reduce immediately to the case that D is very
ample. In such case, they easily follow from (1).
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For (5), let D be effective and write D = Dy — D- as a difference of very
ample divisors. Let ¢p, = [fo: -+ fn]: X — P™. Since D is effective, we have
Dy + (fi) = D+ Dy + (fi) = D2 + (fi) = 0, and thus f; € £(D;). This let
us write ¢p, = [fo: -+ : fm]: X — P™ for some m > n. All f,..., f,, are
regular outside the support of Dy, so for = ¢ supp(D;), this implies that

hpm (¢, (x)) — hen (D, (7)) = 0, (8.64)

where the left hand side is ~ hp(x). By varying the decomposition D = D; —
D5, we can extend this to all ¢ b(|D|). More precisely, we take D = (D +
E;) — E; where E; are finitely many very ample divisors with (), E; = &. [

Heights on abelian varieties

We will define the so-called canonical heights for abelian varieties, which are
also called the Néron—Tate heights.

We will use a geometric input which we will only prove in the case of
elliptic curves:

Proposition 8.10 (Theorem of the cube). Let k be a field and A/k an abelian
variety. Consider D a divisor of A. If w1, w9, m3: A% — A are the three projections,
then

(m1+mo+7m3)*D—(m +m2)*D—(m14+73)*D—(mo+73)*D+nf D+75D+7m5 D
(8.65)
is linearly equivalent to 0.

Proof in the case of elliptic curves. Denote E = A for our elliptic curve, and by
C(D) the above expression.
If P,Q € E, consider the map ipg: E — E3 given by R — (P, Q, R). Then

ipgC(D) =71p gD —7pD — 15D + D. (8.66)
We claim that this is principal. Indeed, if D = R for some R € E, we have
ipoC(R)=(R-P-Q)—(R—-P)—(R-Q)+R~0. (8.67)

Since C'(D) is linear in D, this implies the general case.

Now varying P, Q, this implies that we must have C'(D) ~ =}, D’ for some
D' € Div(E?), where 715 E3 — E? is the projection the first two factors.

The same is true for 713 and o3, and this implies that C'(D) is trivial. More
precisely: foripr: E — E3 given by Q — (P, Q, R), we have

0~ ZTgyRC(D) ~ (7‘(‘12 O Z'p’R)*D/ = l}ka/ (868)
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where ip: E — E?is Q — (P, Q). Varying P, this implies that C(D) ~ D"
for some D” € Div(E). Then pulling back by ig r: F — E® given by P —
(P, Q, R) we have

0~ Z'Z),RC(D) ~ (m o iQ’R)*D” = D", (8.69)
Thus C'(D) ~ 0. 0
Corollary 8.11. In the same setting as above, we have that

2 _
[m]*D ~ ;mD+ 2 (8.70)

If T : mo: E? — E are the two projections, we also have that
(m1 4+ m2)*D + (m —m)*D ~ 2.7y D 4+ m5D + 73 [—1]*D (8.71)

Proof. For the first claim, pull back the proposition by A — A3 given by (P)
(mP, P,—P) to get that

[m]*D —[m+1]*D — [m —1]*"D + [m]*D + D + [-1]*D ~ 0,  (8.72)

and use this to inductively prove the claim: taking m = 1 we get [2]*D ~
3D + [—1]*D, and for the induction hypothesis we get

[m+1]"D ~ 2[m]*D + D + [-1]*D — [m — 1]*D

m2—m m? —3m +2

~mi4m+1- )D+ (m?> —m+1— 5 )[-1]*D
2 2
_m +3m+2D+m +m[_1]*D.
2 2
(8.73)
For the second claim, simply pull back the above proposition by A% — A3
given by (P7 Q) - (P7Q7_Q>' O

Theorem 8.12 gCanonical heights on abelian varieties). There exists a unique
homomorphism h.y: Pic(A) — Fun(A(F), R) satisfying the following:

1. We have hp ~ hp.
2. ]A”LD+E = }AID + iLE
Moreover it satisfies

3. If f: Ay — As is a morphism of abelian varieties, then iLf*D =hpo f.
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4. If D is ample, then for all B,d > 0 the set
{Pe A(F): hp(P) < B, [Q(P): Q] < d} (8.74)
is finite.

5. If [-1]*D ~ D is ample, then hp is non-negative, and hp(P) = 0 if and
only if P is a torsion point.

6. If [-1]*D ~ D, then (P,Q)nr.p = 5(hp(P + Q) = hp(P) = hp(Q)) is
bilinear, and we also have h1,p(P) = (P, P)nT,D-

7. If [-1]*D ~ =D, then hp(P + Q) = hp(P) + hp(Q).

Proof. We define hp separately for [~1]*D ~ D and [—-1]*D ~ —D. In general
we may write 2D = (D + [—1]*D) + (D — [-1]*D) and thus define

. 1 /- .
hnTD = 3 <hNT,D+[71]*D + hNT,Df[fl]*D) . (8.75)

Denote ¢ = 1 resp. e = 2 if [-1]*D ~ —D resp. [—1]*D ~ D. Then
[m]*D ~ m®D. We define
- hp(|2"|P
hp(P) = tim 2P

n—00 ne

(8.76)

Note that this is forced from (1) and (2), and thus the uniqueness statement
is clear. We need to see that this is well-defined: let C be a constant such that
|hp([2]Q) —2°hp(Q)| < C for all Q. Then for n = m,

h(21P) _ ho(21P)| Y |ho((21P)  ho(21P)) ¢ €
one ome = Pt 2(i+1)e 9ie = 9(i+1)e 9me
(8.77)

so the sequence is Cauchy.

The above computation also implies that |hp(P) — hp(P)| < C, and thus
(1) follows. (2), (3) and (4) also easily follows from the corresponding claim
for hp.

For (5), if D ~ [-1]*D is ample, we may take some m such that mD is
very ample. Then the positivity of the Weil height on projective spaces give us
that h,p is non-negative. Since

hp = —hmp, (8.78)
m

the same is true for hp. Now if hp(P) = 0, we have

hp([m]P) = m*hp(P) = 0, (8.79)



and thus by the Northcott property the set {[m|P: m € Z} is finite. This implies
P is a torsion point.

For (6) and (7), the corollary above for A together with (3) for A? tell us
that

hp(P+ Q) + hp(P—Q) = 2-hp(P) + hp(Q) + hp(—Q). (8.80)
But if [~1]*D ~ +D, then hp(—Q) = +hp(Q) by (3), and so both claims

follow. Alternatively, one can avoid using (3) for A%: we still have

hD(P+Q)+hD(P—Q) ~2-hD(P)+hD(Q)+hD(—Q) (8.81)

and hp(—Q) ~ +hp(Q), and applying this for (mP, mQ) as we vary m also
implies the claim. O

Remark 8.9. If f: Ay — A, is an arbitrary morphism, then we have
hpsp =hpof—hp(f(Oa,)). (8.82)

By (3), it suffices to consider f = ¢, a translation morphism. By (1) we have
that

ht;’?D — hD 9] tl- (883)
is bounded. The idea is that since this is a function of degree < 2, it must
be constant. Concretely, consider separately the cases [-1]*D ~ (—1)¢D with

e € {1,2}, and then taking P = mP’ we have
(hyrp — hp o tz)(P) = m*hyx p — m*hp(P') — hp(z) — 2m - (P, z)p (8.84)

and since this is bounded, it must be constant equal to —hp.

Lastly, we see that we have a completely canonical height pairing between
A and its dual AV.

Definition 8.8. Recall that the dual abelian variety AY satisfies AY(Q) =
Pic’(A/Q). We define

¢ AQ) x AY(Q) —» R (8.85)

to be the pairing R
(P,L) := hg(P). (8.86)

Proposition 8.13. Let P = A x AY be the Poincaré bundle. Then (P,L) =
hp(P, L). In particular, by taking duals, we also have (P, L) = hp(L), and thus
(-, - is bilinear.
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Proof. For L € AY(Q), consider i: A — A x AV given by i(P) = (P, £). Then
i*P = L by definition, and thus

hp(P,L) = he(P) — hp(0, L). (8.87)

Similarly, ) ) R
hp(P,L) = hp(L) — hp(P,04), (8.88)
which specializes to hp(0,£) = 0 when P = 0. O

Corollary 8.14. If L is a line bundle on A and ¢,: A — AV is the corresponding
morphism ¢ (P) = t5L ® L7, then

(P,¢c(Q)) = he(P + Q) — he(P) — he(Q). (8.89)
In particular, if [-1]*L ~ L, then (P, ¢£(Q)) = 2{P, Q).

Proof sketch. This follows from (id x ¢2)*P ~ m*L @ prif~! @ priL~! as
line bundles on A x A. We will not prove this, although in the case of elliptic
curves it can be easily proven in the same way we proved the theorem of the
cube. O

Example 8.5. If A = F is an elliptic curve with Weierstra®® form E < P2, then
we get the principal polarization ¢¢(): £ ~ EV given by P — (—P) — (O).
Note that this is the negative of the “usual” one!

Example 8.6. If C' is a smooth connected curve of genus g > 1, consider A =
Alb(C) its Albanese and J = Jac(C) its Jacobian. They are canonically duals
AY = J, and also canonically isomorphic, where J — A = JV corresponds to
¢»o where © = i(C) + ---i(C) is the theta divisor. Here i: C' — J is the Abel-
Jacobi map, and i(C) is being summed g — 1 times. This gives a canonical
height pairing

e 1@) x JY(Q) 225 R

(e C(Q) x C(Q) 25 J(Q) x J(Q)
()20

(8.90)

8.5 Local heights

The discussion in this section will be a bit informal, as it is very technical. The
goal is to discuss the relationship between the Néron-Tate canonical heights
and the Beilinson—Bloch height pairings. Roughly, the canonical height pairing

Cy)n A(F) x AY(F) = R (8.91)
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can be decomposed into local height pairings
o= (8.92)

where (-, -), are given by arithmetic intersection numbers on a suitable model
.A/ @ F, of A.

Throughout, we will denote F' a number field, X,Y will denote smooth
projective varieties over F, and A will denote abelian varieties over F.

We continue the discussion of the previous section. Recall that we defined
the height function on P by

1
[ Q]

where z = [zg: ---: z,]| with 2; € F where F' is a number field. We would
like to decompose hpr into a sum of local heights. Note that each term
log max;(|z;|,) is not well-defined, the sum is only well-defined because of the
product formula. In order to fix this, we can do the following: For a divisor D
of degree d, say given by the equation P € Q[Xy, ..., X,], we may define the
local heights Apn p ,,: P™(F,)\supp(D) — R by

|P(@)l," 7 [P(2)]o

hpn(z) =

Y [Fs: Qu]log max(|i].) (8.93)

v

(8.94)

Apn.p () = logmax (

Note that this is only well-defined up to a constant, since we can have different
choices of F' for the same D. This depends on the choice of divisor D, not just
on its rational equivalence class: D + div(f) is given by the equation P f, and
o)

Apn Dtdiv(f)w = Apn,D,w — 10g]| - (8.95)
Nevertheless, by the product formula we have
1
Q) Y IFy: Qu]-Apr py(@) = d-hpn(2) = hpn p(z), for x € P"(F)\supp(D).

v

(8.96)
Similarly as in the discussion in the previous section, one can prove the fol-
lowing.

Definition 8.9. For X defined over a number field F, we denote
Xp :=| | X(F,)\supp(D). (8.97)
For two functions A\i, \o: Xp — R, we denote \; ~ ) if their difference is

zero for all but finitely many v, and bounded otherwise. We denote by A1 = A
if their difference is zero for all but finitely many v, and constant otherwise.
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Theorem 8.15 (Local Weil height machine). There exists a unique collection of
functions
A(—y: Div(X/F) — Fun(X(_),R)/ ~ (8.98)

as X /F runs through projective varieties such that

1. For X = P", this is as defined above.

2. \p + A\g ~ Ap+E-

3. If f: X — Y is a suitable®* morphism, A\g+p ~ Ap o f.

4. If D = div(f), then Ap ~ {—1log|f|v}v-
Moreover, we have that

1
[F:Q]
in Fun(X (F)\supp(D),R)/ ~ .

hp ~ YIFo: Q- Apw (8.99)

v

Theorem 8.16 (Canonical local heights). There exists a unique collection of

functions )
)\(,)2 DIV(A/F) d FUH(A(,), R)/ = (8.100)
as A/F varies through abelian varieties such that
1. S\D ~ Ap.

2. 5\[) + 5\E = 5\D+E‘
3. If f: Ay — As is a suitable morphism of abelian varieties, Xf*D =Apof.
4. If D = div(f), then Ap = {—log|f|v}v.

Moreover, we have that

hp ==Y [Fo: Q] - Apa (8.101)

in Fun(A(F)\supp(D),R)/ =.

Remark 8.10. One can also remove the = ambiguity on the definition of the
local heights by requiring that

i —29 )\ —
lim N > Apu(P)=0. (8.102)
PeA[N]
Pésupp(D)
This removes the ambiguity in (2), but not in (3) and in the comparison with
hp.

24You cannot always pull back divisors, for example if f(X) < D. Here we cannot pull back the
line bundle associated to D since A\p depends on D, not just on its linear equivalence class.
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Denote Z(A/F) the free group on A(F) and by Z°(A/F) the subgroup of
degree 0 elements. Another way to remove the ambiguity above is to consider
the pairing

(-, Vi Z%(A/F,) x Div(A/F,) --» R (8.103)

where (3, n; - a;, D) :==n; - 5\D7U(az~). This is such that
1. <a,div(f)), = —log|f(a)|, (for a = > n;a; we denote f(a) = [ f(a;)™),
2. If f: A} — Ay is a suitable morphism, {f.a, b), = {a, f*b),.

In fact, this pairing can be reinterpreted in terms of Beilinson-Bloch heights.
Let X /F be smooth projective. We consider v 1 co, although there is a parallel
discussion for the case v | co. We may choose a regular proper model X' /Op, .
If a € Z°(X/F,), b € Div(X/F,), we can consider their Zariski closures a €
Z%(X/Op,), b € Div(X/OF,). Note that a has dimension 1, as dim Spec(OF,) =
1, and b has codimension 1. If A, B meet transversally, then we consider

[a,b], := —(a-b) - log gy (8.104)

where (a - b) denotes the (arithmetic) intersection number of a, b.

Example 8.7. These arithmetic intersection numbers are quite concrete. For
example if X /F is a curve with good reduction at v, and a,b € X (F) are dis-
tinct points, then (A - B) is the largest n € Z>( such that “a = b mod m].”
Let’s make this precise: Say X = Proj(Op,[zo,...,2,]/I), and assume X :=
Proj(Og,[zo, ..., xn]/T) is smooth, where Z = I n Op,[zo,...,z,]. Then we
can write the special fiber as X}, = Proj(k[zo,...,2,]/I) where I = T
mod m,. For a point a € X we can take coordinates a = (ag: ---: a,) where
a; € Op, are not all in m,,, and similarly for b = (bp: ---: by). Then a :=
ar, = (do: ---dy) € Xg,. Then [a,b], = 0 unless @ = b. In such case, without
loss of generality we assume ag,by = 1. Considering the affine chart Y < X
with zg # 0, we reduce to the affine case, say Y = Spec(F|[x1,...,z,]/J)
with Y = Spec(Op,[z1,...,2,)/TJ) smooth. Then a is given by the ideal
(r1 —ay,..., T, — ay), and similarly for b. Thus the intersection number is

length (OFU [z1,... ,xn](a)/(j,l‘l —a1,r1 —b1,...,Tn — ap, Ty — bn))
=length (Op,/(a1 — b1, ...,an —by))
=min vy (a; — b;)

=max(a; =b; mod m; for all 7).

n=0

(8.105)
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Theorem 8.17 (Beilinson-Bloch height pairing). Under certain (conjectural®)
assumptions on X, the above construction can be extended to pairings

@‘bg% ifU’fOO’

R i | . (8.106)

[ o ZO(X/FU) x Div(X/F,) --» {

These satisfy
L [a,div(f)]o = [Fo: Qo] - log|f(a)lo,
2. If f: X — Y is a suitable morphism, then [a, f*b], = [f«a, by,
3. If X has good reduction at v, then [-, -], takes values in Z - log q,.
They allow us to define

[,-]: Z°%X/F) x Pic(X/F) - R (8.107)
by [,-] = ﬁ >[5 -Jv, where to make sense of the right hand side we choose
representatives with disjoint support.>°

Theorem 8.18. If A is an abelian variety, then [F,: Q.| - (-, )y = —[-,*]» In
ZO(A/F,) x Pic%(A/F,). In particular; {-,-Y = —[-,-] in Z°(A/F) x Pic’(A/F).

Sketch of proof. Since [-, div(f)], and (-, div(f)), are similar, the pairing {, -}, :=
[-,-]o + [Fyv: Qu] - {-,-)» descends to

{-,-}v: Z°(A/F,) x Pic(A/F,) — R. (8.108)

Moreover, both [, -], and ¢, -),, are v-adically continuous, and thus so is {-, - },,.
So, for example, if a € Z°(A/F,) and we consider

{a,-},: Pic’(A/F,) = AV (F,) — R, (8.109)

then this is a continuous group homomorphism. The source is compact and R
has no nontrivial compact subgroups, hence this is trivial. O

Remark 8.11. In fact, if A has good reduction at v and the local canonical
heights )\, are normalized as in the remark above, then we even have

[Fy: Q] - <a,b), = (a,b) -logq, (8.110)

for a € A(F) and b € Div(A/F). More generally, \, can be computed in terms
of intersection numbers in the Néron model of A.

25These are theorems if X is a curve or an abelian variety, for example.

261n fact, there are also such conjectural pairings for cycles in other dimensions A?(X) x A9(X) —
R where p + ¢ + 1 = dim X and AP(X) < CHP(X) is the subset of {-adic étale cohomologically
trivial classes. Conjecturally, AP?(X) are independent of ¢.
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Example 8.8. Let C/F be a smooth connected curve, and denote C' > A =
Alb(C) its Albanese variety and J = Jac(C) its Jacobian. They are canon-
ically isomorphic via ¢g: J — JY = A where O is the theta divisor as
in Example 8.6. Consider SV : Pic’(C/F) = J(F) the inverse of J(F) =
Pic’(A/F) Z, Pic’(C//F). Consider also S: Z°(X/F) 25 7Z0(A/F) = A(F)
where ¥ is summing with the group structure on A(F'). Then we have a com-
mutative diagram

29(C/F) x Pid(c/F) L

lj* xSY
Z9(A/F) x Pic®(A/F) —h R

|
Z9(A/F) x Pi®(A/F) 224 R (8.111)

lExid
A(F) x J(F) —2 R

lq&élxid
J(F) x J(F) —20 R

where the first square is because [j.a,b] = [a,j*b], the third is because any
D € Pic’(A/F) is antisymmetric and so hp: A(F) — R is linear, the fourth
because of Example 8.6. Noting that

Z%(C/F) «—— Div’(C/F) — Pic’(C/F)
ls lsv (8.112)
A(F) #e J(F)

is commutative, we conclude that for all 2,y € Z°(C/F) we have

—[z,y] = {5(2), 57 (y)) = (S(x),5(y))2e- (8.113)

Local heights of curves

Let’s fully describe [-, -], in the case of a smooth connected curve C/F,. We
choose C/Op, a regular proper model. Its special fiber Cy, may be singular, say
with irreducible components Fi, ..., F,,. Then as a divisor on C, we have

Cr, = . i+ F; (8.114)
=1
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for some ¢; € Z>y.
Proposition 8.19. Let V = Q™ = span(ey,...,e,) and equip it with a bilinear

pairing given by {e;, e;) := (¢;F; - ¢jF;). Then this is negative semidefinite with
1-dimensional kernel spanned by ¢ := e1 + - - - + e,. In particular, the image of

*
4 al (8.115)
(A — <'7U>

is precisely {f € V*: f(c) = 0}.

Proof. Since Cy, = div(w,) is principal, we have {c,e;) = 0 for all i. Since
F;, F; intersect transversely for i # j, we have (e;,e;) > 0 for i # j.

