
Disclaimer

These are the notes for the 2024–2025 graduate number theory course
at Johns Hopkins (Math 617-618). This course did not cover the standard
syllabus of the course, but had basic algebraic number theory, including class
field theory, as a prerequisite, in order to cover more advanced topics. The
notes have not been carefully checked, so use them at your own peril, and
please let us know if you spot serious mistakes!
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10.6.3 Witt vectors and Dieudonné modules . . . . . . . . . . . 123
10.6.4 Dieudonné modules of p-divisible groups . . . . . . . . . 126

3



10.7 Moduli of p-divisible groups and the local Langlands correspon-
dence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
10.7.1 Deformations of p-divisible groups . . . . . . . . . . . . 127
10.7.2 A host of problems (and how to solve them) . . . . . . . 128
10.7.3 Revisiting the Lubin–Tate construction . . . . . . . . . . 130
10.7.4 The local Langlands correspondence for GLh . . . . . . 131

11 Geometric class field theory and sthukas for function fields 133
11.1 Drinfeld’s shtukas . . . . . . . . . . . . . . . . . . . . . . . . . . 133
11.2 The case of GL1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

11.2.1 Picard groups and étale fundamental groups . . . . . . . 135
11.3 The Lang isogeny; shtukas . . . . . . . . . . . . . . . . . . . . . 136
11.4 Deligne’s construction . . . . . . . . . . . . . . . . . . . . . . . 139

12 The Waldspurger and Gross–Zagier theorems – an overview 143
12.1 The pairings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

12.1.1 The Waldspurger pairing . . . . . . . . . . . . . . . . . . 143
12.1.2 The Gross–Zagier pairing . . . . . . . . . . . . . . . . . 144

12.2 L-functions and ϵ-factors (root numbers) . . . . . . . . . . . . . 146
12.3 Local obstructions; the theorem of Tunnel and Saito . . . . . . . 148
12.4 Formulation of the Waldspurger and Gross–Zagier theorems . . 150

13 L-factors and ϵ-factors 153
13.1 The Hecke integral and its unfolding . . . . . . . . . . . . . . . 153
13.2 Functional equation . . . . . . . . . . . . . . . . . . . . . . . . 155

14 Waldspurger’s theorem via the relative trace formula 159
14.1 Relative trace formulas . . . . . . . . . . . . . . . . . . . . . . . 159
14.2 Geometric comparison . . . . . . . . . . . . . . . . . . . . . . . 163
14.3 The missing orbits: Pure inner forms . . . . . . . . . . . . . . . 168

15 The Gross–Zagier theorem via the relative trace formula 172

4



Part I

Fall 2024

0 Introduction
Definition 0.1. An elliptic curve pE,Oq over a field k is a nonsingular projec-
tive algebraic curve E{k of genus 1 with a marked point O P Epkq.

Example 0.1. Consider the projective curve with affine chart E : y2 “ x3 ´n2x,
taking O “ r0: 1 : 0s the point at infinity. Then EpQq Ě tO, p0, 0q, p˘n, 0qu,
and this inclusion is strict if and only if n is a congruent number, i.e. the area
of a right triangle with rational side lengths.

It turns out that the set Epkq has naturally the structure of an abelian
group. Pictorially, it is given as follows.

´2 ´1 1 2

´2

´1

1

2

P
Q

P+Q

One of the goals of this class will be to understand the arithmetic of elliptic
curves, i.e. the group Epkq for k a number field.

Theorem 0.1 (Mordell–Weil). For E an elliptic curve over a number field k,
the abelian group Epkq is finitely generated: Epkq » Zr ˆ Epkqtors, where r “

ralgpE{kq is called the algebraic rank of E{k.

For E{Q, one can attach an L-function roughly given by the Euler product

LpE{Q, sq “
ź

p

p1 ´ app
´s ` p1´2sq´1, where ap “ p` 1 ´ #EpFpq. (0.1)

As we will see later, this converges absolutely for Repsq ą 3
2 . We have the deep

conjecture.
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Conjecture 0.1 (Birch–Swinnerton-Dyer). LpE{Q, sq is an entire function, and
if we denote ranpE{Qq :“ ords“1LpE{Q, sq, then

ralgpE{Qq “ ranpE{Qq. (0.2)

All of the progress we have on this conjecture (which is only on cases of
rank ď 1) heavily rely on modularity: the relationship of elliptic curves and
modular forms as follows.

Theorem 0.2 (Shimura–Taniyama conjecture, Breuil–Conrad–Diamond–Tay-
lor–Wiles,...). There is a bijection

tE{Q of conductor Nu{isogeny ÐÑ trational Hecke eigenforms of weight 2 and level Γ0pNqu

(0.3)

For a modular form f, there is also a notion of an L-function Lps, fq for
which we can prove good analytic properties. In the above bijection, we have
Lps, E{Qq “ Lps, fEq, and this is how we can eventually prove that Lps, E{Qq

has good analytic properties.
Furthermore, to an elliptic curve E{Q we can attach Galois representations

ρE,ℓ : GalpQ̄{Qq Ñ GL2pQℓq (0.4)

and the association between modular forms and such Galois representations is
an instance of global Langlands.

1 GL1 case
Before delving into elliptic curves and modular forms, let’s first discuss the
theory of L-functions for GL1.

1.1 L-functions of Dirichlet characters
Reference: [Bum97, Section 1.1].

Definition 1.1. A Dirichlet character modulo N is a group homomorphism
χ : pZ{NZqˆ Ñ Cˆ. We say χ is primitive if it doesn’t factor through pZ{MZqˆ

for M | N proper divisors. In the case χ is primitive, we call N its conductor,
and extend it to a function χ : Z Ñ C by declaring that χpnq “ 0 whenever
pn,Nq ‰ 1.
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Attached to a Dirichlet character χ : Z Ñ Cˆ, we consider its L-function

Lps, χq “
ÿ

ně1

χpnq

ns
“

ź

p

p1 ´ χppqp´sq´1, Repsq ą 1. (1.1)

For example ζpsq is the L-function for the trivial character. Let’s briefly recall
how one proves that these L-functions extend meromorphically.

Theorem 1.1. If χp´1q “ p´1qϵ for ϵ P t0, 1u, we denote

Λps, χq “ π´ps`ϵq{2Γ

ˆ

s` ϵ

2

˙

Lpχ, sq. (1.2)

Then Λps, χq extends meromorphically to all s and satisfies the functional equa-
tion

Λp1 ´ s, χ´1q “
iϵN s

τpχq
Λps, χq (1.3)

where τpχq is the Gauss sum

τpχq “
ÿ

n mod N

χpnqe2πin{N . (1.4)

Proof. For simplicity, let’s consider the case χ is not the trivial character. Con-
sider the theta function

θχptq “
1

2

ÿ

nPZ
nϵχpnqe´πn2t “

ÿ

ně1

nϵχpnqe´πn2t. (1.5)

This is defined such that so that it’s Mellin transform is Λps, χq:
ż 8

0
θχptqtps`ϵq{2dt

t
“

ÿ

ně1

nϵχpnq
π´ps`ϵq{2Γpps` ϵq{2q

pn2qps`ϵq{2
“ Λps, χq. (1.6)

A (twisted) Poisson summation formula tells us that

θχ´1

ˆ

1

N2t

˙

“ piNtqϵ
Nt1{2

τpχq
θχptq. (1.7)

In particular we may write

Λps, χq “

ż 8

1{N
θχptqtps`ϵq{2dt

t
`

τpχq

iϵN1`ϵ

ż 1{N

0
θχ´1

ˆ

1

N2t

˙

tps´1´ϵq{2dt

t
(1.8)

and changing variables t ÞÑ 1{pN2tq in the second term,

Λps, χq “

ż 8

1{N
θχptqtps`ϵq{2dt

t
`
τpχq

iϵN s

ż 8

1{N
θχ´1ptqtp1´s`ϵq{2dt

t
. (1.9)

Now both θχ and θχ´1 decay exponentially as t Ñ 8 (here we are using χ, χ´1

are nontrivial) and thus the above right hand side extends to an entire function
of s. The functional equation is also now clear.

7



1.2 L-functions of Hecke characters
Reference: [Bum97, Section 1.7].

Now let’s try to mimic the above discussion for an arbitrary number field
F. The Riemann zeta function generalizes to Dedekind zeta functions

ζF psq “
ÿ

aĎOF

1

Nmpaqs
, Repsq ą 1. (1.10)

One näıve guess of analogues of Dirichlet characters would be characters of
the form χD : pOF {nqˆ Ñ Cˆ. But this doesn’t quite give an L-function, since
we would like to make sense of “χ0paq” for ideals a. Even “χ0ppαqq” doesn’t
make sense.

A character χD as above only involves the finite places of F, and it turns out
that the fix for the above problem is to also involve the archimedean places:
we consider a continuous character

χ8 :
ź

v|8

Fˆ
v “ pRˆqr1 ˆ pCˆqr2 Ñ S1 Ď Cˆ (1.11)

and we try to make it so that χ0ppaqq :“ χDpaqχ´1
8 paq is well-defined. Note

that all the possibilities for χ8 as above are of the following form: for v real,
we have

χvptq “ sgnptqϵv |t|νvc , for ϵv P t0, 1u, νv P iR (1.12)

and for v complex we have

χvptq “ einvargptq|t|νvv , for nv P Z, νv P iR. (1.13)

Proposition 1.2. Given χD, there is always a choice of χ8 such that χDpaq “

χ8paq for all a P Oˆ
F .

Proof. For notational simplicity, we will only consider the case F is totally real.
The first step is to choose νv so that χDpaq “ χ8paq for all a P Oˆ

F totally
real. Let ξ1, . . . , ξr1´1 be a basis of the totally real units. Then we are looking
at the system of equations

ÿ

v

νv log|ξj |v ” logχDpξjq mod 2πiZ. (1.14)

This has r1´1 equations and r1 variables, and the determinants of the pr1´1qˆ

pr1´1q minors are in absolute value, by definition, the regulator Regpξ1, . . . , ξr1´1q.
This is nonzero, and thus we can find a solution νv. Note that we can choose
them to be purely imaginary since all right hand sides are purely imaginary
and since log|ξj |v are real.
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Now consider χDpaq{
ś

v|8|a|νvv for a P Oˆ
F . Since a2 is totally real, this

squares to 1, and thus is a function Oˆ
F {Oˆ,tot real

F Ñ ˘1. Now we can choose

ϵv such that this function is
ś

v|8 sgnv, since Oˆ
F {Oˆ,`

F

ś

v sgnv
ãÝÝÝÝÝÑ t˘1ur1 .

Definition 1.2. A unitary Hecke character of conductor n and infinity type χ8

is a character χ0 : Ipnq Ñ S1 which in principal ideals is given by χ0ppaqq “

χDpaqχ´1
8 paq for χD of conductor n. It’s L-function is given by

Lps, χ0q “
ÿ

aĎOF

χ0paq

Nmpaqs
“

ź

p

ˆ

1 ´
χ0ppq

Nmppqs

˙´1

, Repsq ą 1. (1.15)

Remark 1.1. One can also consider non-unitary Hecke characters as above.
The only change is that the L-function converges in some region Repsq ą σ
where σ depends on the growth of χ8.

Theorem 1.3. For a Hecke character χ0 of conductor n, we define Lps, χ8q “
ś

v|8 Lps, χvq as

Lps, χvq “

#

ΓRps` νv ` ϵq if v is real,
ΓCps` νv ` |nv|{2q if v is complex,

(1.16)

where ΓRpsq “ π´s{2Γps{2q and ΓCpsq “ p2πq´sΓpsq. Then Λps, χ0q :“ Lps, χ0qLps, χ8q

extends meromorphically for all s, and we have the functional equation

Λp1 ´ s, χ´1
0 q “ ϵpχ0, sqΛps, χ0q (1.17)

where ϵpχ0, sq “ pDF ¨ Nmpnqqs´1{2ϵpχ0q for some nonzero constant ϵpχ0q of
absolute value 1.

This was first proved by Hecke in a similar way to above. Instead, we will
discuss parts of the proof following Iwasawa–Tate. This is often reffered to as
Tate’s thesis. We will work adelically.

Proposition 1.4. There is a bijection between Hecke characters χ0 and contin-
uous characters χ : FˆzAˆ

F Ñ Cˆ that matches conductors n and infinity types
χ8. For p ∤ n, we have that χppϖpq “ χ0ppq.

Remark 1.2. Here, the conductor of χ is defined as a product of local conduc-
tors, as follows. Consider χp : F

ˆ
p Ñ Cˆ. If χp is unramified (i.e. χp|Oˆ

Fp

“ 1)

then the local conductor is 1. Otherwise, let n be the smallest positive integer
such that χp|1`pn is trivial, and then the local conductor is pn.
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Proof. We discuss how one constructs χ from χ0.
We denote An,ˆ

F Ď Aˆ
F the ideles away from n, embedded by

pαvqv∤n ÞÑ pαvqv (1.18)

where αp “ 1 for p | n.
Given a Hecke character χ0, we define the character

χn : An,ˆ
F Ñ Cˆ (1.19)

given by the unramified characters χn
ppϖpq “ χ0ppq for p non-archimedean,

and by χn
8 “ χ8 for the archimedean places. We note that χn is invariant by

F n,1 “ tα{β P Fˆ : α, β P OF coprime with n, α ” β mod nu. (1.20)

This is because if α P OF is coprime to n, we have

χnpαq “ χ8pαq
ź

p∤n
χppϖpqνppαq “ χ8pαq

ź

p

χ0ppqνppαq “ χ8pαqχ0ppαqq “ χDpαq.

(1.21)
Thus we have a character χn : F n,1zAn,ˆ

F Ñ Cˆ.
Now we use that FˆAn,ˆ

F is dense in Aˆ
F by weak approximation. This

implies that χn extends uniquely to a character χ : FˆzAˆ
F with conductor

dividing n.

Let’s briefly discuss how this interacts with the Langlands conjectures. Very
roughly, we expect a relationship

tHecke charactersu t1-dim Galois representationsu (1.22)

and this is obtained by Class Field Theory and the above proposition: the Artin
map FˆzAˆ

F Ñ GalpF̄ {F qab identifies GalpF̄ {F qab with the profinite comple-
tion of FˆzAˆ

F . In particular, since every homomorphism GalpF̄ {F q Ñ Cˆ has
finite image, we have an identification

tfinite order Hecke characters over F u tρ : GalpF̄ {F q Ñ Cˆu.

(1.23)
It is more interesting, however, to also consider characters ρℓ : GalpF̄ {F q Ñ

Q̄ˆ
ℓ , since these can have infinite image. With a bit more work, one can also

prove

talgebraic Hecke characters over F u

"

compatible systems of characters
ρℓ : GalpF̄ {F q Ñ Q̄ˆ

ℓ for all primes ℓ

*

.

(1.24)
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Here, algebraic is the condition that χ8 restricted to the identity component
is an algebraic map of R-varieties. It is a general phenomena that an alge-
braicity condition at 8 is what should capture the automorphic forms which
correspond to compatible systems of Galois representations under Langlands
correspondence.

1.3 Tate’s thesis
Reference: [Bum97, Section 3.1].

For nontrivial Dirichlet characters χD : pZ{NZqˆ Ñ Cˆ, the proof of the
functional equation relied on the integral representation

Λps, χq “

ż 8

0

ÿ

ně1

nϵχDpnqe´πn2ttps`ϵq{2dt

t
“

ż 8

0

ÿ

ně1

χ0ppnqqχ8pnqΦ8pnt1{2qts{2dt

t

(1.25)
for Φ8pxq “ xϵe´πx2 . Changing t ÞÑ t2 and then t ÞÑ t{n for each n, we have

Λps, χq “

ż

Rˆ

ÿ

ně1

χ0ppnqqχ8pntqΦ8pntq|t|s dˆt “

ˆ
ż

Rˆ

Φ8ptqχ8ptq|t|s dˆt.

˙

¨

˜

ÿ

ně1

χ0ppnqq|n|´s
¸

.

(1.26)
Now we can write

ÿ

ně1

χ0ppnqq|n|´s “
ź

p∤N

˜

ÿ

kě0

χppp
kq|pk|sp

¸

“
ź

p∤N

ż

Qˆ
p

|x|pď1

χppxq|x|sp dˆx. (1.27)

Hence, for Φ “ Φ8 ˆ
ś

p∤N charpZpq we have

Λps, χq “

ż

AN,ˆ
Q

Φpxqχpxq|x|s dˆx, (1.28)

where |x| “
ś

v|xv|v.
Now let F be a number field. We consider the usual Haar measure dx “

ś

v dxv on AF . We consider the Haar measure dˆx on Aˆ
F given by

mv “

#

1 if v is archimedean,
p1 ´ 1

qv
q´1 otherwise.

(1.29)

These are such that dxvpOFvq “ 1 and dˆxvpOˆ
Fv

q “ 1 for non-archimedean
places v.

Recall we have the absolute value |¨| : Aˆ
F Ñ Rˆ given by |x| “

ś

v|xv|v,
which is Fˆ-invariant. This is such that dpαxq “ |α|dx. Let denote Aˆ,1

F the
ideles of norm 1, i.e. the kernel of |¨|. Recall that FˆzAˆ,1

F is compact.
As in the classical proof, we will rely on a Poisson summation formula.
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Definition 1.3. We consider the Schwartz space SpAF q to be finite linear com-
binations of functions of the form Φpxq “

ś

v Φvpxvq where Φv P SpFvq and
where all but finitely many are charpOFvq. For such v with Φv “ charpOFvq, we
say Φ is unramified at v.

Proposition 1.5. For Φ P SpAF q and a choice of additive character ψ : F zAF Ñ

C, we consider the Fourier transform

Φ̂pxq “

ż

AF

Φpyqψpxyqdy. (1.30)

This is also in SpAF q, and for t P Aˆ
F we have the Poisson summation formula

ÿ

αPF

Φpαtq “
1

|t|
ÿ

αPF

Φ̂
´α

t

¯

. (1.31)

Definition 1.4. For χ a Hecke chatacter and Φ P SpAF q, their zeta integral is

ζps, χ,Φq “

ż

Aˆ
F

Φpxqχpxq|x|s dˆx. (1.32)

Note that we may write ζps, χ,Φq “ ζp0, χ|¨|s,Φq, which we simply denote
ζpχ|¨|s,Φq.

Formally, we have

ζps, χ,Φq “
ź

v

ζvps, χv,Φvq, where ζvps, χv,Φvq “

ż

Fˆ
v

Φvpxqχvpxq|x|sv dˆxv.

(1.33)
Roughly, what will happen is that the local L factors Lvps, χvq will be the “gcd”
of all local zeta integrals ζvps, χv,Φvq.

Remark 1.3. A non-unitary Hecke character can always be written as χ|¨|σ for
some σ P R and some χ unitary. This means that it suffices to understand
ζps, χ,Φq for unitary χ, as ζps, χ|¨|σ,Φq “ ζps` σ, χ,Φq.

On what follows, χwill be a unitary Hecke character and Φ P SpAF q, unless
noted otherwise.

Proposition 1.6. The local zeta integrals ζvps, χv,Φvq define holomorphic func-
tions for Repsq ą 0. If χp,Φp are unramified, then ζpps, χp,Φpq “ p1´χppqq´s

p q´1.

Proof. To prove convergence, it suffices to see that
ş

Fˆ
v
|Φvpxq||x|sv dˆx con-

verges. Over |x|v ą 1, the rapid decay of Φv makes it so that it converges for
all s. Over the compact region |x|v ď 1, Φv is bounded, and thus it suffices to
consider

ş

|x|vď1|x|
s
v d

ˆx.
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For v “ p non-archimedean, this is
ż

|x|pď1
|x|sp dˆx “

ÿ

kě0

ż

|x|p“q´k
p

|x|sp dˆx “
ÿ

kě0

q´ks
p (1.34)

which converges for Repsq ą 0. A similar computation proves the last claim
for χp,Φp unramified.

For v real we are looking at
ş1

´1|t|
s dt
|t| and for v complex we are looking at

1
2π

ş2π
0

ş1
0 r

2s dr
r dθ, both of which converge for Repsq ą 0.

Proposition 1.7. ζps, χ,Φq defines a holomorphic function for Repsq ą 1, and
the product decomposition holds for such s.

Proof. This follows from the above, by comparison to the Dedekind zeta func-
tion.

Proposition 1.8. The local zeta integrals have meromorphic continuation to all
s P C. There exists a meromorphic function γvps, χv, ψvq (independent of Φv!)
such that

ζvp1 ´ s, χ´1
v , Φ̂vq “ γvps, χv, ψvqζvps, χv,Φvq. (1.35)

Proof. First we prove that such γv exists for Repsq P p0, 1q. For this, we need

to see that the ratios ζvp1´s,χ´1
v ,Φ̂vq

ζvps,χv ,Φvq
are independent of Φ. By changing χ, we

assume s “ 0 for notational simplicity. Expanding, we have

ζvpχ´1
v |¨|, Φ̂vqζvpχv,Φ

1
vq “

ż

Fˆ
v

ˆ
ż

Fv

Φvpyqψpxyq dy

˙

χvpxq´1|x|v dˆx

ż

Fˆ
v

Φ1
vpzqχvpzqdˆz

(1.36)
and making the substitution x ÞÑ y´1x, this becomes

1

mv

ż

Fˆ
v

ż

Fˆ
v

ż

Fˆ
v

ΦvpyqΦ1
vpzqχvpyzqψpxqχvpxq´1|x|v dˆx dˆy dˆz. (1.37)

which is symmetric in Φv,Φ
1
v. This proves that γvps, χv, ψvq does not depend

on Φv.
Now taking Φv resp. Φ̂v to vanish in a neighborhood of zero, the integrals

ζvps, χv,Φvq resp. ζvp1´s, χ´1
v , Φ̂vq define holomorphic functions for all s. This

implies that γvps, χv, ψvq is meromorphic for Repsq ă 1 resp. Repsq ą 0.

Proposition 1.9. ζps, χ,Φq has analytic continuation to all s, and is entire unless
χ|Aˆ,1

F
is trivial. We have the functional equation

ζps, χ,Φq “ ζp1 ´ s, χ´1, Φ̂q. (1.38)

13



Proof. We write ζps, χ,Φq “ ζ1ps, χ,Φq ` ζ0ps, χ,Φq where

ζ1ps, χ,Φq “

ż

Aˆ
F

|x|ą1

Φpxqχpxq|x|s dˆx, ζ0ps, χ,Φq “

ż

Aˆ
F

|x|ă1

Φpxqχpxq|x|s dˆx.

(1.39)
By the rapid decay of Φ, the term ζ1ps, χ,Φq is entire. Now we write

ζ0ps, χ,Φq “
ÿ

αPFˆ

ż

FˆzAˆ
F

|x|ă1

Φpαxqχpxq|x|s dˆx “

ż

FˆzAˆ
F

|x|ă1

˜

ÿ

αPFˆ

Φpαxq

¸

χpxq|x|s dˆx.

(1.40)
We assume for simplicity that χ|Aˆ,1

F
is nontrivial (otherwise one needs to

be a bit more careful with the poles). Then
ż

FˆzAˆ
F

|x|ă1

χpxq|x|s dˆx “

ż 1

0

ż

FˆzAˆ
F

|x|“t

χpxq|x|s dˆx
dt

t
“

ż 1

0
χpxtqt

sdt

t

ż

FˆzAˆ,1
F

χpxq dˆx

(1.41)
for some section xt of |¨| : Aˆ

F Ñ R`, and thus this is zero. So we may write

ζ0ps, χ,Φq “

ż

FˆzAˆ
F

|x|ă1

˜

ÿ

αPF

Φpαxq

¸

χpxq|x|s dˆx (1.42)

which by Poisson summation is

ζ0ps, χ,Φq “

ż

FˆzAˆ
F

|x|ă1

˜

1

|x|
ÿ

αPF

Φ̂
´α

x

¯

¸

χpxq|x|s dˆx. (1.43)

Making the change of variables x ÞÑ 1{x, this becomes simply ζ1p1´s, χ´1,Φq.
Thus

ζps, χ,Φq “ ζ1ps, χ,Φq ` ζ1p1 ´ s, χ´1, Φ̂q, (1.44)

which proves that ζps, χ,Φq is entire and also proves the functional equation.

Corollary 1.10. If S denotes a set of places containing all archimedean ones and
the ones that χ or ψ are ramified, then the partial L-function

LSps, χq :“
ź

vRS

Lvps, χvq (1.45)

extends to a meromorphic function to all s, and satisfy the functional equation

LSps, χq “

˜

ź

vPS

γvps, χv, ψvq

¸

LSp1 ´ s, χ´1q (1.46)
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In particular, the completed Γps, χq is meromorphic for all s, and if we
further define

ϵvps, χv, ψvq :“
γvps, χv, ψvqLvps, χvq

Lvp1 ´ s, χ´1
v q

“
ζvp1 ´ s, χ´1

v , Φ̂vq

Lvp1 ´ s, χ´1
v q

¨

ˆ

ζvps, χv,Φvq

Lvps, χvq

˙´1

,

(1.47)
then we have the full functional equation

Λps, χq “ ϵps, χqΛp1 ´ s, χ´1q (1.48)

for ϵps, χq “
ś

v ϵvps, χv, ψvq. As the next proposition shows, we can in fact
prove that ϵvps, χv, ψvq are of exponential type, i.e. of the form ABs for some
A,B P Cˆ. Ultimately, this is done by a computation with explicitly chosen Φv.

Proposition 1.11. Consider Φv P SpFvq, and if v is archimedean we assume it
is real analytic at 0. Then the function ζvps,χv ,Φvq

Lvps,χvq
is entire. Moreover, there is a

choice of Φv such that both this ratio and ϵps, χvq are of exponential type.

Proof. We prove the first part. The second part is proved by choosing particular
functions Φv, and we leave it as an exercise.

If v “ p is non-archimedean, we have

ζpps, χp,Φpq “
ÿ

kPZ
qks

ż

|x|p“qkp

Φppxqχppxqdˆx. (1.49)

Since Φv is compactly supported, the contribution for k large is 0. Since Φv is
locally constant, the contribution for k small enough is

ş

|x|p“qkp
Φpp0qχppxqdˆx.

If χp is ramified, this is zero, and thus ζpps, χp,Φpq is a finite sum. Similarly, if
χp is unramified, then the difference ζpps, χp,Φpq ´Φpp0qζpps, χp, charpOFpqq is
a finite sum, and the claim follows.

If v is archimedean, say Φv is real analytic for |x|v ă ε. Since
ş

|x|vąεΦpxqχvpxq|x|sv dˆx

extends holomorphically to all s, we need to understand the poles of
ż

|x|văε
Φpxqχvpxq|x|sv dˆx. (1.50)

For v real, consider the Taylor expansion Φvpxq “
ř

ně0 anx
n. Then we are

looking at
ż ε

0

ÿ

ně0

anx
n|x|sv dˆx “ 2

ż ε

0

ÿ

ně0
2|n`ϵv

anx
n`s`νv dx

x
(1.51)

and the poles are such that n`s`νv “ 0 for some n with 2 | n`ϵv and an ‰ 0.
Except for the condition an ‰ 0, these are the same poles as ΓRps` νv ` ϵvq “

π´ps`νv`ϵvq{2Γ
`

s`νv`ϵv
2

˘

.
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For v complex, we are looking at

1

2π

ż 2π

0

ż ε

0
r2s`2νveinvθΦvpreiθqdˆr dθ “

ż ε

0
r2s`2νvϕprq

dr

r
(1.52)

where

ϕprq “
1

2π

ż 2π

0
einvθΦvpreiθqdθ. (1.53)

If Φvpxq “
ř

n,mě0 an,mx
nx̄m is the Taylor expansion at 0, then

ϕprq “
1

2π

ż 2π

0

ÿ

n,mě0

an,me
iθpnv`n´mqrn`m “

ÿ

n,mě0
m´n“nv

an,mr
n`m (1.54)

So the possible poles are at n ` m ` 2s ` 2νv “ 0 for some m,n ě 0 with
m ´ n “ nv and an,m ‰ 0. Except for the condition an,m ‰ 0, these are

precisely the poles of ΓCps` νv `
|nv |

2 q “ π´ps`νv`
|nv |
2

qΓps` νv `
|nv |
2 q.

2 Modular forms

2.1 First definitions
Reference: Parts of [DS05, Sections 1.1, 1.2].

Recall that Riemann’s proof of the functional equation for ζpzq relies on the
integral representation

ξpsq “

ż 8

0

pθptq ´ 1q

2
ts{2dt

t
, where θpzq “

ÿ

nPZ
e´πn2z for Repzq ą 0, (2.1)

and on the following functional equation, which is a consequence of Poisson
summation formula

θpzq “
1

?
z
θp1{zq. (2.2)

If we write τ “ iz, then θpτq has a Fourier expansion

θpτq “
ÿ

nPZ
qn

2{2, for q “ e2πiτ (2.3)

and satisfies

θp´1{τq “

c

τ

i
¨ θpτq. (2.4)

So one way to construct functions like ζpsq is to look at functions f : H Ñ C
satisfying
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1. fpτ ` 1q “ fpτq

2. fpτq “ τkfp´1{τq for some k P Z.