Thus the matrix A = (a;;);,; of the pairing (:,-) symmetric, nonnegative
off-diagonal and has zero sum of rows and columns. Then forany v = ), v;-e;
we have

2. . 2. . 2
U; Qij + Ui (vi — vj)
{v,v) = E Vivja; = E Vv — — 5 | = E 5 a;; <0,

i,j i3 i,J
(8.116)
with equality if and only if
a5 # 0 = v; = vj. (8.117)
It’s a fact that for C as above, Cy,, is connected. Thus the claim follows. O

Corollary 8.20. Ifa € Z°(C/F,), there is A€ Z°(C/OF,) ® Q extending a with
(A, F;) = 0 for all i. Such A is unique up to multiples of C, .

Proof. Ifae Z°(C/OF,) is the Zariski closure of a, then
(@-Cg,) = deg(Oc,, (ar,)) = deg(Ocp, (a)) = deg(a) =0 (8.118)

where the second equality is relying on the fact that C is flat. By the above
proposition, this means that there is v € V with (v, e;) = (a - F;) for all 7. Thus
A=a—73"  vic; - F; is an extension of a with (A - F;) = 0 for all . O

Definition 8.10. If a € Z°(C/F,) and b € Div’(C/F,) have disjoint supports,
we define )
[a,b], = —(A - D) -logqy (8.119)

where A € Z°(C/Op,) is an extension as in the above corollary.
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9 Complex multiplication

References: [Ser67a] is the nicest, but leaving a lot to the reader. Also [Mil05,
§ 11], [Sil9o4, § II], [Cox22, § 11].

9.1 Quadratic orders and their class groups

Recall that an elliptic curve E (over C or Q) has as endomorphism ring either
Z or an order R’ — R in an imaginary quadratic field K (where we denote by
R the ring of integers of K). Assume the latter.

Proposition 9.1. There is a (unique) positive integer f (the conductor of R')
such that R = Ry := 7 + f7Z. Moreover, every finite R'-module A < K with
End(A) = Ry is invertible (= locally free of rank one), hence projective.

Proof. The first statement follows simply from the facts that R/Z ~ Z and
Z < Ry.

Given A as in the proposition, let AY be the dual lattice under the trace
pairing; it is straightforward to verify that its endomorphism ring is also Ry.
Moreover, Ry = g (fr) 'Ry, where 7 is a generator of R over Z and g is its
monic irreducible polynomial, and it is straightforward to verify that

A-g'(fr)AY = Ry.
This means that, as abstract modules,
A® (' (fr)NY) = Ry,

and the existence of such an inverse is equivalent to A being locally free of
rank one. (See [Eis95, Theorem 11.6], [Sta25, 0B8M].)
O

This identifies the set of isomorphism classes of elliptic curves with CM by
R' = R with the Picard group of invertible R'-modules, Pic(R’), also called
the ring class group of R'.

Let K © Q be a quadratic imaginary extension, R’ = Ry an order in K as
above, and M an invertible R’-module. Let T = GLg/ (M) < GLz(M); it is a
linear group over Z with canonical identifications 7(Q) = K and T'(Z) = R'.
Moreover, it is easily seen to be independent of the choice of M.
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Proposition 9.2. There is a canonical identification of Pic(Ry) with the quotient
{Fractional Ideals of R prime to f}/{Principal ideals of R generated by elements
of F* which are congruent to an element of (Z/f)* modulo f.}

The identification is characterized by sending an actual ideal I — R to the
class in Pic(Ry) generated by I n Ry.

The same quotient can be written as (here the index f means “finite adeles”)

E\A% /R = T(Q\T(Agf)/T(Z),

and R, = {r € R¥|r mod f e (Zp/f)*}.

By “congruent to an element of (Z/f)* modulo f” we mean the subgroup
of F'* generated by elements of R that are prime to f, and have image in

(Z/f) = (R/fR)™.

Proof. Let us start from the last, adelic statement, which is quite general.?”
Given an invertible R’-module M, choose a trivialization over an open subset
U of SpecZ, and trivializations over the formal neighborhood of the comple-
ment (a finite set S of primes). The quotients of the trivializations over the
punctured formal neighborhoods give rise to an element of 7(Qg). Changing
the trivializations, this element is modified by the action of T(U) = (R’ S )<
(where the exponent S here denotes the S-units), respectively by T'(Zg) =
(Rg)* (where the index S means product of completions at places in S). Tak-
ing the colimit over S gives a map Pic(R’) — T(Q)\T(AQJ)/T(Z), which is
clearly a homomorphism. To prove that it is an isomorphism, we will use the
following fact:

For every prime p of Z, the category of free R' ® Zy)-modules is equivalent
(via the obvious functor) to the category consisting of triples (Mg, My, T), where
My, M, are free modules for K and R’ ® Z,, and 7 is an isomorphism of the
corresponding R’ ® Qp,-modules.

This is obvious for the underlying Z,)-modules, and automatically extends
to the R’ ® Z,)-structure.

The bijectivity of the map above now follows: To prove injectivity, sup-
pose that two invertible R’-modules M, M’ give rise to the same class in the
double quotient, then there is an open U as above and trivializations over U
and the formal neighborhoods of the complements so that the transition maps
coincide. To show that the modules are isomorphic, it suffices to that the triv-
ializations over U, which give rise to an isomorphism My — M/, extend to

271t generalizes to a theorem of Beauville-Laszlo and its variants, see https://
mathoverflow.net/q/112593.
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isomorphisms of M and M’ over Zariski open neighborhoods of the points over
the complement of U. But this is equivalent to showing that they extend to
isomorphisms between M ® Z,y and M’ ®Z ), for all p in the complement of
U, and the aforementioned equivalence of categories ensures that. Similarly
for surjectivity.

The calculation of R;?X is straightforward from the presentation R’ = Z +
fR.

The translation of this isomorphism in terms of ideals is achieved first by
noticing that an element of T(Ag,s) can be acted up on by an element of
K* = T(Q) so that its components at places in S belong to T'(Zs) = (R%)*,
and that element of 7'(Q) is determined modulo elements whose S-localization
belongs to (RY)*. O

Hence, Pic(R’) is identified with the quotient of the finite idele class group

of K by the open compact subgroup R . In particular, it is finite. The corre-
sponding class number is usually denoted by h(R’).

9.2 CM elliptic curves

By “an elliptic curve E with CM by R’ we will mean an elliptic curve E over
some (implicit) algebraically closed field in characteristic zero, together with
an isomorphism End(E) ~ R’. However, we will consider the set Y of iso-
morphism classes of elliptic curves with CM by R’ without taking into account
this isomorphism, i.e., Yr denotes isomorphism classes of elliptic curves whose
endomorphism ring has an isomorphism with R’ (which is not fixed). Fixing
the isomorphism End(E) ~ R’ is equivalent to fixing the embedding K — &
(the field), via R’ ~ End(E) — End(Lie(E)) = k.

For an elliptic curve E with CM by R/, and an invertible R’-module M,
define

M x E := Homp/ (M, E),

i.e., the functor that associates to a scheme S over k the group Hompg/ (M, E(S)).
Explicitly, if "™ — (R™™) — M is a presentation of M, M * E is the kernel of
E™ — E™. This is naturally an elliptic curve with CM by R’. Hence, we get an
action of Pic(R’) on the set Yx/ of isomorphism classes of elliptic curves with
CM by R'.

Exercise: Prove that, over C, if E(C) ~ C/A then (M » E)(C) ~ C/M* - A,
where M* is a representative for the inverse to M in the Picard group, and -
denotes multiplication in the Picard group.
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Remark 9.1. Note that the nontrivial conjugation of K over Q acts on R’, and
composing with it we get a different action of R’, which modifies the action of
Pic(R’) compatibly with complex conjugation on Pic(R').

Proposition 9.3. The set Yy is a torsor for Pic(R') under the above action.

(We could also consider both sets as groupoids, and the statement remains
true.)

Proof. We will first prove it with C-coefficients. The corollary that follows will
then say that all such curves are defined over Q, i.e., the corresponding points
on the coarse moduli space Y (1) are algebraic, and then it follows for every
algebraically closed field in characteristic zero.

Such an elliptic curve over C has C-points E(C) = C/A, where A is up
to homothety equal to an invertible fractional ideal M of R’ with respect to
an embedding K — C. In particular, fixing this embedding, we have F ~
M* x Ey, where Ey = C/R' and M* is a dual ideal, hence all such elliptic
curves are in the orbit of Fj under the action of Pic(R’); moreover, it is clear
that different elements of Pic(R’) map E; to nonisomorphic elliptic curves
over C. O

Corollary 9.4. The set Y of isomorphism classes of elliptic curves over C with
CM by R’ is finite; hence, the automorphism group of C over Q acts on them
through a finite quotient, and all such curves are defined over an algebraic exten-

sion of Q.

Remark 9.2 (Important remark!). Here and later, when we say “defined over
a number field L,” we will mean that there is a model for the elliptic curve
over L. However, remember that elliptic curves have nontrivial automor-
phism groups, and that, given such a model, there are infinitely many models
(“forms™) of the elliptic curve over L, parametrized by H'(L, Aut(E)). [Stan-
dard fact of Galois descent.] We will sometimes implicitly fix such a model
in arguments, and leave it to the reader to check that the conclusions do not
depend on the choice.

9.3 The theorem(s) of complex multiplication

For what follows, we imagine the set Y to be defined in terms of isomorphism
classes over a fixed algebraically closed field in characteristic zero, and let Q
be the algebraic closure of Q in that field.

We now know that we have an actions of Gal(Q/Q) and Pic(R’) on the set
Yr, although the action of the latter depends on the choice of an embedding
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K — Q. It is clear from the definitions that these two actions combine to an
action of the semidirect product

Gal(Q/Q) x Pic(R).

Moreover, since Yy is a torsor for Pic(R'), it follows that the restriction of the
action to Gal(Q/K) is given by a character

n: Gal(Q/K) — Pic(R').

Theorem 9.5. The actions of Gal(Q/K) and Pic(R') on Yr are compatible
under the reciprocity map normalized to send a prime to its arithmetic Frobenius
element, i.e., n is induced by the inverse of the reciprocity map.

Corollary 9.6. For A c C a lattice with CM by R/, the j-invariant j(A) is an
algebraic number; defined over the ring class field Hy of R'.

For any ideal I of R prime to f, with Artin symbol o € Gal(H;/K), and any
fractional ideal A of Ry as above (i.e., End(A) = Ry), we have

JIA)T = j(A). 9.1)
Moreover, K(j(A)) = Hy and [Q(j(A)) : Q] = [K(j(A)) : K] = h(Ry).

Proof. Theorem 9.5 implies that the Galois action factors through the ring
class field of R', hence j(A) € Hy, and that it is not fixed by any element of the
Galois group of Hy over K, hence K(j(A)) = Hy. For the degree of Q(j(A))
over Q it suffices to observe that the QQ-Galois orbit of the point [A] on the
modular curve is the same set Yg/. O

The j-invariants of CM elliptic curves are called singular moduli.

Remark 9.3. It is actually the case that j(A) is an algebraic integer in Hy. We
may cover this later in the course.
Level structures

There is a strengthening of Theorem 9.5 to full level structures. First, note the
following.

Lemma 9.7. For any elliptic curve E with CM by R/, and any prime p, the p-adic
Tate module T, E is a free rank one R;,-module.

Proof. This is very easy to see if we base change from the field of definition of
FE (an abelian extension of K) to C. O
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Fix an embedding K — k (our algebraically closed field in characteristic
zero), and let Yy/(o0) denote the set of isomorphism classes of elliptic curves
with CM by R’ equipped with full level structure, i.e., R)-equivariant isomor-
phisms T, ~ R, for all p. (This would not make sense without first fixing
the embedding of K, since the level structure requires fixing the R’-action.)
We can repeat the steps above to define an action of the idele class group on
Yri(00), as follows: As is clear from the proof of Proposition 9.2, the quotient
T(Q)\T'(Ay) can be identified with the set of isomorphism classes of invertible
R’-modules M equipped with trivializations of their completions at all primes
p, My := M ®zZ, ~ Ry,

We now calculate the Tate modules for the action of Pic(R’) on Yp:

Tp(M+E) = limHomp (M, E)[p"] = lim Homp (M /p", E[p"]) = Homp, (M), T,,E).

In particular, a trivialization of M), and a trivialization of T}, E give rise to a
trivialization of 7),(M x E'), hence we get an action of T'(Q)\7T'(Af) on Picg/ (),
which is easily seen to be simply transitive.

We also have an action of Gal(Q/K) on this set, commuting with the action
of T(Q)\T'(Ay), hence given by a character, that we will denote by the same
letter as before,

n: Gal(@/K)™ — T(Q\T(Ay) = KX\AL. .
The strengthening of Theorem 9.5 is the following.

Theorem 9.8. The actions of Gal(Q/K) and T(Q)\T'(Af) on Yg/(w0) are com-
patible under the reciprocity map normalized as in Theorem 9.5, i.e., n is the
inverse of the reciprocity homomorphism.

Remark 9.4. The set Yr/(0) is the image of a map of Shimura varieties. Namely,
let H* = C \ R, identified with the hermitian symmetric domain associated
to the group G = GLo, by identifying the point i with the homomorphism
h; : U(1) — GLg sending exp(27if) to (—CZiSnHH zg;g> Let 7 € H* so that
the field K = Q(r) is quadratic. Note that by this presentation we’ve fixed an
embedding K — C, as well as a lattice A = (1, 7), so that the elliptic curve
C/A has CM by an order R’ in K. Let T" = the stabilizer of h;, which is a
Q-subtorus of G. It is isomorphic to the restriction of scalars of G,, from K to
Q, with an integral model, inherited from G, that can be checked to coincide
with the group of R’-automorphisms of the lattice A.

The point 7 is called a special’CM point, and the pair (7, 7) is called a
special/CM pair in (G, X) (where X = H* the symmetric space of G). It
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defines an embedding from the Shimura variety of 7" to that of G,
St =T@QN\T(Af) — Sa = GQ\(G(Af) x X),

sending a class [a] to the class [7,a]. Otherwise said, if we choose 7 as a
base point to present X as a quotient of G(R), and hence S as a quotient of
[G] = G(Q)\G(A), then the map S — S¢ is induced from the map [T'] — [G];
however, this is not the best way to view this, since it really depends on the
choice of special point.

See [Mil05, § 12].

Remark 9.5. If we fix a model for a representative of Yz over an abelian ex-
tension L/K, from the action on the Tate modules we get a homomorphism

Gal(@Q/L) —» [ [ R},
p

which, in general, depends on the model. (Why? What happens when we twist
by a Galois 1-cocycle into the automorphism group?)

This is slightly finer information than the restriction of the map Gal(Q/K) —
T(Q)\T'(Ay) to Gal(Q/L). Of course, the (finite) unit group R’ induces an
automorphism of the elliptic curve and the trivialization of its Tate module,
and hence acts trivially on the set Yx/(c0) of isomorphism classes of such data.
But for a fixed elliptic curve defined over F, the Galois action gives a lift of
this homomorphism, restricted to Gal(Q/L), to I, R, (which depends on
the choice of F). In particular, the torsion points of the elliptic curve are not
necessarily defined over the maximal abelian extension of K, but over that of
L. We can, however, obtain points defined over the maximal abelian extension
of K by considering the image of those torsion points in the quotient of the
elliptic curve by its automorphism group, the group of units R'*; the quotient
E/R'™ is always isomorphic to P!,

9.4 Proof of the theorems of complex multiplication

Here is the crux of the whole story, where we establish the compatibility of a
“Hecke” action (that of idele class groups) with a Galois action. As is often
the case, and as we saw in the Hecke—Galois correspondence for elliptic curves
(Corollary 6.16, which relied on the Eichler-Shimura relation), the argument
will boil down to reductions modulo primes.

It is enough to prove the analog of Theorem 9.8 for Yx/(N) for every N > 1,
where Y/ (V) is defined in an analogous way, in terms of level structures
modulo N. (This includes Theorem 9.5, when N = 1.) We have simultaneous,
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commuting actions of Gal(Q/K) and K * \A% , on this finite set, and the action
of the latter factors through some finite quotient K*\A% ./Kx (which can
be made explicit, but we won’t bother to). We can choose a finite abelian
extension L of K such that

1. the action of Gal(Q/K) factors through Gal(L/K), i.e., one (equivalently
all) representative E and its N-torsion points are defined over L;

2. the inverse reciprocity map r5', composed with projection to the finite
quotient K*\A % /KN, factors through Gal(L/K).

Hence, we have two homomorphisms 7,7%' : Gal(L/K) — K X\AIXQJC/K N>
and we want to show that they coincide.
Consider the set of primes p of K such that

1. pis prime to N and the conductor f, and unramified in L;
2. pis of degree 1 over Q, i.e., N(p) = p for some rational prime p;
3. F has good reduction at one (hence all) the primes B of L over p.

For such primes, the embedding p ¢ R’ induces an isogeny o : £ — p x E,
which gives rise to an isomorphism of N-torsion points. (Here, by abuse of
notation, we denote p n R’ simply by p, i.e., we think of a prime ideal of R that
is prime to f as a prime ideal of R’.) We will prove the following.

There is an isomorphism
pxE~E®, (9.2)

where E denotes the reduction of E modulo 98 and the exponent
denotes the p-power Frobenius twist of E, which, composed with
the reduction of the isogeny «, is equal to the p-Frobenius map
E — EW,

Indeed, since p is of degree 1, the degree of the isogeny is N(p) = p.
Moreover, it is purely inseparable, as can be seen from calculating the map on
tangent spaces: one can easily show that Lie(M » E) = Hompg/ (M, Lie(E)) for
every invertible module M, and from this one sees that Lie(E) — Lie(p » E)
reduces to the zero map modulo B, since 98 divides p. Such an isogeny has
to coincide with the composition of an isomorphism E® ~ p « E with the
Frobenius map.

This is enough to prove the theorem at level 1: Frobenius elements as-
sociated to primes p as above are dense in the Galois group Gal(K/K) (by
Chebotarev’s density theorem, regarding the degree-1 condition) and there-
fore each o € Gal(L/K) can be represented as [Fr,] for infinitely many such
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p’s. Choose an invertible module M representing the class of 7' (¢) in Pic(R').
The result above shows that the reductions of  F and M x E at infinitely many
primes B are isomorphic, hence ° E and M = E have to be isomorphic over Q.
(At the level of j-invariants, this says that if the difference of the j-invariants
of ?F and M * E cannot be divisible by infinitely many primes, unless it is
zero — note that this makes sense even if we don’t know integrality of the j-
invariants, by only reducing modulo primes where they are integral.) This
proves Theorem 9.5.

To extend this result to N-level structures, let us again take o € Gal(L/K)
and M as above, and fix an isomorphism 3 : 7E — M * E, as above. By
enlarging L, if necessary, we may assume that the isomorphism is defined over
L. Choose a prime p as above (after enlarging L), again with r;! () = Fry =
o in Gal(L/K), and identify M with p (that is, with p n R’) as an R’-module,
to consider 3 as an isomorphism 3 : °E — p » E. Those choices are unique up
to Aut(E) = R'™.

The action of o on N-torsion points gives rise to an isomorphism

E[N] — “E[N], 9.3)

On the other hand, we will see that the action of K < Ay ; on Yr/(N) is
unramified, with the action of a uniformizer

[7y] : E[N] — p = E[N] (9.4)

being equivalent to the isomorphism between E[N] and p » E[N] induced by
the isogeny « as above.

Assuming this for now, we need to prove that the two isomorphisms (9.3)
and (9.4) are compatible with 3 at the level of isomorphism classes, i.e., up to
an automorphism of E.

Reducing mod 93, and remembering, Proposition 7.8, that reduction does
nothing to N-torsion, since N is prime to p, (9.3) reduces to the isomorphism
induced by the Frobenius map £ — E(®). We have already seen that (9.4) also
reduces to the isomorphism induced by the Frobenius map E — E®), for some
isomorphism ' : E®) = p « E. Hence, we need to show that 3’ is equal to
the reduction 3 of 3, up to an automorphism of E. Since 5 and 3/ commute
with the action of R/, they differ by an element of Auty (E). We claim that
this is equal to R’ and therefore such an automorphism lifts to characteristic
zero. Indeed, Endp/(E) ~ K, therefore, Endgp/(F) is an order between R’
and R. We claim that it is equal to R’ Since p is prime to f, this order is
already maximal when localized at p. At other primes, since for (m,p) = 1 the
reduction map is an isomorphism on m-torsion, we must have

Endg (E)/m ~ Endg /p, (E[m]) = End g, (E[m]) = R’ /m.
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Therefore, Endr/ (E) = R’, and we are done.