If f is also meromorphic, we will see later that (1) implies that f has a Fourier
expansion fpτq “

ř

nPZ anq
n. In the case that this is concentrated at n ą 0, we

formally “define”

Lf psq :“

ż 8

0
fpitqts

dt

t
(2.5)

then we have Lf psq “ p2πq´sΓpsq
ř

ną0
an
ns and we can “prove” that

Lf psq “ p˚q ¨ Lf pk ´ sq. (2.6)

Definition 2.1. We consider the action of GL2pRq` in H :“ tz P C : Impzq ą 0u

given by the projective transformations
ˆ

a b
c d

˙

¨ τ “
aτ ` b

cτ ` d
. (2.7)

Note that this is well defined since if τ “ x` iy then

Impγτq “
aypcx` dq ´ cypax` bq

|cτ ` d|2
“

Impτq detpγq

|cτ ` d|2
. (2.8)

Definition 2.2. A meromorphic function f : H Ñ C is weakly modular of
weight k for some integer k if it satisfies

f

ˆˆ

a b
c d

˙

¨ τ

˙

“ pcτ ` dqkfpτq for all
ˆ

a b
c d

˙

P SL2pZq, τ P H. (2.9)

We denote νk

ˆˆ

a b
c d

˙

, τ

˙

“ pcτ ` dqk the automorphy factor of weight k.

Remark 2.1. Note that T “

ˆ

1 1
0 1

˙

and S “

ˆ

0 ´1
1 0

˙

generate the subgroup

SL2pZq. We can also check that νkpγ, τq satisfy the cocycle condition

νkpγ1γ2, zq “ νkpγ1, γ2zqνkpγ2, zq. (2.10)

These mean that the condition fpγτq “ νkpγ, τqfpτq for all τ is equivalent to
requiring it only for γ P tT, Su.

The SL2pZq-orbits of H have the fundamental domain tRepτq P r´1{2, 1{2suX

t|τ | ą 1u:
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´1 ´0.5 0.5 1

0.5

1

1.5

2

Proposition 2.1. Let f : H Ñ C be a meromorphic function which satisfies fpτ`

1q “ fpτq. Then f has a Fourier expansion

fpτq “
ÿ

nPZ
anq

n, q “ e2πiτ . (2.11)

Proof. By Fourier, fpτq has an expansion

fpτq “
ÿ

nPZ
anpyqqn, q “ e2πiτ (2.12)

where we write τ “ x`iy. Then Bf
Bx “

ř

nPZ 2πinanpyqqn and Bf
By “

ř

nPZp´2πanpyqqn`

a1
npyqqnq and hence Cauchy–Riemann equations are equivalent to

ř

nPZ a
1
npyqqn “

0. Thus anpyq are constant.

Definition 2.3. We say that f as above is holomorphic at 8 if one of the equiv-
alent conditions is satisfied:

1. the Fourier expansion fpτq “
ř

nPZ anq
n is concentrated on n ě 0,

2. f, as a function of q, extends holomorphically to the puncture point q “ 0,

3. limImpτqÑ8 fpτq exists,

4. fpτq is bounded as Impτq Ñ 8.

Definition 2.4. A modular form of weight k is a holomorphic function f : H Ñ

C which is weakly modular of weight k and holomorphic at 8. We denote by
MkpSL2pZqq the space of such functions. We say that f is a cusp form of weight
k if moreover we have a0pfq “ 0, and denote by SkpSL2pZqq the space of such
functions.
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For γ “

ˆ

a b
c d

˙

P GL2pRq` and f : H Ñ C, we denote

pf rγskqpτq “ detpγqk´1pcτ ` dq´kfpγτq. (2.13)

This is so that the weakly modular condition is equivalent to having f rγsk “ f
for all γ P SL2pZq. More generally, we define

Definition 2.5. For Γ Ď SL2pZq a subgroup, a meromorphic function f : H Ñ

C is weakly modular of weight k and level Γ if f rγsk “ f for all γ P Γ.

Example 2.1. For Γ “ Γp2q :“ tA ” I2 mod 2u, a fundamental domain is

´1 ´0.5 0.5 1 1.5 2

0.5

1

1.5

2

We note that there are three cusps: at 8, at 0 and at 1. We want to make
sense of holomorphicity at these cusps.

For Γ Ď SL2pZq a finite index subgroup, there exists N ą 0 such that
ˆ

1 N
0 1

˙

P Γ. Then considering qN :“ e2πiτ{N , any weakly modular form of

level Γ has a Fourier expansion fpτq “
ř

nPZ an,Nq
n
N as above, and we can use

this to make sense of holomorphicity at 8: namely that this is concentrated
on n ě 0. For other cusps c P Q, we can find γ P SL2pZq such that γpcq “ 8,
and we consider f rγsk, which is weakly modular for γ´1Γγ. We then say that
f is holomorphic at c if f rγsk is holomorphic at 8.

Definition 2.6. For Γ Ď SL2pZq a finite index subgroup, a modular form of
weight k and level Γ is holomorphic function f : H Ñ C which is weakly
modular of weight k and level Γ such that f rγsk is holomorphic at 8 for all
γ P SL2pZq. We denote MkpΓq the space of such functions. We say that f is
a cusp form of weight k and level Γ if moreover we have a0pf rγskq “ 0 for all
γ P SL2pZq, and we denote SkpΓq the space of such functions.
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Remark 2.2. We note that rγsk : MkpΓq Ñ Mkpγ´1Γγq and rγsk : SkpΓq Ñ

Skpγ´1Γγq.

Example 2.2. For θpτq “
ř

nPZ q
n2

2 , we have that θ2 satisfies

θ2p´1{τq “ ´iτθ2pτq, θ2pτ ` 2q “ θ2pτq (2.14)

and is a modular form of weight 1 of level Γ where Γ is the subgroup generated

by
ˆ

1 2
0 1

˙

,

ˆ

1 0
2 1

˙

. To see that, note that

θ2
ˆ

1 ¨ z ` 0

2 ¨ z ` 1

˙

“
ip2z ` 1q

z
θ2

ˆ

´
2z ` 1

z

˙

“
ip2z ` 1q

z
θ2

ˆ

´
1

z

˙

“ p2z`1qθpzq

(2.15)
We have that Γ Ď Γp2q has index 2, as Γp2q is generated by Γ and ´I. So θ4 is
modular of level Γp2q. With some more care, one can make sense of θpτq being
a modular form of “weight 1{2”.

Now we tackle the question of convergence of Lf psq “
ş8

0 fpitqts dtt . For-
mally, if fpτq “

ř

nPZ anq
n
N , we have

Lf psq “ p2πq´sΓpsq
ÿ

nPZ

an
pn{Nqs

(2.16)

Proposition 2.2. Let Γ Ď SL2pZq be a finite index subgroup and f P SkpΓq.

Choose N ą 0 with
ˆ

1 N
0 1

˙

P Γ, so that f has Fourier expansion fpτq “

ř

ně0 anpfqqnN . Then there exists a constantC ą 0 such that |anpfq| ď Cpn{Nqk{2

for all n ą 0. In particular, Lf psq converges absolutely for Repsq ą k
2 ` 1.

Proof. First we see that Impτqk{2|fpτq| is Γ-invariant:

Impγτqk{2|fpγτq| “

ˆ

Impτqdetpγq

|cτ ` d|2

˙k{2

|pcτ ` dqkfpτq| “ Impτq|fpτq|. (2.17)

Since f is holomorphic at all cusps, it is bounded near the cusps. More-
over, it decays exponentially at 8 since f is a cusp form. This means that
Impτqk{2fpτq is also bounded for Impτq sufficiently large. Choosing a funda-
mental domain for the Γ action on H, we can break it down as a union of
a compact region and of regions near each cusp. The above discussion then
implies that Impτqk{2|fpτq| is bounded for all τ, say

Impτqk{2|fpτq| ď C 1. (2.18)
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Now we have

|anpfq| “

∣∣∣∣ 1N
ż N

0
fpx` iyqe´2πinpx`iyq{N dx

∣∣∣∣ ď C 1y´k{2

ż N

0

1

N
|e´2πinpx`iyq{N | dx “ C 1y´k{2e2πny{N .

(2.19)
Picking out y “ N{n gives us |anpfq| ď C 1e2πpn{Nqk{2.

Corollary 2.3. If f P SkpSL2pZqq, then Lf psq extends to an entire function and
satisfies Lf psq “ p´1qk{2 ¨Lf pk´sq. (Note that k must be even since ´I P SL2pZq

and νkp´Iq “ p´1qk)

Proof. As usual, we write

Lf psq “

ż 8

1
fpitqts

dt

t
`

ż 1

0
fpitqts

dt

t
(2.20)

and rewrite the second term as
ż 1

0
fpitqts

dt

t
“

ż 8

1
fp´1{pitqqt´s

dt

t
“

ż 8

1
fpitq ¨ pitqkt´s

dt

t
. (2.21)

This means that

Lf psq “

ż 8

1
fpitqts

dt

t
` ik ¨

ż 8

1
fpitqtk´sdt

t
. (2.22)

Since fpitq decays exponentially, this expression is entire for all s, and we see
that Lf psq “ ik ¨ Lf pk ´ sq.

We will also later establish functional equations for certain modular forms
of smaller levels, but we will have to work a bit harder. Eventually we will
look at modular forms for the subgroups

Γ0pNq :“

"ˆ

a b
c d

˙

P SL2pZq : c ” 0 mod N

*

. (2.23)

2.2 Modular curves and dimension formulas
Reference: Parts of [DS05, Sections 2, 3].

For this subsection, we only work with modular forms of even weight. One
can also do similar arguments for general weight, but we restrict to the even
case for simplicity. In the case of even weight, we may assume without loss
of generality that all Γ Ď SL2pZq contain t˘Iu. For this subsection, we will
always assume that subgroups Γ Ď SL2pZq are of finite index and contain
t˘Iu.

We will compute the dimension of the spaces MkpΓq and SkpΓq by relating
them to algebraic geometry.
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Definition 2.7. For Γ Ď SL2pZq, we consider the modular curve Y pΓq “ ΓzH,
and denote q : H ↠ Y pΓq the quotient map. This can be given a structure of a
Riemann surface with structure sheaf

OY pΓqpUq “ tf : Γ ¨ U Ñ C : f is holomorphic and Γ-invariantu. (2.24)

To write Y pΓq in terms of charts, one needs to be careful with the elliptic
points. We refer to [DS05, Section 2] for a detailed description of Y pΓq.

Definition 2.8. A point z P H is elliptic for Γ if StabΓpzq Ď Γ is larger than
t˘Iu. We call hz :“ #StabΓpzq{t˘Iu the period of z.

Example 2.3. For Γ “ SL2pZq, the Γ-orbits of elliptic points are represented
by i and ω, with periods 2 and 3 respectively. This means that for general Γ
elliptic points can only have period 2 or 3, as StabΓpzq Ď StabSL2pZqpzq. For
Γ “ Γp2q there are no elliptic points.

For p P H, write p̄ for its image in Y pΓq. Call tp̄ a uniformizer at the point
p̄. The structure of Y pΓq as a Riemann surface is such that the meromorphic

function H ↠ Y pΓq
tp̄
ÝÑ P1pCq vanishes to order hz on p.

Definition 2.9. We denote H˚ :“ H \ P1pQq. This carries an a action of
GL2pQq`, and for Γ Ď SL2pZq we denote XpΓq :“ ΓzH˚ the compactified
modular curve. This carries the structure of a compact Riemann surface.

Again, we refer to [DS05, Section 2] for more details on this. If StabΓp8q “
"

˘

ˆ

1 N˚

0 1

˙*

, then a uniformizer at 8̄ is qN :“ e2πiz{N . We call N the width

of the cusp.
Remark 2.3. Really, the better way to think about Y pΓq and XpΓq is as a stacky
quotient. In this viewpoint, what we are considering here corresponds to the
coarse space attached to the stacky quotient.

Proposition 2.4. f : H Ñ C is weakly modular of weight 2k and level Γ if and
only if ωf pzq :“ fpzqpdzqk descends to a differential on Y pΓq. Furthermore, f is
meromorphic at all cusps if and only if ωf pzq further extends to XpΓq.

Proof. This follows at once from the computation that

daz`b
cz`d

dz
“
apcz ` dq ´ cpaz ` bq

pcz ` dq2
“ pcz ` dq´2, (2.25)

as then

fpγzq “ ν2kpγ, zqfpzq ðñ fpγzq “ fpzq

ˆ

dz

dpγzq

˙k

ðñ ωf pγzq “ ωf pzq.

(2.26)
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Given this, one maybe expect an identification ofMkpΓq andH0pXpΓq,Ωbkq.
However, this is not quite correct. One has to be careful with the elliptic points
and with the cusps.

• For cusps: we look at 8 for simplicity. If it has width N, then we write
ωf pzq “ gpzqpdqN qk. Note that dqN

dz “ 2πi
N qN , so dz „

dqN
qN

. This means
that

ord8̄pωf q “ ord8pfq ´ k. (2.27)

• For elliptic points: we write ωf pzq “ gpzqpdtp̄q
k. If tp is a uniformizer

at p, then we have tp̄ „ t
hp
p , and thus dtp̄ „ t

hp´1
p dtp. Hence gpzq „

t
ordppfq´kphp´1q
p pdtp̄q

k, and thus

ordp̄pωf q “
1

hp
pordppfq ´ kphp ´ 1qq “

ordppfq

hp
´ k

ˆ

1 ´
1

hp

˙

. (2.28)

Corollary 2.5. Denote

D “
ÿ

pPXpΓq cusp

p`
ÿ

pPXpΓq elliptic

p1 ´ 1{hpq ¨ p P DivpXpΓqq b Q (2.29)

and Dc “
ř

pPXpΓq cusp p P DivpXpΓqq. Then we have identifications

M2kpΓq » H0pXpΓq,ΩbkptkDuqq, S2kpΓq » H0pXpΓq,ΩbkptkDu ´Dcqq.
(2.30)

In particular, M2kpΓq is finite dimensional.

The above computation also has the following interesting consequence. We
denote by ϵh the number of elliptic points of XpΓq of period h, and by ϵ8 the
number of cusps of XpΓq.

Theorem 2.6 (Valence formula). Let f P M2kpΓq. In fact, we may let f be
weakly modular and meromorphic at all cusps. Then

ÿ

p̄PXpΓq cusp

ordppfq `
ÿ

p̄PXpΓq non cusp

ordppfq

hp
“ k ¨

ˆ

2pg ´ 1q `
ϵ2
2

`
2ϵ3
3

` ϵ8

˙

.

(2.31)

Proof. We have divpωf q „ k ¨ KXpΓq, for a canonical divisor KXpΓq, which has
degree k ¨ 2pg ´ 1q. Thus

ÿ

p̄PXpΓq

ordp̄pωf q “ k ¨ 2pg ´ 1q, (2.32)

and the claim follows from the above discussion.
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Remark 2.4. For p̄ a cusp of width N, choose γ ¨ p “ 8. Then we are defining
ordppfq to be such that, in the Fourier expansion pf rγskqpzq “

ř

nPZ anq
n
N , we

have an “ 0 for n ă ordppfq and an ‰ 0 for n “ ordppfq. It is important to
take the Fourier expansion with respect to qN .

Given this, we can use Riemann–Roch to study the dimensions of the spaces
M2kpΓq.

Proposition 2.7. Denote d “ rSL2pZq : Γs the degree of the map XpΓq Ñ

XpSL2pZqq. Then

gpXpΓqq “ 1 `
d

12
´
ϵ2
4

´
ϵ3
3

´
ϵ8

2
. (2.33)

Proof. First note that XpSL2pZqq has genus 0 (as can be easily seen topolog-
ically by the description of the fundamental domain). Riemann–Hurwitz for
the finite map XpΓq Ñ XpSL2pZqq tells us that

2g ´ 2 “ ´2d`
ÿ

xPXpΓq

pex ´ 1q. (2.34)

The only possible ramified points are the cusps and the elliptic points, which
are above one of y2 “ i, y3 “ ω and y8 “ 8. For h P t2, 3u we write

d “
ÿ

xPf´1pyhq

ex “ p#f´1pyhq ´ ϵhq ¨ h` ϵh ¨ 1 (2.35)

and thus

d´ #f´1pyhq “
ÿ

xPf´1pyhq

pex ´ 1q “ ph´ 1qp#f´1pyhq ´ ϵhq. (2.36)

This allow us to write
ÿ

xPf´1pyhq

pex ´ 1q “

ˆ

1 ´
1

h

˙

pd´ ϵhq. (2.37)

We similarly have
ÿ

xPf´1py8q

pex ´ 1q “ d´ #f´1p8q “ d´ ϵ8. (2.38)

Now the claim follows.

Corollary 2.8. We may rewrite the valence formula as

ÿ

p̄PXpΓq cusp

ordppfq `
ÿ

p̄PXpΓq non cusp

ordppfq

hp
“
kd

6
. (2.39)
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Remark 2.5. Warning: I am not 100% sure if the following is correct, so take
this remark with a grain of salt.1 Thinking in terms of stacks, the left hand
side is the “natural” way to count zeroes, and so it should be equal to the
(stacky) degree of the line bundle Ωbk on XpΓqstack.

2 This degree is kd times
the (stacky) degree of Ω on XpSL2pZqqstack. The (stacky) degree of the canon-
ical bundle Ω is minus the (stacky) Euler characteristic. This can be computed
with cell decompositions as χ “

ř

σ cells
p´1qdimσ

#Autpσq
, and applying this to the fun-

damental domain

8

i

ω ω ` 1

we have: i) 3 vertices, with stabilizers of size 2, 3,8, ii) 2 edges with stabilizers
of size 1 and iii) 1 face with stabilizer of size 1. Thus

χ “ p
1

2
`

1

3
` 0q ´ p1 ` 1q ` p1q “ ´

1

6
. (2.40)

For k “ 1, we get
S2pΓq “ H0pXpΓq,Ωq, (2.41)

which has dimension gpXpΓqq. In all other cases, it turns out that the computa-
tion is reduced to the simpler form of Riemann–Roch that lpDq “ degpDq´g`1
for degpDq ą 2g ´ 2. Explicitly, this is

Theorem 2.9. For k ě 1 we have

dimM2kpΓq “ p2k ´ 1qpg ´ 1q ` tk{2uϵ2 ` t2k{3uϵ3 ` kϵ8, (2.42)

and for k ě 2 we have

dimS2kpΓq “ dimM2kpΓq ´ ϵ8. (2.43)
1More precisely, I am not sure how the cusps behave on the stacky framework, since they have

infinite stabilizers. The reasoning I am outlining here definitely work if all stabilizers were finite
(Deligne–Mumford stacks, or orbifolds), but I am assuming a similar reasoning also works in this
more general case.

2Here, XpΓqstack is the stacky quotient Γ̄zH˚ for Γ̄ the image of Γ on PSL2pZq, so that the generic
automorphism group has size 1. If one considers ΓzSL2pZq then the generic automorphism group
has size 2, and the left hand side is twice the “natural” count of zeroes.
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Example 2.4. For Γ “ SL2pZq, we have gpXpSL2pZqqq “ 0, and

dimM2kpΓq “ 1 ´ 2k ` tk{2u ` t2k{3u ` k “

#

tk{6u ` 1 if k ı 1 mod 6,

tk{6u if k ” 1 mod 6.

(2.44)
Example 2.5. Looking at the fundamental domain of XpΓp2qq, we see that
d “ 6, ϵ2 “ ϵ3 “ 0 and ϵ8 “ 3. Thus gpXpΓp2qqq “ 0, and

dimM2kpΓp2qq “ k ` 1. (2.45)

2.3 Modular forms of level SL2pZq

Reference: [DS05, Sections 1.1, 1.2].
Later, we will see that the spaces Y pSL2pZqq, and more generally Y pΓ0pNqq,

are moduli spaces of elliptic curves. What follows is a first step towards the
proof of that.

Proposition 2.10. We have a bijection

Y pSL2pZqq Ø tlattices in Cu{homothety. (2.46)

given by τ ÞÑ Z ‘ Zτ.
Furthermore, there is a bijection

tf : H Ñ C : f rγsk “ f for all γ P SL2pZqu Ø tF : tlattices in Cu Ñ C : F pλΛq “ λ´kF pΛqu.
(2.47)

where F corresponds to fpτq “ F pZ ‘ Zτq.

Proof. For the first bijection, it is easy to see that τ ÞÑ Λτ :“ Z ‘ Zτ is surjec-
tive. Now if

Λτ “ λΛτ 1 , (2.48)

this means that there is
ˆ

a b
c d

˙

P GL2pZq such that

ˆ

a b
c d

˙ ˆ

τ
1

˙

“

ˆ

λτ 1

λ

˙

, (2.49)

and in particular λ “ cτ ` d and τ 1 “ aτ`b
cτ`d . Note that

ˆ

a b
c d

˙

P GL2pZq` “

SL2pZq, as both τ and τ 1 have positive imaginary part.
For the second claim, consider τ, τ 1 P H, γ P SL2pZq and λ P Cˆ with

τ 1 “ γτ and Λτ “ λΛτ 1 then as above we have λk “ νkpγ, τq, and thus

F pΛτ q “ λ´kF pΛτ 1q ðñ fpτq “ νkpγ, τq´1fpγτq. (2.50)
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Similarly, we have

Proposition 2.11. Denote Γ0pNq :“

"ˆ

a b
c d

˙

P SL2pZq : c ” 0 mod N

*

. Then

we have a bijection

Y pΓ0pNqq Ø tpΛ1,Λ2q : Λ1 Ď Λ2 Ď C are lattices, Λ2{Λ1 » Z{NZu{homothety
(2.51)

which is given by

τ ÞÑ pZ ‘ Zτ,
1

N
Z ‘ Zτq. (2.52)

We can use these descriptions to construct modular forms.

Definition 2.10. For k ě 2, we consider the Eisenstein series

G2kpΛq :“
ÿ

λPΛzt0u

1

λ2k
. (2.53)

Under the above, this corresponds to a function G2k : H Ñ C given by

G2kpτq “
ÿ

pn,mqPZ2ztp0,0qu

1

pnτ `mq2k
(2.54)

which is of weight 2k for SL2pZq.

Remark 2.6. For k “ 1, this expression does not converge absolutely, and hence
will fail to satisfy the transformation property for modular forms. We can still
consider it as a conditionally convergent sum:

G2pτq :“ 2ζp2q `
ÿ

nPZzt0u

ÿ

mPZ

1

pnτ `mq2
. (2.55)

It is not hard to compute that

lim
ImpτqÑ8

G2kpτq “ 2ζp2kq, (2.56)

and hence that G2k P M2kpSL2pZqq for k ě 2. For k “ 1, one can prove that G2

satisfies the following instead:

Proposition 2.12 ([DS05, Exercise 1.2.8]). G2pτq´ π
Impτq

is weight-2 invariant
for SL2pZq. In other words,

pG2rγs2qpτq “ G2pτq ´
2πic

cτ ` d
. (2.57)
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Proposition 2.13. We have
ř

kě0MkpSL2pZqq “ CrG4, G6s.

Proof. First we compare dimensions. We need to see that

dimMkpSL2pZqq “ #ta, b P Zě0 : 4a` 6b “ ku. (2.58)

This can be proved by induction on k, as dimMk`12pSL2pZqq “ 1`dimMkpSL2pZqq

and

#ta, b P Zě0 : 4a` 6b “ k ` 12u “ 1 ` #ta P Zě0, b P Zě2 : 4a` 6b “ k ` 12u

(2.59)
which is simply 1`#ta, b P Zě0 : 4a`6b “ ku. It remains to prove that G4, G6

are algebraically independent.
By the valence formula, we have

ordipG4q

2
`

ordωpG4q

3
`

ÿ

p̄PXpΓqzt̄i,ω̄u

ordppG4q “
2

6
“

1

3
, (2.60)

hence the only zero of G4 is at ω, of order 1. Similarly, we have

ordipG6q

2
`

ordωpG6q

3
`

ÿ

p̄PXpΓqzt̄i,ω̄u

ordppG6q “
3

6
“

1

2
, (2.61)

so the only zero of G6 is at i, of order 1. Now assume F P Crx, ys was such
that F pG4, G6q “ 0. By declaring degpxq “ 4, degpyq “ 6, we may write
F px, yq “

ř

k Fkpx, yq where Fkpx, yq has degree k. Now
ř

k FkpG4, G6q is a
sum of modular forms FkpG4, G6q of differing weights, and it we can see that
this implies that each FkpG4, G6q is zero: we have

0 “ F pG4, G6qpγτq “
ÿ

k

FkpG4, G6qpγτq “
ÿ

k

pcτ `dqkFkpG4, G6qpτq. (2.62)

Since this is true for all γ P SL2pZq, we have that each FkpG4, G6q is identically
zero. Hence we may assume without loss of generality that F “ Fk for some
k.

We may also assume without loss of generality that x ∤ F. Then plugging
in i, we get 0 “ F pG4piq, G6piqq “ F pG4piq, 0q. But since x ∤ F and G4piq ‰ 0,
this is a contradiction.

The first nonzero cusp form is in S12pSL2pZqq, which is a multiple of

ˆ

G4

2ζp4q

˙3

´

ˆ

G6

2ζp6q

˙2

. (2.63)
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Definition 2.11. We define

∆ “
1

p2πq12
pp60G4q3 ´ 27p140G6q2q (2.64)

the Ramanujan Delta function, which is an element of S12pSL2pZqq. This is
uniquely characterized by ∆ P S12pSL2pZqq and a1p∆q “ 1.

By the valence formula, we must have that ∆ has a simple zero at 8, and
is nonvanishing at H.

Proposition 2.14. We have

∆pτq “ q
ź

ně1

p1 ´ qnq24. (2.65)

Proof. From the homework, we have

G2kpτq “ 2ζp2kq ` 2
p2πiq2k

p2k ´ 1q!

ÿ

ně1

σ2k´1pnqqn (2.66)

for all k ě 1. Using this, we see that a1p∆q “ 1. Since dimS12pSL2pZqq “ 1, it
now suffices to prove that ηpzq :“ q1{24

ś

ně1p1 ´ qnq satisfies

ηp´1{zq “
?

´iz ¨ ηpzq (2.67)

where the branch of
?

¨ is such that
?

´iz is 1 for z “ i. It turns out that this is
equivalent to the transformation property for G2. We have

dη

dq
“

1

24

η

q
´

ÿ

ně1

nqn´1 η

p1 ´ qnq
“
η

q

˜

1

24
´

ÿ

ně1

n
qn

1 ´ qn

¸

“
η

q

¨

˝

1

24
´

ÿ

ně1

¨

˝

ÿ

d|n

d

˛

‚qn

˛

‚

(2.68)
and so

dη

η
“

1

8π2
G2 ¨

dq

q
“

i

4π
G2 ¨ dz. (2.69)

Taking d log of ηp´1{zq “
?

´iz ¨ ηpzq, it suffices to prove that

dη

η
p´1{zq “

dz

2z
`

dη

η
pzq. (2.70)

This is equivalent to

G2p´1{zq dp´1{zq “ G2pzqdz ´
2πi

z
dz ðñ G2p´1{zq “ z2G2pzq ´ 2πiz.

(2.71)
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Definition 2.12. Define

jpτq :“
G4pτq3

p2ζp4qq3 ¨ ∆pτq
“

1

q
` 744 ` 19884q ` 21493760q2 ` ¨ ¨ ¨ . (2.72)

Since ∆: H Ñ C is nonvanishing, j is a holomorphic function j : Y pSL2pZqq Ñ

C.

Proposition 2.15. j : XpSL2pZqq Ñ P1pCq is an isomorphism. In other words,
we have CpXpSL2pZqqq “ Cpjq.

Proof. For c P C we consider j ´ c : H Ñ C. As j ´ c has a simple pole at
8, the valence formula applied to j ´ c says that there is exactly one point
τc P H such that jpτcq “ c. Similarly, the only pole of j is at 8, and thus
j : XpSL2pZqq Ñ P1pCq is a bijection, hence an isomorphism.

3 Elliptic curves

3.1 Geometry of elliptic curves
Reference: [Sil09, Sections III.2-III.4].

Let k be a field, and E{k be an elliptic curve.

Proposition 3.1. E is isomorphic to the projective curve defined by a cubic equa-
tion of the form

y2 ` a1xy ` a3y “ x3 ` a2x
2 ` a4x` a6 (3.1)

for some a1, a2, a3, a4, a6 P k, where O corresponds to the point r0 : 1 : 0s. This is
called a Weierstraß form.

Proof. We apply Riemann–Roch for the divisors D “ nO. First note that if D
is a divisor with degpDq ą 0, we have

lpDq ´ lpK ´Dq “ degpDq ´ g ` 1 “ degpDq, (3.2)

and since degpK ´ Dq “ 2g ´ 2 ´ degpDq “ ´degpDq ă 0, we conclude that
lpDq “ degpDq.

We have LpOq “ k, and we choose functions x, y such that Lp2Oq “ k‘k¨x,
Lp3Oq “ k‘k¨x‘k¨y. Then forD “ 6O,we have 1, x, x2, x3, y, xy, y2 P Lp6Oq,
and so they must be linearly dependent. Both x3 and y2 must be part of
the relation since they have poles of order exactly 6. Scaling x, y we get the
equation of the form above, say

f : y2 ` a1xy ` a3y “ x3 ` a2x
2 ` a4x` a6. (3.3)
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This gives a map E Ñ V pfq Ď P2px, yq for f as above. Since both V pfq Ñ

P1pxq and E Ñ P1pxq have degree 2, the map E Ñ V pfq has degree 1. Since f
is a cubic, we have either that V pfq is smooth, in which case E Ñ V pfq is an
isomorphism, or that V pfq is birational to a smooth curve of genus 0. In the
later case, E would be birational (and hence isomorphic) to a smooth curve of
genus 0, which is not the case.

Upon choosing a Weierstraß form, we have the chord-and-tangent con-
struction

´2 ´1 1 2

´2

´1

1

2

P
Q

P+Q

The following is a more natural description of this group law, which in par-
ticular proves it is associative and independent of the choice of Weierstraß
form.

Proposition 3.2. We consider the map Epkq Ñ Pic0pEqpkq given by P ÞÑ pP q ´

pOq. This is a bijection of sets, which endowEpkq with an abelian group structure.
Moreover, this extends to an algebraic maps m : E ˆ E Ñ E and r´1s : E Ñ E,
making E into a group variety.

Proof. If this was not injective, we would have pP q „ pQq for some P ‰ Q.
this would give us a degree 1 map E Ñ P1, which would be an isomorphism.

Now if we have a Weierstrass form, we note that the chord-and-tangent
construction satisfies that pP q ` pQq „ pP ` Qq ´ pOq: if l1, l2 are the linear
equations defining the two dotted lines above, we have divpl1{l2q “ pP q `

pQq ´ pP `Qq ´ pOq. In other words, this is the same group structure coming
from the map Epkq ãÑ Pic0pEqpkq. This makes it clear that this group structure
extends to algebraic maps m : E ˆ E Ñ E and r´1s : E Ñ E.
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Surjectivity of Epkq ãÑ Pic0pEqpkq also follows from the chord-and-tangent
construction for a Weierstraß form: a general divisor

pP1q ` ¨ ¨ ¨ ` pPrq ´ pQ1q ´ ¨ ¨ ¨ pQrq, (3.4)

by repeatedly using the chord and tangent construction, is linearly equivalent
to pP1 ` ¨ ¨ ¨ ` Pr ´Q1 ´ ¨ ¨ ¨ ´Qrq ´ pOq.

Definition 3.1. An isogeny f : E1 Ñ E2 between elliptic curves is an algebraic
map with fpO1q “ O2.

Note that for P P E2 we may consider the morphism τP : E2 Ñ E2 given
by translation by P. With that, it is easy to see that any morphism g : E1 Ñ E2

factors uniquely as g “ τP ˝ f where P “ gpO1q and f “ τ´P ˝ g is an isogeny.

Proposition 3.3. Let f : E1 Ñ E2 be an isogeny of elliptic curves. Then f respects
the group structures.

Proof. This follows at once from the functoriality of Pic0: We have a commu-
tative diagram

E1 E2

Pic0pE1q Pic0pE2q

f

f˚

(3.5)

Example 3.1. We have the following examples concerning isogenies.

1. 0: E Ñ E1 the constant map to O1.

2. For m P Z, we have the multiplication-by-m maps rms : E Ñ E: for
m ě 0, rmsP “ P ` P ` ¨ ¨ ¨ ` P and for m ď 0, rms “ r´1s ˝ r´ms.

3. If charpkq “ p ą 0, we have the Frobenius map ϕ : E Ñ Eppq. This has
degree p. If k is perfect, this corresponds to kpEppqq “ kpEqp Ď kpEq in
terms of function fields.

Proposition 3.4. If charpkq “ p ą 0 and k is perfect, any nonzero isogeny
E1 Ñ E2 factors uniquely up to isomorphism as E1 Ñ E

pprq

1 Ñ E2 where
E

pprq

1 Ñ E2 is separable.

Proof. More generally, it is true that if f : C1 Ñ C2 is a morphism between
smooth curves, then f factors uniquely as C1 Ñ C

pprq

1 Ñ C2 where Cpprq

1 Ñ C2

is separable. To see this, consider the function fields K1 “ kpC1q and K2 “
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kpC2q. Then f corresponds to an inclusion K2 Ď K1. We let K3 Ď K1 denote
the separable closure of K2 in K1, and let C3 be the corresponding smooth
curve with kpC3q “ K3. This gives the factorization f : C1 Ñ C3 Ñ C2, where
C1 Ñ C3 is purely inseparable and C3 Ñ C2 is separable.

It remains to see that a purely inseparable map g : C1 Ñ C3 is a power of
the Frobenius. In terms of function fields, we have rK1 : K3s “ deg g, and this
must be a power of p, say q “ pr. Then Kq

1 Ď K3, as if x P K1, its minimal
polynomial over K3 is of the form xp

e
´ a with e ď r for some a P K3. So

g factors as C1 Ñ C
pqq

1 Ñ C3, and considering the degrees, Cpqq

1 Ñ C3 has
degree 1, and hence is an isomorphism.

Proposition 3.5. Assume k is perfect and let E{k be an elliptic curve. There is
an Galpk̄{kq-equivariant equivalence of categories

tseparable isogenies f : E Ñ E1 over k̄u ÐÑ tfinite subgroups Φ Ď Epk̄qu

(3.6)
such that if fΦ and Φ correspond, then Φ “ ker fΦ :“ f´1

Φ pO1q. In particular, if
Φ Ď Epk̄q is Galpk̄{kq-stable, then fΦ is defined over k.

Proof. For each T P Φ, we consider the translation morphism τT : E Ñ E. This
induces an isomorphism of function fields τ˚

T P Autpk̄pEqq. Denote k̄pEqΦ Ď

k̄pEq the subfield fixed by such τ˚
T for all P P Φ. By Galois theory, k̄pEq{k̄pEqΦ

is Galois with Galois group Φ. Let fΦ : E Ñ E1 be the map of smooth curves
corresponding to this field inclusion.

We note that fΦ is unramified. If ϕ P k̄pE1q and T P Φ, we have ϕpfΦpP `

T qq “ ϕpfΦpτT pP qqq “ τ˚
T pϕ ˝ fΦqpP q, where ϕ ˝ fΦ P k̄pEq is an element of

k̄pEqΦ, and thus ϕpfΦpP ` T qq “ ϕpfΦpP qq. Thus fΦpP ` T q “ fΦpP q for all
T P Φ. If Q P E1 and fΦpP q “ Q, then f´1

Φ pQq Ě tP ` T : T P Φu, as so this
is an equality as #Φ “ deg fΦ. In particular, fΦ is unramified everywhere. By
Riemann–Hurwitz, we have

2gpEq ´ 2 “ p2gpE1q ´ 2q ¨ deg fΦ (3.7)

and thus gpE1q “ 1.

Let IsogpE1, E2q denote the set of isogenies between E1 and E2. It is an
abelian group via pϕ` ψqpP q :“ ϕpP q ` ψpP q.

Proposition 3.6. There is a unique duality xp¨q : IsogpE1, E2q Ñ IsogpE2, E1q

such that p0 “ 0 and such that ϕ ˝ ϕ̂ “ rdegpϕqs. It satisfies degpϕ̂q “ degpϕq and
ˆ̂
ϕ “ ϕ. We also have {ϕ` ψ “ ϕ̂` ψ̂.
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Remark 3.1. For abelian varieties, the group variety Pic0pAq is not necessarily
isomorphic to A. It is instead called the dual abelian variety Â. One still has a
duality as above: IsogpA1, A2q » IsogpÂ2, Â1q.

Proof. Uniqueness is clear since if ϕ is nonzero and ϕ ˝ f “ ϕ ˝ g, then we
would have that ϕ ˝ pf ´ gq “ 0, and thus that f ´ g “ 0 since otherwise it
would be surjective and then we would conclude ϕ “ 0.

We saw before that we have a canonical identification E » Pic0pEq as
group varieties. Now an isogeny ϕ : E1 Ñ E2, induces a pullback map ϕ˚ : Pic0pE2q Ñ

Pic0pE1q, which we may think of as a map ϕ̂ : E2 Ñ E1.
Now the composition ϕ˝ ϕ̂ : E2 Ñ E1 is identified with ϕ˚ ˝ϕ˚ : Pic0pE2q Ñ

Pic0pE1q. We can easily compute ϕ˚ ˝ ϕ˚ : DivpE2q Ñ DivpE1q:

pϕ˚˝ϕ˚qpP q “ ϕ˚

¨

˝

ÿ

QPϕ´1pP q

eQ ¨Q

˛

‚“
ÿ

QPϕ´1pP q

eQ¨ϕpQq “

¨

˝

ÿ

QPϕ´1pP q

eQ

˛

‚¨P “ deg ϕ¨P

(3.8)
and thus ϕ ˝ ϕ̂ “ rdeg ϕs.

We now prove that {ϕ` ψ “ ϕ̂ ` ψ̂. We can write ϕ ` ψ : E1 Ñ E2 as the
composition

E1
∆
ÝÑ E1 ˆ E1

pϕ,ψq
ÝÝÝÑ E2 ˆ E2

m
ÝÑ E2 (3.9)

and thus if L P Pic0pE2q, we have

pϕ`ψq˚L “ ∆˚pϕ, ψq˚m˚L “ ∆˚pϕ, ψq˚pLbLq “ ∆˚pϕ˚Lbψ˚Lq “ ϕ˚Lbψ˚L.
(3.10)

The second equality requires an argument. Consider the line bundle MpLq :“
m˚L b pr˚

1L´1 b pr˚
2L´1, which we wish to see is trivial. For P P E2, we

consider iP : E » P ˆ E ãÑ E ˆ E. Then

i˚PMpLq “ τ˚
PL b L´1. (3.11)

Now if L is the line bundle OpQq for some Q P E2, we have

i˚PMpOpQqq “ OpQ´ P q b OpQq´1

and since pQ´P q´pQq „ p´P q´pOq, we have i˚PMpOpQqq “ Opp´P q´pOqq.
So in general, if L P PicpE2q we have i˚PMpLq “ Opp´P q ´ pOqqb degL. If
L P Pic0pE2q, we conclude that i˚PMpLq is trivial for all P. This means that
MpLq » pr˚

2pL1q for some L1. Applying the same argument but switching pr1
and pr2, we conclude that MpLq is trivial.

This implies that yrms “ rms, and in particular degrms “ m2. Now

pdeg ϕq2 “ degrdeg ϕs “ deg ϕ ¨ deg ϕ̂ (3.12)
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and thus deg ϕ̂ “ deg ϕ. Finally, we have

rdeg ϕs “ {rdeg ϕs “ pϕ̂ ˝ ϕq^ “ ϕ̂ ˝
ˆ̂
ϕ, (3.13)

Remark 3.2. Restricting to separable morphisms, if ϕ corresponds to Φ Ď

E1pk̄q, then ϕ̂ corresponds to ϕpE1rdeg ϕsq Ď E2pk̄q. This gives an alternate
approach to prove this proposition: We construct ϕ̂ for separable ϕ as above.
For the Frobenius Frob: E Ñ Eppq, one proves that rps is inseparable (as if
ω is a holomorphic differential, we have rps˚ω “ pω “ 0 as per homework),
and so rps “ Ver ˝ Frob for some isogeny Ver: Eppq Ñ E called Verschiebung,
which zFrob is defined to be. It is a bit trickier to prove that {ϕ` ψ “ ϕ̂` ψ̂ with
these definitions, but this can be done cleanly with Tate modules and the Weil
pairing, as we will see later.

3.2 Weierstraß equations
Reference: [Sil09, Sections III.1].

Let k be a field. We consider a projective curve

E : y2 ` a1xy ` a3y “ x3 ` a2x
2 ` a4x` a6 (3.14)

where a1, a2, a3, a4, a6 P k.
In the case that charpkq ‰ 2, 3 there exists a change of coordinates y ÞÑ

y ´
pa1x`a3q

2 , x ÞÑ x ´
a21`4a4

12 so that E is defined by E : y2 “ x3 ` Ax ` B for
some polynomials A,B P Zr16 sra1, a2, a3, a4, a6s.

Definition 3.2. We denote

∆ “ ´16p4A3 ` 27B2q, j “ ´1728
p4Aq3

∆
. (3.15)

We note that ∆, j∆ P Zra1, a2, a3, a4, a6s, so they still make sense for general
k.

Proposition 3.7. E is a nonsingular projective curve if and only if ∆ ‰ 0.

Proof. This is a straightforward computation, which is easy if charpkq ‰ 2, 3.

Proposition 3.8. j does not depend on the choice of Weierstraß model of E.
Moreover, j is a complete invariant for isomorphism classes of elliptic curves over
k̄. We call jpEq the j-invariant of E.
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Proof. This follows from analyzing possible isomorphisms between Weierstraß
models. In the simple form y2 “ x3 `Ax`B, they are all changes of variables
x ÞÑ u´2x and y ÞÑ u´3y for some u P k̄, which correspond to A ÞÑ u4A
and B ÞÑ u6B. For charpkq P t2, 3u one needs to be more careful with the
computations.

Given a j P k̄, one can also construct an elliptic curve with this j-invariant,
namely

y2 ` xy “ x3 ´
36

j ´ 1728
x´

1

j ´ 1728
(3.16)

if j ‰ 0, 1728, and y2 ` y “ x3, y2 “ x3 ` x for the remaining two values.

3.3 Elliptic curves over C
Reference: [Sil09, Chapter VI], or [DS05, Sections 1.3-1.5].

The main result we want to prove is the following.

Theorem 3.9. The category of elliptic curves over C (with morphisms given by
isogenies) is equivalent to the category of lattices tΛ Ď Cu with morphisms given
by

HompΛ1,Λ2q “ tα P C : αΛ1 Ď Λ2u. (3.17)

If EΛ and Λ are matching objects, we have an isomorphism of Riemann surfaces
EΛpCq » C{Λ which respect the group structures and is also compatible with
morphisms.

Together with Propositions 2.10, 2.11 and 3.5, this also give us the follow-
ing.

Corollary 3.10. We have

Y pSL2pZqq Ø tE{Cu{ » (3.18)

and

Y pΓ0pNqq Ø tE1 Ñ E2 cyclic isogeny of degree Nu{ »

Ø tpE,Cq : C Ď E is a subgroup isomorphic to Z{NZu{ » .
(3.19)

There are a few ways of approaching this. The fact that every C{Λ is iso-
morphic to some EΛpCq is an instance of Riemann’s existence theorem: compact
Riemann surfaces are algebraic varieties. The converse is an example of uni-
formization. We will present proofs which use some of the work on modular
forms for SL2pZq that we did above, although there are also approaches that
do not involve modular forms.
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Existence. In order to prove that C{Λ are algebraic varieties, we need to con-
struct enough functions C{Λ Ñ C. This is the study of elliptic functions. Denote

℘Λpzq “
1

z2
`

ÿ

λPΛzt0u

1

pz ´ λq2
´

1

λ2
(3.20)

the Weierstraß ℘-function of Λ.
Note that ℘1

Λpzq “ ´2
ř

λPΛ
1

pz´λq3
is Λ-periodic, with triple zeroes at Λ

and simple zeroes at 1
2ΛzΛ. From this periodicity, we have that ℘λpz ` λq “

℘Λpzq ` cpλq for λ P Λ and constants cpλq. Since ℘Λ is even, we can plug in
z “ ´λ{2 to conclude that cpλq “ 0. That is, ℘Λ is also Λ-periodic.

By integrating ℘1
Λ{p℘Λ ´ cq on a fundamental domain of Λ, we have that

℘Λ ´ c must have exactly two zeroes modulo Λ. Since ℘Λ is even, these are
either two simple zeroes z,´z with z R 1

2Λ, or a double zero at z P 1
2ΛzΛ.

So analyzing zeroes and poles we have

p℘1
Λpzqq2 “ C

ź

λPp 1
2
Λ{Λqzt0u

p℘Λpzq ´ ℘Λpλqq “ F p℘Λq (3.21)

for a cubic F pxq P Crxs. With a bit more work, we can see that the map

r℘Λ : ℘1
Λ : 1s : C{Λ Ñ P2pCq (3.22)

identifies C{Λ with the closed subvariety of P2pCq cut out by y2 “ F pxq.

Remark 3.3. We can compute this cubic F explicitly from the Taylor expansion
of ℘Λ. We have

℘Λpzq “
1

z2
`

ÿ

λPΛzt0u

1

λ2

ˆ

1

p1 ´ z{λq2
´ 1

˙

“
1

z2
`

ÿ

ně1

ÿ

λPΛzt0u

pn` 1qznλ´pn`2q,

(3.23)
and thus

℘Λpzq “
1

z2
`

ÿ

ně1

z2np2n` 1qG2pn`1qpΛq. (3.24)

Matching the first terms, we can compute that F pxq “ 4x3 ´ 60G4pΛqx ´

140G6pΛq. The discriminant of this Weierstraß equation is p4πq12∆pΛq, and it’s
j-invariant is jpΛq. The fact that F does not have repeated roots is equivalent
to ∆ being non-vanishing, which we saw before.

Uniformization. Under the construction Λ ÞÑ EΛ above, the j invariant of EΛ

is simply jpΛq because of the above remark. As we saw before, given any c P C
there is Λ with jpΛq “ c, and thus any elliptic curve over C is isomorphic to
some EΛ.
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Remark 3.4. We can also approach uniformization by thinking of Pic0pEq as
the Jacobian of E:

EpCq » Pic0pEqpCq “ JacpEq “
H0pEpCq,Ωq˚

H1pEpCq,Zq
» C{Λ (3.25)

as dimCH
0pEpCq,Ωq “ gpEq “ 1. and H1pEpCq,Zq is a free Z-module of rank

2.

4 Automorphic representations of GL2

4.1 Adelic quotients of GL2 and modular curves
Theorem 4.1 (Strong approximation for SL2). Let F be a number field. Then
SL2pF q is dense in SL2pAF,f q.

Proof. Let N` “

"ˆ

1 ˚

0 1

˙*

and N´ “

"ˆ

1 0
˚ 1

˙*

be unipotent subgroups of

SL2.
Then we have that SL2pAF,f q is generated by N˘pAF,f q. This is because

SL2pFpq is generated by N˘pFpq and SL2pOpq is generated by N˘pOpq.
Let Z be the closure of SL2pF q in SL2pAF,f q. Then Z contains the closure of

N˘pF q. By strong approximation for Ga (i.e. the Chinese remainder theorem),
such closures are N˘pAF,f q. Since Z is a subgroup, we conclude that Z “

SL2pAF,f q.

Now if K Ď SL2pAf q is an open compact, the above theorem tells us that
SL2pAf q “ SL2pQqK and thus that

SL2pQqzSL2pAq{K “ SL2pQqz pSL2pRq ˆ SL2pQqK{Kq “ ΓzSL2pRq (4.1)

where Γ “ SL2pQq XK.
Since H “ SL2pRq{SO2pRq, we have for K8 “ SO2pRq that

SL2pQqzSL2pAq{pK ˆK8q “ ΓzH “ Y pΓq. (4.2)

Definition 4.1. ForN P Zě1, consider the reduction-mod-N map redN : SL2pZq Ñ

SL2pZ{NZq. We consider the subgroups

ΓpNq :“ kerpredN q, Γ1pNq :“ red´1
N

ˆ"ˆ

1 ˚

0 1

˙*˙

, Γ0pNq :“ red´1
N

ˆ"ˆ

˚ ˚

0 ˚

˙*˙

.

(4.3)
We say that Γ Ď SL2pZq is a congruent subgroup if it contains ΓpNq for some N.
In the homework you will check that Γ is congruent if and only if there exists
K as above with Γ “ SL2pQq XK.
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Example 4.1. Denote KpNq,K1pNq,K0pNq Ď SL2pAf q to be the subgroups

of elements of
ś

p SL2pZpq congruent to
ˆ

1 0
0 1

˙

,

ˆ

1 ˚

0 1

˙

,

ˆ

˚ ˚

0 ˚

˙

modulo N.

Then Γ?pNq “ SL2pQq XK?pNq for all three subscripts ? P tH, 1, 0u.

Remark 4.1. There exist finite index subgroups of SL2pZq which are not con-
gruent subgroups. The arithmeticity of modular forms behaves wildly different
for congruent and non-congruent subgroups. For example, if Γ is congruent
then MkpΓq has a basis of forms with algebraically integral Fourier expansion.
Conversely, if a modular form f has algebraically integral Fourier expansion,
then it is modular for some congruence subgroup.3

In some cases, it is preferable to consider GL2 instead of SL2.

Proposition 4.2. For a number field F, let K Ď GL2pAF,f q be an open compact
subgroup. Then the determinant map

det : GL2pF qzGL2pAF,f q{K Ñ FˆzAˆ
F,f{detpKq (4.4)

is a bijection.

Proof. The map is clearly surjective.
Suppose GL2pF qg1K and GL2pF qg2K have the same image. This means

that detpg1q P Fˆ detpg2q detpKq. So we can find x P GL2pF q and y P K such
that detpg1q “ detpxg2yq. Call t “ xg2y.

Since SL2pF q is dense in SL2pAF,f q, it intersects nontrivially with g1t´1ptKt´1X

SL2pAF,f qq. In particular, there are a P SL2pF q and b P K with g1t´1ptbt´1q “

a. Rearranging, this is g1 “ axg2yb
´1 P GL2pF qg2K.

Remark 4.2. Since FˆzAˆ
F,f{ÔF » ClpF q, for open compacts K with detpKq “

ÔF we have
|GL2pF qzGL2pAF,f q{K| “ #ClpF q. (4.5)

Proposition 4.3. Let K Ď GL2pAq be an open compact subgroup with detpKq “

Ẑ. We denote Z Ď GL2 the center, and by ZpRq` Ď ZpRq the elements with posi-
tive entries. The natural inclusion SL2pRq Ñ GL2pRq induces a homeomorphism

ΓzSL2pRq » ZpRq`GL2pQqzGL2pAq{K. (4.6)

where Γ “ K X SL2pQq.

3This is the “Unbounded denominators conjecture”, recently proved by Calegari–Dimitrov–Tang.
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Proof. By approximation, we have GL2pAq “ GL2pQqGL2pRqK. Since GL2pQq

contains elements with negative determinant, we may also write GL2pAq “

GL2pQqGL2pRq`K. So the right hand side is

ZpRq`GL2pQqzGL2pQqGL2pRq`K{K “ pZpRq`ΓqzGL2pRq` (4.7)

for Γ “ K X GL2pQq`. Note that K Ď
ś

pGL2pZpq, and thus Γ “ K X

GL2pZq` “ K X SL2pZq “ K X SL2pQq. Now the claim follows as SL2pRq “

ZpRq`zGL2pRq`.

Example 4.2. Denote K1pNq,K0pNq Ď GL2pAf q to be the subgroups of ele-

ments of
ś

pGL2pZpq congruent to
ˆ

˚ ˚

0 1

˙

,

ˆ

˚ ˚

0 ˚

˙

moduloN. Then Γ?pNq “

SL2pQq XK?pNq for the two subscripts ? P t1, 0u.

4.2 Automorphic forms and representations
Reference: [Bum97, Sections 3.2, 3.3].

Let f : H Ñ C be a modular form for a congruence subgroup Γ “ SL2pQqX

K of weight k. We consider the function F : GL2pRq` Ñ C given by

F pgq “ ν̃kpg, iq´1fpg ¨ iq. (4.8)

where ν̃kpg, zq :“ detpgq´k{2νkpg, zq. We note the following:

1. ν̃k satisfies ν̃kpg1g2, zq “ ν̃kpg1, g2zqν̃kpg2, zq, and so F is built so that the
relation fpγzq “ ν̃kpγ, zqfpzq translates to F pγgq “ F pgq. Note also that
νkpg, iq is ZpRq` invariant. So we may think of F as a function

F : pZpRq`ΓqzGL2pRq` “ ZpRq`GL2pQqzGL2pAq{K Ñ C. (4.9)

2. F is not SOp2q-invariant on the right, and rather satisfies

F pgtq “ ν̃kpgt, iq´1fpgt ¨iq “
ν̃kpg, iq

ν̃kpgt, iq
F pgq “ ν̃kpt, iq´1F pgq, t P SOp2q.

(4.10)

We write SOp2q “

"ˆ

cos θ sin θ
´ sin θ cos θ

˙*

,4 and if t “

ˆ

cos θ ´ sin θ
sin θ cos θ

˙

, we

have ν̃kpt, iq´1 “ eikθ. Hence F pgtq “ eikθF pgq.

4Note that this is parametrizing SOp2q clockwise. This unusual convention is so that the character
at the end is eikθ.
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3. Since f is holomorphic, it satisfies the Cauchy–Riemann equation: if we
denote B

Bz̄ “ B
Bx ` i B

By , we have Bf
Bz̄ “ 0. This is translated to an expres-

sion for F involving the Lie algebra action of gl2,C in C8pGL2pRq,Cq.
We recall that this action is given as follows: for X P gl2 and G P

C8pGL2pRq,Cq, we consider the function XG P C8pGL2pRq,Cq given
by

XGpgq “
d

dt
Gpg expptXqq|t“0. (4.11)

We denote R,L,H,Z the following generators of gl2,C:

R “

ˆ

1 i
i ´1

˙

, L “

ˆ

1 ´i
´i ´1

˙

, H “

ˆ

0 ´i
i 0

˙

, Z “

ˆ

1 0
0 1

˙

.

(4.12)
Under the coordinates

g “

ˆ

a 0
0 a

˙ ˆ

y1{2 xy´1{2

0 y´1{2

˙ ˆ

cos θ sin θ
´ sin θ cos θ

˙

, (4.13)

we have ν̃kpg, iq “ y´k{2e´ikθ and we can compute that

R “ e´2iθ

ˆ

2iy
B

Bx
` 2y

B

By
´ i

B

Bθ

˙

“ e´2iθ

ˆ

2iy
B

Bz
´ i

B

Bθ

˙

, (4.14)

L “ e2iθ
ˆ

´2iy
B

Bx
` 2y

B

By
` i

B

Bθ

˙

“ e2iθ
ˆ

´2iy
B

Bz̄
` i

B

Bθ

˙

, (4.15)

H “ ´i
B

Bθ
, (4.16)

Z “ a
B

Ba
. (4.17)

We have

0 “
Bf

Bz̄
pg ¨ iq “ ν̃kpg, iq

BF pgq

Bz̄
`F pgq

Bν̃kpg, iq

Bz̄
“ ν̃kpg, iq

ˆ

BF

Bz̄
´
ikF

2y

˙

pgq

(4.18)

0 “
Bf

Bθ
pg ¨ iq “ ν̃kpg, iq

BF pgq

Bθ
`F pgq

Bν̃kpg, iq

Bθ
“ ν̃kpg, iq

ˆ

BF

Bθ
´ ikF

˙

pgq

(4.19)

0 “
Bf

Ba
pg ¨ iq “ ν̃kpg, iq

BF pgq

Ba
` F pgq

Bν̃kpg, iq

Ba
“ ν̃kpg, iq

BF

Ba
pgq (4.20)

In other words, F is killed by

Z, L, and H ´ k. (4.21)
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This discussion proves that F is an automorphic form, as follows. Note that
the second point holds since f is holomorphic at the cusps.

Definition 4.2. The space of automorphic forms ApGL2pAqq is the space of
smooth functions F : GL2pAq Ñ C satisfying

1. F is GL2pQq-invariant on the left.

2. F is slowly increasing: for each gf P GL2pAf q, the quantity F pgf , g8q is
bounded by a polynomial in the entries of g8 and g´1

8 .

3. F is right Op2q-finite: the space spanned by the functions tF p¨kq : k P

Op2qu is finite dimensional.

4. There is an ideal I Ď ZpUpgl2qq of finite codimension which annihilates
F.

Remark 4.3. ZpUpgl2qq “ CrZ,∆s where ∆ “ ´1
4

`

H2 ` RL
2 ` LR

2

˘

“ ´1
4

`

H2 ´ 2H `RL
˘

.
In particular, if F is associated to a modular form of weight k as above, then
∆F “ k

2

`

1 ´ k
2

˘

F.

The space ApGL2pAqq has the following pieces of structure:

1. It is a GL2pAf q-module by right multiplication.

2. It is a pgl2, Op2qq-module: namely it carries actions of both gl2 and Op2q

(by right multiplication), such that they induce the same action of so2.

It is common to say that a space with two commuting actions as above is a
GL2pAq-representation, although beware that in the archimedean place there
is no GL2pRq-action, only actions of gl2 and Op2q.

Definition 4.3. ConsiderDk to be the pgl2, Op2qq-module defined to have basis

Riv, Liv̄ for i ě 0 where
ˆ

1 0
0 ´1

˙

v “ v̄ and such that Zv “ 0, Lv “ 0, Hv “

kv and
ˆ

cos θ sin θ
´ sin θ cos θ

˙

v “ eikθv.