We have not explained yet why the action of [1,] on Y (V) is the one in-
duced from the isogeny « above — we need to unwrap the definition of this
action. This requires going back to the proof of Proposition 9.2, where to iden-
tify the class of the idele (1,1,...,m,,1,...) with the ideal p we can choose the
trivialization away from p induced by the embedding p < o, and the trivializa-
tion in a formal neighborhood of p induced by multiplication by m,: 0, — py.
Since N is prime to p, action of this idele on N-level structures will be the one
induced by the embedding p — o.

9.5 Applications and examples

[Stub, but see Chao Li’s minor thesis for a many nice examples.]

9.6 Extension: Abelian varieties and Shimura varieties

[Stub; see [MilO5, § 12].]

The theory of complex multiplication extends to abelian varieties and their
moduli spaces.

The general theory of Shimura varieties is founded on the replication of
CM theory: While for moduli of abelian varieties CM theory is a theorem (rec-
onciling the rational structure on the moduli space with class field theory), for
general Shimura varieties the restriction of Galois action on special pairs is a
postulate which characterizes the “canonical models” of those.

9.7 The Galois representation

Let E be an elliptic curve defined over a number field L. For any prime L, the
l-adic Tate module T} F gives rise to a representation of G, := Gal(Q/L) on a
2-dimensional Z;-space, whose determinant is the /-adic cyclotomic character
(by Theorem 7.12).

If E has CM by an order o in a quadratic field K, then G, := Gal(Q/KL)
acts through a character Gx;, — o < GLgz, (T;E). It follows from Theorem
9.8 that the collection of those characters, up to a global unit in o (i.e., as
homomorphisms into (] [,0;°)/0*), are given by the norm character of class
field theory (see Remark 9.5).

If L does not contain K (but we may and will assume that K L is abelian
over K), the Galois group Gal(K/Q) = Gal(LK /L) acts nontrivially on G3,
and the representation on the [-adic Tate module is dihedral, i.e., has non-
abelian image in the normalizer of a torus in GLa(Z;).
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10 Lubin-Tate theory

References: [Ser67b, § 3], [Neu99, § V.4-5].

10.1 Introduction: Complex multiplication, locally

Consider first the identification of the maximal abelian extension of Q with
the cyclotomic field Q({y). If we are only interested in the maximal abelian
extension of the local field QQ,, we can obtain it by attaching cyclotomic units
— that is, torsion points in the multiplicative group G,, — to Q,. However, with
prime-to-p torsion we only get unramified extensions. If we’d like to obtain
ramified extensions, it is enough to look at p-power torsion. Now, one thing
to observe is that, if we consider the (standard, smooth) integral model of the
group G, over Z or Z,, the p-power torsion elements are all congruent to 1
mod p, i.e., they live in the kernel of the reduction map G,,(Z,) — G, (F)).

The local story of complex multiplication is the same: If K, is a p-adic
completion of a global field K, we can get all abelian extensions of K, by
localizing abelian extensions of K. (Why?) To fix ideas, let us assume that v
is a place that splits completely in the Hilbert class field K of K, so that K, is
also a localization of K (in a way that we fix, K, = Kg), and let us take a CM
elliptic curve E with CM by the maximal order of K, hence defined over K.
(If we are starting with a local field K, we can always globalize it this way to
K —why?) Then all torsion points of E are algebraic over K, and generate its
maximal abelian extension. Again, the prime-to-p torsion points don’t go very
far in terms of ramification — they only generate a field of finite ramification
index over K,, and if E has good reduction at B, they are unramified. Let
us also assume that £ has good reduction at 8. Then, all ramification will
be obtained from the p-power torsion of F, i.e., from its p-adic Tate module.
Moreover, the following proposition shows that these points are in the residual
neighborhood of the identity.

Proposition 10.1. If E is an elliptic curve with CM by an order in an imaginary
quadratic field K, and has good reduction at a prime 2B over p, then the reduction
E is supersingular if and only if there is a unique prime in K over p (i.e., p is
inert or ramified in K).

Proof. The assumptions and conclusion are isogeny invariant (e.g., good re-
duction is equivalent to the /-adic Tate module being unramified by the Néron—
Ogg-Shafarevich Theorem 7.10, and that is an isogeny invariant), so we may
without loss of generality assume that £ has CM by the maximal order R c K.
We fix this CM structure § : R — End(E), which, remember, is equivalent to
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fixing an embedding of K into the algebraically closed field (say k) of defini-
tion of E. Let B n R = p.

If p splits in K, i.e., p = pp’, we will show that there is a separable en-
domorphism of E of degree a (nonzero) power of p; it will then follow that
E[p] # 0, i.e., E is ordinary. Choose a positive integer m such that p™ is princi-
pal, p™ = uR, and let 1/ be the Galois conjugate of y, so that p’™ = y/R. Then
pp = N(g p = p™, hence the endomorphism 6(y’) (and its reduction mod B)
has order p™. On the other hand, it acts on the tangent space (Lie algebra) by
1/, which is # 0 modulo B; therefore, it is separable modulo 8. (Note that B,
here, can be taken to be a prime of the ring of a large enough finite extension
L of K, so that 6(y') is defined over L.)

If, on the other hand, p is inert or ramified in K, so that there is a unique
prime p of R over it, then the Frobenius endomorphism 7 of E (that is, the ¢-
Frobenius, if R;,/%8 = F,, with ¢ a power of p) is contained in §(R) < End(E).
(If it were not, the endomorphism ring would be larger and the curve would
be supersingular, so we would be done, but actually the claim is true in the
supersingular case, as well, because m commutes with §(R), hence has to lie in
it.) Assume 7 = (), then the dual isogeny 7’ is given by 6(y/), where 1/ is the
Galois conjugate of ;. But the degree of 7 is ¢> (a power of p), hence up’ = ¢2,
which means that they both have to lie in the prime p. But then they only differ
by a unit, ¢/ = p - u, and 7’ = 7 - f(u), with (u) an automorphism. Hence, 7’/
is purely inseparable, which is equivalent to the curve being supersingular.

[See [Lan87, Theorem 13.4.12], which also includes a calculation of the
endomorphism ring in the split case.] O

10.2 Formal o-modules

Lubin-Tate theory provides a complete generalization of these two examples,
which produces a maximal abelian totally ramified extension for any p-adic
field. Recall that 1-dimensional formal groups (understood to be abelian) over
any ring A were defined in Definition 7.1.

We are now interested in the case A = an o-algebra, where o is the valua-
tion ring of a p-adic field K. A formal o-module over A (understood again to
be 1-dimensional) is a formal group law & together with a homomorphism of
algebras, 0 — End & which induces the given homomorphism ¢ : 0 — A at
the level of Lie algebras. “Endomorphisms,” here, are taken in the category of
“formal Lie varieties,” which is the analog of Lie algebras for formal neighbor-
hoods (rather than just tangent spaces); see [Wei]. Explicitly, this means that
the action of each element a € o is represented by a power series [a] € A[[X]],
and the fact that at the level of Lie algebras the action is the one given by
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means that this power series is of the form [a] = ¢(a)X + O(X?).

We now consider the case A = o. Fix a uniformizer = € p < o. A Lubin-Tate
module over o for the prime element 7 is a formal o-module F' over o such that
[7]F reduces to the Frobenius modulo p, that is, if o/p = F,, then [7]p = X4
mod p.

Theorem 10.2 (Lubin-Tate). There is a unique, up to isomorphism, Lubin-Tate
module for each prime element w. Moreover, a coordinate can be chosen so that
[7]F is any given power series which is = mX modulo higher-order terms and
= X9 modulo p.

Proof. A lot of calculation, but quite straightforward; see [LT65] or [Neu99,
Theorem 4.6]. O

10.3 Explicit local class field theory

Let F' be a formal o-module over 0. We can consider the p™-torsion points
F[p"] (in the prime ideal of an algebraic closure of K), and, if we choose a
uniformizer 7, organize them in an inverse system, the 7-adic Tate module

T,F = lim F[p"]
(inverse limit under multiplication by ).

Proposition 10.3. If F;. is a Lubin-Tate module (for some uniformizer 7), then,
for every n, F.[p"] is a free o/p™-module of rank 1. Hence, T F; is a free o-
module of rank 1.

Remark 10.1. In particular, F[p"] is a free Z/p™-module of rank h = [K : Q,].
This is the height of the formal group, and its associated p-divisible group,
forgetting the o-module structure, see § 10.6 below. Note that the assump-
tion that F' is a Lubin-Tate module is necessary; the additive formal group
F(z,y) = = + y with o-module structure [z] = z has no torsion points.

Proof. Since there is a unique LT module up to isomorphism, it suffices to cal-
culate explicitly with the unique formal o-module F' with e(X) := [7]p(X) =
mX + X 9. By induction on n, one shows that the iterated polynomial e"(X) =
eoeo---oe(X) = [7"]r(X) is separable of degree ¢". The torsion group F[p"]
consists of the zeroes of this polynomial, and therefore has ¢" elements. Any
element which does not belong to F[p"~!] must generate it freely over o/p"
(which also has size ¢™). O

Fixing 7, now, as in the proposition (i.e., both for the definition of F' and
for the Tate module), we have commuting actions of Gal(K /K) and o on T}, F,
hence we get a homomorphism 7, : Gal(K/K)* — Aut,TyFy = 0*.
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Theorem 10.4 (Lubin-Tate). The composition of the Artin reciprocity map rx :
K* — Gal(K/K)* with n, is the unique homomorphism which is u ~ u ™
on o* and trivial (i.e., 1) on . In particular, the field K, generated by the
torsion points of Fy is a maximal totally ramified abelian extension of K, and
Kab = Kur K,.

The proof of this theorem will be given in § 10.5. Let us first recall what
the reciprocity map of local class field theory is.

10.4 Recollection of local class field theory

There are many incarnations of the local reciprocity map, but maybe the most
standard and laziest one (in that it packages everything of essence into the
formalism) is the following:

Assume that L/K is a finite extension of local (nonarchimedean)
fields. Then the inverse reciprocity map

ok - G = Gal(L/K) — K* /NgL*
(factoring through Gal(L/K)*", where it is an isomorphism) is given
by a cup product in Tate cohomology,

H™%(G,7) — H°(G, LX)
by urx = the fundamental class of Bry = H*(G, L*).

Let us unpack the statement: First, the Brauer group Bry, x has many im-
portant incarnations, e.g., as the group of Morita equivalence classes®® of cen-
tral simple algebras over K that split in L, but for our purposes it is enough to
know that it is canonically isomorphic to 1Z/Q, where d = [L : K|, through a
series of isomorphisms

H*(G,L*) — H*(Gal(K/K), K*) = H*(Gal(K/K) = 7, K*) = H*(Gal(K/K) = 7, 7.)

(where all cohomology groups are by definition taken with continuous cocy-
cles, K denotes the maximal unramified extension of K, and the last map
is induced from the valuation map), together with the connecting homomor-
phism

Q/Z = Hom(Z,Z) = HY(Z,7) = H*(Z, 7).

28Explicitly: A ~ B if both A and B are matrix algebras over isomorphic division algebras.
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The Tate cohomology groups connect Galois homology and cohomology;,
and in particular by definition we have

ﬁ_Q(sz) = HI(G7Z> = Gab7

and H(G,L*) = K*/NEL*.

So, we have all the ingredients and, in principle, using standard operations
in (Tate’s) Galois cohomology can compute the map.

However, there is a much easier calculation, based on the following propo-
sition.

Proposition 10.5. Let L/K be an abelian extension that contains the maximal
unramified extension K. The reciprocity map vk : K* — Gal(L/K) is char-
acterized among all such homomorphisms by the properties (1) that it reduces to
the map uniformizer — Frobenius under the quotient Gal(L/K) — Gal(K/K),
and (2) for every finite subextension F' — L, the composite with Gal(L/K) —
Gal(F/K) is trivial on the norm subgroup NEF* < K* (o1, equivalently, on
any uniformizer belonging to such a norm subgroup).

Proof. That the reciprocity map (homomorphism) has these properties is clear
from the existence of this map and its compatibility with the “inverse reci-
procity maps” for finite extensions, defined above.

Since K* is generated as a group by its uniformizing elements, it is enough
to verify the characterization on those. If 7 is a uniformizer, and L, < L
is the fixed field of r(m), then by property (1) the extension Gal(L/L;) is
maximal unramified, while L, is totally ramified, and L = L, - K.If fis any
homomorphism satisfying properties (1) and (2), the restrictions of f and r to
K coincide by (1), therefore it suffices to check that f(r) is trivial on L,. By
(2), it suffices to check that 7 is a norm from any finite subextension F' ¢ L,
but this again follows from the construction of r as the inverse to a limit of
isomorphisms Gal(F/K) — K*/NEF*. O

This proposition can be used to calculate r, k() for various abelian ex-

tensions L, first by passing to the maximal unramified extension L = LK, and
then restricting to L.

10.5 Proof of the main theorem

The Lubin-Tate Theorem 10.4 will be proved through a series of steps. As we
saw above, the extension I generated by the torsion points of F}; is abelian,
given by a homomorphism 7, : Gal(K/K) — o*. By Proposition 10.5, it
suffices to show that
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1. L is totally ramified;
2. 1. is surjective (hence a bijection Gal(L/K) — 0*);

3. for any uniformizer # = ur of K, the element of Gal(L/K) which is
equal to i '(u) on L and equal to the Frobenius on K satisfies property
(2) of Proposition 10.5 (with respect to the extension L/K).

Let F' = F; be “the” Lubin-Tate module corresponding to w. We prove the
first and second statements by showing that the points of F[p"] \ F[p"~!] are
roots of an Eisenstein polynomial of degree ¢"~!(¢—1), and therefore generate
a totally ramified Galois extension L,. Moreover, since the Galois action on
the roots of such a polynomial is transitive, and on the other hand has to factor
through the reduction of the character 7, to (o/p™)* (which also has the same
order), L, is abelian of order ¢"~!(q — 1) over K.

To show that torsion points satisfy an Eisenstein polynomial, it is enough
to work with any model of F, e.g., with our favorite one where [7] is given by
the polynomial e(X) = 7X + X9. As in the proof of Proposition 10.3, we will
denote by e” the n-fold composition of e with itself, and then we can compute
that (the analog of the cyclotomic polynomial)

e"(X)

n(X) = e 1(X)

is the Eisenstein polynomial
e H(X) I 4 om

This computation actually tells us more, that we can use to prove the third
fact: That for any ), € F[p"] ~ F[p"~'] the norm of — )\, is Nk (—\,) = 7.
That shows that 7 is a norm for every finite subextension of L, and therefore
L is fixed by rpx (m) — hence, the claim of the theorem holds, at least, for =,
ie., nrorpk(m) =1

To prove it for an arbitrary # = um, we will also invoke the Lubin-Tate
group Fy. The idea is that, after base changing to the ring of integers of
the completion K of the maximal unramified extension K, the two formal o-
modules become isomorphic. More precisely, consider the Galois twist of F
which is defined by the homomorphism

(0 := Fr, — [u"']) € Hom(W (K /K),[0*]),

considered as a 1-cocycle on the Weil group W (K /K) with values in Aut(F, ®
0). When we reduce modulo any power of the prime ideal, this cocycle extends
to the Galois group, and therefore defines a new rational structure on Aut(F,®
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0/p"), compatibly for every n. Passing to the limit over all n, we get a new
formal o-module F 7 which is isomorphic to the original one after tensoring
with 6, the ring of integers of the completion K. (Passing to the completion is
necessary here, because the Weil cocycle only becomes a Galois cocycle in the
completion.)

Proposition 10.6. The formal o-module F; » constructed above is isomorphic to
the Lubin-Tate module F-.

Explicitly, for any chosen models of Fy, Fx, there exists an invertible power
series ¢ = eX + O(X?) € 6[[X]] (e € 6*) with the following properties:

1. 7¢ = ¢ o [ulx
2. ¢poFp=Fro(¢dxp);
3. polalr =[alzropforallaco.

(Note that the first property implies that ¢~! = v; such an element has to
be genuinely in the completion 6 and not in 6 when w is not a root of unity!)

Proof. The explication is just a restatement of the proposition, and it is also
the way that this proposition appears in the original article of Lubin and Tate,
and virtually all of its accounts in the literature.

It is “obvious” that the Galois twist is another formal o-module over o.
(Start from: Why is the Galois twist of a free o-module a free o-module?)
That means that there is an invertible power series ¢ satisfying Property (1) of
the proposition, so that with respect to the parameter Y = ¢(X) the module
becomes isomorphic to ¥, i.e., the map f — fo¢~! (where ¢! is the inverse
under composition) defines an isomorphism

o[[X]] with the new Galois action = o[[X]] ®, o,

with the “usual” Galois action on the right hand side. Explicitly, if we denote
the twisted Frobenius action by o and the usual one (on coefficients) by an
exponent o, then
Tf(@(X)) = o (f 0 d)(X).

Moreover, if we take Properties (2) and (3) as the definition of F; and [a]z,
they will automatically satisfy the axioms of formal o-modules, since we twisted
by an automorphism of formal o-modules.

To identify this with F%, we need to show that 7 acts as the ¢-Frobenius
modulo p. This follows from the construction: Suppose that ¢ is as above,
intertwining the two Galois actions. Then, modulo p we have

f([7z(6(X))) = f(o([7]=(X)) = ([ ]w [ Ir ( ))



O

Using Proposition 10.6, we can think of F; and Fj, as two different rational
structures on a formal o-module over 6. The set of torsion points does not
depend on the rational structure, and hence the field extension L of K that
they generate does not depend on it.

Since the Galois action, to obtain the second rational structure, was twisted
by the character Fr, — [u~1], it immediately follows that the corresponding
characters 7, 1z are related?® by nz(7) = n.(7)u"*("), where by val() we
denote the power of Frobenius that 7 restricts to in Gal(K /K). But we already

know that 7z o rp k() = 1, and therefore 7, o rp k(%) = u™'.

10.6 Finite and p-divisible groups

[No proofs here. Just a tourist guide.]

10.6.1 Definition of p-divisible groups

Given a formal group F' over a ring A (not necessarily 1-dimensional, but
still assumed abelian throughout), we say that F' is p-divisible if the p-power
morphism [p] : F' — F is an isogeny, i.e., presents A[[X]] as a finite locally
free®® A[[X]]-module. The kernel of this morphism will then be locally free
of rank p” over itself (this will follow from our discussion of finite, connected
p-torsion groups below), for some integer h called the height of F', and, more
generally, the kernel of [p"] will be finite free of rank p™".

A different (but related) notion of p-divisible groups (without the word
“formal,” and also called Barsotti-Tate groups) is that of an inductive system

G Gy = Gryr — -

of finite, locally free abelian group schemes over A, with the transition maps
being monomorphisms identifying G,, with the p"-torsion in G, 1, and the
multiplication-by-p maps G,,+1 — G,, being epimorphisms. It then follows
that the rank of G,, is of the form p™" for some locally constant function 4 on
A, called the height of G.

29The action on torsion points has the inverse twist! Explicitly, if « is a torsion point for F; and &
a Frobenius element, then 7 (¢(z)) = 7¢(°x) = ¢ o [u] o [n:(7)](x) = [un:(5)](¢(z)).

30Some of the literature, e.g., Tate, says “free” here, but this seems unnatural; is it automatic? Of
course, there’s no difference for the local rings that we will consider.
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10.6.2 Cartier duality

Most of the statements about finite groups, with bibliographical references for
their proofs, can be found in [Mill7, Chapter 11]. Shoutout to Patrick Walls for
excellent slides summarizing the theory.

In this section, we will say “group” for a finite (abelian) group over a base
ring A, by which we mean an abelian group scheme, locally free of finite
order over A. Note that the entire discussion here will be about abelian group
schemes, hence we will omit the word “abelian” throughout.

Cartier duality is the adaptation of Pontryagin duality of classical Fourier
analysis to this setting. Namely, the Cartier dual of a finite group G is the
“group of characters,” i.e., homomorphisms G — G,,,. We can apply this def-
inition to points over any A-algebra, thus obtaining a functor that is repre-
sentable by another finite group scheme, the Cartier dual G’ of G. At the
level of algebras, the coordinate ring A[G] is a Hopf algebra — skipping the
definitions here, but in the commutative case these are precisely the axioms
required to make spec A[G] into a group scheme, such as a comultiplication
map A[G] — A[G] ®4 A[G] — and the coordinate ring of A[G'] is the dual
A-module, with multiplication becoming comultiplication, and vice versa. As
is clear from this description, (G’)’ = G. The functor G — G’ is an anti-
equivalence of the category of finite groups over A.

From now on, we work over a complete noetherian local ring A. There is a
canonical short exact sequence

0G>5 G- G0, (10.1)

with G° connected and G** étale.
Now, let’s assume that A = k, a perfect field of characteristic p > 0. We
then have the (relative)>! p-Frobenius morphism, for every group G over F,

Fg:G— GW),

and its Cartier dual (the morphism obtained by applying Frobenius to the
Cartier duals), the Verschiebung morphism

Ve : GP) - @G

In this setting, the exact sequence (10.1) splits (non-canonically), and we
have equivalences

31Recall: The relative Frobenius morphism in coordinates is induced from X +— XP :
k[X]/(fP (X)) — k[X]/(f(X)), where f®) is the polynomial obtained from f by raising its co-
efficients to the p-th power.
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G is étale < F( is an isomorphism;
G is connected < F(; is nilpotent.

The Cartier dual conditions are called multiplicative and unipotent, i.e.,

G is multiplicative <= V/; is an isomorphism;
G is unipotent <= V(; is nilpotent.

They admit the following equivalent characterizations, hence the name.

Proposition 10.7. G is multiplicative iff it embeds into copies of G,, over the
algebraic closure, and unipotent if it has a normal filtration with quotients equal
to subgroups of G,.

Proof. See [Dem86, § I11.8-9]. O

Here is a table with the basic examples, where we denote by «, the kernel
of Frobenius: G,, — G,,.

G G'" Fg Vg

ap ap 0 0
Z/pZ p, =~ O
Z)I7 p o~ ~.

In particular, p-power torsion groups over k are built out of constituents G
such that G or its Cartier dual is connected. In the next section, we will start
by classifying finite unipotent groups in terms of semilinear data, and will then
use Cartier duality to extend this classification to all p-power torsion groups.

10.6.3 Witt vectors and Dieudonné modules

A unipotent (affine, finite type for everything that follows) group scheme over
k is one that embeds into the subgroup of upper triangular matrices in some
GL,,, or, more abstractly, one that admits a filtration by normal subgroups
whose successive quotients are subgroups of G,. This is a general definition,
but now we will continue to assume that our groups are abelian.

First, we would like to extend the definition of Verschiebung to not neces-
sarily finite commutative affine group schemes G. We do this by considering
the diagram

k[G] — (K[G1®")% 2 k[G] @ k,

where the first arrow is the p-fold comultiplication map (landing in symmetric
tensors), and \ is the unique k-linear map sending a ® a ® - - - ® a to a. (Note
that it is k-linear with respect to the Frobenius-twisted action of &, i.e., ca ®
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ca® -+ ® ca goes to c’a!) When k[G] is finite over k, and A = k[G’] is the
dual Hopf algebra, the dual of this sequence of maps,

A (A%)g, — ARy k

where the right arrow is sending ¢« ® 1 to ¢ ® --- ® a and the left arrow is
multiplication, is precisely the (relative) Frobenius morphism, G’ — G’ (p );
hence the definition of Verschiebung reduces to the previous one.

Remark 10.2. At least over fields, Cartier duality extends beyond the finite
setting, to a duality between affine commutative group schemes and formal
groups, see [Dem86, § 4]. This is implicit behind the extension of the Ver-
schiebung morphism given above.

Now, we introduce the ring of (p-typical) Witt vectors W = lim,, W,,. We
will take its construction as a black box, and only mention the following facts:

1. It is a ring-scheme of infinite type over F,, with a (fixed) isomorphism
of schemes W = A®, W,, = A", i.e., every element is represented by a
sequence (ag, a1, az, ... ), with the truncated Witt ring W,, corresponding
to (ag,...,an-1)-

2. At the level of points, W(F,) ~ Z, and, more generally, W(F,) ~ Z,,
the ring of integers in the unramified extension of Q, with residue field
F, (here, ¢ is a power of p). In other words, the Witt construction
gives a way to understand p-adic rings as F,-points of some ring
scheme. Compare: the equal-characteristic construction of arc spaces L™ X
of varieties X over Fp, with L™ G4(F,) ~ Fy[[¢]]

Explicitly, if [a] denotes the Teichmiiller lift to Z, of an element in F, (i.e.,
the unique multiplicative section of the reduction map), the isomorphism
is given by

2
(a0, a1, as,...) — [ao] + [aP]p + [a¥" 1P + ...

(Why the inverse Frobenius twists in the coefficients? It is necessary in
order to make the addition law polynomial!)

3. Multiplication by p is given by p - (ag, a1, ag,...) = (0,af,al, a5, ...).

4. It carries a p-Frobenius morphism (induced by this isomorphism of schemes),
Foro:(ap,a1,a2,...)— (ab,al,db,...),
and the Verschiebung is given by

V : (ag,a1,az,...)— (0,a9,a1,...).
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In particular, the truncated Witt groups W,, are V-torsion. They are also
pro-unipotent: The quotients p"W /p"*1W are isomorphic to G,. The fol-
lowing theorem will present them as co-generators of the corresponding
category.

Be careful from now on to distinguish between W as a ring scheme and the
ring W (k) of its points over a perfect field k. For example, on W (k) we can invert
the p-power Frobenius (because k is perfect), but on W we can’t (because the
1/p-th power is not polynomial).

Define the Dieudonné ring Dy, to be the ring generated by W (k) and ele-
ments F', V with relations

FAX=)XF, V- A=)V, FV =VF =p

for all A € W (k), where o denotes the Frobenius on . A Dieudonné module is
a module for Dy,.

Define the ind-group Wy, := colim W), over F,,, where W), is the n-truncated
Witt ring, embedded in W1 via (a1, as2,...,a,) — (0,a1,a2,...,a,). Itis
a module for W (k) under the following twisted action on W,: A\ » w, =
(”17”)\n)wn, where )\,, denotes the n-th truncation of \.

At the level of points, W (F,,) ~ Q,/Z,.

We have End W, ,, = Dy,/D;; V™ [DG70, Proposition V.1.3.4].

Theorem 10.8. The functor
G — M(G) = Hom(G, W) = colim Hom(G, W,,)
is an anti-equivalence of categories

{Unipotent (abelian) group schemes over k} < {finite-type V-nilpotent
Dieudonné modules},

restricting to an equivalence

{Finite unipotent groups over k} < {V-nilpotent Dieudonné modules of finite
W (k)-length. }

Remarks 10.1. 1. Recall that the length of a module is the longest [ such
that there is a chain of submodules 0 < M; < --- & M;; in particular, the
free W (k)-module has infinite length.

2. We have
M(GP) = o*M (@), (10.2)

which is where the semilinear structure comes from.
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Theorem 10.9. There is an anti-equivalence of categories

{Finite p-power torsion groups over k} <> {Dieudonné modules of finite
W (k)-length. }

This equivalence G — M (G) is characterized by the following properties:

1. On finite unipotent groups, it is the one given by Theorem 10.8.

2. Under Cartier duality, M(G') = M(G)* := Homyq(M(G), Wy (k)),
with Dieudonné module structure given by (F'f)(m) = 7 f(Vm) and (V f)
o~ f(Fm). (Here, f € M(G)*, m € M(G) and o is Frobenius on W, (k).)
See [Dem86, I11.5-6] for the statements and discussion, and [DG70, Theo-
rem V.1.4.3] for the proof of the critical Theorem 10.8.

10.6.4 Dieudonné modules of p-divisible groups

Assume that A is a complete noetherian local ring whose residue field is of
characteristic p. Then we have the following.

Proposition 10.10. The functor of p-power torsion gives an equivalence of cat-
egories between p-divisible formal Lie groups over A, and connected p-divisible
(Barsotti-Tate) groups.

See [Tat67, Proposition 1].

This equivalence gives rise to a notion of dimension for a p-divisible group
(take the identity components of the G,,’s, which form a connected p-divisible
group, and take the dimension of the associated formal group), which is an
invariant that it complementary to the height. It can be computed in terms
of the discriminant ideal of the group [Tat67, Proposition 2], and there is a
Cartier dual p-divisible group G’ (by taking the Cartier duals of the G,,’s, and
the duals of the p-power maps), satisfying

dim G + dim G’ = h,

see [Tat67, Proposition 3].
Remarks 10.2. 1. A Lubin-Tate group for the ring of integers o of a p-adic
field K is p-divisible of height h = [K : Q,].

2. The equivalence of categories between connected and formal p-divisible
groups explains why, for an elliptic curve £ with C M by an order R and
a good reduction at a prime over p, the corresponding formal group F
automatically admits endomorphisms by the completion R,,

Theorem 10.9 implies the following.

126

(m) =

Say over
what, and
check/correct
the completion



Theorem 10.11. The functor M (colim G,) = lim M (G),) gives rise to an anti-
equivalence of categories

p-divisible groups over k < Dieudonné modules over k,

where the right hand side is the category of free finite-rank modules M over the
Witt ring W (k), equipped with an endomorphism F such that

* F'is semilinear with respect to the p-power Frobenius o, i.e., F'(am) = “am,
forall a € W(k);

s FM > pM.

Remarks 10.3. 1. The Verschiebung morphism is uniquely determined by
the conditions above and F'V = VF = p.

2. The rank of the Dieudonné module corresponds to the height of the p-
divisible group.
3. The dimension of G is the dimension of the k-vector space M (G)/FM (G).

4. For connected p-divisible groups, the Dieudonné module admits another
description in terms of invariant differentials and de Rham cohomology
for the corresponding (by Proposition 10.10) formal p-divisible group;
see [Wei].

10.7 Moduli of p-divisible groups and the local Lang-
lands correspondence

[Stub. I point to [Wei, RV14] for a nicer and more detailed discussion. The
main effort here is to highlight the reasons behind some technical choices.
There may be errors due to my misunderstanding — please check the original
sources. ]

Generalizing Lubin-Tate theory, appropriate moduli spaces of 1-dimensional
formal p-divisible groups of height h can be used to prove the local Langlands
conjecture for GL,, e.g., in the following form:

There is a canonical bijection (characterized, e.g., by properties
provided by Henniart [Hen93]) between irreducible h-dimensional
representations of the Weil group of @, and irreducible supercusp-
idal representations of GL;,(Qy).

10.7.1 Deformations of p-divisible groups

In the theory of complex multiplication, the maximal abelian extension of an
imaginary quadratic field is realized by the Galois action on a moduli space, the
moduli space of CM elliptic curves (by a fixed order) with full level structure.
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There was roughly a mention of moduli spaces for Lubin-Tate theory, but
this is because, in reality, it is based on a moduli space with a single point — the
moduli of Lubin-Tate modules for a fixed uniformizer =. We will generalize
this to construct nonabelian extensions (in the form of higher-dimensional
representations of the Galois group), but for simplicity we will restrict to the
case of the field K = Q,,.

This is harmless, because the theory of general Galois extensions of Q,
contains the Galois theory of every finite extension of Q,, unlike the abelian
case. But, if one desires, one can replace Q, by an arbitrary p-adic field, and
this is the approach of Harris-Taylor in [HTO1].

We can view a formal group over Z, as a deformation of its special fiber.
Fix again a perfect field & of characteristic p. The classification of deformations
proceeds as follows.

1. When £ is algebraically closed, there is a unique, up to isomorphism 1-
dimensional divisible formal group of height h over k. This can be de-
duced from Theorem 10.11, see [Wei, p.10].

2. When £k is not algebraically closed, all “forms” of such a formal group
over k are again described by Theorem 10.11. Fixing such a form G cor-
responds to fixing the Lubin-Tate module F; modulo p. (For the purposes
of the local Langlands conjecture, we can actually avoid this choice, as
we will see, working directly over k = F,.)

3. Fixing G| of height h over k, there is a classification of pairs (G, ¢), where
G is a 1-dimensional formal group G over a local Artinian algebras A
with residue field k, and ¢ is an isomorphism of special fibers, ¢ : Gy —
G ®4 k. This deformation problem is pro-represented by the ring Rj, :=
W (k)[[X1,-..,Xn-1]], i.e., there is a universal formal group over this
ring such as G is obtained by base change via a morphism R;, — A.

Remark 10.3. Note that part of the assertion that this problem is pro-representable
by a formal scheme is the fact that the problem is rigid, i.e., the pair (G, ) has
no automorphisms. More precisely, in the setting above, for p-divisible groups
G, G’ over A, the specialization map Hom(G, G’) — Hom(Gy, G})), where by
an index 0 we denote special fibers, is injective. Here, the Homs are taken in
the isogeny category.

10.7.2 A host of problems (and how to solve them)

Fix a height h and let My = SpfR; (the deformation ring of 1-dimensional
p-divisible formal groups of height h).
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Naively speaking, we could hope to add p"-level structures, obtaining a
tower of moduli spaces M,,, and recover the local Langlands correspondence
for GLj,(Q,) from simultaneous actions of GL;(Q,) and the Galois group on
the cohomology of M., = lim M,,.

There are several problems to address here.

1. First of all, for such a formal group G over Z, (or, more generally, over
W (k), where k is a perfect field), a level structure

(plnww = apr

cannot exist as an isomorphism of group schemes (since G is connected,
and its torsion over the special fiber is trivial), but only at the level of
sections over infinitesimal deformations of Speck. However, those don’t
behave nicely under specialization (again, because G is not étale), and
therefore we need a modification of the notion of level structure, intro-
duced by Drinfeld, where the maps above are not always isomorphisms
at the level of sections. See [HT01] for references.

Alternatively, the approach of Rapoport-Zink [RZ96] (see also [RV14]
for a nice exposition) is to remove the points of the deformation space
over the special fiber. But this is a formal scheme, and all of its points
(consider as a ringed space) lie over the special fiber. But the generic fiber
of such a formal scheme makes sense in the category of rigid analytic
spaces, and one needs to work in this framework. Thus, we have the
rigid analytic space M corresponding to the generic fiber of M, and we
hope to define a tower of rigid analytic spaces M,, over it, adding level
structures.

2. We will completely gloss over this, but we need a manageable and suffi-
ciently “finite” cohomology theory for these formal schemes or rigid ana-
lytic spaces — this is not automatic, as they “spread out” over W (k), which
is not “proper.” One applies Berkovich’s version of “vanishing cycles” over
the special fiber of SpfW (k) to get some reasonable cohomology theory.

3. If we did construct those moduli spaces as stated above, we would get
an action of GLj(Z,) on them (from its action on (Q,/Z,)"), not of
GL(Qp). This is similar to the fact that, in Lubin-Tate theory, we ob-
tained a homomorphism Gal(K/K) — o*, and not the inverse reci-
procity map on the nose. As in the Lubin-Tate case, one can reconstruct
the reciprocity map from the GLj(Z,)-action (as in Scholze [Sch13]),
but it would be nicer to have a tower of spaces with a GL;(Q,)-action.
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The rigid-analytic Rapoport-Zink spaces have a slightly modified moduli
problem built into them, in order to get GL;,(Q))-actions on the tower M =
lim M,,, which at the same time removes the need to choose a form over a
non-algebraically closed residue field like F), (i.e., the analog of choosing the
uniformizer 7 in Lubin-Tate theory).3?

10.7.3 Revisiting the Lubin-Tate construction

For this, let us revisit Lubin-Tate theory for a p-adic field K, and try to con-
struct the reciprocity map by working directly over k = FF,,, and over the com-
pletion o of the Witt ring W (k) = 0. As we saw in Proposition 10.6, all Lubin—
Tate formal o-modules are isomorphic over o, but of course in this setting we
only get an action of the inertia group Ix on the torsion G[p*] of such a group.
To recover an action of the entire Galois (or rather Weil) group, we can set up
a moduli problem as above: Fix G over k, and consider triples (G, ¢, o), where
G is a formal o-module over o, ¢ : Gy — G ®; k, and « is an isomorphism of
o-modules, K/o — G [p*]. Now, any element 7 in the Galois group acts on
such data, but 7 carries the isomorphism ¢ to an isomorphism between the
T-twists,
TGy — TG ®; k.

Of course, the 7-twists are isomorphic to the original objects (I stress again
that there is a unique isomorphism class!), but not in any canonical way, so
this does nothing to give us an action of 7 on level structures. However, if 7
is in the Weil group, "G is just a power of the Frobenius twist of Gy. Let us for
now assume that this power is a positive number m; we can compose with the
corresponding power of the relative Frobenius map,

FZ - Gy — "Gy

to get a map
Go — "G ®; k. (10.3)

This is almost what we want, except that the last map is not an isomorphism,
because Frobenius isn’t. Thus, we need to pass to the quasi-isogeny category of
formal groups, i.e., to a new category with the same objects, where we invert
isogenies, defining new Hom-groups

Hom'(G1, Ga) — Hom(G1, GQ)[;].

32Harris-Taylor [HT01] also define a GLj,(Q,)-action, without explicitly modifying the moduli
problem or mentioning quasi-isogenies, but this reinterpretation is much cleaner.
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Now the isogenies become isomorphisms, but they don’t induce isomorphisms
of Tate modules any more, except rationally.

Therefore, to get a set with a Weil group action, we need to replace the
triples above by triples (G, t,a) where G is as above, ¢ is a quasi-isogeny of
its special fiber with GGy, and « is a trivialization of its rational Tate module
V,G = T,G ®z, Qy, @ : K = V,G. To finish our reworking of Lubin-Tate
theory, we know that G and "G must be isomorphic (because there is only one
isomorphism class of Lubin-Tate modules over 0), ¢ and the isogeny (10.3) fix
a choice of (quasi-)isogeny "G — G, identifying their rational Tate modules.
The 7-twist of a, now, gives rise to a homomorphism Wy, — GL1(Q,), which
one can check is the inverse homomorphism to the inverse reciprocity map.

Exercise(s) 10.1. Check the last assertion against what we have proven!

10.7.4 The local Langlands correspondence for GL;

Returning to general height A, there is an infinite tower of rigid analytic spaces
M whose points parametrize triples (G,t,«) where G is a p-divisible group
over 0, ¢ is a quasi-isogeny of its special fiber with “the” p-divisible group G of
height h over k = IFT,, and « : QZ = V,,G is a trivialization of its rational Tate
module. It admits commuting actions GL;(Q,) and the Weil group Wy,, but
there is a third commuting action to consider, that of the automorphism group
of Gy (in the quasi-isogeny category!).

This automorphism group can be computed using Dieudonné theory: In the
quasi-isomorphism category, Dieudonné theory remains the same, except that
we need to invert p, which means that instead of free W (k)-modules we con-
sider W (k)[%]-vector spaces (i.e., Qp—vector spaces, when k = F,), equipped
with a semifinear F-action by automorphisms. These are called isocrystals,
and the h-dimensional ones are parametrized by the set GL;(Q,)/ ~, where ~
refers to Frobenius-twisted conjugacy: b ~ g~ 'bo(g). Indeed, if we fix a basis
for such a crystal, M = Qﬁ, the element b measures the ration between I’ and
the standard Frobenius on QZ.

The unique 1-dimensional p-divisible group of height h over k corresponds
to M = QZ with the usual Frobenius action twisted by the element

0 1
0 1
h= 0 1
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(up to Frobenius-twisted conjugacy), and its endomorphism ring in the isogeny
category is the subalgebra of Math(@p) fixed by the twisted Frobenius action.
It is the central h2-dimensional division algebra D), over @p with invariant
(“slope”) +.

We set J = D;‘, which is an inner form of GLj,. The Jacquet-Langlands
correspondence furnishes a bijection between the irreducible smooth repre-
sentations of the (compact modulo center) group J(Q,) and the discrete series
representations of GL;(Q,). Assume that p is an irreducible representation of
J(Qp), with p’ = JL(p) supercuspidal.

The proof of the local Langlands conjecture by [HTO01] states, approxi-
mately, that there is a correspondence LL between irreducible supercuspidal
representations of GL;,(Q,) and irreducible h-dimensional representations of
Wy, such that the p-isotypic part of the appropriate compactly supported co-
homology H.(M) of the tower is isomorphic to

pBp B LL(p'),

as a representation of J(Q,) x GL;,(Q,) x Wg,. See [RV14, § 7] for more
precise statements.
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11 Geometric class field theory and sthukas
for function fields

References:

* Yun, “Introduction to shtukas and their moduli.” ArXiv:2411.10248.

* Bhatt, “Geometric class field theory”, in Oberwolfach Arbeitsgemeinschaft
“The Geometric Langlands Conjecture” report.