Corollary 4.4. We have

lim
ÝÑ

Γ congruence subgroup
MkpΓq » Hompgl2,Op2qqpDk,ApGL2pAqq. (4.22)

Consider a modular form f : H Ñ C. What does cuspidality mean in terms
of F? For a modular form f of level Γ, let Γ8 “ ΓXNpQq,whereN is the upper

triangular unipotent subgroup. Then Γ8 “

"ˆ

1 W˚

0 1

˙*

for some W P Z. We

have the Fourier expansion fpzq “
ř

ně0 anpfqqnW . Here, the constant term is

a0pfq “

ż W

0
fpx` iyqdx (4.23)
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Recall that x`iy is equal to
ˆ

1 x
0 1

˙ ˆ

y1{2 0

0 y´1{2

˙

¨i and so for g “

ˆ

y1{2 0

0 y´1{2

˙

,

we may write the constant term as
ż

Γ8zNpRq

νkpng, iqF pngq dn “

ż

Γ8zNpRq

νkpn, giqνkpg, iqF pngq dn “ νkpg, iq

ż

Γ8zNpRq

F pngq dn

(4.24)
Now denoting KN “ K XNpAf q and using that NpAf q “ NpQqKN , we have

NpQqzNpAq{KN “ pKN XNpQqqzNpRq “ Γ8zNpRq, (4.25)

and thus
a0pfq “ νkpg, iq ¨

ż

NpQqzNpAq

F pngq dn. (4.26)

Definition 4.4. For F P ApGL2pAqq, we consider its constant term (along N)
to be the function cF,N : GL2pAq Ñ C given by

cF,N pgq “

ż

NpQqzNpAq

F pngq dn. (4.27)

We say F is a cuspidal automorphic form if cF,N is identically zero. We denote
A0pGL2pAqq Ď ApGL2pAqq the subspace of such cuspidal automorphic forms.

Remark 4.4. If F comes from a modular form f as before, note that the func-
tion cF,N accounts for constant terms at all cusps: if γ P SL2pZq, then the
modular form f rγsk corresponds to the function GL2pRq` Ñ C given by
`

g ÞÑ ν̃kpg, iq´1f rγskpg ¨ iq “ ν̃kpg, iq´1ν̃kpγ, giq´1fpγg ¨ iq “ ν̃kpγg, iq´1fpγg ¨ iq
˘

(4.28)
which is F pγp¨qq : GL2pRq` Ñ C. Adelically, this corresponds to F pp¨qγ´1

f q : GL2pAq Ñ

C where γf P GL2pAf q is the image of γ, and hence its constant term along N
is cF,N pp¨qγ´1

f q.

Definition 4.5. An irreducible automorphic representation pπ, V q is an irre-
ducible GL2pAq-representation5 which is isomorphic to a subspace of ApGL2pAqq.
We say it is cuspidal if it is isomorphic to a subspace of A0pGL2pAqq.

Remark 4.5. By a version of Schur’s lemma, every irreducible automorphic
representation pπ, V q has a central character ω : QˆzAˆ Ñ C. By twisting
pπ, V q by a power of |det|, we may always assume that ω is unitary.

Some (hard) facts about automorphic representations:

5Recall that this means that it is a GL2pAf q-representation and a pgl2, Op2qq-module.
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Theorem 4.5 (Harish–Chandra). Given I Ď ZpUpgl2qq of finite codimension,
ρ an irreducible finite dimensional representation of K8 “ Op2q and K Ď

GL2pAf q an open compact subgroup, consider the subspace ApGL2pAq, I, ρqK Ď

ApGL2pAqq of automorphic forms F which i) is killed by I, ii) satisfy that the
(finite dimensional) K8-representation tF p¨tq : t P K8u is ρ-isotypical and iii)
is K-invariant. Then ApGL2pAq, I, ρqK is finite dimensional.

Theorem 4.6 (Flath’s tensor product theorem). Let π be an irreducible au-
tomorphic representation.6 Then there exist local representations πv which are
irreducible smooth representations of GL2pQpq when v “ p is non-archimedean,
and π8 is an irreducible pgl2, Op2qq-module, such that

π “
â

v

1 πv. (4.29)

Here, almost all πp contain a GL2pZpq-fixed vector ξp,7 and the restricted product
is taken with respect to ξp.

Theorem 4.7. Let ω : QˆzAˆ Ñ Cˆ be a unitary Hecke character. We consider
A0pGL2pAq, ωq Ď A0pGL2pAqq the subspace of automorphic forms with central
character ω.We similarly consider L2pGL2pQqzGL2pAq, ωq functions with central
character ω which are in L2 with respect to the inner product

xf1, f2y “

ż

ZpAqGL2pQqzGL2pAq

f1pgqf2pgq dg. (4.30)

Then A0pGL2pAq, ωq Ď L2pGL2pQqzGL2pAq, ωq. In particular, irreducible cuspi-
dal automorphic representations are unitarizable.

For a cuspidal irreducible automorphic representation of GL2pAq, one can
define an L-function Lps, πq and prove its analytic properties and functional
equation à la Tate’s thesis. This was done by Godement–Jacquet. Without loss
of generality, we may twist π by a power of |det| to assume that its central
character ω is unitary (in this case the function equation will have center at
s “ 1{2). Godement–Jacquet considers zeta integrals

Zps,Φ, βq “

ż

GL2pAq

Φpgqβpgq|detpgq|s` 1
2 dˆg (4.31)

6More generally, we can take π to be an admissible GL2pAq-representation. Here pπ, V q being
admissible means that for any every open compact K Ď GL2pAf q and irreducible finite dimensional
representation ρ of K8 ˆ K, the isotypic component V pρq of ρ in V is finite dimensional. An
irreducible automorphic representation is admissible by the above theorem of Harish–Chandra.

7In such case, πKp
p is necessarily one-dimensional.
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where Φ P SpMat2ˆ2pAqq and β are matrix coefficients of π: for f1, f2 P π, we
consider

βpgq “ βpf1, f2, gq “ xπpgqf1, f2y “

ż

ZpAqGL2pQqzGL2pAq

f1phgqf2phq dh.

(4.32)

5 Newform theory
Remark 5.1. We will focus on studying MkpΓ0pNqq (since these contain the
modular forms corresponding to elliptic curves), although most of what we
will do extend to Γ1pNq. Furthermore, noting that

ˆ

N 0
0 1

˙´1

ΓpNq

ˆ

N 0
0 1

˙

“ Γ0pN2q X Γ1pNq Ě Γ1pN2q, (5.1)

we have
„ˆ

N 0
0 1

˙ȷ

k

: MkpΓpNqq ãÑ MkpΓ1pN2qq. So studying modular forms

for congruence subgroups is reduced to studying modular forms for Γ1pNq for
all N. In other words: lim

ÝÑN
MkpΓpNqq “ lim

ÝÑN
MkpΓ1pNqq.

One of the reasons we focus on the case Γ “ Γ0pNq is because ZpẐq Ď

K0pNq. This is not true for Γ1pNq, and to extend the discussion to Γ1pNq one
needs to be a bit more careful with the action of the center. In other words,
using that K0pNq “ K1pNqZpẐq and the above remark, we have

lim
ÝÑ
N

MkpΓ0pNqq “ Hompgl2,Op2qq

´

Dk,ApGL2pAqqZpAq
¯

“ Hompgl2,Op2qq pDk,ApPGL2pAqqq .

(5.2)

5.1 Petersson inner product and Hecke operators
References: [DS05, Sections 5.1-5.5].

We note two pieces of extra structure that comes from thinking of modular
forms adelically. We will denote rGL2pAqs :“ ZpRq`GL2pQqzGL2pAq, and
recall that

rGL2pAqs{K “ ZpRq`GL2pQqzGL2pAq{K “ pK X SL2pQqqzSL2pRq. (5.3)

First, we can try to consider an inner product on the space of functions
C8prGL2pAqsq. This is of course not quite true because of convergence issues,
but let’s ignore that and work formally for now. We want to consider

pF1, F2q “

ż

rGL2pAqs

F1pgqF2pgq dg (5.4)
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and if F1, F2 correspond to modular forms f1, f2 P MkpΓq, this is

pF1, F2q “

ż

ΓzSL2pRq

|νkpg, iq|´2f1pgiqf2pgiqdg “

ż

ΓzH
f1pzqf2pzqyk´2 dx dy.

(5.5)
Here we are using that the Haar measure on GL2pRq` is da dxdy dθ

y2
.

Definition 5.1. For Γ Ď SL2pZq a finite index subgroup, the Petersson inner
product is the pairing p¨, ¨q : MkpΓq ˆ SkpΓq Ñ C given by

pf1, f2q “

ż

ΓzH
f1pzqf2pzqyk´2 dx dy. (5.6)

We note that this is well-defined since f2, being a cusp form, decays exponen-
tially at all cusps.

Secondly, we have an action of GL2pAf q by right multiplication on ApGL2pAqq.
Since we are interested in the spaces ApGL2pAqqK , we can consider the fol-
lowing convolution operators.

Definition 5.2. For K Ď GL2pAf q an open compact, the Hecke algebra of level
K is the space HK :“ C8

c pKzGL2pAf q{Kq with algebra structure given by
convolution. The space ApGL2pAqqK is a right HK -module via

pf ˚ ϕqpgq “

ż

GL2pAf q

fpgh´1qϕphqdh. (5.7)

Here we normalize the local Haar measures dhp so that Kp has volume 1. This
makes it so that the identity element of HK is simply charpKq.

We also can consider local Hecke algebras HKp “ C8
c pKpzGL2pQpq{Kpq,

and we naturally have HK “ b1
pHKp where the restricted product is over the

identity elements ep “ charpKpq.
Such Hecke algebras are very complicated in general, but when Kp is a

maximal open compact subgroup, they are very simple to describe.

Theorem 5.1. IfKp “ GL2pZpq, then HKp “ CrSp, R
˘1
p s where Sp “ char

ˆ

Kp

ˆ

1 0
0 p

˙

Kp

˙

and Rp “ char

ˆ

Kp

ˆ

p 0
0 p

˙

Kp

˙

.

Definition 5.3. For any Kp Ď GL2pQpq open compact, we consider the ele-

ments Sp, Rp P HKp to be Sp :“ char

ˆ

Kp

ˆ

1 0
0 p

˙

Kp

˙

andRp :“ char

ˆ

Kp

ˆ

p 0
0 p

˙

Kp

˙

.
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Remark 5.2. Note that if π Ď ApGL2pAqq is an irreducible automorphic repre-
sentation with central character ω : QˆzAˆ Ñ Cˆ, then Rp acts on π simply
by ωpppq´1. In particular, Rp acts trivially on ApGL2pAqqK0pNq.

We now translate this action of the Hecke algebra classically.

Definition 5.4. Let Γ1,Γ2 Ď SL2pZq be two finite index subgroups and α P

GL2pQq`. We define the double coset operator

rΓ1αΓ2sk : MkpΓ1q Ñ MkpΓ2q. (5.8)

If we write Γ1αΓ2 “
Ů

i Γ1γi, this is defined as

f rΓ1αΓ2sk :“
ÿ

i

f rγisk. (5.9)

When Γ1 “ Γ2 “ Γ,we denote Tp : MkpΓq Ñ MkpΓq to be Tp “

„

Γ

ˆ

1 0
0 p

˙

Γ

ȷ

k

.

Remark 5.3. This definition of Tp is valid for all finite index subgroups Γ Ď

SL2pZq. However, this gives essentially trivial operators for non-congruence
subgroups: If Γ1 Ě Γ is the smallest congruence subgroup containing Γ, we
consider the projection map rΓΓ1sk : MkpΓq Ñ MkpΓ1q and let MkpΓqprim de-
note its kernel. A conjecture of Atkin, proved by Berger, says that all Tp act
trivially on MkpΓqprim.

Proposition 5.2. Let Γ “ K X SL2pQq be a congruence subgroup for some open
compact K Ď GL2pAf q with detpKq “ Ẑ. Let α P GL2pQq`. Then if f P MkpΓq

corresponds to F P ApGL2pAqq, we have that f rΓαΓsk corresponds to F ˚ ϕ P

ApGL2pAqq where

ϕ “ detpαqk{2´1charpKαKq P HK . (5.10)

Proof. We write ΓαΓ “
Ů

j Γγj . Recall that we defined

pf rγskqpzq “ detpγqk´1νkpγ, zq´1fpγ ¨ zq, (5.11)

and that we attached to f the function F : ΓzGL2pRq` Ñ C given by

F pgq “ detpgqk{2νkpg, iq´1fpg ¨ iq. (5.12)

So if we let f 1 “ f rΓαΓsk, we have

F 1pgq “ detpgqk{2νkpg, iq´1
ÿ

j

pf rγjskqpg ¨ iq

“ detpαqk´1
ÿ

j

detpgqk{2νkpg, iq´1νkpγj , g ¨ iq´1fpγjg ¨ iq.
(5.13)
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Noting that detpγjq “ detpαq, this is

F 1pgq “ detpαqk{2´1
ÿ

j

detpγjgqk{2νkpγjg, iq
´1fpγjg¨iq “ detpαqk{2´1

ÿ

j

F pγjgq.

(5.14)
Now from ΓzGL2pRq` » ZpRq`GL2pQqzGL2pAq{K, we have the automor-

phic forms F̃ , F̃ 1 : ZpRq`GL2pQqzGL2pAq Ñ C. If pgf , g8q P GL2pAq, we take
β P GL2pQq such that gfK “ βK, and then

F̃ 1pgf , g8q “ F 1pβ´1g8q “ detpαqk{2´1
ÿ

j

F pγjβ
´1g8q “ detpαqk{2´1

ÿ

j

F̃ pβγ´1
j , g8q.

(5.15)
Recall that the closure of Γ in GL2pQq is K. So taking closure of ΓαΓ “

Ů

j Γγj , we obtain that KαK “
Ů

jKγj . Hence
ğ

j

βγ´1
j K “ β

ğ

γ´1
j K “ βKα´1K “ gfKα

´1K “ gf
ğ

j

γ´1
j K “

ğ

j

gfγ
´1
j K,

(5.16)
and thus

F̃ 1pgf , g8q “ detpαqk{2´1
ÿ

j

F̃ pgfγ
´1
j , g8q “ F̃ ˚ ϕ. (5.17)

Corollary 5.3. For Γ “ Γ0pNq and any p, the action of Tp corresponds to the
action of pk{2´1Sp. In particular, the operators Tp on MkpΓ0pNqq commute for
varying p.

Proof. The first claim follows from the above as
ˆ

1 0
0 p

˙

is in K0pNqℓ for all

ℓ ‰ p. The second claim then follows as the Sp commute.

Abstractly, it is easy to see how the action of HK interacts with the Peters-
son inner product. For any ϕ P HK and F1, F2 P A0pGL2pAqq, we have

pF1, ϕ ˚ F2q “

ż

rGL2pAqs

F1pgq

ż

GL2pAq

F2pgh´1qϕphqdhdg

“

ĳ

rGL2pAqsˆGL2pAq

F1pghqF2pgqϕphq dpg, hq

“

ż

rGL2pAqs

˜

ż

GL2pAq

F1pgh´1qϕph´1q dh

¸

F2pgq dg

(5.18)

which is simply pϕ̃ ˚ F1, F2q for ϕ̃ :“ ph ÞÑ ϕph´1qq.
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Corollary 5.4. For Kp “ GL2pZpq we have S̃p “ SpR
´1
p . In particular, Tp for

p ∤ N is self-adjoint under the Petersson inner product on SkpΓ0pNqq.

Proof. The first claim follows from the above discussion as
ˆ

1 0
0 p´1

˙

and
ˆ

p´1 0
0 1

˙

are in the same double coset of GL2pZpq.

The second claim then follows since Tp corresponds to pk{2´1Sp and Rp
acts trivially on SkpΓ0pNqq.

Corollary 5.5. The space SkpΓ0pNqq has a basis of eigenfunctions for the Hecke
operators Tp with p ∤ N.

Proof. By the results above, Tp are commuting self-adjoint operators, and so
they are simultaneously diagonalizable by the spectral theorem in linear alge-
bra.

Remark 5.4. What does this correspond to in automorphic terms? Since cusp-
idal automorphic representations are unitarizable we have an orthogonal de-
composition of HK0pNq-modules

SkpΓ0pNqq “
à

πĎApGL2pAqq

π8»Dk

π
K0pNq

f b Vπ (5.19)

for some multiplicity spaces Vπ “ Hompπ,A0pGL2pAqqq. For p ∤ N, we have
that πK0pNqp

p is one dimensional and in particular HK0pNqp acts by scalars on

π
K0pNq

f . So a basis of eigenfunctions as above can be obtained simply by taking
a basis of each of the terms on the right hand side.

We can also describe the effects of Tp on the Fourier expansion.

Proposition 5.6. For Γ “ Γ0pNq, we have that

anpTpfq “

#

anppfq if p | N,

anppfq ` pk´1an{ppfq if p ∤ N.
(5.20)

In particular, a1pTpfq “ appfq.

Proof. We have that

Tpf “ 1N ppq ¨ f

„ˆ

p 0
0 1

˙ȷ

k

`

p´1
ÿ

j“0

f

„ˆ

1 j
0 p

˙ȷ

k

(5.21)
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and thus

pTpfqpzq “ pk´1
ÿ

ně0

anpfq

˜

1N ppqe2iπnpz `

p´1
ÿ

j“0

p´ke2πinpz`jq{p

¸

(5.22)

which is
ÿ

ně0

anpfq

˜

pk´11N ppqqnp `
e2πinz{p

p

p´1
ÿ

j“0

e2πinj{p

¸

. (5.23)

This implies that anpTpfq “ anppfq ` pk´11N ppqan{ppfq.

Definition 5.5. For any p ∤ N,we recursively define operators Tpn : MkpΓ0pNqq Ñ

MkpΓ0pNqq by
Tpn`1 “ TpTpn ´ pk´1Tpn´1 (5.24)

for n ě 1. By the problem set, such Tpn corresponds to pnpk{2´1qSpn where

Spn “ char

ˆ

GL2pZpq
ˆ

1 0
0 pn

˙

GL2pZpq
˙

P HGL2pZpq. (5.25)

For p | N, we denote Tpn “ Tnp . We also define Tn for n P Zě1 multiplicatively.

This is built such that a1pTnfq “ anpfq. Soon, we will define newforms and
prove that they are Hecke eigenfunctions for all Hecke operators.

5.2 Fricke involution and geometric description
References: [DS05, Sections 5.1-5.5].

We also give a description of Hecke operators in terms of the moduli prob-
lem. Recall that we have M2kpΓ0pNqq “ H0pX0pNq,Ωbkp¨ ¨ ¨ qq. From the in-
clusion Γ0pNpq Ď Γ0pNq, we have an induced map p1 : X0pNpq Ñ X0pNq. We
also have that

ˆ

1 0
0 p

˙´1

Γ0pNpq

ˆ

1 0
0 p

˙

“ Γ0pNq X Γ0ppq Ď Γ0pNq, (5.26)

which induces a map p2 : X0pNpq Ñ X0pNq. This gives us a correspondence
p2,˚p

˚
1 which we also denote Tp because of the following proposition.

X0pNpq

X0pNq X0pNq

p1 p2 (5.27)
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Proposition 5.7. Consider Γ1,Γ2 Ď SL2pQq and α P GL2pQq`, and consider
the diagram

XpΓ1 X αΓ2α
´1q Xpα´1Γ1α X Γ2q

XpΓ1q XpΓ2q.

p1

„

p2 (5.28)

Then detpαqk´1p2,˚p
˚
1 corresponds to rΓ1αΓ2sk.

Proof. If Γ1αΓ2 “
Ů

j Γ1γj , then Γ1pαΓ2α
´1q “

Ů

j Γ1pγjα
´1q, and thus we

have a commutative diagram

MkpΓ1q MkpΓ1 X αΓ2α
´1q Mkpα´1Γ1α X Γ2q

MkpΓ2q MkpαΓ2α
´1q MkpΓ2q

p˚
1

Γ1αΓ2

α

p2,˚

α´1 α

(5.29)

where a label γ denote the action of detpγq1´krγsk.

In terms of the moduli description of Y0pNq Ø tpE,Cqu{ », we have

p1pE,Cq “ pE, pCq, p2pE,Cq “ pE{NC,Cq. (5.30)

Equivalently, in terms of Y0pNq Ø tpE1 Ñ E2qu{ », we have

p1pE1 Ñ E2q “ pE1 Ñ E1
2q, p2pE1 Ñ E2q “ pE1

1 Ñ E2q (5.31)

where E1 Ñ E1
1 Ñ E2 and E1 Ñ E1

2 Ñ E2 are the unique ways of factoring
the Z{NpZ-isogeny E1 Ñ E2 such that E1 Ñ E1

1 and E1
2 Ñ E2 are of degree

p.

Proposition 5.8. Let wN : Y0pNq Ñ Y0pNq be the involution given by the dual

isogeny: wN pE1
ϕ
ÝÑ E2q “ pE2

ϕ̂
ÝÑ E1q. Then wN is given

ˆ

0 ´1
N 0

˙

, that

is, τ ÞÑ ´1{pNτq. In particular, this extends to wN : X0pNq Ñ X0pNq and
p2 “ wNp1wNp.

Proof. In terms of lattices, wN pΛ1 Ď Λ2q “ pΛ2 Ď 1
NΛ1q. Recalling that τ P

Y0pNq corresponds to pZ ‘ τZ Ď 1
NZ ‘ τZq, we have

wN pτq Ø wN pZ‘τZ Ď
1

N
Z‘τZq “ p

1

N
Z‘τZ Ď

1

N
pZ‘τZqq “ p

1

Nτ
Z‘Z Ď

1

Nτ
Z‘

1

N
Zq

(5.32)
which corresponds to ´1{pNτq.
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Definition 5.6. We denote wN : MkpΓ0pNqq Ñ MkpΓ0pNqq the Fricke involu-
tion to be the operator

wN “ ik
?
N

2´k
„ˆ

0 ´1
N 0

˙ȷ

k

, (5.33)

that is,
pwNfqpτq “ ik

?
N
k
pNτq´kfp´1{pNτqq. (5.34)

Adelically, we have wN “
ś

p|N wpνppNq where wpe is

char

ˆ

K0ppeq

ˆ

0 1
pe 0

˙

K0ppeq

˙

“ char

ˆ

K0ppeq

ˆ

0 1
pe 0

˙˙

P HK0ppeq. (5.35)

These wpe are called Atkin–Lehner involutions.

Proposition 5.9. For all p, we have T ˚
p “ wNTpwN on SkpΓ0pNqq.

Proof. In general, we have that

rΓαΓs˚
k “ rΓα1Γsk (5.36)

for α1 “ detpαqα´1. So

T ˚
p “

„

Γ0pNq

ˆ

p 0
0 1

˙

Γ0pNq

ȷ

k

(5.37)

and the claim follows from computing that
ˆ

0 ´1
N 0

˙´1 ˆ

p 0
0 1

˙ ˆ

0 ´1
N 0

˙

“

ˆ

1 0
0 p

˙

. (5.38)

5.3 Newforms
References: [DS05, Sections 5.6-5.10].

We consider the following “degeneracy maps” ι1p, ι
2
p : SkpΓ0pNqq Ñ SkpΓ0pNpqq:

ι1p is induced from the inclusion Γ0pNpq Ď Γ0pNq and ι2p is induced from
Γ0pNpq » Γ0pNq X Γ0ppq Ď Γ0pNq. We write ιp : SkpΓ0pNqq‘2 Ñ SkpΓ0pNpqq

to be ιppα, βq “ ι1ppαq ` ι2ppβq.

Definition 5.7. The space of old forms is Sold
k pΓ0pNqq “

ř

p|N ιppSkpΓ0pN{pqq‘2q.

The space of new forms is the orthogonal complement Snew
k pΓ0pNqq “ pSold

k pΓ0pNqqqK

under the Petersson inner product. A newform is an element of Snew
k pΓ0pNqq

which is an eigenfunction for the Hecke operators Tn with pn,Nq “ 1.
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Note that since ι2p “ wNpι
1
pwN “ p1´k

„ˆ

p 0
0 1

˙ȷ

k

, we have pι2pfqpzq “

fppzq.

Proposition 5.10. The subspaces Sold
k pΓ0pNqq and Snew

k pΓ0pNqq are stable under
the action of the Hecke operators Tn and under the action of the Fricke involution
wN .

Proof. Since we have ι1p “ wNpι
2
pwN , it follows that Sold

k pΓ0pNqq is stable un-
der wN . Since w˚

N “ w´1
N “ wN , so is Snew

k pΓ0pNqq. As T ˚
n “ wNTnwN , it

remains to check that Tn preserves Sold
k pΓ0pNqq: this implies that T ˚

n preserves
Sold
k pΓ0pNqq, and thus that Tn preserves Snew

k pΓ0pNqq.
Now consider ℓ | N and Tp acting on the image of ιℓ. If ℓ ‰ p, then Tp both

on SkpΓ0pNqq and on SkpΓ0pN{ℓqq are convolution by the same function, so
Tp commutes with ι1ℓ , ι

2
ℓ . For ℓ “ p, we have the commutative diagram

SkpΓ0pN{pqq‘2 SkpΓ0pN{pqq‘2

SkpΓ0pNqq SkpΓ0pNqq

ιp

¨

˝

Tp 1

´pk´11N{pppq 0

˛

‚

ιp

Tp

(5.39)

We can check this on q-expansions, since pι2pfqpzq “ fppzq: if pα, βq P SkpΓ0pN{pqq‘2,
then the image under the bottom is

pα, βq ÞÑ αpzq ` βppzq ÞÑ
ÿ

ně0

panppαq ` anpβqq qn (5.40)

and under the top is

pα, βq ÞÑ

´

Tpα ` β,´pk´11N{pppqα
¯

ÞÑ
ÿ

ně0

panppαq ` anpβqq qn (5.41)

Since pι2pfqpzq “ fppzq, in terms of q-expansions we have

pι2pfqpzq “
ÿ

ně0

anpfqqpn. (5.42)

In particular, g P
ř

p|N ι
p
2SkpΓ0pN{pqq satisfies that anpgq “ 0 whenever pn,Nq “

1.
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Lemma 5.11 (Main Lemma for Γ0pNq, Atkin–Lehner). f P SkpΓ0pNqq satisfies
anpfq “ 0 for all n with pn,Nq “ 1 if and only if f P

ř

p|N ι
2
pSkpΓ0pN{pqq.

Proof. For D | N, a set of coset representatives for Γ0pDqzΓ0pNq is
ˆ

1 0
aD 1

˙

for 0 ď a ă N{D. (5.43)

So we may consider the projection

projSkpΓ0pDqq “
1

N{D

ÿ

0ďaăN{D

„ˆ

1 0
aD 1

˙ȷ

k

(5.44)

onto ι1pSkpΓ0pDqq. Since
ˆ

0 ´1
N 0

˙ ˆ

1 0
aD 1

˙ ˆ

0 ´1
N 0

˙´1

“

ˆ

N ´aD
0 N

˙

,

we have

projwNSkpΓ0pDqq “
1

N{D

ÿ

0ďaăN{D

„ˆ

1 a{pN{Dq

0 1

˙ȷ

k

. (5.45)

We denote this by πN{D. Note that in terms of q-expansions we have

pπdfqpzq “
ÿ

ně0

anpfq

řd´1
a“0 e

2πinpz`a{dq

d
“

ÿ

d|n

anpfqqn. (5.46)

Since ι2pSkpΓ0pN{pqq “ wN ι
1
pSkpΓ0pN{pqq, we have

ÿ

p|N

ι2pSkpΓ0pN{pqq “
ÿ

p|N

impπpq “
ÿ

p|N

kerp1 ´ πpq “ ker

¨

˝

ź

p|N

p1 ´ πpq

˛

‚.

(5.47)
Here the second equality is since π2p “ πp, and the third equality is since the
πp commute (as can be seen from their action on the q-expansions).

In terms of q-expansions, we have
¨

˝

ź

p|N

p1 ´ πpq

˛

‚fpzq “
ÿ

pn,Nq“1

anpfqqn (5.48)

and the claim follows.

Corollary 5.12. If f is a newform, then a1pfq ‰ 0 and f is an eigenfunction for
all Hecke operators Tn. If a1pfq “ 1, we call it a normalized newform, and it
satisfies that Tnf “ anpfqf for all n. There is also a sign ˘ such that wNf “ ˘f.

54



Proof. Suppose f P SkpΓ0pNqq is a Hecke eigenfunction for all Tn with pn,Nq “

1, say Tnf “ λnf. Assume that a1pfq “ 0. Then we have anpfq “ a1pTnfq “

a1pλnfq “ λna1pfq “ 0, for pn,Nq “ 1. By the Main Lemma, this implies that
f is an old form. The contrapositive of this implies that if f is a newform, then
a1pfq ‰ 0.

Now let f P SkpΓ0pNqq be a normalized newform. Consider g “ Tnf ´

anpfqf. Note that this is an eigenfunction for all Tm with pm,Nq “ 1. As
a1pgq “ 0, g is an old form by the above. Since Tn preserves Snew

k pΓ0pNqq, g is
also a newform, and thus g “ 0. This implies that Tnf “ anpfqf for all n.

The last claim follows similarly: consider g “ wNf ´ a1pwNfqf. The same
argument as above shows that g “ 0 (here we are using that Tn and wN
commute if pn,Nq “ 1). Thus wNf “ Cf for some C P C, and since w2

N “ 1,
we have C2 “ 1.

Corollary 5.13. If f P SkpΓ0pNqq is a newform, we have

ÿ

ną0

anpfq

ns
“

ź

p

p1 ´ appfqp´s ` 1N ppqpk´1´2sq´1. (5.49)

Let ˘ be the sign such that wNf “ ˘f. Then

Lf psq “ p2πq´sΓpsq
ź

p

p1 ´ appfqp´s ` 1N ppqpk´1´2sq´1 (5.50)

is entire and satisfies the functional equation

Lf pk ´ sq “ ˘N s´ k
2Lf psq. (5.51)

Proof. As we have seen before, we have

Lf psq “

ż 8

0
fpitqts

dt

t
“ p2πq´sΓpsq

ÿ

ną0

anpfq

ns
(5.52)

for all Repsq ą 1 ` k
2 . Note that

˘fpitq “ pwNfqpitq “ ikNk{2pNitq´kfp´1{pNitqq “ N´k{2t´kfpi{pNtqq

(5.53)
and so we may write, taking u “ 1{pNtq,

Lf psq “

ż 1{
?
N

0
fpitqts

dt

t
˘

ż 1{
?
N

0
fpi{pNuqqN´su´sdu

u
. (5.54)

Thus

N s{2Lf psq “

ż 1{
?
N

0
ptsN s{2 ˘ tk´sNk{2´s{2qfpitq

dt

t
. (5.55)
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Since fpitq decays exponentially as t Ñ 0, this shows that Lf psq is entire.
Moreover, the functional equation is now clear.

Corollary 5.14. We have a decomposition SkpΓ0pNqq “
À

M |N

À

d|N{M ι2dS
new
k pΓ0pMqq.

5.4 Representation theoretically
IfK is an open compact and Γ is the corresponding arithmetic subgroup, recall
that

SkpΓq “
à

π“πfbDk

πKf b Vπ (5.56)

where the sum is over irreducible cuspidal automorphic representations π, and
Vπ are multiplicity spaces.

Theorem 5.15. Let π “ πf b Dk be a cuspidal irreducible automorphic repre-
sentation with trivial central character. Then there is N with πK0pNq

f ‰ 0. If N is

chosen to be as smallest as possible, then dimπ
K0pNq

f “ 1, and also dimVπ “ 1.
In particular, there is a bijection between

tπ Ď A0pGL2pAq with π8 » Dk and trivial central characteru (5.57)

and
tnormalized newforms for some Γ0pNqu. (5.58)

Proof. We saw before that such N exists, and take it to be the smallest such
N. Then π

K0pNq

f b Vπ Ď Snew
k pΓ0pNqq. Since π is irreducible, πK0pNq

f is an
irreducible HK0pNq-module. But it contains a newform, which is a subspace of

dimension 1,8 and thus dimπ
K0pNq

f “ 1. Furthermore, any element of πK0pNq

f b

Vπ has the same Hecke eigenvalues, and thus the same Fourier expansion up
to a scalar. Hence dimpπ

K0pNq

f b Vπq “ 1.

Corollary 5.16. Let π1, π2 Ď A0pGL2pAqq be two irreducible automorphic repre-
sentations with π1,8 » π2,8 » Dk and trivial central character. Suppose π1 » π2
as GL2pAf q-representations (that is, that π1,p » π2,p as GL2pQpq-representations
for all primes p). Then π1 “ π2 as subspaces of A0pGL2pAqq.

Proof. This follows at once from Vπi “ C.

More generally, we have the following harder theorems.

8Here we are using something slightly stronger than what we proved before: we are using that
a newform is an eigenfunction for the entire algebra HK0pNq, not just of the Tp. This follows from
the same argument as before, once we verify that HK0pNq preserves Sold

k pΓ0pNqq.
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Theorem 5.17 (Strong multiplicity one, Piatetski-Shapiro, Shalika). Let π1, π2 Ď

A0pGLnpAF qq be cuspidal irreducible automorphic representations for a number
field F, and let S be a finite set of places. If π1,v » π2,v for all v R S, then π1 “ π2
as subspaces of A0pGLnpAF qq.

Theorem 5.18 (Newform theory for GLn, Jacquet–Piatetski-Shapiro–Shalika).
Let p be a non-archimedean place of a number field F and πp an irreducible
smooth representation of GLnpFpq. Consider the subgroups

Kpmq “

$

’

’

’

&

’

’

’

%

A ”

¨

˚

˚

˚

˝

˚ ¨ ¨ ¨ ˚ ˚

...
. . .

...
...

˚ ¨ ¨ ¨ ˚ ˚

0 ¨ ¨ ¨ 0 1

˛

‹

‹

‹

‚

mod pm

,

/

/

/

.

/

/

/

-

Ď GLnpFpq. (5.59)

Then there exists m ě 0 such that πKpmq
p ‰ 0, and we denote mπ the smallest

such m. For such mπ, we have that πKpmπq
p is one-dimensional.

Neither theorem is true for general G. Multiplicity one fails already for SLn
for n ą 2. Newform theories have been proposed beyond GLn only for some
other classical groups.

6 Modular elliptic curves and the Eichler–Shimura
relation
Our goal for this chapter is, for a normalized newform f of weight 2 and
level Γ0pNq, to construct an abelian variety Af{Q. This realizes some cases of
global Langlands: if f correspond to an automorphic representation π, the Tate
modules of Af (to be defined later) are the Galois representations attached to
π that are predicted by global Langlands.
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"

cusp irr aut rep π Ď A0pGL2pAqq

π8 » D2, ωπ “ triv

* "

normalized newforms
f in some S2pΓ0pNqq

*

"

simple “GL2-type”
abelian varieties {Q

*

{ isogeny

"

Galois representations
ρ : GalpQ̄{Qq Ñ GL2pOλq

*

{ »

Theorem 5.15

Langlands

Shimura construction

Tate module

(6.1)
In every level of this diagram, there is a compatible way to attach an L-

function. We will mostly focus on the case that Af is an elliptic curve, in
which case we will prove the compatibility of such L-functions in the right
column.

6.1 Shimura construction
References: [DS05, Sections 6.6, 7.5-7.9].

Since X0pNq are compact Riemann surfaces, they have the structure of an
algebraic variety over C. We first need to see that in fact they have models
over Q.

Proposition 6.1. We have CpX0pNqq “ Cpjpzq, jpNzqq. The minimal polyno-
mial FN pj, Y q P CpjqrY s of jpNzq is a polynomial in j, and has coefficients in
Q, that is, FN pX,Y q P QrX,Y s. In particular, X0pNq has a model over Q with
function field Qpjpzq, jpNzqq, which we denote X0pNqQ

Proof. Since X0p1q is the moduli space of elliptic curves, we know already that
this has function field Cpjq.

First note that since jpzq “ jpγzq for γ P SL2pZq,we have that FN pjpzq, jpNγzqq “

0 for all γ. Ranging through all γ P Γ0pNqzΓ0p1q, this gives rΓ0p1q : Γ0pNqs

roots of FN pj, Y q. We claim they are all distinct. If jpNγ1zq “ jpNγ2zq, then

since j : Γ0p1qzH » C, we must have that there exists γ “

ˆ

a b
c d

˙

P Γ0p1q

with
Nγ1pzq “ γpNγ2pzqq. (6.2)

This means that
ˆ

N 0
0 1

˙

γ1 “ γ

ˆ

N 0
0 1

˙

γ2 (6.3)
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and thus γ1γ´1
2 P Γ0p1q X

ˆ

N 0
0 1

˙´1

Γ0p1q

ˆ

N 0
0 1

˙

“ Γ0pNq.

In particular, Cpjpzq, jpNzqq Ď CpX0pNqq have the same degree over Cpjpzqq,
and hence this is an equality. Hence

FN pj, Y q “
ź

γPΓ0pNqzΓ0p1q

pY ´ jpNγzqq. (6.4)

Since the symmetric polynomials in the jpNγizq are holomorphic in H,
they are polynomials in jpzq, thus FN pX,Y q P CrX,Y s. Say FN pX,Y q “
ř

cn,mX
nY m. Recalling that jpzq P ZJqKrq´1s, we can look at the q-expansion

of F pjpzq, jpNzqq to see that cn,m are determined by a linear system with co-
efficients in Z. Thus FN pX,Y q P QrX,Y s.

Remark 6.1. Note that the Fricke involution wN : X0pNq Ñ X0pNq, in terms
of function fields, corresponds to

jpzq ÞÑ jp´1{pNzqq “ jpNzq, jpNzq ÞÑ jp´N{pNzqq “ jpzq, (6.5)

and in particular also descends to X0pNqQ.

Remark 6.2. The natural maps X0pNq Ñ X0pMq for M | N also descend to
maps X0pNqQ Ñ X0pMqQ. Given the above, it’s not hard to see that the Galois
closure of Cpjpzq, jpNzqq is simply the function field of XpNq: Γ0p1q acts tran-
sitively on the roots of FN pj, Y q, and the stabilizer is

Ş

γPΓ0p1q γ
´1Γ0pNqγ “

˘I ¨ ΓpNq. This gives a model XpNqQ over Q such that XpNqQ Ñ Xp1qQ is
Galois, and thus by Galois theory, the map X0pNq Ñ X0pMq also descends to
X0pNqQ Ñ X0pMqQ.

In particular, the above remarks imply that the Hecke correspondences Tp
also descend to the models over Q.

X0pNpqQ

X0pNqQ X0pNqQ

p1 p2 (6.6)

Corollary 6.2. DenoteMkpΓ0pNq,Zq Ď MkpΓ0pNqq the subset of modular forms
with Fourier expansion in ZJqK. Then MkpΓ0pNqq “ MkpΓ0pNq,Zq b C. Denote
TZ the Z-subalgebra of EndpMkpΓ0pNqqq generated by the Hecke operators Tn.
Then TZ is a free Z-module of rank dimMkpΓ0pNqq.

Proof. Assume k is even for simplicity. Then since X0pNq has a model over Q,
the space MkpΓ0pNqq “ H0pX0pNq,Ωbk{2p¨ ¨ ¨ qq also has a model over Q. That
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is, there is a submodule MkpΓ0pNqqQ with MkpΓ0pNqq “ MkpΓ0pNqqQ bQ C,
and is such that the Hecke operators act on MkpΓ0pNqqQ.

For R P tZ,Q,Cu, we denote TR the R-subalgebra of EndpMkpΓ0pNqqq

generated by the image of the Tn. The existence of MkpΓ0pNqqQ above implies
that TC “ TQ bQ C. We also have TQ “ TZ b Q, and thus TC “ TZ b C.

For R P tZ,Q,Cu, consider the pairing x¨, ¨y : TR ˆ MkpΓ0pNq, Rq Ñ R
given by xT, fy “ a1pTfq. Then this is a left and right nondegenerate: 1) if
f is such that xT, fy “ 0 for all T, then 0 “ a1pTnfq “ anpfq for all n, so
f “ 0, 2) similarly, if T is such that xT, fy “ 0 for all f, then 0 “ a1pTTnfq “

a1pTnTfq “ anpTfq for all n, f, and so T acts trivially on MkpΓ0pNq, Rq.
This implies that dimC TC “ dimCMkpΓ0pNqq. Take B such that elements

ofMkpΓ0pNqq are determined by its firstB Fourier coefficients. ThenMkpΓ0pNq,Zq Ď

ZB is a finite free Z-module, and the above implies that TZ is also finite
free, with rankZTZ “ rankZMkpΓ0pNq,Zq. As, we have rankZMkpΓ0pNq,Zq “

dimCMkpΓ0pNqq, and it remains to see that MkpΓ0pNq,Zq b C Ñ MkpΓ0pNqq

is injective. This is because f1, . . . , fr P MkpΓ0pNq,Zq are linearly independent
if and only if the matrix paipfjqq1ďiďB

1ďjďr
P MatBˆrpZq has rank r, but this is the

same as it having rank r as a matrix over C.

Remark 6.3. In fact, one can prove that MkpΓ0pNqqQ “ MkpΓ0pNq,Qq, for
instance by using Katz’s definition of modular forms

Corollary 6.3. If f P MkpΓ0pNqq and σ P AutpC{Qq, then fσpzq :“
ř

ně0 σpanpfqqqn

also belongs to MkpΓ0pNqq.
If f is a normalized newform, then Qpfq :“ Qpanpfq : n P Zě1q is a totally

real number field, and anpfq are algebraic integers.

Proof. We have that xf, Tnfy “ anpfqxf, fy. But we also have xf, Tnfy “

xT ˚
n f, fy. Remembering that T ˚

n “ wNTnwN , we have T ˚
n f “ anpfqf as well.

Thus xT ˚
n f, fy “ anpfqxf, fy and it follows that anpfq is real. Since TZ is a free

Z-module, we also have that the eigenvalues of Tn are algebraic integers.
By the above corollary, fσ is also a normalized newform with real Fourier

coefficients for all σ P AutpC{Qq. Its stabilizer is a finite index subgroup of
AutpC{Qq, and thus Qpfq is a totally real number field.

Definition 6.1. We denote J0pNqQ to be the Jacobian of X0pNqQ.

Over C, this is the complex torus given by

J0pNqpCq “
H0pX0pNq,Ωq˚

H1pX0pNq,Zq
“

S2pΓ0pNqq˚

H1pX0pNq,Zq
. (6.7)
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As noted before, the Hecke operators Tp descend to correspondences over
X0pNqQ:

X0pNpqQ

X0pNqQ X0pNqQ

p1 p2 (6.8)

and so we may consider

Tp : Div0pX0pNqq
p˚
1

ÝÑ Div0pX0pNpqq
p2,˚
ÝÝÑ Div0pX0pNqq (6.9)

which induce an endomorphism Tp P EndQpJ0pNqQq. That is, we have an
action TZ Ñ EndQpJ0pNqQq.

Theorem 6.4. For f P S2pΓ0pMqq a normalized newform, let If Ď TZ be the
ideal attached to f, that is, If “ kerpλf : TZ Ñ Cq where λf pTnq “ anpfq. We
consider

Af :“ J0pMqQ{If ¨ J0pMqQ. (6.10)

Note that If , and hence Af , only depend on the Galois orbit of f. Then Af is a
simple abelian variety of dimension dimQQpfq with EndQpAf q b Q “ Qpfq.

Moreover, for every N we have an isogeny decomposition9

J0pNqQ Ñ
ź

f

A
mf

f (6.11)

where the product runs through Galois orbits of newforms in S2pΓ0pMqq for M |

N, and mf “ σ0pN{Mq “ #tdivisors of of N{Mu.

Proof. Let Vf Ď S2pΓ0pMqq be the subspace spanned by fσ for all σ P AutpC{Qq,
and let Λf :“ H1pX0pMq,Zq|Vf Ď V ˚

f be the image of H1pX0pMq,Zq under
S2pΓ0pMqq˚ ↠ V ˚

f .
We first note that Vf “ S2pΓ0pMqqrIf s.We clearly have Vf Ď S2pΓ0pMqqrIf s,

and so it suffices to see that both have dimension Qpfq. This is clear for Vf ,
and we have

pS2pΓ0pMqqrIf sq
˚

“ S2pΓ0pMqq˚{If “ TC{If “ pTZ{If q b C (6.12)

and so dimC S2pΓ0pMqqrIf s “ rankZpTZ{If q “ rankZpZranpfq, n P Zsq “

dimQQpfq.

9If we consider the isogeny category AbVar0 of abelian varieties with HomAbVar0pA,Bq “

HomQpA,Bq b Q, then this is a semisimple category. Note Af are simple objects in this category
since EndQpAf q b Q is a field.
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It follows that

Af pCq “ S2pΓ0pMqq˚{pIf `H1pX0pMq,Zqq “ V ˚
f {Λf . (6.13)

We will skip the discussion of why Af is an abelian variety, but let’s at least see
that Λf Ď V ˚

f is a lattice (in the case Qpfq “ Q, this is enough to conclude Af,C
is an elliptic curve over C). We clearly have by construction that Λf bR “ V ˚

f ,
and we also have

dimRpV ˚
f q “ dimRppH1pX0pMq,ZqbRq{If q “ rankZpH1pX0pMq,Zq{If q ě rankZpΛf q

(6.14)
as we have a surjection H1pX0pMq,Zq{If ↠ Λf . In particular, we have that
dimAf “ dimQQpfq.

By construction, Af has an action of TZ{If » Zranpfq, n P Zs, that is

Qpfq Ď EndQpAf q b Q. (6.15)

One can in fact prove that this is an equality10, which implies that Af is a
simple abelian variety.

Now we define the map J0pNqQ Ñ
ś

f

ś

nAf where f varies through
Galois orbits of normalized newforms for some S2pΓ0pMqq with M | N and n
then varies through n | N{M, by

J0pNqQ
ι2n
ÝÑ J0pN{nqQ

ι1
N{Mn

ÝÝÝÝÑ J0pMqQ ↠ Af . (6.16)

We can check this is an isogeny by working over C, and then this follows from
Corollary 5.14, as we have the decomposition

S2pΓ0pNqq “
à

f

à

n

ι2nVf . (6.17)

Definition 6.2. And elliptic curve E{Q is modular if there exists a normalized
newform f such that E is isogenous to Ef :“ Af .

In other words, modular elliptic curves are isogeny quotients of J0pNqQ.
Equivalently, an elliptic curve E{Q is modular iff there is a nontrivial algebraic
map X0pNqQ Ñ E for some N. This is because X0pNqQ Ñ J0pNqQ is initial
among maps from X0pNqQ to abelian varieties.

10The easiest proof uses Tate modules: EndQpAf q bQℓ ãÑ EndGalpQ̄{QqpVℓAf q, and one can prove
that this right hand side is simply Qpfq b Qℓ.
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6.2 L-functions of elliptic curves
Given a number field F and an elliptic curve E{F, we will attach an L-function
LpE{F, sq defined via an Euler product.

Elliptic curves over finite fields

References: [Sil09, Chapter V].
We let k “ Fq be a finite field.

Definition 6.3. For E{k an elliptic curve, We denote apE{kq :“ q`1´#Epkq.

Proposition 6.5. Let ϕ : E Ñ E be the q-Frobenius. Then rapE{kqs “ ϕ` ϕ̂.

Proof. First we note that ϕ ´ 1 is a separable map. This is because if ω is an
invariant differential, we have ϕ˚ω “ 0, and thus pϕ ´ 1q˚ω “ ´ω ‰ 0 This
implies that #Epkq “ degpϕ´ 1q. Now we have

r#Epkqs “ pϕ´ 1q {pϕ´ 1q “ ϕϕ̂´ ϕ´ ϕ̂` r1s “ rq ` 1s ´ pϕ` ϕ̂q (6.18)

and the claim follows.

Corollary 6.6 (Hasse’s bound). Let E{k be an elliptic curve. Then |apE{kq| ď

2
?
q.

Proof. This is a form of Cauchy–Schwartz. We have 0 ď degpϕ´ ϕ̂q, and this is

rdegpϕ´ ϕ̂qs “ pϕ´ ϕ̂qpϕ̂´ ϕq “ ´pϕ` ϕ̂q2 ` 4ϕϕ̂ “ r´apEq2 ` 4qs (6.19)

and thus apE{kq ď 2
?
q.

Definition 6.4. If X{Fq is a variety over a finite field, we define it’s zeta func-
tion to be the following power series

ζX{Fq
pT q “ exp

˜

ÿ

mě1

#XpFqmq

m
Tm

¸

. (6.20)

Corollary 6.7. For E{Fq an elliptic curve, it’s zeta function is

ζE{Fq
pT q “

p1 ´ apE{FqqT ` qT 2q

p1 ´ T qp1 ´ qT q
. (6.21)
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Proof. Let ϕ be the q-Frobenius. We have rqm ` 1 ´ #EpFqmqs “ ϕm ` ϕ̂m.
Hence if α, β P C are such that αβ “ q and α`β “ apE{Fqq, then #EpFqmq “

qm ` 1 ´ αm ´ βm. Then the claim follows from the computation that

ÿ

mě1

γm

m
Tm “ ´ logp1 ´ γT q, (6.22)

and that p1 ´ αT qp1 ´ βT q “ 1 ´ apE{FqqT ` qT 2.

Remark 6.4. If we denote P1pT q “ 1 ´ apEqT ` qT 2, then Hasse’s bound
is equivalent to P1pT q having non-positive discriminant, and in particular to
both of its roots having absolute value

?
q´1. This means that P1pq´sq only has

roots with Repsq “ 1{2. So in fact we have verified the entirety of the Weil
conjectures for E{Fq (see [Sil09, Section V.2] for more details).

Proposition 6.8. Let E,E1{k be two elliptic curves which are isogenous over k.
Then #Epkq “ #E1pkq.

Proof. Let f : E Ñ E1 be an isogeny. If ϕ is the #k-Frobenius, then we have
f ˝ ϕE “ ϕE1 ˝ f, and thus f ˝ pϕE ´ 1q “ pϕE1 ´ 1q ˝ f. Taking degrees, we
conclude #Epkq “ degpϕE ´ 1q “ degpϕE1 ´ 1q “ #E1pkq.

Theorem 6.9 (Tate’s isogeny theorem). Let E,E1{k be two elliptic curves. Then
E,E1 are isogenous if and only apEq “ apE1q.

Definition 6.5. E{k is supersingular if charpkq | apEq, it’s called ordinary oth-
erwise.

Proposition 6.10. Let E{Fq be an elliptic curve, and denote p “ charpkq. Then
{Frobp is separable if and only if E is ordinary. Furthermore, we have

EpF̄qqrpms »

#

0 if E is supersingular,
Z{pmZ if E is ordinary.

(6.23)

Proof. For the first claim, it suffices to see that {Frobq is separable if and only if
E is ordinary. We have

apE{Fqqω “ rapE{Fqqs˚ω “ Frob˚
qω ` {Frobq

˚
ω “ {Frobq

˚
ω (6.24)

and thus p | apE{Fqq if and only if {Frobq is inseparable.
We have

#EpF̄qqrpms “ #kerprpmsq “ degsprpmsq “ degsp
{Frobpq

m, (6.25)

and now the second claim follows from the first.
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We also note the following:

Proposition 6.11. If E{Fq is supersingular, and p “ charpFqq, then in fact E is
defined over Fp2 .

Proof. Since E is supersingular, {Frobp : E
ppq Ñ E is inseparable, and thus is

isomorphic to Frobp : E
ppq Ñ Epp2q. Thus E » Epp2q, and E is defined over

Fp2 .

Reduction of elliptic curves

References: [Sil09, Sections VII.1-2].
Let Fp be a local field with maximal ideal m and residue field k.

Definition 6.6. Let E{Fp be an elliptic curve. We say that E has good reduction
if there exists an elliptic curve Ẽ{OFp extending E. For such a choice of Ẽ, we
say its base change Ẽ{k is a reduction of E modulo m.

It turns out that there is a “canonical” way to choose Ẽ{OF , as we now
explain. Given a Weierstraß model of E over Fp, we can always clear denomi-
nators to get a Weierstraß model with coefficients in OFp .

Definition 6.7. Given E{Fp, a minimal Weierstraß model is a Weierstraß model
of E with coefficients in OFp such that νmp∆q is as smallest as possible among
all such choices.

Proposition 6.12. Given E{Fp and a minimal Weierstraß model E : F px, yq “ 0
with F px, yq P OFprx, ys, we denote Ẽ{k its reduction mod m to be the Weier-
straß equation Ẽ : F̃ px, yq “ 0 where F̃ P krx, ys is the reduction of F. Then Ẽ,
up to isomorphism, does not depend on the choice of minimal Weierstraß model.

Proof Sketch. We illustrate this in the case charpkq ‰ 2, 3: we have a Weier-
straß equation y2 “ x3 ` Ax ` B and the valid changes of coordinate are
x ÞÑ u´2x, y ÞÑ u´3y, which sends A ÞÑ u4A and B ÞÑ u6B. So ∆ ÞÑ u12∆.
Hence a change of coordinates between minimal Weierstraß equations is such
that u P Oˆ

Fp
.

Then Ẽ{k is obtained by reducing the coefficients modulo m, and the char-
acterization of the possible changes of coordinate above proves that such re-
duction is uniquely determined.

When E{Fp has bad reduction, the minimal Weierstraß models reduce to
a singular Weistraß equation over k. Its nonsingular points Ẽnspkq still form
a group by the chord and tangent construction, and we can fully characterize
what they look like.
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Proposition 6.13. If Ẽ{k is defined by a singular Weierstraß equation, then it
has a unique singular k-point, and we have one of three cases:

1. (Additive reduction) Ẽnspkq » pk,`q,

2. (Split multiplicative reduction) Ẽnspkq » kˆ,

3. (Nonsplit multiplicative reduction) there is a quadratic extension k1{k such
that

Ẽnspkq » ker

ˆ

pk1qˆ
Nmk1{k
ÝÝÝÝÑ kˆ

˙

.

Note that in the case of a singular equation, we have

apẼ{Fqq :“ q ` 1 ´ #ẼpFqq “

$

’

&

’

%

0 in additive reduction,
1 in split multiplicative reduction,
´1 in nonsplit multiplicative reduction.

(6.26)

Remark 6.5. A more abstract way of thinking about Ẽ is using Néron models. If
R is a Dedekind domain with fraction field K and A{K is a smooth separated
scheme, a Néron model of A is a smooth separated model A{R which satisfies
the Néron mapping property

if X{R is smooth separated, then any map XK Ñ A can be extended uniquely to X Ñ A.

A theorem of Néron says that such models exist if A are abelian varieties. In
this case, A are also smooth group schemes. Now if A “ E is an elliptic curve,
one can show that Ẽnspkq “ E0

k pkq where E0
k is the connected component of

the special fiber of Ek. Then E0
k̄

is isomorphic to Ga,k̄ resp. Gm,k̄ in additive
resp. multiplicative reduction.

L-function of elliptic curves

Let F be a number field, and for a prime p we denote kp “ Fqp the residue
field of Fp. Given E{F an elliptic curve, we denote

appE{F q :“ apẼ{kpq. (6.27)

Definition 6.8. The L-function of E{F is

LpE{F, sq :“
ź

p good

p1´appE{F qq´s
p `q1´2s

p q´1 ¨
ź

p bad

p1´appE{F qq´s
p q´1 (6.28)

This converges absolutely for Repsq ą 3
2 by Hasse’s bound.
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Remark 6.6. By the discussion above, if we write LpE{F, sq “
ś

p LpẼ{kp, sq,
then we can uniformly write

LpẼ{Fqp , sq “
ÿ

mě0

apẼ{Fqmp q

qmsp
, (6.29)

where we take the m “ 0 term to mean 1.

Remark 6.7. For F “ Q, there is always a choice of Weierstraß model over Z
which is simultaneously a minimal model over all Qp. For a general number
field, this is not always true: if ∆min :“

ś

p p
νpp∆p,minq is the supposed minimal

discriminant, this may not be a principal ideal. One can prove that E{F admits
a minimal Weierstraß equation over OF if and only if ∆min is principal.

6.3 Eichler–Shimura congruence relation
References: [DS05, Sections 8.6-8.7]. See also these notes.

We will prove that if f P S2pΓ0pNqq is a normalized newform with Qpfq “

Q, then appfq “ appEf q for all p ∤ N. In other words, we will prove that Lpf, sq
and LpEf , sq agree outside of finitely many factors.

We saw before that we have a complex uniformization

Y0pNqC “ tpE,Cq : C Ď E is a Z{NZ subgroupu{ „

“ tpE1 Ñ Eq cyclic N -isogenyu{ „ .
(6.30)

Similarly, we can give a moduli description for X0pNqQ.

Definition 6.9. For a base scheme S, an elliptic curve over S is a proper smooth
morphism p : E Ñ S with a section e : S Ñ E, whose geometric fibers are
connected curves of genus 1.

Remark 6.8. It follows that an elliptic curve E{S is automatically a commuta-
tive group scheme over S.

Definition 6.10. And isogeny f : E Ñ E1 of elliptic curves over S is a mor-
phism which is compatible with the identity sections. Equivalently, isogenies
are morphisms f : E Ñ E1 which respect the group scheme structure.

If degpfq is invertible in OS , similarly as in the case of fields we have that
E1 is determined by kerpfq, which is a finite étale subgroup scheme of E. In
such case, we say that f is cyclic if kerpfq has a generator étale locally.
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Definition 6.11. We consider the moduli problem E0pNq : SchZr1{Ns Ñ Set to
be

E0pNqpSq “ tpE Ñ E1q cyclic isogeny of degree Nu{ „

“ tpE,Cq where C Ď E is cyclic of size Nu{ „
(6.31)

where all the objects on the right hand side are over S.

Theorem 6.14. E0pNq has a coarse moduli scheme which is smooth over Zr1{N s.
We denote it by Y0pNqZr1{Ns. It also has a compactificationX0pNqZr1{Ns, which is
a projective smooth scheme. This notation is compatible with previous notations,
as, over Q, this compactification of the coarse moduli scheme is the previously
defined X0pNqQ.

We denote J0pNqZr1{Ns the Jacobian of X0pNqZr1{Ns. This is an abelian
variety over Zr1{N s as X0pNqZr1{Ns is smooth.

Theorem 6.15 (Eichler–Shimura congruence relation). For p ∤ N, the image of
Tp P EndpJ0pNqQq in EndpJ0pNqFpq is equal to Frobp ` Verp.