* V. Lafforgue, “Shtukas for reductive groups and Langlands correspon-
dence for function fields.”

¢ Milne, “Abelian Varieties”.
* Serre, “Algebraic groups and class fields” [Ser88].

* Peter Toth, “Geometric abelian class field theory”, Utrecht Masters Thesis.

[Caution: some formulas may be correct only up to inversion — haven’t
been checked carefully! Please let me know if you find such errors.]

11.1 Drinfeld’s shtukas

We will now discuss the case of K = F,(C), the function field of a curve C
over a finite field F,, i.e., a finite extension of F,(¢). As function fields are
invariant under compactifications and normalization, we may and will assume
that C' is smooth and projective.

We will proceed in inverse historical order. First, we will give a definition
of Drinfeld’s shtukas for GL;, (in order to see the analogy with Dieudonné
theory for p-divisible groups), and then we will specialize to the case of GLj,
to see how they provide a geometric enhancement (and proof) of global class
field theory. We will restrict ourselves to the unramified setting (i.e., we will
construct the Hilbert class field of K), and we will also assume, for simplicity,
that C' contains an F,-point co (which we fix).

Fix a smooth projective curve C' over F = F,, ¢ = p", and let k = F(C),
its function field. In this section, we will use Frg to denote the relative ¢-
Frobenius morphism, on any scheme S over F, i.e., Frg : S — S.

Definition 11.1. Let S be a scheme over F. An S-shtuka of rank h over C is
the data (&, z, 7), where

* & is a vector bundle of rank h on C x S (all products here are fiber
products over spec [F);
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* z = (x;)7 is a finite collection of S-points (the “legs” of the shtuka),
x; € C(S), indexed by a finite set I;

* « is an isomorphism of vector bundles outside of those points, between
& and its S-Frobenius twist, i.e., if U ¢ C' x S denotes the complement
of the graphs of these points, « is an isomorphism

a:Ely — (Io x Frg)*é&.

Consider an F-valued shtuka, and fix a leg x;. We can trivialize the bundle
in a formal neighborhood of z;, £ ® O ~ O", where © = O, (non-canonically
isomorphic to F((t))) and also its Frobenius twist. (We can choose the induced
trivialization, but we don’t need to here — we are losing some information.)
The Frobenius map, then, becomes an element of GL;,(F), where F = F,,
is the fraction field of the completed local ring @. Modding out by all the
possible trivializations, we get a well-defined double coset in G(O)\G(F)/G(O),
where G = GLj,. The Cartan decomposition states that these double cosets
are in bijection with dominant coweights A\ : \y = Ao = -+ = M\, \; € Z,
through the map that assigns a local uniformizer ¢ to the double coset of the
diagonal matrix (t1,...,t*). Such coweights have a natural partial ordering
(A= pu = X — pisasum of positive coroots), and we can impose bounds
on an F-valued shtuka, by imposing a bound on the coweight at each leg. This
construction can also be made geometrically (with the coweights correspond-
ing to strata on the affine Grassmannian, and the ordering corresponding to
their closure relations), hence such bounds make sense for every test scheme
S.

Remark 11.1. Let us compare this with Dieudonné modules, freely using the
notation of the previous section: Let k be a perfect field in characteristic p.
A free module M of rank h over W (k) can be thought of as a vector bundle
of rank h on the formal neighborhood of a k-valued point on a “characteristic
zero” curve (e.g., on specZ, if k = [F,). A Dieudonné module structure consists
of a semilinear “Frobenius” morphism F', such that FM > pM, see Theorem
10.11. The semilinear condition can be thought of as a linear map M —
o*M (10.2). Moreover, F' is an isomorphism between the isocrystal M [%]
and its Frobenius twist. Thus, Dieudonné modules correspond to shtukas on
SpfW (k).

The condition FM > pM is more specific than that: it means that the
coweight associated to the Dieudonné module at its leg is of the form p —
(p,p,---,p,1,1,-,1). This is a minuscule coweight: Its values on all root spaces
are 0 or +1. It is the coweight corresponding to one of the fundamental rep-
resentations (i.e., exterior powers of the standard representation) of the Lang-
lands dual group (=GLj, again). If, in addition, we impose that the Dieudonné
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module corresponds to a 1-dimensional formal group, i.e., dimy M/FM = 1,
then the coweight is forced to be (1,0,0,...,0), the weight of the standard
representation of the dual group.

These qualifications are very useful when trying to translate between func-
tion fields and number fields or their localizations, e.g., global Shimura vari-
eties and local Shimura “varieties” (rigid analytic spaces) require minuscule
cocharacters, but locally there are now general moduli of shtukas using the
technology of diamonds [SW20].

11.2 The case of GL;

11.2.1 Picard groups and étale fundamental groups

We will be using A to denote the adeles of our function field KX = F,(C), and
[G] for the quotient G(K)\G(A), for any linear algebraic group G over K. By
a straightforward adaptation of Proposition 9.2, the quotient [G,,]/] ], o, is
the divisor class group, identified with the F-points of the Picard group (i.e.,
the Jacobian) of C.

We will take advantage of the fact that the Picard group is an algebraic
group. It is convenient to adopt the following moduli description of Picc: it
represents the functor that sends an F-scheme S to isomorphism classes of line
bundles over C x S together with an identification of their restriction to {0} x S
with the trivial line bundle. (This trivialization rigidifies the functor, i.e., kills
automorphisms. Having done so, the bijection

[G]/] JoX = Pico(F).

is a bijection of sets, not stacks in sets, but this doesn’t matter at this point.)

Now, let us recall/learn some facts about étale fundamental groups. If
5 — X is a scheme together with a geometric point (i.e., s = SpecF’, for
some algebraically closed field F"), then the étale fundamental group w1 (X, 5)
is defined, as the group of automorphisms of the fiber functor

{Finite étale covers of X} 3 (Y — X) — |Y; =Y xx 5| € {Sets}

Ah! We should discuss Galois categories; see [Stacks Project, Tag OBL6]. The
quick way to say this is that this functor gives rise to an equivalence of cate-
gories

{Finite étale covers of X} — {Finite sets with a continuous action of (X, s)}.
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A choice of different geometric point (even with different residue field!) gives
rise to an isomorphic fundamental group, canonically up to inner automor-
phisms.

Now we return to the setting of the curve C over FF, with function field
k. We think of it as the residue field for the generic point 7 of C, and of its
absolute Galois group I'y, as the étale fundamental group (7, 7), where 7
corresponds to the chosen separable closure of k. There is a generalization
map

{Finite étale covers of C'} — {Finite étale covers of n},

giving rise to a homomorphism

Fk = 7-[-1(7]777) - ﬂ-l(Ca 77)

Exercise(s) 11.1. 1. Show that this map identifies 71(C,7) as the Galois
group of the maximal everywhere unramified extension of k. (You can
consult the literature.)

If 'y, — C* is a character of the Galois group that is unramified at every
place, it factors through the Galois group of the maximal unramified extension
of k. Hence, at the unramified level class field theory reduces to an isomor-
phism

Picc (F) ~ m(C, 7). (11.1)
(Note that abelianization eliminates the dependence on base point.)

For geometric class field theory, we will actually construct isomorphisms of
the character groups

Hom(Pico(F),A™) ~ Hom(m (C), A™),

where A = Z;, for some auxilliary prime [ # p.

11.3 The Lang isogeny; shtukas

This approach to class field theory was developed by Rosenlicht and Lang, see
Serre [Ser88]. We will use it to construct the correspondence in one direction
only, from characters of the Picard group to characters of the étale fundamen-
tal group. One can prove the full bijection by this method, but we will instead
use Deligne’s method to construct the map in the opposite direction.

To motivate the construction that follows, consider the short exact se-
quence

1— ﬂl(CE, n) — m(C,n) — Gal(F,/F,) — 0.
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The subgroup W1(0E7 7) is called the geometric étale fundamental group. Hav-
ing chosen an [F,-point oo, we get a splitting of the short exact sequence, which
we can use to project the isomorphism (11.1) of class field theory to an homo-
morphism

71 (C,7)% — Pic(F).

This corresponds to a connected étale cover of the curve with Galois group
PicX(F), and this is the cover that we are about to construct. First, some
generalities.

Let G be a connected commutative group scheme over F,. Here we will
denote by o the g-Frobenius morphism

o:G— G,

as well as its base change to GE (the relative ¢g-Frobenius morphism).
The Lang isogeny is the map

L:G3g—% g ted.

Theorem 11.1 (Lang’s theorem). Let G be a connected (not necessarily commu-
tative) group scheme of finite type over a finite field F = F,. (You can restrict
to connected, Zariski-closed subgroups of GL,, if you are not comfortable with
general group schemes.) Let o be the absolute ¢-Frobenius morphism on G, and

consider the Lang map

L:ig—g-g "

Then, the induced map on F-points G(F) — G(F) is surjective.

Remark 11.2. For G = G, the Lang map is the Artin—Schreier map ¢ — t? — t.

Another way to state this theorem is that the Weil group H' of G(F) is
trivial; indeed, any Weil group cocycle ¢ is determined by the image c(o) of
Frobenius, which can be any element » € G(F), without restrictions. The
statement is that the coboundary action g * 2 := “gxg~—! has a unique orbit.

Proof. Since this doesn’t affect F-points, we can pass to the reduced scheme,
and assume that G is reduced, hence smooth. (Every reduced group scheme
over a perfect field is smooth, [Sta25, Lemma 047P].) Since G is connected, it
is enough to prove that every orbit of the coboundary action is open — then
there is only one orbit. This, in turn, follows from the following.

For every = € G(F) the coboundary map g — “gxzg~! is surjective
on tangent spaces: TGy — 1,Gj.
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Indeed, surjectivity on tangent spaces at closed points, for a morphism of
nonsingular varieties, is equivalent to smoothness of the morphism [Hartshorne,
Proposition 10.4]. Smooth morphisms are open, and therefore every x belongs
to an open orbit.

To prove the claim, we can consider the map G x G — G sending (g1, g2) —
Tq119, !, In the g;-variable, the map is zero on tangent spaces, while in the
go-variable, the map is clearly an isomorphism of tangent spaces. (Note that
this proves more — that the Lang map is a smooth morphism at every point.)

O

For a connected commutative G, this implies the following.

Corollary 11.2. The map L is an isogeny with kernel G(F), considered as a
constant group scheme over F.

Proof. Indeed, the proof of Theorem 11.1 shows that the L is a smooth mor-
phism. This implies, since G is connected, that it is an epimorphism. Moreover,
it implies the fiber over every point is smooth; in particular, the kernel of the
morphism is the smooth scheme given by the equation “g = g, which is the
constant group scheme G(IF,). O

Now, we apply this to the Picard group. Note that it is not connected,
and that the image of the Lang isogeny will lie in the identity (degree-zero)
component Picd, while the kernel is the infinite group Picc(F). (But actually
we will only use the restriction of the Lang map to the neutral component.)

Exercise(s) 11.2. 1. Show that the Lang map Picc — PicoC admits the fol-
lowing moduli description: For any F-scheme S, it sends the class of a
line bundle £ on C x S (with a trivialization over {co} x S) to the class
of (Idc x 05)*E ® £71, where o5 denotes the Frobenius morphism on S
(with the induced trivialization).

Now consider the degree-zero Abel-Jacobi map AJ, : C — PiCOC, which
on geometric points is given by ¢ — (¢) — (00). We form the fiber product

Sht? — Picoc

|k

AJ .
C—= PICOC )

The left vertical arrow is a finite étale cover of C with Galois group PicX(F,),
hence gives rise to a homomorphism

@° 1 (C) — Pick(F,).
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This is almost, but not quite, the inverse reciprocity map of class field the-
ory. Let
¢ : m(C) X gaEm £ — Picc(Fy) (11.2)

be the product of ¢©° with the map that factors through 71 (C) — Gal(F/F) and
sends the Frobenius element o to the divisor (o).

Exercise(s) 11.3. 2. Give a moduli description for Sht?.

3. (Important exercise!) Prove that (11.2) is compatible with local Artin
maps: For any ¢ € |C], it sends Fr. to the class of (¢) € Pic(F,). In
particular, it is surjective.

Another way to formulate this compatibility is by the action of Hecke
operators, which in the abelian case come from actual maps (not more
general correspondences): For any ¢ € |C| and n € Z, let T,,, : Picc —
Picc be the Hecke modification sending a line bundle £ to the line bundle
E(nc). Then, this is compatible with the action of Fr' on 7 (C).

4. Prove that (11.2) is independent of the choice of co. (Here, you will
need to think of Pic(F,) as “isomorphism classes of line bundles on C
defined over F,”, rather than “line bundles trivialized at c0”, in order for
this statement to make sense.) Notice that ¢° is then recovered from ¢
as ©%(7) = ¢(7)p(Fry)~9e(") where deg(7) is the image of 7 in Zo ~ Z.

11.4 Deligne’s construction

Let A = Z,, for some auxilliary prime ¢ # p. (It can be replaced by the ring of
integers in any finite extension of (Q;.) The inverse reciprocity map constructed
in the previous section gives rise to a map

Hom(Pice (F), A*) — Hom(m (C,7), AX). (11.3)

Because (11.2) is surjective, this map is injective. Here we will construct the
inverse map, showing that it is bijective. For that purpose, we interpret

Hom(71(C,77), A™)

as Locy ¢ := isomorphism classes of rank-one étale local systems L on C (=lo-
cally constant sheaves for the étale topology), together with a trivialization
7L ~ A.

[Some technicalities here: the A-adic local system is really defined as a
limit over all powers of ¢ of A//7-étale local systems.]
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On the other hand, the other side

—_—

Hom(Picc(F), A™)
will be interpreted as character local systems on Picc.

Definition 11.2. Let G/F be a commutative (smooth, finite type) algebraic
group. A character local system on G is given by pair (£, 1) where £ € Loc; g,
and

Y imtL = piL@pEL

is an isomorphism on G x G that satisfies the cocycle condition. Here, m :
G x G — @ is the multiplication map, while the p;’s are the projection maps.

The idea behind character local systems is that the trace of Frobenius at
the stalks of such a local system gives rise to an actual character G(F) — A*,
and the same is true simultaneously for all finite extensions of F, by taking
powers of the Frobenius morphism. Character local systems form a group
under tensor product. We let CharLoc(G) denote the group of character local
systems (defined over F) on G. [Obviously, there is more structure here than
just sets, but we will stick to sets.]

Exercise(s) 11.4. 1. For any y € Hom(G(F), A*), construct a local system
L, on G by reduction of the Lang isogeny G — G via Y, i.e., the associ-
ated A*-torsor over G is®> G x(G(Fa):x) AX | Explain why this is naturally
a character local system, and prove that the “Frobenius trace” map gives
an inverse to this construction, giving rise to an isomorphism of groups

P

CharLoc(G) — Hom(G(F), A™).

Remark 11.3. This exercise points to something amazing, which is a basic
theme of all geometric representation theory: there are “sheaves” (local sys-
tems) whose Frobenius traces produce characters on G(F’) for all finite exten-
sions ' /F, and one obtains all characters of those finite groups in this manner.

Thus, the isomorphism of class field theory can now be reformulated as an
isomorphism
CharLoc(Picc) = Locg . (11.4)

33This requires sheafification modulo finite quotients of Z;; the notation G x(¢(a):x) A% stands
for the limit over all powers of ¢ of the sheaf associated to the presheaf sending an étale cover
U — GtoT(U,G) x(EE)x) (A/¢7)%, where T'(U, G) is the set of sections U — (G xg U), where the
fiber product is taken with respect to the Lang map.

140



Theorem 11.3. The unbased Abel-Jacobi map
AJ :C 3¢ (c) € Pico
induces, by pullback, an isomorphism (11.4).

Exercise(s) 11.5. 2. Unfold the definitions to make sure that this is the
same map as (11.3). Thus, we already know that it is injective.

The following should look familiar, if you have ever seen the construction
of the Picard scheme (see Milne, §III.1-5): For any d > 0, let C¥) be d-
th symmetric power of the curve, classifying degree-d divisors on C. (It is a
smooth algebraic curve, identified with the invariant-theoretic quotient C¢/Sy;
it can be covered by Zariski open sets U(®) = Spec(F[U]®4)5¢, where U ranges
over open affine subsets of C.)

The Abel-Jacobi map extends naturally to a map AJ : CY — Pic{, and
its fiber over a line bundle £ can be identified with the projectivization of
H°(C, ). When d > 2g — 2, the Riemann—Roch theorem implies that this fiber
is isomorphic to P9+, for any &.

Let s — C%d) be a geometric point lifting the given geometric point of C(@)
(induced by our choice of geometric point on C); there is a homotopy exact
sequence, see [Stacks Project, Tag 0BUM]

m(CY,5) — m(CW,5) — m (Pict, ) — 0,

which, since projective spaces are simply connected, shows that
m(CD,5) ~ m (Picd, )

(when d > 2g — 2). Thus, local systems on Picfé and on C? are in bijection
(under pullback).

Given, now, a 1-dimensional étale local system £ on C, we construct the
restriction of a character local system to Pic¢, as follows:

Exercise(s) 11.6. 3. Consider the local system £ [X]---[x] £ on C4; show
that it is the pullback of a local system £(4 on C(9). (Hint: Use its Sg-
equivariance — but that won’t be quite enough.)

4. Now, for d > 2¢g — 2, let (L) be the corresponding local system on Pic%.
For ¢ € |C|, consider the map 7. : Picc — Picc sending £ — £(c). Show
that there is a canonical isomorphism of local systems

Tc*r(ﬁ)’Pic% = 7”(£)|Picg ® Le, (11.5)

where L. is the stalk of £ at c.
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5. Using the previous exercise, prove that there is a unique extension and
“upgrade” of r(L) to a character sheaf on Pic¢, satisfying the “Hecke
eigensheaf” property (11.5). Show that its pullback via the Abel-Jacobi
map recovers L, giving rise to the bijection (11.4).
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12 The Waldspurger and Gross-Zagier theo-
rems — an overview

The main reference for this section is [YZZ13]; although we will not follow
their proof in later sections, they include clean and precise formulations of the
theorems. We will be referring as the “Gross—Zagier formula” for the more
general version that is due to Yuan-Zhang-Zhang, proven in this book.

12.1 The pairings

The second part of the course will cover the formulas of Waldspurger and
Gross—Zagier. Both have to do with the diagonal embedding T' — T x G,
where T' = Resg/g(Gn) (K an imaginary quadratic field), and G = GLy,
or, more canonically, the algebraic group corresponding to GLg(K). More
precisely, there is a G,, < T (corresponding to the embedding Q* < K*)
which maps into the center of T' x G, and we should really be thinking about
the quotient by that,

Uy =T/Gp — G:= (T x G)/G. (12.1)

(The algebraic group 7'/G,, is isomorphic to the unitary group U; associated
to the extension K/Q.)

Let [G] denote the adele class quotient G(Q)\G(A), and simiilarly for 7.
Let S¢, ST denote the Shimura varieties of G and T, so, at the level of points,

St = T(Q)\T(Af) (a finite set), S¢ = G(Q)\(G(Af) x HT).

12.1.1 The Waldspurger pairing

(Automorphic representations jargon alert. We won’t cover these notions, but
we’ll later specialize to the representations generated by holomorphic modular
forms of weight 2, at least for the Gross—Zagier formula.)

The embedding (12.1) induces an embedding [T/G,,] — [G], through
which we can take the Haar measure on [T'/G,,] (the choice of normalization
- Tamagawa measure — to be discussed later) to a distribution é7; on G. The
Waldspurger formula states, roughly, that, for “any” automorphic representa-
tion y @ of G, that is, for any idele class character y of T and an automorphic
representation 7 of G satisfying x - w, = 1 (where w; is the central character
of 7), the x [x] 7-isotypic component of the inner product

o)y S|P [r* 6l (12.2)
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is “proportional” to a certain central L-value L(x x m, %) (see § 12.2 for the
definition of the L-function). Here, the inner product is not really defined,
because these are distributions, but we can formally think of its y [x] 7-isotypic
component as the sum, over an orthonormal basis consisting of automorphic

forms ¢, of
2

(21 8) - (. 617) = j[ R GEOT (12.3)

This sum is still divergent, but the actual formula will be a relation between
the hermitian forms (12.3) and the L-value.