Proof Sketch. To analyze Tp in X0pNqFp , we need to make sense of X0pNpqFp .
We make the following ad-hoc definition: for a Zr1{N s-scheme S, we define

Y0pNpqpSq “ tpE Ñ E1, Cq where E Ñ E1 has degree p, and C Ď E is cyclic of degree Nu{ „

(6.32)
and again this has a suitable compactification X0pNpqFp . However, this is not
a smooth curve.

We consider the correspondence

X0pNpqZr1{Ns

X0pNqZr1,Ns X0pNqZr1,Ns

α β (6.33)

where αpE Ñ E1, Cq “ pE,Cq and βpE Ñ E1, Cq “ pE1, C 1q. Here C 1 is the
image of C in E1. Over Q, this is the same as the correspondence Tp, so we
need to understand the correspondence

X0pNpqFp

X0pNqFp X0pNqFp

α β (6.34)

Consider ϕ : E Ñ E1 a degree p isogeny over Fp. Then ϕϕ̂ “ rps is insepa-
rable, so either ϕ or ϕ̂ is inseparable. Since degpϕq “ degpϕ̂q “ p, this implies
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that either ϕ or ϕ̂ is isomorphic to Frobp. In other words, ϕ is, up to isomor-
phism, either Frobp or Verp. This means that we have two loci X0pNpq

ϕ»Frobp
Fp

and X0pNpq
ϕ»Verp
Fp

of X0pNpqFp . These loci intersect exactly at the points

pE
Frobp
ÝÝÝÑ Eppq, Cq for which {Frobp is inseparable, which we saw is precisely

the locus where E is supersingular.
Now both lociX0pNpq

ϕ»Frobp
Fp

andX0pNpq
ϕ»Verp
Fp

are isomorphic toX0pNqFp ,

and thus X0pNpqFp is the union of two copies of X0pNqFp glued along the
(finitely many) supersingular points. Moreover, the supersingular points are
glued along the Frobenius map, which defines the following involution on the
supersingular locus X0pNqssFp

:

pE
Frobp
ÝÝÝÑ Eppq, Cq ÞÑ pEppq Frobp

ÝÝÝÑ Epp2q, Cppqq » pEppq Verp
ÝÝÝÑ E,Cppqq. (6.35)

We write this as the following diagram

X0pNqssFp

Frobp
ÝÝÝÑ

„
X0pNqssFp

X0pNqFp X0pNqFp

X0pNpqFp

X0pNqFp X0pNqFp

r

id

s

id

α β

(6.36)

Here rpE,Cq “ pE
Frobp
ÝÝÝÑ Eppq, Cppqq and spE,Cq “ pEppq Verp

ÝÝÝÑ E,Cq. So away
from X0pNqssFp

, we have that

Tp ”

X0pNqFp

X0pNqFp X0pNqFp

id β˝r `

X0pNqFp

X0pNqFp X0pNqFp

α˝s id

(6.37)
But β ˝ r “ α ˝ s “ Frobp, and thus Tp ” Frobp ` Frob⊺p in X0pNqFpzX0pNqssFp

.

This implies that the two endomorphisms Tp and Frobp`Verp P EndpJ0pNqFpq

agree in a Zariski dense subset, and hence must be the same.

Corollary 6.16. If f P S2pΓ0pNqq is a normalized newform with Qpfq “ Q,
then appfq “ appEf q for all p ∤ N.
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Proof. By definition, Ef is a quotient of J0pNqQ under which Tp acts as rappfqs.
By the Eichler–Shimura relation, we thus have that

rappfqs “ Tp “ Frobp ` Verp P EndpEf,Fpq. (6.38)

But we have seen before that Frobp ` Verp “ rappEqs in EndpEf,Fpq, and thus
the claim follows.

7 Galois representations of elliptic curves

7.1 Elliptic curves over complete DVRs
References: [Sil09, Sections IV.1-IV.3, VII.2-VII.3].

Let R be a complete DVR with maximal ideal m and residue field k, let K
be its fraction field. We consider E{K and a minimal Weierstraß model Ẽ{R.

We note that we have a reduction map

Ăp¨q : EpKq Ñ Ẽpkq (7.1)

sending rx : y : zs to rλx : λy : λzs for any choice of λ P K with λx, λy, λz P R
and with at least one of them not in m. As an application of Hensel’s lemma,
we have

Proposition 7.1. Let E0pKq be the preimage of Ẽnspkq under the reduction map.
Then E0pKq Ñ Ẽnspkq is a surjective homomorphism.

It turns out that the quotient EpKq{E0pKq is finite:

Theorem 7.2 (Kodaira, Néron). If E has split multiplicative reduction, then
EpKq{E0pKq is a cyclic group of order νp∆q “ ´νpjq. In all other cases, EpKq{E0pKq

is a group of order at most 4.

Denote E1pKq the kernel of the reduction map. It corresponds to points
rx : y : zs with νpxq, νpzq ą νpyq.

Remark 7.1. In terms of Néron models, recall that we have Ẽnspkq “ E0
k pkq.

The surjective map EpKq “ EpRq Ñ Ekpkq identifies

EpKq{E0pKq » Φpkq, E0pKq{E1pKq » E0
k pkq (7.2)

where Φ “ Ek{E0
l is the group of components of E , which is a finite étale group

scheme.
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To analyze the group E1pKq, it is convenient to make a change of coordi-
nates so that the identity is at p0, 0q. Let z “ ´x{y and w “ ´z{y. Then we are
looking at

w “ z3 ` a1zw ` a2z
2w ` a3w

2 ` a4zw
2 ` a6w

3 “ fpz, wq. (7.3)

and points of E1pKq correspond to solutions with z, w P m. Note that if
we are given z, then w is fully determined: we can write w “ fpz, wq “

fpz, fpz, wqq “ fpz, fpz, fpz, wqqq “ ¨ ¨ ¨ and this converges to a power series
wpzq P Zra1, a2, a3, a4, a6sJzK. So the group structure of E1pKq is captured by
a single function z3 “ F pz1, z2q where pz3, wpz3qq “ pz1, wpz1qq ` pz2, wpz2qq.
An explicit computation shows

Proposition 7.3. We have F pX,Y q P Zra1, a2, a3, a4, a6sJX,Y K and F pX,Y q “

X ` Y ` phigher order termsq.

Definition 7.1. A (1-dimensional commutative) formal group over R11 is a
power series F pX,Y q P RJX,Y K such that F pX,Y q “ X`Y`phigher order termsq,
F pX,F pY,Zqq “ F pF pX,Y q, Zq and F pX,Y q “ F pY,Xq. For a formal group
F, we denote F pmq the set m with group structure given by x`F y “ F px, yq. A
homomorphism of formal groups f : F Ñ G is f P RJT K such that fpF pX,Y qq “

GpfpXq, fpY qq.

Remark 7.2. It is automatic from this definition that F pX, 0q “ X, F p0, Y q “ Y
and that there exists ipT q P RJT K with F pT, ipT qq “ F pipT q, T q “ 0.

Definition 7.2. For a 1-dimensional formal group F, its associated group F pmq,
is the set m equipped with the group operation x`F y :“ F px, yq.

Example 7.1. 1. For E{K an elliptic curve, the construction above gives a
formal group Ê such that E1pKq “ Êpmq.

2. xGapx, yq “ x` y.

3. yGmpx, yq “ x` y ` xy “ p1 ` xqp1 ` yq ´ 1.

4. For any formal group F, we have the multiplication by m homomorphism
rms : F Ñ F given by

rmspT q :“

#

F pT, F pT, ¨ ¨ ¨ qq if m ą 0,

ipr´mspT qq if m ă 0,
(7.4)

where F appears m times in the first line. Note that we have

rmspT q “ mT ` phigher order termsq. (7.5)
11This definition works for any ring R.
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Lemma 7.4. Let fpT q “ aT`phigher order termsq be a homomorphism f : F Ñ

G of formal groups. Assume a ‰ 0. Then f is an isomorphism if and only if
a P Rˆ.

Proof. If gpT q “ bT ` phigher order termsq is a homomorphism g : G Ñ F, it is
clear that fgpT q “ abT ` phigher order termsq, so having a P Rˆ is necessary.

The inverse g of f can be constructed by induction: we first construct
g P TRJT K such that fpgpT qq “ T. Let g1pT q “ a´1T, and inductively define
gn`1pT q “ gnpT q ` λTn`1 to satisfy fpgipT qq ” T mod T i`1. We are looking
at

fpgn`1pT qq “ fpgnpT q ` λTn`1q ” fpgnpT qq ` aλTn`1 mod Tn`2 (7.6)

and thus we can choose λ to complete the induction. This constructs a right
inverse of f.

Similarly, we can construct a left inverse h P TRJT K with hpfpT qq “ T, and
then we must have hpT q “ hpfpgpT qqq “ gpT q.

To check g : G Ñ F is a homomorphism, we need to check

gpF px, yqq “ Gpgpxq, gpyqq. (7.7)

Equivalently, we may change x ÞÑ fpxq and y ÞÑ fpyq and apply f to both
sides of the equation, so that it reduces to F pfpxq, fpyqq “ fpGpx, yqq, which
is given.

Corollary 7.5. Let m be an integer with charpkq ∤ m. Then if F is a formal group
as above, we have F pmqrms “ 0. In particular, if E{K is an elliptic curve, then
E0pKqrms » Ẽnspkqrms.

Proof. The first claim is immediate from the proposition since rms : F Ñ F is
an isomorphism.

The second claim follows from the Snake lemma on the diagram

0 Êpmq E0pKq Ẽnspkq 0

0 Êpmq E0pKq Ẽnspkq 0

rms„ rms rms (7.8)
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7.2 Tate modules of elliptic curves
References: [Sil09, Sections III.7, VII.4, VII.7].

Let k be a perfect field.

Definition 7.3. Consider E{k an elliptic curve. For a rational prime ℓ, we
consider the ℓ-adic Tate module of E to be

TℓE :“ lim
ÐÝ
n

Erℓns (7.9)

where the transition maps are rℓs : Erℓn`1s Ñ Erℓns.

Note that since each Erℓns carries an action of Galpk̄{kq, TℓE also carry
such an action. Since the transition maps are surjective, TℓE is also a continu-
ous Zℓ-module.

Proposition 7.6. As a Zℓ-module, we have that

TℓE »

$

’

&

’

%

Z2
ℓ if ℓ ‰ charpkq,

Zℓ if ℓ “ charpkq and E is ordinary,
0 if ℓ “ charpkq and E is supersingular.

(7.10)

Proof. This follows from what we have seen before that

Erℓns »

$

’

&

’

%

pZ{ℓnZq2 if ℓ ‰ charpkq,

pZ{ℓnZq if ℓ “ charpkq and E is ordinary,
0 if ℓ “ charpkq and E is supersingular,

(7.11)

and that the transition maps Erℓn`1s
rℓs
ÝÑ Erℓns are surjective.

Definition 7.4. We define VℓE :“ TℓE bZℓ
Qℓ the ℓ-adic Galois representation

attached to E, and we denote ρE,ℓ : Galpk̄{kq Ñ GLpVℓEq.

Proposition 7.7. Let E1, E2 be elliptic curves over k and ℓ ‰ charpkq. Then

HompE1, E2q bZ Zℓ Ñ HomZℓrGalpk̄{kqspTℓE1, TℓE2q (7.12)

is injective.

Proof. For any ϕ P HompE1, E2q bZ Zℓ, we can choose a finitely generated
submodule M Ď HompE1, E2q such that ϕ P M bZ Zℓ. We claim its saturation
Mdiv is still finitely generated. Consider the finite dimensional R-vector space
M b R. The degree map deg : M Ñ Z extends to a continuous map deg : M b
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R Ñ R. Then Mdiv Ď MbR is a discrete submodule, since degpMdivzt0uq ě 1.
Hence Mdiv is finitely generated, and thus free.

Let ϕ1, . . . , ϕm be a basis of Mdiv, and we write ϕ “
ř

i ϕi b ai. Then ϕ
is in the kernel of the above map iff for every n we have that

ř

i ϕi b pai
mod ℓnq|E1rℓns “ 0. Since ℓ ‰ charpkq, this is the same as having ϕ “ λ ˝ rℓns

for some λ P M bZ Zℓ, as Mdiv is saturated. This means that ai mod ℓn “ 0
for all i, n, and thus that ϕ “ 0.

Note that, a posteriori, this result implies that HompE1, E2q is finitely gen-
erated, and hence that it is a free Z-module, so in fact we could have taken
M “ HompE1, E2q. But we don’t know a priori that this is free!

Remark 7.3. The above map is an isomorphism in the following two cases:

1. (Tate) when k is a finite field.

2. (Faltings) when k is a number field.

Proposition 7.8. Let F be a number field and E{F be an elliptic curve with good
reduction at p, and p ∤ ℓ. Denote Ẽ{kp the reduction of E. Then the GalpF̄ {F q-
action on TℓE is unramified at p, and the reduction map TℓE Ñ TℓẼ is an
isomorphism of ZℓrGalpk̄p{kpqs-modules.

Proof. Let p ∤ m. Let F 1{F be a finite extension and p1 a prime above p. We
consider EpF 1q Ď EpF 1

p1q ↠ Ẽpkp1q. Then EpF 1qrms Ď EpF 1
p1qrms “ Ẽpkp1qrms

as Êpmp1qrms “ 0. In other words, the reduction map EpF 1qrms Ñ Ẽpkp1qrms

is injective. This implies that EpF 1qrms is unramified at p, since the inertia (by
definition) is the subgroup that acts trivially on kp1 .

Hence Erms is unramified at p, and Erms Ñ Ẽrms is injective. Since both
groups are isomorphic to pZ{mZq2, this is an isomorphism.

Corollary 7.9. In the situation of the proposition above, the characteristic poly-
nomial of a Frobenius element Frobp P GalpF̄ {F q on TℓE is T 2 ´ appEqT ` qp.

Proof. Since rappEqs “ Frobp ` {Frobp, we have Frob2p ` rqps “ rappEqsFrobp
in EndpẼq, note that Frobp P EndpẼq induce the same action as Frobp P

GalpF̄ {F q in EndpTℓẼq “ EndpTℓEq.
If this was not the characteristic polynomial, then Frobp would act as a

scalar in TℓE, say α P Zℓ. Then if αn P Z is with αn ” α mod ℓn and |αn| ď

ℓn{2, we would have pFrobp ´ rαnsq|Erℓns “ 0, and so

0 ` ℓ2n ď degpFrobp ` rαnsq ` degpFrobp ´ rαnsq “ 2pqp ` α2
nq ď 2qp ` ℓ2n{2,

(7.13)
which is a contradiction for n sufficiently large.
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In fact, the above proposition is an if and only if.

Theorem 7.10 (Néron–Ogg–Shafarevich). Let F be a number field, E{F be an
elliptic curve and p a prime of F. Then the following are equivalent.

1. E has good reduction at p.

2. For every p ∤ ℓ, the Tate module TℓE is unramified at p.

3. For a single p ∤ ℓ, the Tate module TℓE is unramified at p.

Proof. (1) ùñ (2) follows from the above, and (2) ùñ (3) is obvious.
We consider the general case of an elliptic curve E and a prime p. We

consider the reduction Ẽ{kp (which may be singular). Note that the inclusion
Erℓns Ď EpF̄pqrℓns is an equality12, as both are isomorphic to pZ{ℓnZq2. Thus

pTℓEqIp “ lim
ÐÝ
n

EpF unrp qrℓns. (7.14)

The group EpF unrp q{E0pF unrp q is finite since OFunr
p

is a DVR, and we also have
E0pF unrp qrℓns “ Ẽnsrℓns by the same proof as in the above proposition. We
conclude that we have an injection

TℓẼ
ns ãÑ pTℓEqIp (7.15)

with finite cokernel (bounded by the Tamagawa number #EpF unrp q{E0pF unrp q).
In particular,

pVℓEqIp » VℓẼ
ns. (7.16)

By our previous analysis of Ẽns in the case of bad reduction, we have

TℓẼ
ns »

$

’

&

’

%

Z2
ℓ good reduction,

Zℓ multiplicative reduction,
0 additive reduction,

(7.17)

and thus VℓE is necessarily ramified at p if E has bad reduction at p.

7.3 Artin L-functions
The discussion that follows can be done for Galois representations for GalpF̄ {F q

for a general number field F, but we stick with F “ Q for simplicity.

12Here we are implicitly choosing an embedding F̄ ãÑ F̄p, that is, a compatible choice of places
above p for all number fields above F.
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Definition 7.5. A compatible system of Galois representations pρℓ, Vℓqℓ is a col-
lection of continuous representations ρℓ : GalpQ̄{Qq Ñ GLpVℓq where Vℓ are
finite dimensional Qℓ-vector spaces, satisfying the following: for every prime
p, the characteristic polynomials

char
´

ρℓpFrobpq | V
Ip
ℓ

¯

P Qℓrxs, for ℓ ‰ p (7.18)

have coefficients in Q and are independent of ℓ ‰ p.

Definition 7.6. Given a compatible system ρ “ pρℓ, Vℓqℓ of Galois representa-
tions, we define its Artin L-function Lpρ, sq “

ś

p Lppρ, sq where

Lppρ, sq “ det
´

1 ´ p´sρℓpFrob
´1
p q | V

Ip
ℓ

¯´1
. (7.19)

Example 7.2. 1. The trivial compatible system ρ “ pρℓ,Qℓq has L-function
Lpρ, sq “ p1 ´ p´sq´1 “ ζpsq.

2. We denote the Tate twist Qp1q “ tQℓp1quℓ where Qℓp1q :“ VℓGm. This
is unramified at all p ‰ ℓ, and Frobp acts as p. Thus for any compatible
system ρ “ pρℓ, Vℓqℓ, we have

LpρbQp1q, sq “ detp1´p´sρℓpFrob
´1
p qp´1 | V

Ip
ℓ q´1 “ Lpρ, s`1q. (7.20)

It is also common to denote ρpkq :“ ρb Qp1qbk for k P Z.

Proposition 7.11. If E{Q is an elliptic curve and ρ “ pVℓEqℓ is the compatible
system of its Tate modules, then LpE, sq “ Lpρ, s´ 1q.

Proof. If p is a prime of good reduction for E and ℓ ‰ p, we have that the
characteristic polynomial of Frobp in VℓE is T 2 ´appEqT ` p. In particular, the
characteristic polynomial of p´sFrob´1

p is

T 2 ´ appEqp´s´1T ` p´2s´1, (7.21)

and hence

Lppρ, s´ 1q “ p1 ´ appEqp´s ` p1´2sq´1 “ LppE, sq. (7.22)

For primes p of bad reduction, we have seen before that pVℓEqIp “ VℓẼ
ns,

and then the claim follows from the previous classification of Ẽns: i) if E has
additive reduction, LppE, sq “ 1 since VℓẼns “ 0, ii) if E has split multiplica-
tive reduction, then VℓẼns “ VℓGm » Qℓ, where Frobp acts by multiplication
by p, and thus

Lppρ, s´ 1q “ p1 ´ p´ps´1qp´1q´1 “ p1 ´ p´sq´1 “ LppE, sq, (7.23)

iii) similarly, in the case of nonsplit multiplicative reduction we have that Frobp
acts by ´p, and thus Lppρ, s´ 1q “ p1 ` p´sq´1 “ LppE, sq.
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7.4 Weil pairing and étale cohomology
Let k be a perfect field, and ℓ ‰ charpkq. We consider E{k an elliptic curve.

Theorem 7.12. There exists a perfect, alternating, Galois equivariant pairing,
called the Weil pairing

e : TℓE ˆ TℓE Ñ Zℓp1q. (7.24)

Furthermore, if φ : E1 Ñ E2 is an isogeny, then epφpP q, Qq “ epP, φ̂pQqq. Equiv-
alently, we have an isomorphism of Galois representations

detTℓE :“
2

ľ

TℓE » Zℓp1q, (7.25)

and this is such that an isogeny φ : E1 Ñ E2 induces the map Zℓp1q » detTℓE1 Ñ

detTℓE2 » Zℓp1q given by multiplication by degpφq13.

For an elementary proof, see [Sil09, Section III.8]. Instead, we will discuss
this in terms of étale cohomology.

Proposition 7.13. LetA{k be an abelian variety. We have pTℓAq˚ :“ HompTℓA,Zℓq »

H1
étpAk̄,Zℓq as ZℓrGalpk̄{kqs-modules.

Proof Sketch. We have that H1
étpAk̄,Zℓq “ Hompπét

1 pAk̄q,Zℓq,14 so it remains to
show that πét

1 pAk̄q b Zℓ “ TℓA.
By definition, we have

πét
1 pAk̄q “ lim

ÐÝ
φ : A1ÑAk̄
finite étale

AutpA1 Ñ Ak̄q. (7.26)

It turns out that every such A1 is also an abelian variety: for the case of elliptic
curves, Riemann–Hurwitz implies that 2´ 2gpA1q “ degpφq ¨ p2´ 2gpAk̄qq, and
thus A1 is also a genus 1 curve. Since all such φ are separable, if follows that
they are a factor of rdegpφqs:

rdegpφqs : Ak̄ Ñ A1 f
ÝÑ Ak̄. (7.27)

Thus we may write

πét
1 pAk̄q “ lim

ÐÝ
N

AutpAk̄
rNs
ÝÝÑ Ak̄q, (7.28)

13Note that this is equivalent to epφpP 1q, φpQ1qq “ degpφq ¨ epP 1, Q1q. This is implied by
epφpP q, Qq “ epP, φ̂pQqq by taking pP,Qq “ pP 1, φpQ1qq, and implies it by taking pP 1, Q1q “

pP, φ̂pQqq and cancelling degpφq.
14This can be thought as an étale version of the Hurewicz map π1pXqab » H1pXq.
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and ArN s » AutpAk̄
rNs
ÝÝÑ Ak̄q via P ÞÑ τP the translation isomorphisms. Thus

πét
1 pAk̄q »

ź

ℓ

TℓA (7.29)

and the claim follows.

Proof of Theorem 7.12. Under the above identification, we have a cup product
pairing

pTℓEq˚ˆpTℓEq˚ “ H1
étpEk̄,ZℓqˆH1

étpEk̄,Zℓq
Y
ÝÑ H2

étpEk̄,Zℓq » Zℓp´1q (7.30)

where the last isomorphism is due to Poincaré duality. By properties of cup
product, this is perfect, alternating and Galois equivariant.

This identifies detppTℓEq˚q » Zℓp´1q, and taking duals this is the same as
an identification detpTℓEq » Zℓp1q. For the last claim, if φ : E1 Ñ E2 is an
isogeny then we have the following commutative diagram by the functoriality
of cup product and Poincaré duality.

H1
étpE1,k̄,Zℓq ˆH1

étpE1,k̄,Zℓq H2
étpE1,k̄,Zℓq Zℓp´1q

H1
étpE2,k̄,Zℓq ˆH1

étpE2,k̄,Zℓq H2
étpE2,k̄,Zℓq Zℓp´1q

Y „

φ˚ˆφ˚

Y

φ˚

„

degpφq (7.31)

Remark 7.4. The usually defined Weil pairing (as in [Sil09, Section III.8]),
agrees with the above identification detpTℓEq » Zℓ up to a sign.

Remark 7.5. Note that if E{Fp and φ : E Ñ Eppq “ E is the Frobenius isogeny,
then φ˚ P EndpH i

étpEk̄,Zℓqq agrees with the geometric Frobenius Frob´1
p P

GalpF̄p{Fpq.

7.5 Galois representations via étale cohomology
If C{k is a curve over a field perfect field k and ℓ ‰ charpkq, we also have

H1
étpCk̄,Zℓq “ H1

étpJacpCqk̄,Zℓq. (7.32)

In particular, we have the following decomposition as GalpQ̄{Qq-modules from
Theorem 6.4

H1
étpX0pNqQ̄,Qℓp1qq “ H1

étpJ0pNqQ̄,Qℓp1qq “
ź

f

pVℓAf q˚p1q‘mf “
ź

f

pVℓAf q‘mf

(7.33)
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where the last equality pVℓAq˚p1q » VℓA is due to the Weil pairing15.
As TZ acts on X0pNq by correspondences, this cohomology group also car-

ries an action of TZ
16. For example, by Hodge theory we have

H1
BettipX0pNq,Cq “ H0pX0pNq,Ωq ‘H0pX0pNq,Ωq “ S2pΓ0pNqq ‘ S2pΓ0pNqq

(7.34)
as TZ-modules, and thus by the discussion in Section 5.4

H1
BettipX0pNq,Cq “

à

πĎA0pGL2pAqq

π8»D2

π
K0pNq

f b C2. (7.35)

Recall that dimπ
K0pNq

f “ σ0pN{Mq if M is the conductor of πf . That is, if

f Ø π as in Theorem 5.15, then mf “ dimπ
K0pNq

f .
Since the action of TZ is by geometric correspondences, the Betti-étale com-

parison isomorphisms are TZ equivariant. So fixing an isomorphism of fields
ιℓ : C » Q̄ℓ, we have

H1
étpX0pNqQ̄, Q̄ℓq “

à

πĎA0pGL2pAqq

π8»D2

ιℓpπ
K0pNq

f q b ρπ,ℓ (7.36)

as HK0pNq ˆ Q̄ℓrGalpQ̄{Qqs-modules, where ρπ,ℓp1q “ VℓAf for f Ø π. In fact,
all this discussion generalizes to the congruence subgroups Γ1pNq as well, and
thus in fact

lim
ÝÑ

KĎGL2pAf q
open compact

H1
étpXpK X GL2pQqqQ̄, Q̄ℓq “

à

πĎA0pGL2pAqq

π8»D2

ιℓpπf q b ρπ,ℓ (7.37)

as GL2pAf q ˆ Q̄ℓrGalpQ̄{Qqs-modules.

Remark 7.6. This is an example of the so-called Kottwitz conjecture. More
generally, the cohomology of Shimura varieties are expected to realize certain
cases of the global Langlands correspondence. More precisely, for certain con-
nected reductive groupsG over Q,we can attach Shimura varieties, a collection
tShGpKqu KĎGpAf q

neat open compact
of quasi-projective algebraic varieties over a certain

15In general, for an abelian variety A, the Weil pairing is a perfect alternating pairing TℓA ˆ

TℓA
_ Ñ Zℓp1q, but since A and A_ are isogenous, we have VℓA » VℓA

_. In fact we have a
canonical such identification when A is a factor of a Jacobian of a curve, as above.

16In fact, the right hand side is a decomposition into TpNq

Z -isotypic components, where TpNq

Z “

impZrTn : pn,Nq “ 1s Ñ EndpS2pΓ0pNqqq is the Hecke algebra away from N.
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number field E. These admit Hecke actions by finite étale correspondences

TKgK :

ShGpK X gKg´1q ShGpg´1Kg XKq

ShGpKq ShGpKq,

»

(7.38)

and thus
H i

étpShG, Q̄ℓq :“ lim
ÝÑ
K

H i
étpShGpKqĒ , Q̄ℓq (7.39)

is a GpAf q ˆ Q̄ℓrGalpĒ{Eqs-module. For π Ď ApGpAqq an irreducible auto-
morphic representation appearing in this cohomology, the Kottwitz conjecture
gives a conjectural expression of

Vπ :“
ÿ

i

p´1qipH i
étpShG, Q̄ℓqrπsq (7.40)

as virtual GalpĒ{Eq-representations in terms of the Langlands parameter of π.
See for example Section 3.2.2 of these notes for a discussion on this. In the
simplest cases, we expect

Vπpd{2q
?
“ apπf q ¨ rrµ ˝ σπs (7.41)

as virtual GalpĒ{Eq-representations, where

• d “ dimShGpKq,

• apπf q is a certain integer,

• σπ : GalpQ̄{Qq Ñ LGpQ̄ℓq is the Langlands parameter of π,

• rµ :
LGpQ̄ℓq Ñ GLpVµq is a certain finite dimensional representation de-

termined by the Shimura datum.

In general, this formula is more complicated in cases that the group G has
nontrivial endoscopy.

8 Elliptic curves over global fields

8.1 Roadmap for the Mordell–Weil theorem
References: [Sil09, Section VIII.3], although our presentation is slightly differ-
ent since we will use canonical heights (as in [Sil09, Section VIII.9]).

80

https://arxiv.org/abs/2310.16184


Theorem 8.1 (Mordell–Weil). Let E{F be an elliptic curve over a number field
F. Then EpF q is a finitely generated abelian group.

The proof of this relies on two ingredients, which will be the focus of the
later sections in this chapter.

Theorem 8.2 (Weak Mordell–Weil). Let E{F be an elliptic curve over a number
field F, and let m be an integer. Then EpF q{mEpF q is a finite group.

Theorem 8.3 (Néron–Tate). There exists a height function ĥNT : EpF̄ q Ñ Rě0

satisfying the following properties

1. The pairing x¨, ¨yNT : EpF̄ q ˆ EpF̄ q Ñ R given by

xP,QyNT “
1

2
pĥNTpP `Qq ´ ĥNTpP q ´ ĥNTpQqq (8.1)

is bilinear, and also satisfies that ĥNT pP q “ xP, P yNT .