We really don’t mean “any” automorphic representation here, but those
that belong (weakly) in L?([G]), such as cuspidal representations with unitary
central character, so that we can talk about inner products; similarly, x should
be unitary. (Moreover, the formula doesn’t quite apply to 1-dimensional rep-
resentations, i.e., automorphic characters of G.) For such representations, the
complex conjugate 7 can be identified with the smooth dual 7 through the L?-
pairing, and the Hermitian form (12.3) can be expanded to a bilinear pairing

By : (xK7)® (x ' ®7) — C. (12.4)

The main property of the Waldspurger pairing Byy is that it is invariant, in
both arguments, under the adelic points of T /G,,, embedded as in (12.1).

12.1.2 The Gross-Zagier pairing

Similarly, we have an embedding S} <— Sg, which, as we saw in § 9.3,
depends on the choice of special point. This gives rise to an embedding
St «— St x Sg. Recall that Sy is zero-dimensional. Replacing Si by its com-
pactification S (=the inverse limit of compactified modular curves X (N)),
we can consider the Néron-Tate height pairings on points (extended bilinearly
to divisors). The Gross—Zagier formula states, roughly, that the y [x] 7-isotypic
component of the pairing

(St ST)NT (12.5)

is “proportional” to the central derivative L'(y x , 3) of the same L-function as
before. The representation 7 is restricted, here, to the ones corresponding to
holomorphic modular forms of weight 2, and  is restricted here to a character
of the Galois group®* of K*/K, that is, y,, = 1. By “isotypic component” we
mean isotypic under the actions of the groups of finite adeles, T'(Af) x G(Ay).

34Here, we will use the normalization of class field theory that sends uniformizers to geometric
Frobenii, so that the Hecke and Galois action on S7 are compatible by CM theory.
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Explicitly, this means the following: Recall, from Theorem 6.4, that the
Jacobian at a finite level has an isotypic decomposition (in the isogeny cate-
gory) in terms of abelian varieties indexed®> by Galois orbits of holomorphic
weight-2 normalized newforms — which is the same as Galois orbits of the
G(Ay)-representations generated by those forms. (Galois orbits, here, refers
to the Galois action on the Fourier coefficients of the eigenforms.) We can then
average the points of S against the character x to get a “divisor” on Sg,

5100 = | x(r)-[rlar,
St

that is, a compatible sequence of divisors in the tower of compactified modular
curves. Here, the integral over S7 means averaging, i.e., at every finite level
X (N) (through which the character y factors) we are averaging over the finite
image of Sp. This divisor is defined over the abelian closure of K (since, by CM
theory, the points of St are), and has coefficients in whichever number field L
the character y is valued. We then apply “the” Abel-Jacobi map (normalized by
sending a specific divisor, that we will not describe yet, to zero), to get a “point”
P(x) := AJ(S7)(x) € J(K*)®z L (i.e., a family of points, compatible under
pushforwards, in the Jacobians at finite level), and project to the n-isotypic
component, to get a “point”

P(x®7) e J(K®)®y L,

where we may need to enlarge L, so that it contains the coefficient field of .
The Gross—Zagier theorem is about the Néron—-Tate height pairing

<P(X7r)7P(X_17})>NT(J)7

which again is a formal thing, which has to be projected to finite level in
order to make sense of it. More precisely, we can again define a bilinear form
between 7 and 7 (or rather, their “finite” components), as follows: If we fix a
representative A, for the isomorphism class (in the isogeny category of abelian
varieties over Q) of the abelian variety corresponding to w, we set

Ty = Homg@(J, Ar)

35Theorem 6.4 was stated for the congruence subgroups I'y(V), but similar statements hold for
other congruence subgroups like I'(IV) — in fact, we can dispense with the word “newform,” and
just consider eigenforms up to the equivalence relation of having the same eigenvalues for almost
all Hecke operators 7},. Passing to congruence subgroups like I'( V) — or at least I'; (NV); see Remark
5.1 — is important because their intersection over all N’s is the identity, leading to a presentation of

the Shimura variety S as limy Y (V).
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(homomorphisms defined over Q, but in the isogeny category, i.e., Hom’ =
Hom ®7Q). This is a representation of G/(A ) with coefficients the field M =
End?Q(A), which is of dimension equal to dim A over Q, see [YZZ13, 3.2.1].%6
Choosing an embedding ¢ : M — C and extending scalars to C, we have an
isomorphism

T QM Too T,

where 7* is the representation generated by a Galois conjugate of f. To show
this, one needs to appeal to the multiplicity-one statement of Theorem 5.15;
see [YZZ13, 3.2.3]. (Note that A, is determined by the Galois conjugacy class
of f, not f itself.) We fix the embedding : from now on, and without loss of
generality assume that 7* = 7; the Gross—Zagier theorem holds for any such
choice of «. The (smooth) dual of 7 is defined similarly, using the dual abelian
variety Ay. The pairing 7; ® 7y — C is given by

(F,F) = Vol(X(N))"}(Fy o F¥), (12.6)

where N is large enough so that the maps F, F'V factor through X (N). The
pairing is valued in M, and then we compose with an embedding M — C to
make it C-valued.

We then define a pairing

Bez : (x®7s) ® (x 'K 7s) — C, (12.7)
by ) )
F®F —(F(P(X)), F(P(x"")))nT(4,): (12.8)

where the height pairing now is on A(K?®") ®; L. As with the Waldspurger
pairing, the Gross—Zagier pairing Bz is invariant, in both arguments, under
the finite adelic points of T /G, embedded as in (12.1).

There will be a lot of things to be straightened out about the rough state-
ments above, besides the need to translate “proportional” into a precise equal-
ity. But let us first discuss the L-functions that appeared in the statements.

12.2 [L-functions and e-factors (root numbers)

Both formulas concern an L-function, whereby, in this course, we will mean
an assignment

Automorphic representation 7 — Meromorphic function L(m,r,s),

36Notice that, even in the case of CM elliptic curves, since we are taking automorphisms defined
over Q, we have M = Q.
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where L(7,r, s) is an automorphic L-function as defined by Langlands. That is,
if 7 is an automorphic representation for a group G, r is an algebraic (complex)
representation of the L-group, “G — GL(V), and L(w,r,s) is defined by an
Euler product, whose factors at places v where the local component =, of 7
is unramified are L(m,,7,s) = det(I — g, *c(m,)) !, where ¢(m,) is the Satake
parameter of m, (a conjugacy class in “G). For the full definition, we need
to assume the local Langlands correspondence, which assigns to every =, a
homomorphism ¢, : W, — “G (where W, is the local Weil group at v), to
define, at nonarchimedean places,

L(T['v,’l“, S) = det(I - qfu_sqbv(FrU”de(Iv))_la

i.e., as a local Artin L-function associated to the representation r o ¢,. We
skip the definition at archimedean places, for now, but emphasize that in these
notes L will stand for the completed L-function.

Example 12.1. The basic example, at least for the Gross—Zagier formula is that
of weight-2 modular forms (with trivial nebentypus). Their local unramified
L-factor is given by the inverse of L,(f,s)™! = (1 —p~*a,(f) +p'~2%), with the
functional equation is centered at s = 1. This can be factored (1 — p%_sap) (1—
p%_ a, 1). The Satake parameter here is the diagonal element (v, o, 1), and
the “automorphic” parametrization of the L-function is L(w,s) = L(f,s + %),
centering the functional equation at %

S

For Gross—Prasad and Waldspurger, the automorphic representation is on
the group G = (T x G)/G,,, whose L-group can be identified with *G =
GOz xg,, GL2, where the fiber product is taken over the determinant in one
copy and the inverse of the determinant in the other, and r is the tensor product
of the standard representations of GOs and GL,, hence a degree-4 L-function.
If x [x] 7 is the automorphic representation, we can denote this L-function by
L(x xm,s), although a more customary notation is L(x®1II, s), where II stands
for the base change of II from Q to K. For the purposes of this definition, the
base change is an entirely formal thing, and we don’t need to know the actual
existence of an automorphic base change to an automorphic representation
of GL2(Ak) (even though it is known by the work of Langlands). Simply,
we restrict the local Langlands parameters ¢, of the automorphic representa-
tion to the decomposition groups of the Galois group of Q/K, and form the
corresponding L-functions there, regarding now x as an automorphic repre-
sentation of the group G,, over K (i.e., as an idele class character of K).

To be clear, no local Langlands correspondence will explicitly appear any-
where in the story. We will have “working definitions” of these L-functions,
which, independently and in ways that will not concern us in this course, have
been checked to coincide with local Langlands.
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When the character x of T is trivial, this L-function is simply
L(II,s) = L(m,s) ® L(r ®n, s), (12.9)

where 7 is the quadratic character associated to K /Q, and, when no r ap-
pears, we mean the standard L-function (i.e., the L-function associated to the
standard, 2-dimensional representation of G).

It is important to observe that the tensor product representation of
LG = GOy xg,, GLo

is symplectic, and the functional equation relates the aforementioned (com-
plete) L-function to itself,

L(x x 7, 8) =¢(x xm,8)L(x x m,1 —s),

where the (global) epsilon factor is the product of some constant € = e(y x , %)
by an exponential in 1 — s. The representation being symplectic, the number
e is known to be +1, and it is called the (global) root number of x x 7. Root
numbers will play an important role in the precise formulation of the theorems.

12.3 Local obstructions; the theorem of Tunnel and
Saito

The theorems of Waldspurger and Gross—Zagier actually apply to complemen-
tary situations, or rather are “trivial” (equalities of two sides which are known
a priori to be zero) in complementary situations: The theorem of Waldspurger
is trivial when € = —1, and Gross—Zagier is trivial when ¢ = 1. The fact that the
corresponding L-value, respectively derivative, is zero in this setting is obvi-
ous from the functional equation; the fact that the other side is zero is deeper,
but due to local, representation-theoretic, not arithmetic reasons, as we will
explain now.

The global root number is a product of local root numbers, e = [ [, €,, also
equal to +1, and almost all equal to 1. (We will be referring, from now on, to
general number fields F, for statements that apply in this generality; the field
K can be any quadratic extension of F'. The theorem of Waldspurger is as
general as this, and the Gross—Zagier theorem generalizes to the setting where
F is totally real and K is a CM extension.) The local root numbers determine
whether

Homp(f,) (X X 7y, C)
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is nonzero or not: By a theorem of Tunnel and Saito, it is nonzero iff

v = Xo(=1)nu(=1). (12.10)

This explains why the equalities of Waldspurger and Gross—Zagier are triv-
ial when the global root number is —1, respectively +1, but it actually shows
that the left hand side is “trivially” zero in many more cases — whenever
(12.10) does not hold at one place. Surely, the nonvanishing of the L-value or
its derivative, as long as the global root number is right, cannot be dictated by
the local root numbers. Therefore, the theorems as sketched cannot be true —
some modification is needed.

The modification needed has to do with the fact that, when Hompz, ) (xv
7y, C) = 0, the corresponding Hom-space for a “pure inner form” of the prob-
lem is nonzero. More precisely, we can replace G, by G = the multiplicative
group of the quaternion division algebra over F,,, in which T, still embeds. We
also need to replace 7, by 7, = the Jacquet-Langlands lift of 7, to G ; this is
a representation of G,(F,) with the same L- and e-factors. The conditions for
nonvanishing of the Hom, in the case of G/, are complementary to those of
Gy.

Thus, starting from an automorphic representation  [x] 7, we have its local
root numbers ¢,, and those indicate an inner form G, of G, at every place for
which the local Hom-spaces are # 0. We can hope to have valid versions of
the theorems of Waldspurger and Gross—Zagier if we formulate their analogs
for an inner form G’ of G, whose localizations are G,

When e = 1, this works: Since [ [, xo(—1)7,(—1) = 1, this implies that ¢, =
—xv(—1)ny(—1) at an even set 3 of places, and there is a unique quaternion
algebra Dy, over F that is ramified at precisely those places. The theorem of
Waldspurger holds in this setting (i.e., for G’ = Dy), while when e = —1 it
holds trivially for any quaternion algebra, as an equality 0 = 0.

For the Gross—Zagier theorem, we observe that we don’t need a T'(R) in-
variant functional on 7., — this representation does not appear in the Gross—
Zagier pairing (12.7). On the other hand, y,, = 1 and 7, (—1) = —1, since K
is imaginary. It is known that e, = €(ms, 5)€e(Tw ® 70, 5) is —1 in this case.
Therefore, when the global root number ¢ is 1, there is an odd, hence nontriv-
ial, set of finite primes p where condition (12.10) fails, and the two sides of
the Gross—Zagier theorem are “trivially” zero. When ¢ = —1, there is an even
set X of finite places where (12.10) fails, and, as above, we can replace G by
G' = Dy, as above, in order to get the correct theorem. In this process, the
tower of modular curves/Shimura variety S will be replaced by the Shimura
variety S¢ of G, which is a tower of Shimura curves — their complex points are
of the form I'\H for I a congruence subgroup for G’, and they are compact.
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They admit a modular interpretation in terms of abelian surfaces with “quater-
nionic multiplication” by an order in D (e.g., see Chao Li’s notes), which can
be understood in terms of an embedding G’ < Sp, and the moduli interpre-
tation of quotients of the Siegel upper half space by congruence subgroups
(generalizing the case of elliptic curves to higher-rank abelian varieties).

12.4 Formulation of the Waldspurger and Gross—-Zagier
theorems

Fix an automorphic representation y 7 of G, which in the Gross-Zagier case
will be required, at infinity, to be x,, = 1 and 7o, = weight-2 discrete series.

Form the set ¥ as above — hence, for Waldspurger’s formula when ¢ =
e(x X, %) = 1, ¥ is the set of all places where (12.10) fails, while for the
Gross—Zagier formula when € = —1 it is the set of finite places where it fails.
In both cases, the set ¥ contains an even number of places, and we let G’ be the
multiplicative group of the quaternion algebra that is ramified precisely at X.
We let 7’ = the Jacquet-Langlands lift of 7 to G’ (= the unique automorphic
representation of G’ with the same Hecke eigenvalues as 7, for all finite places
p ¢ ¥). And similarly define, in the Gross—Zagier case,

T = Hom%(J’,Aﬂ),

where J/, is the Jacobian of the Shimura variety for G’ (compactified, if G =
G").

Fix a factorization 7’ = X)| 7}, where T, is a unitary irreducible represen-
tation of G'(Q,). The factorization is required to be compatible with inner
products, where we fix the inner product on L?([G’/G,,]) with respect to Tam-
agawa measure, which assigns total volume 2 to [G’/G,,]. We also endow
[U1] = [T/G,,] with Tamagawa measure, giving it total mass 1, and we factor-
ize the corresponding Haar measure dt on U;(A) as a product [ [, dt, of local
Haar measures on U;(Q,) so that dt,(Uy(Z,)) = 1 for almost every p.

We choose a global embedding 7' — G’, and define 7'(Q, ) x T'(Q,)-invariant
bilinear forms

ol (e ¥ ) ® (X W 7y) — C
by

J(u®il) = f G (), W ().
U1(Qu)

We have the following fact: At split nonarchimedean places (i.e., G, ~
G, ~ GLy), if K, x, and =, are unramified at v and we fix an integral model
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G, ~ GLy over Z, so that the embedding T,, — G/, corresponds to a basis of
K ® Z, over Z,, and if dt,(U1(Z,)) = 1, then

~ CU(Q)L(XU X Ty, %) —1
/ .
o, (u®1) L(ny,1)L(my,Ad, 1) o

where “Ad” denotes the adjoint representation of the dual group on pgl,. We
then define a normalized functional (at every place v) by

/
Oy = Cy0Y,.

Theorem 12.1 (Waldspurger’s theorem). In the setting above, with ¢ = 1, the
Waldspurger pairing (12.4), defined (completely analogously) for G', admits an
Euler product

Bw

((2)L(x x , %)
= 8L(y, 1)2L(r, Aé, 1) H o

All L-functions (including (), here, are completed L-functions (i.e., include the
archimedean factor).

Remarks 12.1. 1. It may be hard at first to digest all the L-values that ap-
pear above, but the most important ones are the ones that vary with 7
(and x), namely, the central L-value L(x x m, %) in the numerator, and
the adjoint L-value L(mw,Ad,1) in the denominator. The factor L(n,1)
can also be seen as an adjoint L-value (for the action of the dual group
of T on uy), and the rest of the factors can be seen as being related to
our choices of measures.

2. Note that we took the trouble to normalize the factors «,, so that the
Euler product is actually finite, i.e., almost all factors (when evaluating
on a pair of vectors u ® & € m ® 7) are equal to 1. But a cleaner way to
understand the formula is as a regularized Euler product

1 *
By = —— !
v SL(M)H%

v

The remaining factor of 1/8L(1,7n) can also be understood (and elimi-
nated, by an appropriate reformulation), but we won’t get into that.

Similarly, to formulate the theorem of Gross—Zagier (as extended by Yuan—
Zhang-Zhang) when ¢ = 1, first we fix factorizations

o T ~/
Wf_®7rp Tr = p
P P

(with the product over finite places only), compatible with the duality pairing
(12.6).
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Theorem 12.2 (Gross-Zagier-Yuan-Zhang-Zhang theorem). In the setting above,
with e = —1, the Gross—Zagier pairing (12.4), defined (completely analogously)
for G', admits an Euler product

L (x x 7.} i

B
G727 4L (n, 1)2L%(x, Ad 1

with the same local functionals o, as above. Here, L* denotes the L-functions
without their archimedean factors.
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13 L-factors and e-factors

This section introduces the theory of integral representations of L-functions,
through the examples that are relevant to the Waldspurger and Gross—Zagier
formulas. It is written in the form of exercises, that will be given as an as-
signment. The section assumes familiarity with Iwasawa-Tate theory. We fix a
number field F, and denote by A its adeles.

A good, straightforward reference is [Cog03].

Exercise(s) 13.1. Consider the space My (T'(N),x) of holomorphic modular
forms of weight k& with Nebentypus x. Show that the map

f = F(g) = (flrg)(0) = (ad — be)**(ci + d)™* f(gi)

defines an embedding into C*((I'(N), x)\ GLa(R) ™), the space of smooth func-
tions on GL2(R)* that vary by the character y of I'(V). Explain how one can
further embed the latter into C*(GL2(Q)\ GL2(A)), obtaining the automor-
phic form associated to f.

13.1 The Hecke integral and its unfolding

For an automorphic representation 7 on GLy, the Hecke integral (as reinter-
preted adelically by Jacquet-Langlands) is the functional

™ — C

given by
I65) = |
(G
We’ll omit discussing convergence of integrals — “whenever they make sense.”

Typically, convergence issues are easy for cusp forms, but some regularization is
required for Eisenstein series.

¢ <“’C 1) || d” z. (13.1)
]

Exercise(s) 13.2. Show that, appropriate choices of measures and up to a
shift in the s-parameter, for holomorphic modular forms the integral above
translates to the integral denoted by L, in (2.5).

We will relate the Hecke integral (13.1) to the (standard) L-function of r,
and discuss its functional equation, generalizing the discussion of § 2.1.

As with holomorphic modular forms, we can use the Fourier expansion of
¢ in order to write the Hecke integral in terms of the Fourier coefficients of
¢; here, the precise generalization of the g-expansion is the Fourier transform
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with respect to the upper unipotent subgroup N = 1 T . We need to recall

from Tate’s thesis that, after fixing a single nontrivial character of the compact
group of adele classes,
Y [Gy] = F\A - C*,

the Pontryagin dual of [G,] is F' via the map f 3 v — ¢, (x) := ¢(yx). Thus,
we have a Fourier expansion

$(9) = D> War(9).

~YEF

where Wy - (g) is the Fourier coefficient

Wsq(9) = f[@m] ¢ <(1 T) g) Y (yx)da.

(Probability Haar measure on [G,].)