2. For any B ą 0, the set tP P EpF q : ĥNTpP q ă Bu is finite.

Remark 8.1. Part (1) roughly means that we can think of ĥNT as a quadratic
function. In fact, it is easy to see that it implies that ĥNT pmP q “ m2ĥNT pP q

for all m P Z, and that we have the parallelogram relation

ĥNT pP `Qq ` ĥNT pP ´Qq

2
“ ĥNT pP q ` ĥNT pQq. (8.2)

Proof of Mordell–Weil. Let m ě 2 be an integer, and P1, . . . , Pn P EpF q be a
set of representatives for EpF q{mEpF q. We let B0 “ maxipĥNTpPiqq. From the
parallelogram relation and the positivity of ĥNT , we note that we have

ĥNTpP ´Qq ď ĥNTpP ´Qq ` ĥNTpP `Qq “ 2ĥNTpP q ` 2ĥNTpQq. (8.3)

LetQ0 P EpF q, and we recursively writeQj “ mQj`1`Pipjq for ip0q, ip1q, . . . P

t1, . . . , nu. We have

ĥNTpQj`1q “
ĥNTpQj ´ Pipjqq

m2
ď

2

m2
pĥNTpQjq`ĥNTpPipjqqq ď

2

m2
pĥNTpQjq`B0q.

(8.4)
Repeating this, we have

ĥNTpQnq ă

ˆ

2

m2

˙n

ĥNTpQ0q `

ˆ

2

m2
`

4

m4
`

8

m6
` ¨ ¨ ¨

˙

B0 (8.5)

and thus
ĥNTpQnq ă

1

2n
ĥNTpQq `B0. (8.6)
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Now for any ε ą 0, this implies that there is n with ĥNT pQnq ă B ` ε. This
proves that EpKq is generated by the finite sets tP P EpF q : ĥNTpP q ă B ` εu.
In fact, this implies that it is generated by the finite set tP P EpF q : ĥNT pP q ď

B0u.

8.2 Group cohomology and Galois cohomology

Group cohomology

Let G be an abstract group. We consider the category ModG of ZrGs-modules.
We note that this is an abelian category with enough injectives17 and projec-
tives.

Definition 8.1. The invariants functor p´qG : ModG Ñ Ab is left exact and
defines derived functors H˚pG,´q : ModG Ñ Ab, the group cohomology of G.

Remark 8.2. We note that this is also functorial in the first variable: if f : H Ñ

G, then we have pullback maps f˚ : H˚pG,Mq Ñ H˚pH,Mq. This will soon
become clear in terms of cochains, but abstractly this comes from the natural
transformation

ModG Ab

ModH

p´qG

f˚ p´qH

(8.7)

since the functor f˚ : ModG Ñ ModH is exact.

Remark 8.3. Since MG “ HomModGpZ,Mq, we also have that H˚pG,Mq “

Ext˚
ModG

pZ,Mq.

Using the interpretation of Ext as a left derived functor on the first vari-
able, we can compute H˚pG,Mq as follows. We consider the following free
resolution of Z in ModG.

¨ ¨ ¨ Ñ P2
d2
ÝÑ P1

d1
ÝÑ P0

d0
ÝÑ Z Ñ 0 (8.8)

where Pi “ ZrGi`1s with diagonal G-action, and where

dipg0, . . . , giq “

i
ÿ

j“0

p´1qjpg0, . . . , ĝj , . . . , giq. (8.9)

17As far as I understand, this requires the axiom of choice if G is infinite.
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Then H˚pG,Mq is the cohomology of the complex

0 Ñ HompP0,Mq
d0
ÝÑ HompP1,Mq

d1
ÝÑ ¨ ¨ ¨ (8.10)

This gives the presentation of H˚pG,Mq by homogeneous cochains. Rather, it
is often easier to work with inhomogeneous cochains CipG,Mq “ MapspGi,Mq

by making the identification

HompPi,Mq » CipG,Mq, f ÞÑ ppg1, . . . , giq ÞÑ fp1, g1, g1g2, . . . , g1 ¨ ¨ ¨ giqq .
(8.11)

In this way the differentials di : CipG,Mq Ñ Ci`1pG,Mq are given by

pdicqpg1, . . . , gi`1q “ g1¨cpg2, . . . , gi`1q`

i
ÿ

j“1

p´1qjcpg1, . . . , gjgj`1, . . . , gi`1q`p´1qi`1cpg1, . . . , giq.

(8.12)

Example 8.1. We of course have H0pG,Mq “ MG, and the above give us the
description

H1pG,Mq “
Z1pG,Mq

B1pG,Mq
(8.13)

where

Z1pG,Mq “ tc : G Ñ M s.t. cpg1g2q “ cpg1q ` g1 ¨ cpg2qu (8.14)

and
B1pG,Mq “ tpg ÞÑ gm´mq : m P Mu. (8.15)

Example 8.2. If M is a trivial G-module, then B1pG,Mq “ 0, and

H1pG,Mq “ Z1pB,Mq “ HompG,Mq. (8.16)

Remark 8.4. If we have an exact sequence 0 Ñ M1 Ñ M2 Ñ M3 Ñ 0, then the
boundary map H0pG,M3q Ñ H1pG,M1q in terms of inhomogeneous cochains
is given as follows: if m P MG

3 and m̃ P M2 is a lift, then we consider the
cochain c P C1pG,M1q to be cpgq “ gm̃´m̃. It is easy to see that c P Z1pG,M1q

and that its image in H1pG,M1q does not depend on the choice of m̃.

Galois cohomology

If G and M have a topology, it is not as easy to define group cohomology. The
category TModG of continuous G-modules may not even be abelian!18 For our
applications, we will only consider the case where M has discrete topology.

18Take G “ Z with the discrete topology. Then TModZ “ TAb is the category of topological
abelian groups, which is additive but not abelian.
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If G is a topological group, the category ModG of discrete G-modules is
abelian and has enough injectives, so we similarly define H˚pG,Mq.

Proposition 8.4. If G “ lim
ÐÝH

G{H is profinite, then we also have the following:

1. H˚pG,Mq “ Z˚pG,Mq{B˚pG,Mq where Z˚, B˚ are similarly as above,
but considering continuous cochains,

2. H˚pG,Mq “ lim
ÝÑH

H˚pG{H,MHq where for H1 Ď H2 the transition maps
are the inflation maps

H˚pG{H2,M
H2q Ñ H˚pG{H1,M

H1q (8.17)

induced by G{H1 ↠ G{H2 and MH2 Ď MH1 .

Definition 8.2. If F 1{F is a Galois extension of fields and M is a discrete
GalpF 1{F q-module, we denote

H˚pF 1{F,Mq :“ H˚pGalpF 1{F q,Mq. (8.18)

If F 1 “ F sep, we also denote this by

H˚pF,Mq :“ H˚pGalpF sep{F q,Mq. (8.19)

Example 8.3. 1. If M is a finite GFp-module, then

H0pFp,Mq “ MGFp , H1pFp,Mq “
M

pFrobp ´ 1qM
, H ipFp,Mq “ 0 for i ě 2.

(8.20)

2. If E{F is an elliptic curve over a number field F, we have the exact
sequence

0 Ñ Erms Ñ EpF̄ q
rms
ÝÝÑ EpF̄ q Ñ 0, (8.21)

which induces

0 Ñ EpF qrms Ñ EpF q
rms
ÝÝÑ EpF q Ñ H1pF,Ermsq Ñ H1pF,Eq Ñ ¨ ¨ ¨

(8.22)
and thus we have the Kummer map

κ : EpF q{mEpF q ãÑ H1pF,Ermsq. (8.23)

It turns out that H1pF,Ermsq is infinite19, but we will see in the next sec-
tion how to bound the image of κ by a finite submodule, the Selmer group
SelmpE{F q Ď H1pF,Ermsq.

19For example it can happen that Erms “ EpF qrms and then H1pF,Ermsq “ HompGF , Ermsq

which is infinite.
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8.3 Selmer groups and weak Mordell–Weil
References: [Sil09, Sections VIII.1-2 and X.4].

Let F be a number field, E{F an elliptic curve and m P Z an integer.
As mentioned in the previous section, we consider the exact sequence of

GalpF̄ {F q modules

0 Ñ EpF̄ qrms Ñ EpF̄ q
rms
ÝÝÑ EpF̄ q Ñ 0. (8.24)

Taking Galois cohomology, we get the Kummer map

κ : EpF q{mEpF q ãÑ H1pF,EpF̄ qrmsq. (8.25)

Concretely, κpP q is represented by the cocycle κpP qpσq “ σpQq´Q for a choice
of Q P EpF̄ q with mQ “ P. The plan is to try to bound the image of κ.

Given an embedding F̄ ãÑ F̄v, we can consider the analogous sequence

0 Ñ EpF̄vqrms Ñ EpF̄vq
rms
ÝÝÑ EpF̄vq Ñ 0 which fits into a commutative

diagram

0 EpF̄ qrms EpF̄ q EpF̄ q 0

0 EpF̄vqrms EpF̄vq EpF̄vq 0

„ (8.26)

They similarly induce local Kummer maps κv : EpFvq{mEpFvq ãÑ Erms

0 EpF q{mEpF q H1pF,Ermsq H1pF,Eqrms 0

0 EpFvq{mEpFvq H1pFv, Ermsq H1pFv, Eqrms 0

κ

locv locv

κv

(8.27)

Definition 8.3. The m-Selmer group of E{F is

SelmpE{F q :“ tc P H1pF,Ermsq : locvpcq P impκvq for all vu

“ ker

˜

H1pF,Ermsq Ñ H1pF,Eq

ś

v locv
ÝÝÝÝÝÑ

ź

v

H1pFv, Eq

¸

(8.28)

The Tate–Shafarevich group of E{F is

XpE{F q :“ ker

˜

H1pF,Eq Ñ
ź

v

H1pFv, Eq

¸

. (8.29)
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By the above discussion, these fit into the so-called fundamental exact se-
quence

0 Ñ EpF q{mEpF q Ñ SelmpE{F q Ñ XpE{F qrms Ñ 0. (8.30)

Theorem 8.5. The m-Selmer group of E{F is finite.

Proof. Step 1. For p ∤ m of good reduction, we claim that

impκpq Ď ker
`

H1pFp, Ermsq Ñ H1pIp, Ermsq
˘

. (8.31)

Indeed, we have seen that the reduction map Ăp¨q : EpF̄ q Ñ Ẽpk̄pq induces an
isomorphism EpF̄vqrms

„
ÝÑ Ẽpk̄pqrms, and thus if P P EpFpq and Q P EpF̄pq

are such that mQ “ P and σ P Ip, we have

ČκvpP qpσq “ ČσQ´Q “ σQ̃´ Q̃ “ 0, (8.32)

which implies that κvpP qpσq P EpF̄vqrms is also trivial.
In other words, we have

SelmpE{F q Ď ker

¨

˝H1pF,Ermsq Ñ
ź

p∤m good

H1pIp, Ermsq

˛

‚. (8.33)

We will in fact prove that this right hand side it finite.
Step 2. We now reduce to the case where the action of GalpF̄ {F q onEpF̄ qrms

is trivial. Let L{F be a finite Galois extension with Erms Ď EpLq. Then we
have an inflation-restriction exact sequence

0 Ñ H1pL{F,Ermsq Ñ H1pF,Ermsq Ñ H1pL,Ermsq. (8.34)

Note that the restriction map also induces SelmpE{F q Ñ SelmpE{Lq since we
have the commutative diagram for all v1 | v

EpFvq{mEpFvq H1pFv, Ermsq

EpLv1q{mEpLv1q H1pLv1 , Ermsq

κv

κv1

(8.35)

In particular, we have that

ker pSelmpE{F q Ñ SelmpE{Lqq ãÑ H1pL{F,Ermsq. (8.36)
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This right hand side is a finite group, and thus we have the implication

#SelmpE{Lq ă 8 ùñ #SelmpE{F q ă 8. (8.37)

So we may assume without loss of generality that the GalpF̄ {F q-action on
Erms is trivial.

Step 3. In the caseEpF qrms “ Erms,we haveH1pF,Ermsq “ HompGalpF̄ {F q, Ermsq.
Combining everything, we have the diagram with exact rows

SelmpE{F q

0 ker H1pF,Ermsq
ś

p∤m
good

H1pIp, Ermsq

0 HompGalpFΣ{F q, Ermsq HompGalpF̄ {F q, Ermsq
ś

p∤m
good

HompIp, Ermsq

(8.38)
where Σ “ tv | m8u Y tp badu, and FΣ is the maximal abelian extension of F
unramified away from Σ. Since Erms has exponent m, we also have

HompGalpFΣ{F q, Ermsq “ HompGalpFΣ,m{F q, Ermsq (8.39)

where FΣ,m{F is the maximal subextension of FΣ of exponent m. Now Class
Field Theory20 tells us that FΣ,m{F is a finite extension, and thus we conclude
that SelmpE{F q is finite.

Definition 8.4. The ℓ-adic Selmer groups ofE{F are Selℓ8pE{F q :“ lim
ÝÑn

SelℓnpE{F q

and Sℓ8pE{F q :“ lim
ÐÝn

SelℓnpE{F q.

These fit into the short exact sequences

0 Ñ EpF q b Qℓ{Zℓ Ñ Selℓ8pE{F q Ñ XpE{F qrℓ8s Ñ 0 (8.40)

and
0 Ñ EpF q b Zℓ Ñ Sℓ8pE{F q Ñ lim

ÐÝ
n

XpE{F qrℓns Ñ 0. (8.41)

Conjecture 8.1 (Tate–Shafarevich Conjecture). The group XpE{F q is finite.

Assuming this conjecture, we for example have EpF q b Zℓ
„
ÝÑ Sℓ8pE{F q,

and so the Birch and Swinnerton-Dyer conjecture becomes equivalent to

20In fact this statement is much weaker than Class Field Theory, see [Sil09, Proposition VIII.1.6]
for an elementary proof.
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Conjecture 8.2 (Bloch–Kato conjecture for TℓE). We have

rankZℓ
Sℓ8pE{F q “ ords“1LpE{F, sq. (8.42)

It turns out that both terms can be defined purely in terms of TℓE: on the
one hand, we have seen that21

LpE{F, sq “ LppTℓEq˚, sq (8.43)

and on the other hand we have that Sℓ8pE{F q “ H1
f pF, TℓEq is the Bloch–Kato

Selmer group of TℓE. Analogous objects exist for geometric22 Galois represen-
tations ρ : GalpF̄ {F q Ñ GLnpQℓq.

Conjecture 8.3 (Bloch–Kato conjecture). If ρ is a geometric Galois representa-
tion, we have

dimQℓ
H1
f pF, ρq ´ dimQℓ

H0pF, ρq “ ords“1Lpρ˚, sq (8.44)

where23 H1pF, ρq “ tc P H1pF, ρq : locvpcq P H1
f pFv, ρq for all vu for

H1
f pFv, ρq “

#

ker
`

H1pFv, ρq Ñ H1pIv, ρq
˘

if v ∤ ℓ,
ker

`

H1pFv, ρq Ñ H1pFv, ρb Bcrysq
˘

if v | ℓ.
(8.45)

Remark 8.5. Similarly to the Birch–Swinnerton-Dyer conjecture, this L-function
conjectured but not known to extend meromorphically. This means that the
right hand side of this conjecture is not known to be well-defined in general.

8.4 Global heights
Given a projective variety X{Q̄ over a number field F, we want to construct a
height function

h : XpF̄ q Ñ R (8.46)

that in some sense measure the arithmetic complexity of points of X.

Example 8.4. For X “ P1
Q, a point XpQq “ P1pQq can be represented uniquely

up to ˘ as ra : bs with a, b P Z relatively prime, and we define hpra : bsq “

logmaxp|a|, |b|q.
21Technically speaking we haven’t defined the Euler factors of the right hand side for primes

above ℓ, but this can be done with ℓ-adic Hodge theory.
22This means that it is unramified at all but finitely many places, and that it is de Rham at places

above ℓ.
23One needs to be more careful here about what one means by Galois cohomology here, since

the coefficients have a nontrivial topology.
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It will turn out that we will only define such functions up to a constant
error, so we make the following definition.

Definition 8.5. For two functions f, g : XpF̄ q Ñ R we denote f „ g if the
difference f ´ g is bounded in absolute value.

Heights on projective spaces

For a number field F and a place v, we normalize the absolute value |¨|v as
follows: if v is p-adic, then |p|v “ p´1, if v is archimedean, then |x|v “ |vpxq|
for the usual complex absolute value |¨|. Note that this is so that if F 1{F is an
extension of number fields and v1 | v, then |x|v “ |x|v1 for v P F.

Definition 8.6. We define a height function h : PnpQ̄q Ñ R as follows. For F
a number field and x0, . . . , xn P F, we define

hprx0 : ¨ ¨ ¨ : xnsq “
1

rF : Qs

ÿ

v

rFv : Qvs ¨ logmaxp|x0|v, . . . , |xn|vq. (8.47)

Remark 8.6. Note that this is well defined: if λ P F,we have hprx0 : ¨ ¨ ¨ : xnsq “

hprλx0 : ¨ ¨ ¨ : λxnsq because of the product formula

1 “
ź

v

|λ|rFv : Qvs
v , (8.48)

and we have that if F 1{F is a finite extension, then 1
rF 1 : Qs

ř

v1|vrF 1
v1 : Qvs “

rFv : Qvs

rF : Qs
.

Remark 8.7. Note that for P P P1pQq, this recovers the definition from before:
writing P “ ra : bs in lowest terms, we have maxp|a|p, |b|pq “ 1 for all primes
p.

Proposition 8.6. The height function h : PnpQ̄q Ñ R lands in Rě0.

Proof. We can always choose rx0 : ¨ ¨ ¨ : xns such that one of the coordinates is
1. For that choice, each term in the summation above is non-negative.

Proposition 8.7. Let f : Pn Ñ Pm be a morphism defined over Q̄. Then we have
hPm ˝ f „ degpfq ¨ hPn .

Proof. Denote d “ deg f, and write f “ pf0 : ¨ ¨ ¨ : fmq for f0, . . . , fm P Q̄rX0, . . . , Xms

homogeneous polynomials of degree dwithout common roots. For P “ rx0 : ¨ ¨ ¨ : xns,
denote |P |v “ maxi|xi|v. Then we can easily bound

|fipP q|v ď Cf,v ¨ |P |dv ¨

#

1 if v is nonarchimedean,
#monomials if v is archimedean,

(8.49)
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where Cf,v is the maximum of |¨|v over all coefficients of the fi. Then for
Cf “

ś

v C
rFv : Qvs

f,v and C “ Cf ¨ p#monomialsq, we have

hpfpP qq “
1

rF : Qs

ÿ

v

rFv : Qvs logmax
i

p|fipP q|vq

ď logpCq `
1

rF : Qs

ÿ

v

rFv : Qvs ¨ d ¨ logmax
i

p|xi|vq

“ logpCq ` d ¨ hpP q.

(8.50)

For the opposite bound, we need to use Nullstelensatz. Since the fi share
no common root, we have radpf0, . . . , fmq “ pX0, . . . , Xnq. So there exists
e P Z and gi,j P Q̄rX0, . . . , Xns such that Xe

i “
řM
j“1 gi,jfj . Note gi,j are

homogeneous of degree e´ d. So

|P |ev ď max
i,j

p|gi,jpP q|vq ¨ |fpP q|v ¨

#

1 if v is nonarchimedean,
M if v is archimedean,

(8.51)

and since gi,j are homogeneous of degree e´ d, we have

|gi,jpP q|v ď Cg,v ¨ |P |e´d
v ¨

#

1 if v is nonarchimedean,
#monomials if v is archimedean.

(8.52)

Combining this and dividing by |P |e´d
v , we conclude that d ¨ hpP q ď logpCq `

hpfpP qq for some constant C similarly as above.

Remark 8.8. Note that the to make the above implicit constant effective, one
needs to effectively find the gi,j that are guaranteed to exist by Nullstelensatz.

Proposition 8.8. For anyB, d ą 0, the set tP P PnpQ̄q : hpP q ă B, rQpP q : Qs ď

du is finite.

Proof. For P “ rx0 : ¨ ¨ ¨ : xns, we may assume without loss of generality that
x0 ‰ 0, and then

hpP q “
1

rF : Qs

ÿ

v

rFv : Qvs¨log max
0ďiďn

|xi|v ě max
1ďiďn

1

rF : Qs

ÿ

v

rFv : Qvs¨logmaxp|x0|v, |xi|vq.

(8.53)
And so we are reduced to the case n “ 1. That is, we need to see that the set

tr1: xs P P1pQ̄q : hpr1: xsq ă B, rQpxq : Qs “ du (8.54)
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is finite. For such x, denote F “ Qpxq and consider the minimal polynomial
T d ` a1T

d´1 ` ¨ ¨ ¨ ` ad P QrT s, with roots x1, x2, . . . , xd P Q̄ with, say, x1 “ x.
We have

|aj |v “

∣∣∣∣∣∣∣∣˘
ÿ

IĎt1,...,du

#I“j

ź

iPI

xi

∣∣∣∣∣∣∣∣
v

ď

d
ź

i“1

maxp1, |xi|vq ¨

#

1 if v is nonarchimedean,
`

d
j

˘

if v is archimedean.

(8.55)
and thus

logmax
i

p|ai|vq ď

d
ÿ

i“1

logmax
i

p1, |xi|vq `

#

0 if v is nonarchimedean,
d logp2q if v is archimedean.

(8.56)
Since xi, xj are all Galois conjugate, we have hpr1: xisq “ hpr1: xjsq. Noting
also that the right hand side is ě 0, this implies that

hpr1: a0 : ¨ ¨ ¨ : adsq “
1

rF : Qs

ÿ

v

rFv : Qvs¨logmaxp1, |a0|v, . . . , |ad|vq ď d¨logp2q`d¨hpr1: xsq.

(8.57)
Thus, the case n “ 1 reduces to the case of PdpQq, which is easy.

Heights on projective varieties

Finally, we define heights for a general projective variety X.

Definition 8.7. Given a very ample divisor D on X, we may define a height
function hD : XpF̄ q Ñ R, well-defined up to „, as follows: choosing sections
generating LpDq, we get an embedding ϕD : X ãÑ Pn and then we let hD “

hPn ˝ ϕD. Note that different choices of bases of LpDq give embeddings, but
they differ by an automorphism of Pn, and so hD is well defined up to „ .

Theorem 8.9 (Weil height machine). There exists a unique collection of homo-
morphisms

hp´q : PicpXq Ñ FunpXpQ̄q,Rq{ „ (8.58)

for X projective varieties over Q̄, satisfying the following:

1. If D is very ample, hD „ hPn ˝ ϕD.

2. hD`E „ hD ` hE .

Moreover, this satisfies

3. For ϕ : X Ñ Y a morphism, we have hX,ϕ˚D „ hY,D ˝ ϕ.
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4. (Northcott property) If D is ample, then for all B, d ą 0, the set

tP P XpF̄ q : hDpP q ă B, rQpP q : Qs ď du (8.59)

is finite.

5. If D is effective, we have that hD is bounded below outside of the base locus
bp|D|q of D.

Proof sketch. The uniqueness is clear, since every divisor can be written as a
difference of very ample divisors.

For existence, we need to check two things: i) if D “ divpfq is principal,
then hD „ 0, and ii) if D,E are very ample, then hD`E „ hD ` hE .

For i), writing D “ D1 ´D2 as a difference of very ample divisors, we have
H0pLpD2qq “ f ¨ H0pLpD1qq, and so if ϕD1 : X Ñ Pn is rg0 : ¨ ¨ ¨ : gns, then we
may choose ϕD2 : X Ñ Pn to be rfg0 : ¨ ¨ ¨ : fgns and

max
i

p|pfgiqpP q|vq “ max
i

p|fpP q|v|gipP q|vq “ |fpP q|v ¨ max
i

p|gipP q|vq, (8.60)

and thus hPnpϕD1pP qq “ hPnpϕD2pP qq by the product formula.
For ii), one considers the Segre embedding S : PN ˆ PM Ñ PNM`N`M .

This is such that we have the commutative diagram

X X

X ˆX Pn

PN ˆ PM PNM`N`M

∆ ϕD1`D2

ϕD1
ˆϕD2 f

S

(8.61)

for f is a hyperplane section. This is because S˚pOp1qq “ Op1q b Op1q, and
thus

pS˝pϕD1ˆϕD2q˝∆q˚Op1q “ ∆˚pϕD1ˆϕD2q˚pOp1qbOp1qq “ ∆˚pLpD1qbLpD2qq “ LpD1`D2q.
(8.62)

Since f is a hyperplane section, we have hPn˝ϕD1`D2 “ hPNM`N`M ˝f˝ϕD1`D2

It remains to see that hpSpx, yqq “ hpxq ` hpyq, which follows from

log max
0ďiďN
0ďjďM

p|xiyj |vq “ log

ˆ

max
0ďiďN

p|xi|vq max
0ďjďM

p|yj |vq

˙

“ log max
0ďiďN

p|xi|vq`log max
0ďjďM

p|yj |vq

(8.63)
By (2), both (3) and (4) reduce immediately to the case that D is very

ample. In such case, they easily follow from (1).
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For (5), let D be effective and write D “ D1 ´ D2 as a difference of very
ample divisors. Let ϕD2 “ rf0 : ¨ ¨ ¨ fns : X Ñ Pn. Since D is effective, we have
D1 ` pfiq “ D ` D2 ` pfiq ě D2 ` pfiq ě 0, and thus fi P LpD1q. This let
us write ϕD1 “ rf0 : ¨ ¨ ¨ : fms : X Ñ Pm for some m ě n. All f0, . . . , fm are
regular outside the support of D1, so for x R supppD1q, this implies that

hPmpϕD1pxqq ´ hPnpϕD2pxqq ě 0, (8.64)

where the left hand side is „ hDpxq. By varying the decomposition D “ D1 ´

D2, we can extend this to all x R bp|D|q. More precisely, we take D “ pD `

Eiq ´ Ei where Ei are finitely many very ample divisors with
Ş

iEi “ H.

Heights on abelian varieties

We will define the so-called canonical heights for abelian varieties, which are
also called the Néron–Tate heights.

We will use a geometric input which we will only prove in the case of
elliptic curves:

Proposition 8.10 (Theorem of the cube). Let k be a field and A{k an abelian
variety. ConsiderD a divisor ofA. If π1, π2, π3 : A3 Ñ A are the three projections,
then

pπ1`π2`π3q˚D´pπ1`π2q˚D´pπ1`π3q˚D´pπ2`π3q˚D`π˚
1D`π˚

2D`π˚
3D

(8.65)
is linearly equivalent to 0.

Proof in the case of elliptic curves. Denote E “ A for our elliptic curve, and by
CpDq the above expression.

If P,Q P E, consider the map iP,Q : E Ñ E3 given by R ÞÑ pP,Q,Rq. Then

i˚P,QCpDq “ τ˚
P`QD ´ τ˚

PD ´ τ˚
QD `D. (8.66)

We claim that this is principal. Indeed, if D “ R for some R P E, we have

i˚P,QCpRq “ pR ´ P ´Qq ´ pR ´ P q ´ pR ´Qq `R „ 0. (8.67)

Since CpDq is linear in D, this implies the general case.
Now varying P,Q, this implies that we must have CpDq „ π˚

12D
1 for some

D1 P DivpE2q, where π12 : E3 Ñ E2 is the projection the first two factors.
The same is true for π13 and π23, and this implies that CpDq is trivial. More

precisely: for iP,R : E Ñ E3 given by Q ÞÑ pP,Q,Rq, we have

0 „ i˚P,RCpDq „ pπ12 ˝ iP,Rq˚D1 “ i˚PD
1 (8.68)
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where iP : E Ñ E2 is Q ÞÑ pP,Qq. Varying P, this implies that CpDq „ π˚
1D

2

for some D2 P DivpEq. Then pulling back by iQ,R : E Ñ E3 given by P ÞÑ

pP,Q,Rq we have

0 „ i˚Q,RCpDq „ pπ1 ˝ iQ,Rq˚D2 “ D2. (8.69)

Thus CpDq „ 0.

Corollary 8.11. In the same setting as above, we have that

rms˚D „
m2 `m

2
D `

m2 ´m

2
r´1s˚D (8.70)

If π1 : π2 : E2 Ñ E are the two projections, we also have that

pπ1 ` π2q˚D ` pπ1 ´ π2q˚D „ 2 ¨ π˚
1D ` π˚

2D ` π˚
2 r´1s˚D (8.71)

Proof. For the first claim, pull back the proposition by A Ñ A3 given by pP q ÞÑ

pmP,P,´P q to get that

rms˚D ´ rm` 1s˚D ´ rm´ 1s˚D ` rms˚D `D ` r´1s˚D „ 0, (8.72)

and use this to inductively prove the claim: taking m “ 1 we get r2s˚D „

3D ` r´1s˚D, and for the induction hypothesis we get

rm` 1s˚D „ 2rms˚D `D ` r´1s˚D ´ rm´ 1s˚D

„ pm2 `m` 1 ´
m2 ´m

2
qD ` pm2 ´m` 1 ´

m2 ´ 3m` 2

2
qr´1s˚D

“
m2 ` 3m` 2

2
D `

m2 `m

2
r´1s˚D.