Assume, now, that ¢ is a cusp form. Then there is no zeroth Fourier coeffi-
cient. The others can be expressed in terms of the first Fourier coefficient, by
exploiting automorphicity, as follows:

= () D o
A€ D)oo (1))

The function Wy(g) := Wy 1(g) is also called the Whittaker function of
x

¢. It satisfies the transformation property W¢(<1 1> g) = Y(x)Wy(g), and

therefore the map ¢ — W, defines a map
T — CP((N,¥)\G(A)).
Important fact (proof omitted):

Proposition 13.1. For every place v, every irreducible (admissible) representa-

tion 7, of G(F,) admits at most one, up to multiple embedding into C*((N,y)\G(Fy)).
Its image W(m,) is called the Whittaker model of 7,. If a representation admits

a (nonzero) Whittaker model, it is called generic. For G = GLs, all but the
finite-dimensional (= algebraic, up to character twist) representations of G(F,)

are generic.
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This implies that there is a factorization

Wy =1 [Wo, (13.2)

where W, ,, belongs to the Whittaker model of 7,. In fact, we can choose an
isomorphism 7 = ), 7, ¢ — @y, so that W, , depends only>” on ¢,

Combining this with (13.1), the integral over [G,,] = F*\A* and the sum
over F'* can be combined to an integral over A* at least when it is absolutely
convergent (which - fact — happens when R(s) » 0),

(13.1) =J W, <‘T )|m|5dxx.
AX 1

(The same argument works for Eisenstein series, with appropriate regulariza-
tion, because the regularized contribution of the zero-th Fourier coefficient
will be zero.)

Together with the Whittaker factorization (13.2), we now have an Eulerian
integral (for R(s) » 0),

(13.1) = [ [I(Wy, 9),
where (W4, 5) = SFUX W (5’3 1> |z]|*d* x.

13.2 Functional equation

Let 7 be a generic automorphic representation of G = GLg. For ¢ € m, de-
fine ¢(g) = ¢(g~") (inverse transpose). This is another automorphic form,
belonging to the space of the dual automorphic representation 7.

Theorem 13.2 (Global functional equation). We have

I(¢7 S) = I(a)v _S)'

Proof. This is quite a trivial calculation:

~ -1
= [ o7 )erraa= [ o(T )= 10,0

O]

37To make this factorization more precise, we would need a formulation in terms of global and
local functionals similar to the one in Waldspurger’s theorem; see [LM15, § 4].
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Now we turn our attention to the local factors of (13.2).

Proposition 13.3. Let v be a nonarchimedean place with residue field of order
¢, and let 7, be an irreducible generic representation of G(F,). The set of func-
tions s — I(W,,s), as W, varies in the Whittaker model of ,, is a fractional
Clq®, g~ ?]-ideal of C(q~*) containing the constants.

Before we sketch the proof in an exercise, let us give our working defini-
tion of local L-factors — a definition which does not mention the Langlands
correspondence, as promised in § 12.2.

Definition 13.1 (Local L-factor). In the setting of Proposition 13.3, we let

L(my, = +8) = P(q*)7,

where P~ is the generator of the fractional ideal which satisfies P(0) = 1.

Exercise(s) 13.3. In this exercise, we sketch of proof of Proposition 13.3].

1. Since the field is nonarchimedean, we are working, by definition, in the
context of smooth representations, i.e., every vector has an open sta-
bilizer. Use (or even prove!) the Iwasawa decomposition, G(F,) =
N(F,)w"G(0,), where A denotes the group of cocharacters into the di-
agonal torus, to show that for any W,, € W(m,) there is ann > 0 such that

W,(m)) = 0 when X is of the form z* = (x $b> with a(\) :=a—b<n

(i.e., when ) is “sufficiently antidominant”). (Hint: Just use the fact that
W, is left-(N,v)-equivariant and right-J-invariant, for some open sub-
group J.)

2. Similarly, show that for any compact subset 2 of G(F,), when X is suf-
ficiently dominant, the restriction of any W, to w” -  can be identified
with the restriction of a function on N\G(F,) (i.e., with trivial character
on N, rather than ), equivariantly with respect to all g € Q. That is,
given (2, there is an n, and for every Whittaker function W, there is a
function W € C*(N\G(F,)) such that

W19|wAnQ = Wv|wAnQ7

where A, = {A|a()\) = n}. (This is easier than it sounds!)

The last point implies that the elements in W(m,), the Whittaker model of
Ty, are equal to elements in the image of a morphism =, — C®(N\G(Fy))
on “sufficiently dominant elements.” You can take this conclusion as given,
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or you can try to prove it by considering the last statement as saying that
“C®((N,Y)\G(Fy)) and C*(N\G(F),)) are asymptotically Hecke-equivariant.”

For the last step of this exercise, assume this conclusion, as well as the fact
that

Any embedding m, — C*(N\G(F,)) is A(F,)-finite, that is, it lies
in a finite sum of generalized spaces for A(F,).

This is still not enough to prove Proposition 13.3; we need more facts about
the “Kirillov model” of a representation (i.e., the restriction of its Whittaker
model to the diagonal torus). Nonetheless, you can use the description above
to calculate the local L-factor.

3. Calculating the local L-factor L(m,, s) in terms of the exponents (=gen-
eralized eigencharacters for A appearing in the asymptotics) of the Whit-
taker model of .

Theorem 13.4 (Local functional equation). Let m, be a generic irreducible rep-
resentation of G(F,). The local Hecke integrals I(Wy ,, s), originally defined for
R(s) » 0, admit a meromorphic continuation to all C, and there is a meromor-
phic function ~(my, s, 1) with the property that

I, —5) = 0, (<15 + 5, )T, ),

where Wn(g) = Wy(wg™), w = <1 1>, and wy, is the central character of .

Note that W,, is a Whittaker function for the inverse character of v». The
map W,, — W, is a linear map from the 1)-Whittaker model of 7 to the ¢)~!-
Whittaker model of its dual®® representation 7.

There is no clear reason why we should separate w;,, (—1) from the gamma
factor, or why we should choose this representative w for the nontrivial element
of the Weyl group and not another; the compatibilities with other theories of
e-factors simply work this way!

Sketch of proof. In the nonarchimedean case, the meromorphic continuation
follows from Proposition 13.3. (The archimedean case is similar, but the ana-
log of Exercise 13.3 is a little more complicated, and we will skip it.)

38The fact that the automorphism g — ¢~ of GL,, sends an irreducible representation to its dual
is a theorem of Gelfand and Kazhdan. Its proof is based on character theory; eventually, the theorem
follows simply from the fact that this automorphism takes the conjugacy class of an element g to
the conjugacy class of its inverse.
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The functionals W, — I(W,,s) and W, — I(W,, —s) are equivariant with
respect to the character | e | ¢ of the subgroup F,* = * Wk We will then ap-
peal to another multiplicity-one result, similar to the one for Whittaker models
from Proposition 13.1, again without proof:

Proposition 13.5. We have dim Hom g« (7, Cy) < 1 for any irreducible repre-
sentation m, of G(F,), and any character x of F*.

This implies that, for any s where I(—, s) and I(—, —s) do not have a pole,
there is a scalar of proportionality between the two functionals, independent
of W,. As, for a fixed W,, those vary meromorphically in s, the scalar is
meromorphic in s. O

Finally, the local e-factor is defined by the equation

e(m, s, ) L(w, 1 — 3).

L(r.s) (13.3)

y(m,s5,9) =

Since, by Proposition 13.3, I(W,, s) is any C[¢®, ¢~*]-multiple of L(r,1 + s),
and I(W,, —s) is any C[¢®, ¢—*]-multiple of L(7,  —s), it follows that e(r, s) is
entire, nonvanishing element of C[¢®, ¢~ ¢], hence a constant times an integral
power of ¢~ *:

e(m,s) = cqf(™s,

The integer exponent f() is called the conductor of 7, and it is known to be
nonnegative.
Note, that, by the definitions, it follows immediately that

1 1
Y, 5+ s )y (T 5 = s, 71 = 1.
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14 Waldspurger’s theorem via the relative trace
formula

14.1 Relative trace formulas

We will discuss a proof of Waldspurger’s theorem due to Jacquet [Jac86], for
the case when the character y of the quadratic extension K /F' is trivial. In this
case, the base change L-function is given simply by (12.9), where L(r, s) and
L(m®mn, s) are simply the standard L-functions associated to = and its twist by
the character  (composed with the determinant). Jacquet has another proof
(also based on the relative trace formula) for general x, but it is a little more
complicated.

Since the character x is trivial, the central character of = should also
be trivial, which is equivalent to saying that = is an automorphic represen-
tation of PGL,. We will change notation, and let G,T be PGL2 and the
Resg /p(Gm)/Gum, respectively. Let A ~ G,, be a split torus in G. There are
two main ideas in the proof:

1. The first idea is to exploit (12.9) and compare the squared absolute value
of the T-period (12.3) with the product of the A-period on 7 and the A-
period on 7w ® 7.

2. The second idea is to group all automorphic representations together. In
other words, to return to the pairing (12.2), and decompose it spectrally.
The benefit of this is that the pairing (12.2) has a completely geometric
description (the distribution §7 is simply the integral over the subspace
[T = [G]), and there is a geometric way to calculate it, and perform the
comparison. We will then use the action of the Hecke algebra to separate
individual representations.

As mentioned, however, the pairing (12.2) does not make sense as a num-
ber. We will interpret it as a distribution. More precisely, let S(G(A)) denote
the convolution algebra of Schwartz measures on G(A) (Schwartz functions
times a Haar measure). We will calculate

RTF(f) := Sy £ 16y := {f - Oy O (14.1)

where

f-biry(9) = L(A)f(g)ém(g)= D L(A)f(tvg)dt-

VET(F)\G(F)

(Can you confirm this formula?)
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Now, 14.1 rigorously makes sense, and will be our first version of the “RTF
functional” (for: relative trace formula) associated to the pair (G, T). It is a
functional on S(G(A)), but it is left and right invariant by 7'(A) — for example,
as the last expression makes clear, it depends only on the measure®” ¢ : g —
ST( wf (tvg) on T(A)\G(A), which is the pushforward of f through the natural
quotient map. Note, also, that in this case we have T'(A)\G(A) = X (A), where
X = T\G (as follows from Hilbert 90!), so we can regard (14.1) as a T'(A)-
invariant “distribution”*® on X (A). The automorphic function (dividing by a
Haar measure here)

g >, wr(vg)

veX(F)

which appears in (14.1) will be denoted by ©; or O, and called a “theta
pp Yy 9r ©f

series” for the space X. Note, also, that when f is a convolution, f(g) =
SG( A) f1(z) f2(x~tg)dw, then (14.1) can be rewritten as the inner product

J O, - Oy, (14.2)
(]

where fy(g) = f2(g~!). This point of view will be important for the spectral
decomposition. Through this pairing, the RTF functional can be seen as a
distribution on X (A) x X (A), invariant under the diagonal action of G(A). Our
more sophisticated version of the “RTF functional” will replace 7'(A)-invariant
distributions on X (A), or G428 (A)-invariant distributions on (X x X)(A), by
“distributions on the adelic points of the stack T\G/T = (X x X)/G.” But we
will discuss this after we realize the need for it.

To compare with the product of two A-periods, we similarly define distri-
butions 64} and d4), (the latter being ¢ — S[ Al ¢(a)n(a)da), and define a
similar functional

RTFA(f) 1= (a1l F101a1.)

on S(G(A)). (This is not absolutely convergent, and requires regularization!)
The first version of the main geometric theorem is, then, the following.

Theorem 14.1. For every f € S(G(A)) there is a “transfer” f' € S(G(A)) with

O 10171 = Oyl f'10p47,m)-

39The notation is a bit sloppy in distinguishing between functions and measures. You can fix
invariant measures and perform the translations everywhere, until we need to specify our choices
of such measures.

40A more appropriate word is “generalized function,” which is by definition an element in the
dual space to smooth, compactly supported distributions.
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Moreover, this transfer map is compatible with the action of spherical Hecke al-
gebras, in the following sense: Let v be a place of F where K/F is unrami-
fied, and assume that f is bi-G(o,)-invariant, with transfer f’. Then, for every
h e H(G(Fy),G(0y)), h- f"is a transfer of h- f; where - denotes the action of the
spherical Hecke algebra by left or, equivalently, right multiplication.

Remark 14.1. The transfer map f — f’ cannot be unique, since, as we saw, the
RTF functional only depends on the image of f modulo the left- or right-7'(A)
actions. But it can be shown that it is unique as a linear map between the
coinvariant quotients

T : S(G(A))(rxrya) = S(G(A)) (ax(am)@a)- (14.3)

(The coinvariant space Vi of a G-representation V is defined as the quotient
of V' by the subspace generated by all elements v — w(g)v, v € V, g € G}
when a character 7 of G appears in the notation, we simply mean the twisted
representation V ® n. If V is a topological representation, we may want to
define this by modding out by the closure of that subspace.)

Before we discuss what goes into the proof of Theorem 14.1, let us see how
it implies a weak version of Waldspurger’s theorem.

Theorem 14.2. Let w be a generic automorphic representation of G such that
Sp7lx # 0. Then, L(m, 3)L(m ®n, 3) # 0.

Proof. For simplicity, we will sketch the proof when = is cuspidal (although
the general case is not much harder, in this case). Taking f to be a convolution
of two functions, so that (14.1) can be written as the inner product (14.2) of
two theta series for T\G, one first proves that these theta series are in L%([G]),
and decomposes them according to the Plancherel decomposition of L?([G]).
This gives rise to an absolutely convergent expression,

<@<P17 @902> = Jéaut<@so17 egog >7rd7T,

where ( , ), is the “projection” of the pairing to the space of the automorphic
representation 7. This expression is called the spectral side of the relative trace
formula.*! If 7 is cuspidal, then it occurs discretely in that decomposition, and
we can take the measure dr to be 1 at 7. We have a similar decomposition for
theta series with respect to [A] and ([A],7) (except that those are not L?, and

*I'The relative trace formula is really the equality of this spectral expression with the geometric
expression that will be discussed after this proof.
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the decomposition of the regularized pairing requires some care!), which we will
denote by the appropriate exponents,
A oA, A QA
<@<p1’ @ 77> Gaut<@so1v@ ”7>,Td7r
We can consider the forms JI : ¢1 ® w2 — (O, 04, as linear func-

tionals on the coinvariant space S(G(A))7x1)(a)), called the (global) relative
characters associated to 7. Explicitly,

Jf(w@@z):Zf[G]@m( 9)dg - J Oy, (9)0(9)dy,
%

where ¢ runs over an orthonormal basis of 7. Let us similarly denote by J4
the corresponding forms given by <@so . >,r
Theorem 14.1 tells us that there is a hnear map 7 such that

RTFA o7 = RTFT.

We would like to upgrade this to a statement about the spectral decomposi-
tions, i.e., to say that
JAdoT =Jr. (14.4)

If we could deduce that, it would follow that the nonvanishing of J! im-
plies the nonvanishing of 4, which, for generic representations, is equivalent
to L(m, 3)L(m ®1n, 3) # 0, by the Hecke integral (§ 13.1).

To deduce (14.4), fix a finite set S of places containing all archimedean
and ramified places for K/F, as well as the places where the representation
7 of interest is ramified. For any matching functions fs < f¢ in S(G(Fs))
(i.e., over the product of v € S), we consider the following functional on the
spherical Hecke algebras away from S:

RTFL(n) := RTFT (h ® fs)
and
RTF4(h) := RTFA(h ® f%).

(Note that we are suppressing the dependence on fg, f¢ from the notation.)

The resulting test functions 7 ® fs and h ® f¢ are matching, by the funda-
mental lemma for the full Hecke algebra of Theorem 14.1. We therefore have
an equality of functionals

RTFL = RTF4

on HY := Rypgs H(G(Fy), G(oy)). We similarly denote by J;T—F,s and J;r“’S the
corresponding functionals of the spectral decomposition, so that we have an
equality

J JLg(h)dm = f J2g(h)dr (14.5)



for every h € HS. A
But, because h acts by a scalar h(7) on the space of unramified (i.e., G(o0,)-

invariant) elements of 7w, we have Jf’ g(h) = h(r) - JZ s(1¢(osy), and similarly
for Jﬁs; we will denote the scalars J;*ss(lg(US)), J;:%S(lg(oS)) simply by J;js,

JAs.
Recall that the Hecke algebra #H(G(F,),G(0,)) is freely generated by an

operator T, (supported on the double coset of the matrix <w“ 1)), and

therefore an irreducible unramified representation , corresponds to a point
[7o] = Spec . H(G(E,),G(0,)) = Spec,,. C[T,] ~ C, so that h,(m,) = the
evaluation of the corresponding polynomial at the point [7,]. (This point is,
up to some normalization, the Satake parameter of ,.) The scalar fz(w) is then
the product of ﬁv(m)’s, when h = ®,¢5h,; the representation 7 gives rise to
a set of Satake parameters ([m,]),¢s € | [, Cv, where we add an index v to
denote the v-th copy of C.

The expressions on the two sides of (14.5) are absolutely convergent, and
therefore can be thought of as measures on the space [[, C,. The proof of
(14.4) would be complete42 if we could show that the two measures are com-
plete. For that purpose, we can use the Stone-Weierstrass theorem, for an
appropriate compact subset of | [ C,. Namely, the unitary unramified repre-
sentations form a compact subset*® K,, = [, Cy, and for [,] in this subset we

have hy(m,) = iﬁ (my), where hY (g) = hy,(g~!). Hence, the restriction of poly-
nomials on C, to K, is an algebra that is invariant under complex conjugation;
it also separates points, and by the Stone-Weierstrass theorem it follows that
C|[C,] is dense in C'(K,). Thus, from the equality of the expressions (14.5)
for all h € [],C, we can deduce the equality of the measures (which are
supported on | [, K,), and we are done.

O

14.2 Geometric comparison

Before we come to the proof of Theorem 14.1, we will develop the geometric
expression of the two RTF functionals. (The spectral expansion appeared in
the proof of Theorem 14.2 above.) In general, a relative trace formula involves
the pairing of two theta series coming from G-spaces X; and X, (or, when

*2For almost all = with respect to the automorphic measure dr, but then it is easy to deduce
the equality everywhere on the support of the continuous/Eisenstein part of this measure by a
continuity argument.

43There is a very well-known, classical description of this in terms of principal series, complemen-
tary series, and 1-dimensional representations, but we won’t get into that here.
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the X; are homogeneous, X; = H;\G, the pairing of two period distributions
associated to subgroups H; and H,), and its geometric side is a decomposition
of the pairing indexed by G%#&-orbits on X; x X5 (or by H; x Hy-orbits on G).

When everything converges, as is the case with RTF?, this geometric ex-
pression arises simply from unfolding the definitions. Indeed, we can rewrite
(14.1) as

S VellT(P)\Ta) | Pt €t 1), (14.6)

EeT(F\G(F)/T(F) Te(A\N(TXT)(A)

with the integral on the right hand side, to be denoted by OgT( f), called the
orbital integral** for f at €.

A similar expression holds for the relative trace formula RTF4, except that
some of the integrals are divergent and need to be regularized. We’ll discuss
the nature of this regularization later, so let us formally write

RTFA(f) = > Vol(Ag(F)\Ag (A)) f f'(ay €az)n(az)d(ar, az).
§eA(F)\G(F)/A(F) Ac(A\(AxA)(4)
(14.7)
The idea, now, is to compare the geometric expressions above (almost)
orbit-by-orbit. Namely, we have the invariant-theoretic quotients 7\G J T =
SpecF[T\G]" and A\G /) A = SpecF[A\G]*, and the following lemma.

Lemma 14.3. Both quotients are isomorphic to A (i.e., the ring of invariants
are polynomial in one generator); moreover, they are canonically equal, if we
consider the pair (G,T') as a Galois twist of the pair (G, A).

Proof. For PGLy and the diagonal torus A, it is very easy to see that the ring

d/] ~— det’

“Galois twist” means that we can identify the two pairs over the algebraic
closure (in fact, over the quadratic extension K/F), in such a way that the
Galois action on (G%,Tk) (we use G’ for another copy of G here — an F-
group that is F-isomorphic to, but not identified with, G) is the twist of the
Galois action on (G, Ax) by a 1-cocycle Gal(K/F) — Aut(Gk, Ax); we can
take this cocycle to be sending the nontrivial element of the Galois group to

of A x A-invariants is freely generated by ¢ (Ccl b) = da

conjugation by the permutation matrix w = ( 1 1> .

44In the equivalent formulation where the test functions ¢; ® ¢ live on X x X and ¢ corresponds
to a GY#8-orbit there, the orbital integral O is defined as an integral over the adelic points of this
G-orbit. One important observation here is that stabilizers don’t depend on whether we represent
the quotient as T\G/T or as (X x X)/G; in particular, the volume factor before the orbital integral
does not change.
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It is then clear that this automorphisms acts trivially on the variable &,
and therefore the corresponding twist of T\G’ J/ T is trivial, i.e., we have a
canonical isomorphism T\G' | T ~ A\G J A. O

By repeatedly using the Galois twist of the previous lemma, we will be
proving statements in the easier setting of (G, A), and transferring them to
(G, T). We will keep using the coordinate { = g—i of the lemma.

Proposition 14.4. Let U = Aé ~ {0,1}. The space X = A\G restricts to an
A-torsor over U, and the space Y = T\G restricts to a T-torsor. Moreover; there
is a birational T-equivariant map Res/pG, --+ Y (where we think of T' as the
kernel of the norm map K* — F*), which is an isomorphism over a Zariski open
neighborhood of £ = 1, and similarly for X, if we replace K by F @ F. Finally,
there is a G-automorphism of X (resp. of Y) which descends to the automorphism
E—1—¢on Al

Proof. Let us start with the linearization, in the case of the split torus: The
space X can be identified with (P! x P') \. AP!, in such a way that £(z,y) =
7=+ The map A% 5 (z,y) — (z~!,y) restricts to the birational map asserted
in the proposition, is defined away from {zy = 1}, and has image the com-
plement of £ = 0. Moreover, the automorphism Ag — Awg of A\G acts as
¢ — 1 — £ on the quotient, and therefore everything we prove for the comple-
ment of ¢ = 0 holds for the complement of ¢ = 1, as well.

Therefore, for the split torus, we are reduced with proving the statement
about torsors, which we can prove for the A-action on A?, removing the set
¢ := zy = 0 (which corresponds to £ = 1). But it is clear that the equation
xy = ( represents an A-torsor (trivial, of course).

Now we twist everything by the “conjugation by w” involution. It is easy
to see that the birational map that we defined above is compatible with this
involution, if we also act on the (z,y)-plane by switching = and y. The re-
sulting form of A2 can be identified with Resy /FGa, under the action of the
Galois twist T' of A. Therefore, all the statements remain true; of course, the
T-torsors can now be nontrivial, as one can see by noticing that the coordinate
¢ is equal to the norm map (hence, ¢ # 0 corresponds to a trivial 7-torsor iff ¢
is a norm from K*). O

We will use this proposition to compare the geometric sides of the relative
trace formulas. First of all, the proposition implies that all the terms in the
geometric expansions (14.6), (14.7) except for those living over £ = 0,1 € A!
are simply orbital integrals, without volume terms. These are Euler products
of the corresponding local orbital integrals. Therefore, up to examining the
finitely many terms over £ = 0,1 (which we will skip in this course, for lack of
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time!), the geometric comparison of Theorem 14.1 follows from the following
local statement, which not only proves that theorem, but more precisely proves
equality of the individual geometric terms with £ # 0, 1.

Fix a place v, and, for f € S(T\G(F,)), denote by 77, f the orbital integral
function on U (F,) = F, ~ {0,1},

i f(€) = f f(Evt,

T(Fy)

where € is a lift of ¢ to G(F,). Similarly, choose a global section & — ¢ of the
map A\G — A\G // A, and use it to define the local pushforward

(Note that if we choice a different section, here, the presence of » might in-
troduce a negative sign; but globally these signs would cancel out, since 7 is
an automorphic character and we chose the sections globally, hence any two
choices &, ¢’ are translates of each other by A(F).) These definitions depend on
choices of Haar measures on 7'(F),), A(F,), which need to be made carefully
for some of the following theorems to hold, but we won’t get into that. (Better:
define Schwartz spaces as spaces of smooth measures; then these pushforwards
don’t depend on choices.)

We use the same notation for f € S(G(F})), identifying it with its pushfor-
ward*® to T\G, resp. A\G.

Theorem 14.5. 1. (Matching:) The pushforwards map Schwartz functions
to smooth functions on U(F,), and for every f € S(G(F,)) there is an
'€ S(G(Fy)) such that mp(f) = wa:(f').

2. (Fundamental lemma for the Hecke algebra:) If v is a place where K /F' is
unramified,*® and f € H(G(F,),G(0,)), then f' can be taken to be equal

to f.

Proof. We will only prove the matching. The fundamental lemma needs some
tedious calculations, which in this case can be done “by hand;” see [Jac86].
Note that if K splits at v, the two statements are tautologies, so now we assume
that it doesn’t split.

First of all, smoothness follows from the smoothness of the map T\G — A!
(and similarly for A), restricted to U. Indeed, locally around a point of U(F})
(in the Hausdorff topology), i.e. over a neighborhood V' of that point, we have

4>The pushforward is again dependent on choices of Haar measures, which

4

6...and some integrality assumption for the choice of section £, which we omit...
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T\G(F,)|v is either empty or a product T'(F,) x V (T'(F,)-equivariantly), and
smoothness of the pushforward follows easily from this.

The matching statement now means that 71(S(G(F},))), as a subspace of
C*(U(Fy)), is contained in m41(S(G(Fy))). The product statement that we
used above also implies that all smooth, compactly supported functions on
U(F,) are contained in the image of the pushforward map, provided that their
support lies in the image of G(F,) (which is all of U(F,) in the split case,
but not in the nonsplit case). Therefore, there remains to compare limiting
behaviors of the pushforwards as & — 0,1. By the automorphism mentioned
in Proposition 14.4, it is enough to check in a neighborhood of { = 1. By the
linearization map of this proposition, it is enough to compare orbital integrals
for the A(F,)-action on F? and the T'(F,)-action on K, in a neighborhood of
¢ = 0 (where ( is the invariant coordinate as in the proof of that proposition,
i.e., the origin of both vector spaces corresponds to ¢ = 0).

We keep using the same symbols of pushforwards, except that our test
functions now live on F2, resp. K, . In the split case, we analyze the functions
of the form 74 (f) by taking their Mellin transforms in the ¢, variable:

a0 = [ mae O

Assuming that the section ¢ ¢ used to define 74 is (¢) = (1,¢) (this depends
on the section used for &, but its choice does not matter for the matching
statement), we use the definition to write the Mellin transform above as

fvx fvx flat al)n(a)x 1 (¢) d*ad*¢ = JUX JFJ f,y)nx Ha)x H(y) d*xd”y,

which is a double Tate integral (one in the z-variable, and one in the y-
variable). We know that such an integral is meromorphic in y with (at most)
simple poles at y~'n = 1 and at y~! = 1. A more careful study of it will prove
that 74 1(f) has the following behavior close to ¢ = 0.

ma1(f) = e1(€) + n(Q)e2(C),

where ¢, co are smooth functions, and that all functions of this form (in a
neighborhood of { = 0) can be obtained.

On the other hand, the pushforwards 77, can be analyzed as follows. Given
that T'(F},) is compact, we can first make our test function 7'(F,)-invariant, by
averaging it. This produces a projection S(K,) — S(K,)7*»), and for any
function f in the image we have that 77, f(¢) = f (¢) for any lift ¢ of ¢. This
implies that

mr1(S(Ky)) = S(Fy) - Ly
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i.e., the restrictions of smooth functions on the line to the image of the norm

map. Since 1y (ex) = 1, this means that

7TT71(S(Kv)) - WA,!(S(FUQ))7

and the analogous statement for 7\G/T" and A\G/(A,n).

14.3 The missing orbits: Pure inner forms

Theorem 14.5 on the comparison of the two RTFs, and the consequent The-
orems 14.1, 14.2, are asymmetric: They do not postulate the existence of a
matching function for RTF” for any test function for RTF4. The proof of the
theorem, relying on Proposition 14.4, reveals the reason: While all points of
the GIT quotient A% = A\G J A are accounted for by A(F')-orbits on A\G (for
F global or local), this is not the case for the quotient 7\G // T, where many
points of Ag correspond to nontrivial 7-torsors contained in 7\G. To account
for those, and obtain a full matching of test functions, we need to “twist” the
pair (G, T) by nontrivial 7T-torsors.

Let us collect a few facts about torsors for a smooth algebraic group G over
a field F.

* By definition, a(n étale) torsor is a G-scheme R which is isomorphic to G
(as a G-scheme) over an étale (i.e., separable) extension of F.

* Choosing such an isomorphism over the algebraic closure, and compar-
ing Galois actions, we get a cocycle, whose cohomology class in H(F, G) :
H} (Gal(F/F,G(F)) (we use F for separable closure here) determines
the isomorphism class of the torsor; conversely, such a cocycle allows us
to “twist” the usual Galois action on G to obtain a torsor, so the set of
isomorphism classes of G-torsors is identified with H'(F, G).

* A G-torsor is trivializable (i.e., isomorphic to G as a G-space) iff it has a
point over F'.

* The G-automorphism group of a G-torsor is a form of G. More precisely,
over the algebraic closure, the set of G-automorphisms of G (as a G-
space under, left or right multiplication) is G (acting, respectively, by
right or left multiplication), so the G-automorphism group of a G-torsor
over F has to be a form of G. This form is determined by applying 1st
Galois cohomology to the sequence of maps G — Inn(G) — Aut(G),
where Inn(G) is the group of inner automorphisms of G (identified, as
an algebraic group, with the quotient of G by its center).
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* Traditionally, a class in H'(F,Inn(G)) is called an “inner form” of G,
and a class in H(F,G) is called a “pure inner form.” This terminology
is motivated by thinking about the corresponding form of the group, but
one should keep in mind, when using those terms, that they contain more
information than just an isomorphism class of forms of GG. For example,
if G is abelian, then all inner forms correspond to isomorphic groups, but
it is not true that all G-torsors are trivial.

Going back to our setting, for any 7-torsor R, we can consider the twisted
space YT = Y xT' R, which still has an action of T = Autr(R). (Recall that
Y denotes the space T\G.) If we denote by R" the dual 7T-torsor (which is R
as a variety, but with the action of 7" inverted), then we have R xT RV ~ T,
reflecting the group structure (inversion) in H'(F,T). Actually, in our setting,
since T splits over a quadratic extension, the group H'(F,T) is a 2-group, and
for simplicity of notation we will identify R with R".

We have a canonical isomorphism Y# | T =Y xT R )T = (Y x %) | T =
Y // T, so it makes sense to talk about the fibers of X over the same quotient
space Aé. And, those fibers that used to be isomorphic to the T-torsor R before,
are now isomorphic to R xT R = T, i.e., are trivial(izable). That means that
we can recover the “missing” points of U(F') c A%(F) from F-points of Y.
With this observation, Theorem 14.5 upgrades to the following.

Theorem 14.6. 1. (Matching:) The pushforwards map Schwartz functions
to smooth functions on U(F,), and we have an identity of subspaces of
CP(U(F)),

D rr (S E(F)) = ma (S(X(F))),

R
where the sum ranges over isomorphism classes of T-torsors over F,. (There
are only two isomorphism classes, since F, is local.)

2. (Fundamental lemma for the Hecke algebra:) If v is a place where K /F' is
unramified, and f € H(G(F,),G(0,)), then f’ can be taken to be equal to

f.

Note that there is no change in the stamement of the fundamental lemma;
the “basic function” still comes from the original form of the space Y.

To extract spectral content from the twisted spaces Y %, we should upgrade
them to varieties with an action of a group like G. For that purpose, we note
that, given a T-torsor R, we get a (left) G-torsor Rz by Rg = G xT R. In
terms of the classification of torsors by Galois cohomology, this operation is
compatible with the map H'(F,T) — H'(F,G) induced by the embedding of
T in G. The torsor R carries a (right) action of its G-automorphism group
G, which as we recalled above is a form of G. Here, explicitly, G* will be
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PD*, for some quaternion algebra D over F. More precisely, we have the
following description of these groups.

Proposition 14.7. 1. The group H'(F,T) classifies isomorphism classes of
binary quadratic forms with the same discriminant as the norm form on K.

2. The group H'(F, Q) classifies isomorphism classes of quaternion (i.e., 4-
dimensional) central simple algebras over F.

3. The boundary map H'(F,PGLy) — Br(F) = H?*(F,G,,) for the long
exact sequence corresponding to 1 — G,,, —» GLy — PGL9y — 1 identifies
H!(F,PGLy) with the 2-torsion in Br(F). If F is local, this 2-torsion group
is Z/2 (which we will identify by the “invariant” map with the 2-torsion in
Q/7), i.e., there is a unique ramified (i.e, different from Maty) quaternion
algebra over F. If F is global, restriction maps in cohomology give rise to a
short exact sequence

inv, 1
0 — Br(F) - (P Br(F,) Zylnve, 5Z/Z — 0;

therefore, a quaternion algebra over F is determined by the even set ¥ of
places where it is ramified.

4. The map H'(F,T) — H'(F, Q) is injective. Locally, at places v where K /F
is nonsplit it is an isomorphism. Globally, its image corresponds to those
quaternion algebras whose set ¥ of ramified places consists of places that
do not split in K/F.

Proof. The first and second statement follow by identifying 7" and G with the
automorphism groups of appropriate algebraic data. For 7, it is the auto-
morphism group of the triple (V, ¢,w), where V' is the vector space Resg/rG,
over F, ¢ is the norm form, and w is the volume form corresponding to some
choice of basis. (This choice of volume form allows us to talk about the “dis-
criminant” of the norm form as a number, but any other choice changes that
number by a square, and the sets of isomorphism classes of binary quadratic
forms with discriminants differing by a square are of course in canonical bi-
jection, through scaling.) For G, it can be identified with the automorphism
group of Matso, considered as an F'-algebra; forms of Mato are precisely the
quaternion algebras.

The third statement is a standard result in class field theory, and can be
found in most treatments of class field theory in the literature.

Injectivity in the fourth statement follows from the compatibility of the
short exact sequences 1 — G, — Resg/pGm — T — 1 and 1 —» G,, —
GL; — G — 1, and the long exact sequences in cohomology (including
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Hilbert '90: H'(F,Resy/pGm) = H'(K,G,,) = H'(K,GL,) = 1). Locally,
the unique quaternion division algebra contains every quadratic field exten-
sion — this is also a standard result in class field theory, which can be used to
identify the 2-torsion of the Brauer group with Z/2, but can also be recovered
from it by noticing that the existence of nontrivial 7-torsors R (e.g., the fibers
of the norm map K — F over non-norms), together with injectivity, imply
that the map H'(F,T) — H'(F,G) has to be an isomorphism when K/F is
a quadratic field extension of local fields, hence 7' = Autr(R) embeds into
PD* = Autg(Rg). Globally, the characterization of the image of the map
HY(F,T) — H'(F,G) can be obtained by combining the local maps with the
reciprocity exact sequence of the third statement.

0

The twisted space Y can be rewritten as Y x“ R, and therefore carries
an action of G. The functional RTF” can now be redifined as a functional on
the direct sum

DS (a),
R

where R ranges over isomorphism classes of T-torsors over F. On each sum-
mand, it is again given by the [T']-period of the corresponding theta series on
Y%, which can also be rewritten as the inner product of two theta series on Y,
and spectrally decomposed like the pairing (14.2). Theorem 14.2 upgrades to
the following.

Theorem 14.8. Let 7 be a generic automorphic representation of G. The follow-
ing are equivalent.

1. L(m, 3)L(r®n, 1) #0.

2. There is a quaternion algebra D, and an automorphic representation wp of
PD*, with the same Hecke eigenvalues as 7 at all nonarchimedean places
v where D splits and 7, is unramified, such that éjry|x, # 0.
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15 The Gross-Zagier theorem via the relative
trace formula

Finally, for the final (1!) lecture of this class, we sketch the adaptation of
the relative trace formula, due to Wei Zhang, in order to prove the Gross—
Zagier theorem. References include [Zhal2b], [Zhal2a], although they are
written mostly with generalizations to higher unitary groups in mind; there is
also an incomplete draft by L. Cai-Y. Tian—-X. Yuan—-W. Zhang, hopefully to be
released soon, that will reprove the full Gross-Zagier theorem, as generalized
in [YZZ13], by the relative trace formula approach.

Again, for simplicity, we will only consider the case of a trivial character on
the torus, and automorphic representations (corresponding to holomorphic
modular forms of weight 2) with trivial central character. We will seek an
“arithmetic” analog of the comparison of RTFs that we used for the proof of
(a weak version of) Waldspurger’s theorem, but I should stress that the cited
papers of Zhang use a different RTF comparison, suited for general idele class
characters of T'. Therefore, we will just formulate expectations and the general
pattern of such a comparison, without presenting the actual comparison that
appears in the literature.

Also for simplicitly, instead of treating the case of a general CM field K/F,
we will take FF = Q. We start by writing down the completely analogous
pairing to the relative trace formula, adapting the divergent (12.5) to

H(f) :={St|f|ST)NT,

where, we remind, St is the (0-dimensional) Shimura variety of the torus 7,
embedded in Sg (the inverse limit of modular curves), but also, here, iden-
tified with its image in the Jacobian J of S through the Abel-Jacobi map.
The test function f lives in [[,_ S(G(F})), i.e., we omit the archimedean
place(s), and again the notation {St|f|S7)nr simply means the Néron-Tate
pairing between f - Sy and Sp. The insertion of f reduces this pairing to a
finite-level modular curve, where it makes sense as a finite number. Of course,
eventually one also needs to include twists by T-torsors in the definition of H,
to get the full theorem of [YZZ13].

The idea is to compare the distribution H to the derivative of the relative
trace formula RTF4 for the split torus, where by derivative we mean

d

I' .= —| RTF4
ds|,_o s

where
RTFL(f) := (Opap jofs | F101 AL mfol -
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Here, as before, for an idele class character y of A = (* 1) ~ G, Opagy

denotes the distribution ¢ — S[ 41 9(a)x(a)da.

In order to perform this comparison geometrically, we will need to take
the derivatives on the geometric side of RTF;4 (i.e., the derivatives of orbital
integrals in the s-parameter), and compare them with a similar geometric ex-
pansion of the functional H (f).

To simplify things, let us assume that f is supported away from the preim-
age of 0,1 € Aé, so that the geometric expression of RTFZ, by a straightfor-
ward generalization of (14.7), is just given by a sum

D104,

£eF~{0,1}

where O?S is the orbital integral

OA,(f) = j £(a7  Eaz)n(az)lay asl*d* ay d* az.
(AxA)(A)

This is an Euler product of orbital integrals, and therefore its derivative at
s = 0, which we will denote by Oé( f), is a sum over primes (when f = [ [, f.),

Oc(f) = Y. [ Ocan(F) Ok o (fo),

UV WHV

giving rise to a similar decomposition of I'( f) of the form )’ I/ (f).
On the arithmetic side, one decomposes the height pairing in terms of local
heights, as explained in § 8.5,%”

H(f) =Y Hy(f),

and of course we would like to match the term H, (f) with the term I/ (f’), for
suitable matching functions f < f’.

The next task is to break up H,(f) into a similar sum indexed by £ € F' (or
in F' . {0, 1}), for suitable choices of test functions, and write the contribution
of each ¢ as an Euler product, as on the split side. Note that, although H, is
defined in terms of a local-at-v height pairing, it is the local height pairing on
a global arithmetic surface — not really “local.”

To do that, at least at nonarchimedean places, we need to use the p-adic
uniformization of formal neighborhoods of points on the special fiber of the

47This requires arithmetic models satisfying various assumptions, which we gloss over here.
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modular and Shimura curves at v, which in the case of modular curves is
related to Serre-Tate theory [KM85, § 13] (identifying formal deformations
of an abelian curve mod p with formal deformations of its p-divisible group),
and generalizes to a theorem of Rapoport-Zink [RZ96, Theorem 6.30]. For
example, the formal neighborhood of the modular curve (of given prime-to-p
level) at a supersingular point modulo p can be identified with a quotient of
the form

Gp(Q)\(Ne x G(A})/KP),
where

* N is the Lubin-Tate moduli space of formal p-divisible groups of height
2;

* G = GLo, and K7 is the subgroup in the adeles outside of p determining
the level;

* G, is the inner form corresponding to the quaternion algebra which ram-
ifies at p and oo.

Using this, the v-height H,(f) decomposes into a sum of the form

2 (H Oaw(fw)> - N[ NTING

EeT(F)\G(F)/T(F) \w#v

where the last factor is a local height pairing on the “local Shimura variety”
Ng. (This is very sketchy, and for a “good” choice of local factor f,,, which has
disappeared from the notation.)

Finally, the Arithmetic Fundamental Lemma states that, for regular £, # 0, 1,
the derivative Oém( fv) of the local orbital integrals (for the split torus) when f,
is the “basic function” 1¢;,,) is equal to the local height pairing (N7[&,|N7)ar -

This allows for equating the functionals H and I’ for appropriate test func-
tions, from which the Gross-Zagier formula can be deduced.
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