(8.73)
For the second claim, simply pull back the above proposition by A2 Ñ A3

given by pP,Qq ÞÑ pP,Q,´Qq.

Theorem 8.12 (Canonical heights on abelian varieties). There exists a unique
homomorphism ĥp¨q : PicpAq Ñ FunpApF̄ q,Rq satisfying the following:

1. We have ĥD „ hD.

2. ĥD`E “ ĥD ` ĥE .

Moreover it satisfies

3. If f : A1 Ñ A2 is a morphism of abelian varieties, then ĥf˚D “ ĥD ˝ f.
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4. If D is ample, then for all B, d ą 0 the set

tP P ApF̄ q : ĥDpP q ă B, rQpP q : Qs ď du (8.74)

is finite.

5. If r´1s˚D „ D is ample, then ĥD is non-negative, and ĥDpP q “ 0 if and
only if P is a torsion point.

6. If r´1s˚D „ D, then xP,QyNT,D “ 1
2pĥDpP ` Qq ´ ĥDpP q ´ ĥDpQqq is

bilinear, and we also have ĥNT,DpP q “ xP, P yNT,D.

7. If r´1s˚D „ ´D, then ĥDpP `Qq “ ĥDpP q ` ĥDpQq.

Proof. We define ĥD separately for r´1s˚D „ D and r´1s˚D „ ´D. In general
we may write 2D “ pD ` r´1s˚Dq ` pD ´ r´1s˚Dq and thus define

ĥNT,D “
1

2

´

ĥNT,D`r´1s˚D ` ĥNT,D´r´1s˚D

¯

. (8.75)

Denote e “ 1 resp. e “ 2 if r´1s˚D „ ´D resp. r´1s˚D „ D. Then
rms˚D „ meD. We define

ĥDpP q “ lim
nÑ8

hDpr2nsP q

2ne
. (8.76)

Note that this is forced from (1) and (2), and thus the uniqueness statement
is clear. We need to see that this is well-defined: let C be a constant such that
|hDpr2sQq ´ 2ehDpQq| ă C for all Q. Then for n ě m,∣∣∣∣hDpr2nsP q

2ne
´
hDpr2msP q

2me

∣∣∣∣ ď

n´1
ÿ

i“m

∣∣∣∣hDpr2i`1sP q

2pi`1qe
´
hDpr2isP q

2ie

∣∣∣∣ ă

n´1
ÿ

i“m

C

2pi`1qe
ă

C

2me

(8.77)
so the sequence is Cauchy.

The above computation also implies that |ĥDpP q ´ hDpP q| ă C, and thus
(1) follows. (2), (3) and (4) also easily follows from the corresponding claim
for hD.

For (5), if D „ r´1s˚D is ample, we may take some m such that mD is
very ample. Then the positivity of the Weil height on projective spaces give us
that ĥmD is non-negative. Since

ĥD “
1

m
ĥmD, (8.78)

the same is true for ĥD. Now if ĥDpP q “ 0, we have

ĥDprmsP q “ m2ĥDpP q “ 0, (8.79)
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and thus by the Northcott property the set trmsP : m P Zu is finite. This implies
P is a torsion point.

For (6) and (7), the corollary above for A together with (3) for A2 tell us
that

ĥDpP `Qq ` ĥDpP ´Qq “ 2 ¨ ĥDpP q ` ĥDpQq ` ĥDp´Qq. (8.80)

But if r´1s˚D „ ˘D, then ĥDp´Qq “ ˘ĥDpQq by (3), and so both claims
follow. Alternatively, one can avoid using (3) for A2: we still have

hDpP `Qq ` hDpP ´Qq „ 2 ¨ hDpP q ` hDpQq ` hDp´Qq (8.81)

and hDp´Qq „ ˘hDpQq, and applying this for pmP,mQq as we vary m also
implies the claim.

Remark 8.9. If f : A1 Ñ A2 is an arbitrary morphism, then we have

ĥf˚D “ ĥD ˝ f ´ ĥDpfpOA1qq. (8.82)

By (3), it suffices to consider f “ tx a translation morphism. By (1) we have
that

ĥt˚xD ´ ĥD ˝ tx (8.83)

is bounded. The idea is that since this is a function of degree ď 2, it must
be constant. Concretely, consider separately the cases r´1s˚D „ p´1qeD with
e P t1, 2u, and then taking P “ mP 1 we have

pĥt˚xD ´ ĥD ˝ txqpP q “ m2ĥt˚xD ´m2ĥDpP 1q ´ ĥDpxq ´ 2m ¨ xP 1, xyD (8.84)

and since this is bounded, it must be constant equal to ´ĥD.

Lastly, we see that we have a completely canonical height pairing between
A and its dual A_.

Definition 8.8. Recall that the dual abelian variety A_ satisfies A_pQ̄q “

Pic0pA{Q̄q. We define

x¨, ¨y : ApQ̄q ˆA_pQ̄q Ñ R (8.85)

to be the pairing
xP,Ly :“ ĥLpP q. (8.86)

Proposition 8.13. Let P Ď A ˆ A_ be the Poincaré bundle. Then xP,Ly “

ĥPpP,Lq. In particular, by taking duals, we also have xP,Ly “ ĥP pLq, and thus
x¨, ¨y is bilinear.
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Proof. For L P A_pQ̄q, consider i : A Ñ A ˆ A_ given by ipP q “ pP,Lq. Then
i˚P “ L by definition, and thus

ĥPpP,Lq “ ĥLpP q ´ ĥPp0,Lq. (8.87)

Similarly,
ĥPpP,Lq “ ĥP pLq ´ ĥPpP,OAq, (8.88)

which specializes to ĥPp0,Lq “ 0 when P “ 0.

Corollary 8.14. If L is a line bundle on A and ϕL : A Ñ A_ is the corresponding
morphism ϕLpP q “ t˚PL b L´1, then

xP, ϕLpQqy “ ĥLpP `Qq ´ ĥLpP q ´ ĥLpQq. (8.89)

In particular, if r´1s˚L » L, then xP, ϕLpQqy “ 2xP,QyL.

Proof sketch. This follows from pid ˆ ϕLq˚P » m˚L b pr˚
1L´1 b pr˚

2L´1 as
line bundles on A ˆ A. We will not prove this, although in the case of elliptic
curves it can be easily proven in the same way we proved the theorem of the
cube.

Example 8.5. If A “ E is an elliptic curve with Weierstraß form E Ď P2, then
we get the principal polarization ϕOp1q : E » E_ given by P ÞÑ p´P q ´ pOq.
Note that this is the negative of the “usual” one!

Example 8.6. If C is a smooth connected curve of genus g ě 1, consider A “

AlbpCq its Albanese and J “ JacpCq its Jacobian. They are canonically duals
A_ “ J, and also canonically isomorphic, where J „

ÝÑ A “ J_ corresponds to
ϕΘ where Θ “ ipCq ` ¨ ¨ ¨ ipCq is the theta divisor. Here i : C Ñ J is the Abel–
Jacobi map, and ipCq is being summed g ´ 1 times. This gives a canonical
height pairing

x¨, ¨yC : CpQ̄q ˆ CpQ̄q JpQ̄q ˆ JpQ̄q JpQ̄q ˆ J_pQ̄q Riˆi

x¨,¨y2Θ

idˆϕΘ x¨,¨y

(8.90)

8.5 Local heights
The discussion in this section will be a bit informal, as it is very technical. The
goal is to discuss the relationship between the Néron–Tate canonical heights
and the Beilinson–Bloch height pairings. Roughly, the canonical height pairing

x¨, ¨y : ApF q ˆA_pF q Ñ R (8.91)
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can be decomposed into local height pairings

x¨, ¨y “
ÿ

v

x¨, ¨yv (8.92)

where x¨, ¨yv are given by arithmetic intersection numbers on a suitable model
A{OFv of A.

Throughout, we will denote F a number field, X,Y will denote smooth
projective varieties over F, and A will denote abelian varieties over F.

We continue the discussion of the previous section. Recall that we defined
the height function on Pn by

hPnpxq “
1

rF : Qs

ÿ

v

rFv : Qvs logmax
i

p|xi|vq (8.93)

where x “ rx0 : ¨ ¨ ¨ : xns with xi P F where F is a number field. We would
like to decompose hPn into a sum of local heights. Note that each term
logmaxip|xi|vq is not well-defined, the sum is only well-defined because of the
product formula. In order to fix this, we can do the following: For a divisor D
of degree d, say given by the equation P P Q̄rX0, . . . , Xns, we may define the
local heights λPn,D,v : PnpFvqzsupppDq Ñ R by

λPn,D,vpxq “ logmax

ˆ

|x0|dv
|P pxq|v

, . . . ,
|xn|dv

|P pxq|v

˙

. (8.94)

Note that this is only well-defined up to a constant, since we can have different
choices of F for the same D. This depends on the choice of divisor D, not just
on its rational equivalence class: D ` divpfq is given by the equation Pf, and
so

λPn,D`divpfq,v “ λPn,D,v ´ log|f |v. (8.95)

Nevertheless, by the product formula we have

1

rF : Qs

ÿ

v

rFv : Qvs¨λPn,D,vpxq “ d¨hPnpxq “ hPn,Dpxq, for x P PnpF qzsupppDq.

(8.96)
Similarly as in the discussion in the previous section, one can prove the fol-
lowing.

Definition 8.9. For X defined over a number field F, we denote

XD :“
ğ

v

XpFvqzsupppDq. (8.97)

For two functions λ1, λ2 : XD Ñ R, we denote λ1 „ λ2 if their difference is
zero for all but finitely many v, and bounded otherwise. We denote by λ1 ” λ2
if their difference is zero for all but finitely many v, and constant otherwise.
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Theorem 8.15 (Local Weil height machine). There exists a unique collection of
functions

λp´q : DivpX{F q Ñ FunpXp´q,Rq{ „ (8.98)

as X{F runs through projective varieties such that

1. For X “ Pn, this is as defined above.

2. λD ` λE „ λD`E .

3. If f : X Ñ Y is a suitable24 morphism, λf˚D „ λD ˝ f.

4. If D “ divpfq, then λD „ t´ log|f |vuv.

Moreover, we have that

hD „
1

rF : Qs

ÿ

v

rFv : Qvs ¨ λD,v (8.99)

in FunpXpF qzsupppDq,Rq{ „ .

Theorem 8.16 (Canonical local heights). There exists a unique collection of
functions

λ̂p´q : DivpA{F q Ñ FunpAp´q,Rq{ ” (8.100)

as A{F varies through abelian varieties such that

1. λ̂D „ λD.

2. λ̂D ` λ̂E ” λ̂D`E .

3. If f : A1 Ñ A2 is a suitable morphism of abelian varieties, λ̂f˚D ” λ̂D ˝ f.

4. If D “ divpfq, then λ̂D ” t´ log|f |vuv.

Moreover, we have that

ĥD ”
1

rF : Qs

ÿ

v

rFv : Qvs ¨ λ̂D,v (8.101)

in FunpApF qzsupppDq,Rq{ ” .

Remark 8.10. One can also remove the ” ambiguity on the definition of the
local heights by requiring that

lim
NÑ8

N´2g
ÿ

PPArNs

PRsupppDq

λ̂D,vpP q “ 0. (8.102)

This removes the ambiguity in (2), but not in (3) and in the comparison with
ĥD.

24You cannot always pull back divisors, for example if fpXq Ď D. Here we cannot pull back the
line bundle associated to D since λD depends on D, not just on its linear equivalence class.
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Denote ZpA{F q the free group on ApF q and by Z0pA{F q the subgroup of
degree 0 elements. Another way to remove the ambiguity above is to consider
the pairing

x¨, ¨yv : Z
0pA{Fvq ˆ DivpA{Fvq 99K R (8.103)

where x
ř

i ni ¨ ai, Dy :“ ni ¨ λ̂D,vpaiq. This is such that

1. xa,divpfqyv “ ´ log|fpaq|v (for a “
ř

niai we denote fpaq “
ś

fpaiq
ni),

2. If f : A1 Ñ A2 is a suitable morphism, xf˚a, byv “ xa, f˚byv.

In fact, this pairing can be reinterpreted in terms of Beilinson–Bloch heights.
Let X{F be smooth projective. We consider v ∤ 8, although there is a parallel
discussion for the case v | 8. We may choose a regular proper model X {OFv .
If a P Z0pX{Fvq, b P DivpX{Fvq, we can consider their Zariski closures ā P

Z0pX {OFvq, b̄ P DivpX {OFvq. Note that ā has dimension 1, as dimSpecpOFvq “

1, and b̄ has codimension 1. If A,B meet transversally, then we consider

ra, bsv :“ ´pā ¨ b̄q ¨ log qv (8.104)

where pā ¨ b̄q denotes the (arithmetic) intersection number of ā, b̄.

Example 8.7. These arithmetic intersection numbers are quite concrete. For
example if X{F is a curve with good reduction at v, and a, b P XpF q are dis-
tinct points, then pA ¨ Bq is the largest n P Zě0 such that “a ” b mod mn

v .”
Let’s make this precise: Say X “ ProjpOFv rx0, . . . , xns{Iq, and assume X :“
ProjpOFv rx0, . . . , xns{Iq is smooth, where I “ I X OFv rx0, . . . , xns. Then we
can write the special fiber as Xkv “ Projpkvrx0, . . . , xns{Ĩq where Ĩ “ I
mod mv. For a point a P X we can take coordinates a “ pa0 : ¨ ¨ ¨ : anq where
ai P OFv are not all in mv, and similarly for b “ pb0 : ¨ ¨ ¨ : bnq. Then ã :“
ākv “ pã0 : ¨ ¨ ¨ ãnq P Xkv . Then ra, bsv “ 0 unless ã “ b̃. In such case, without
loss of generality we assume a0, b0 “ 1. Considering the affine chart Y Ă X
with x0 ‰ 0, we reduce to the affine case, say Y “ SpecpF rx1, . . . , xns{Jq

with Y “ SpecpOFv rx1, . . . , xns{J q smooth. Then ā is given by the ideal
px1 ´ a1, . . . , xn ´ anq, and similarly for b̄. Thus the intersection number is

length
`

OFv rx1, . . . , xnspāq{pJ , x1 ´ a1, x1 ´ b1, . . . , xn ´ an, xn ´ bnq
˘

“length pOFv{pa1 ´ b1, . . . , an ´ bnqq

“min
i
νvpai ´ biq

“max
ně0

pai ” bi mod mn
v for all iq.

(8.105)
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Theorem 8.17 (Beilinson–Bloch height pairing). Under certain (conjectural25)
assumptions on X, the above construction can be extended to pairings

r¨, ¨sv : Z
0pX{Fvq ˆ DivpX{Fvq 99K

#

Q ¨ log qv if v ∤ 8,

R if v | 8.
(8.106)

These satisfy

1. ra,divpfqsv “ rFv : Qvs ¨ log|fpaq|v,
2. If f : X Ñ Y is a suitable morphism, then ra, f˚bsv “ rf˚a, bsv,

3. If X has good reduction at v, then r¨, ¨sv takes values in Z ¨ log qv.

They allow us to define

r¨, ¨s : Z0pX{F q ˆ PicpX{F q Ñ R (8.107)

by r¨, ¨s “ 1
rF : Qs

ř

vr¨, ¨sv, where to make sense of the right hand side we choose
representatives with disjoint support.26

Theorem 8.18. If A is an abelian variety, then rFv : Qvs ¨ x¨, ¨yv “ ´r¨, ¨sv in
Z0pA{Fvq ˆ Pic0pA{Fvq. In particular, x¨, ¨y “ ´r¨, ¨s in Z0pA{F q ˆ Pic0pA{F q.

Sketch of proof. Since r¨,divpfqsv and x¨,divpfqyv are similar, the pairing t¨, ¨uv :“
r¨, ¨sv ` rFv : Qvs ¨ x¨, ¨yv descends to

t¨, ¨uv : Z
0pA{Fvq ˆ PicpA{Fvq Ñ R. (8.108)

Moreover, both r¨, ¨sv and x¨, ¨yv are v-adically continuous, and thus so is t¨, ¨uv.
So, for example, if a P Z0pA{Fvq and we consider

ta, ¨uv : Pic
0pA{Fvq “ A_pFvq Ñ R, (8.109)

then this is a continuous group homomorphism. The source is compact and R
has no nontrivial compact subgroups, hence this is trivial.

Remark 8.11. In fact, if A has good reduction at v and the local canonical
heights λ̂b are normalized as in the remark above, then we even have

rFv : Qvs ¨ xa, byv “ pā, b̄q ¨ log qv (8.110)

for a P ApF q and b P DivpA{F q. More generally, λ̂b can be computed in terms
of intersection numbers in the Néron model of A.

25These are theorems if X is a curve or an abelian variety, for example.
26In fact, there are also such conjectural pairings for cycles in other dimensionsAppXqˆAqpXq Ñ

R where p ` q ` 1 “ dimX and AppXq Ď CHp
pXq is the subset of ℓ-adic étale cohomologically

trivial classes. Conjecturally, AppXq are independent of ℓ.
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Example 8.8. Let C{F be a smooth connected curve, and denote C i
ÝÑ A “

AlbpCq its Albanese variety and J “ JacpCq its Jacobian. They are canon-
ically isomorphic via ϕΘ : J

„
ÝÑ J_ “ A where Θ is the theta divisor as

in Example 8.6. Consider S_ : Pic0pC{F q
„
ÝÑ JpF q the inverse of JpF q “

Pic0pA{F q
j˚

ÝÑ Pic0pC{F q. Consider also S : Z0pX{F q
j˚
ÝÑ Z0pA{F q

Σ
ÝÑ ApF q

where Σ is summing with the group structure on ApF q. Then we have a com-
mutative diagram

Z0pC{F q ˆ Pic0pC{F q R

Z0pA{F q ˆ Pic0pA{F q R

Z0pA{F q ˆ Pic0pA{F q R

ApF q ˆ JpF q R

JpF q ˆ JpF q R

´r¨,¨s

j˚ˆS_

S_ˆS

´r¨,¨s

x¨,¨y

Σˆid

ϕ´1
Θ ˆid

x¨,¨y

x¨,¨y2Θ

(8.111)

where the first square is because rj˚a, bs “ ra, j˚bs, the third is because any
D P Pic0pA{F q is antisymmetric and so ĥD : ApF q Ñ R is linear, the fourth
because of Example 8.6. Noting that

Z0pC{F q Div0pC{F q Pic0pC{F q

ApF q JpF q

S S_

ϕΘ

(8.112)

is commutative, we conclude that for all x, y P Z0pC{F q we have

´rx, ys “ xSpxq, S_pyqy “ xSpxq, Spyqy2Θ. (8.113)

Local heights of curves

Let’s fully describe r¨, ¨sv in the case of a smooth connected curve C{Fv. We
choose C{OFv a regular proper model. Its special fiber Ckv may be singular, say
with irreducible components F1, . . . , Fn. Then as a divisor on C, we have

Ckv “

n
ÿ

i“1

ci ¨ Fi (8.114)

102



for some ci P Zě0.

Proposition 8.19. Let V “ Qn “ spanpe1, . . . , enq and equip it with a bilinear
pairing given by xei, ejy :“ pciFi ¨ cjFjq. Then this is negative semidefinite with
1-dimensional kernel spanned by c :“ e1 ` ¨ ¨ ¨ ` en. In particular, the image of

V V ˚

v x¨, vy
(8.115)

is precisely tf P V ˚ : fpcq “ 0u.

Proof. Since Ckv “ divpϖvq is principal, we have xc, eiy “ 0 for all i. Since
Fi, Fj intersect transversely for i ‰ j, we have xei, ejy ě 0 for i ‰ j.

Thus the matrix A “ pai,jqi,j of the pairing x¨, ¨y symmetric, nonnegative
off-diagonal and has zero sum of rows and columns. Then for any v “

ř

i vi ¨ei
we have

xv, vy “
ÿ

i,j

vivjai,j “
ÿ

i,j

˜

vivjai,j ´
v2i ai,j ` v2jai,j

2

¸

“
ÿ

i,j

pvi ´ vjq
2

2
ai,j ď 0,

(8.116)
with equality if and only if

ai,j ‰ 0 ùñ vi “ vj . (8.117)

It’s a fact that for C as above, Ckv is connected. Thus the claim follows.

Corollary 8.20. If a P Z0pC{Fvq, there is A P Z0pC{OFvq b Q extending a with
pA,Fiq “ 0 for all i. Such A is unique up to multiples of Ckv .

Proof. If ā P Z0pC{OFvq is the Zariski closure of a, then

pā ¨ Ckvq “ degpOCkv pākvqq “ degpOCFv
paqq “ degpaq “ 0 (8.118)

where the second equality is relying on the fact that C is flat. By the above
proposition, this means that there is v P V with xv, eiy “ pā ¨ Fiq for all i. Thus
A “ ā´

řn
i“1 vici ¨ Fi is an extension of a with pA ¨ Fiq “ 0 for all i.

Definition 8.10. If a P Z0pC{Fvq and b P Div0pC{Fvq have disjoint supports,
we define

ra, bsv “ ´pA ¨ b̄q ¨ log qv (8.119)

where A P Z0pC{OFvq is an extension as in the above corollary.
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Part II

Spring 2025

9 Complex multiplication
References: [Ser67a] is the nicest, but leaving a lot to the reader. Also [Mil05,
§ 11], [Sil94, § II], [Cox22, § 11].

9.1 Quadratic orders and their class groups
Recall that an elliptic curve E (over C or Q) has as endomorphism ring either
Z or an order R1 Ă R in an imaginary quadratic field K (where we denote by
R the ring of integers of K). Assume the latter.

Proposition 9.1. There is a (unique) positive integer f (the conductor of R1)
such that R1 “ Rf :“ Z ` fZ. Moreover, every finite R1-module Λ Ă K with
EndpΛq “ Rf is invertible (= locally free of rank one), hence projective.

Proof. The first statement follows simply from the facts that R{Z » Z and
Z Ă Rf .

Given Λ as in the proposition, let Λ_ be the dual lattice under the trace
pairing; it is straightforward to verify that its endomorphism ring is also Rf .
Moreover, R_

f “ g1pfτq´1Rf , where τ is a generator of R over Z and g is its
monic irreducible polynomial, and it is straightforward to verify that

Λ ¨ g1pfτqΛ_ “ Rf .

This means that, as abstract modules,

Λ b
`

g1pfτqΛ_
˘

“ Rf ,

and the existence of such an inverse is equivalent to Λ being locally free of
rank one. (See [Eis95, Theorem 11.6], [Sta25, 0B8M].)

This identifies the set of isomorphism classes of elliptic curves with CM by
R1 “ Rf with the Picard group of invertible R1-modules, PicpR1q, also called
the ring class group of R1.

Let K Ą Q be a quadratic imaginary extension, R1 “ Rf an order in K as
above, and M an invertible R1-module. Let T “ GLR1pMq Ă GLZpMq; it is a
linear group over Z with canonical identifications T pQq “ K and T pZq “ R1.
Moreover, it is easily seen to be independent of the choice of M .
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Proposition 9.2. There is a canonical identification of PicpRf q with the quotient
{Fractional Ideals of R prime to f}/{Principal ideals of R generated by elements
of Fˆ which are congruent to an element of pZ{fqˆ modulo f .}

The identification is characterized by sending an actual ideal I Ă R to the
class in PicpRf q generated by I XRf .

The same quotient can be written as (here the index f means “finite adeles”)

KˆzAˆ
K,f{

ź

p

R1
p

ˆ
“ T pQqzT pAQ,f q{T ppZq,

and R1
p

ˆ
“ tr P Rˆ

p |r mod f P pZp{fqˆu.

By “congruent to an element of pZ{fqˆ modulo f” we mean the subgroup
of Fˆ generated by elements of R that are prime to f , and have image in
pZ{fqˆ Ă pR{fRqˆ.

Proof. Let us start from the last, adelic statement, which is quite general.27

Given an invertible R1-module M , choose a trivialization over an open subset
U of SpecZ, and trivializations over the formal neighborhood of the comple-
ment (a finite set S of primes). The quotients of the trivializations over the
punctured formal neighborhoods give rise to an element of T pQSq. Changing
the trivializations, this element is modified by the action of T pUq “ pR1Sqˆ

(where the exponent S here denotes the S-units), respectively by T pZSq “

pR1
Sqˆ (where the index S means product of completions at places in S). Tak-

ing the colimit over S gives a map PicpR1q Ñ T pQqzT pAQ,f q{T ppZq, which is
clearly a homomorphism. To prove that it is an isomorphism, we will use the
following fact:

For every prime p of Z, the category of free R1 b Zppq-modules is equivalent
(via the obvious functor) to the category consisting of triples pMK ,Mp, τq, where
MK , Mp are free modules for K and R1 b Zp, and τ is an isomorphism of the
corresponding R1 b Qp-modules.

This is obvious for the underlying Zppq-modules, and automatically extends
to the R1 b Zppq-structure.

The bijectivity of the map above now follows: To prove injectivity, sup-
pose that two invertible R1-modules M,M 1 give rise to the same class in the
double quotient, then there is an open U as above and trivializations over U
and the formal neighborhoods of the complements so that the transition maps
coincide. To show that the modules are isomorphic, it suffices to that the triv-
ializations over U , which give rise to an isomorphism MU

„
ÝÑ M 1

U , extend to

27It generalizes to a theorem of Beauville–Laszlo and its variants, see https://
mathoverflow.net/q/112593.
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isomorphisms ofM andM 1 over Zariski open neighborhoods of the points over
the complement of U . But this is equivalent to showing that they extend to
isomorphisms between M bZppq and M 1 bZppq, for all p in the complement of
U , and the aforementioned equivalence of categories ensures that. Similarly
for surjectivity.

The calculation of R1
p

ˆ is straightforward from the presentation R1 “ Z `

fR.
The translation of this isomorphism in terms of ideals is achieved first by

noticing that an element of T pAQ,f q can be acted up on by an element of
Kˆ “ T pQq so that its components at places in S belong to T pZSq “ pR1

Sqˆ,
and that element of T pQq is determined modulo elements whose S-localization
belongs to pR1

Sqˆ.

Hence, PicpR1q is identified with the quotient of the finite idele class group

of K by the open compact subgroup xR1
ˆ

. In particular, it is finite. The corre-
sponding class number is usually denoted by hpR1q.

9.2 CM elliptic curves
By “an elliptic curve E with CM by R1” we will mean an elliptic curve E over
some (implicit) algebraically closed field in characteristic zero, together with
an isomorphism EndpEq » R1. However, we will consider the set YR1 of iso-
morphism classes of elliptic curves with CM by R1 without taking into account
this isomorphism, i.e., YR1 denotes isomorphism classes of elliptic curves whose
endomorphism ring has an isomorphism with R1 (which is not fixed). Fixing
the isomorphism EndpEq » R1 is equivalent to fixing the embedding K ãÑ k
(the field), via R1 » EndpEq Ñ EndpLiepEqq “ k.

For an elliptic curve E with CM by R1, and an invertible R1-module M ,
define

M ‹ E :“ HomR1pM,Eq,

i.e., the functor that associates to a scheme S over k the group HomR1pM,EpSqq.
Explicitly, if R1m Ñ pR1nq Ñ M is a presentation of M , M ‹ E is the kernel of
En Ñ Em. This is naturally an elliptic curve with CM by R1. Hence, we get an
action of PicpR1q on the set YR1 of isomorphism classes of elliptic curves with
CM by R1.

Exercise: Prove that, over C, if EpCq » C{Λ then pM ‹ EqpCq » C{M˚ ¨ Λ,
where M˚ is a representative for the inverse to M in the Picard group, and ¨

denotes multiplication in the Picard group.
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Remark 9.1. Note that the nontrivial conjugation of K over Q acts on R1, and
composing with it we get a different action of R1, which modifies the action of
PicpR1q compatibly with complex conjugation on PicpR1q.

Proposition 9.3. The set YR1 is a torsor for PicpR1q under the above action.

(We could also consider both sets as groupoids, and the statement remains
true.)

Proof. We will first prove it with C-coefficients. The corollary that follows will
then say that all such curves are defined over Q, i.e., the corresponding points
on the coarse moduli space Y p1q are algebraic, and then it follows for every
algebraically closed field in characteristic zero.

Such an elliptic curve over C has C-points EpCq “ C{Λ, where Λ is up
to homothety equal to an invertible fractional ideal M of R1 with respect to
an embedding K ãÑ C. In particular, fixing this embedding, we have E »

M˚ ‹ E0, where E0 “ C{R1 and M˚ is a dual ideal, hence all such elliptic
curves are in the orbit of E0 under the action of PicpR1q; moreover, it is clear
that different elements of PicpR1q map E0 to nonisomorphic elliptic curves
over C.

Corollary 9.4. The set YR1 of isomorphism classes of elliptic curves over C with
CM by R1 is finite; hence, the automorphism group of C over Q acts on them
through a finite quotient, and all such curves are defined over an algebraic exten-
sion of Q.

Remark 9.2 (Important remark!). Here and later, when we say “defined over
a number field L,” we will mean that there is a model for the elliptic curve
over L. However, remember that elliptic curves have nontrivial automor-
phism groups, and that, given such a model, there are infinitely many models
(“forms”) of the elliptic curve over L, parametrized by H1pL,AutpEqq. [Stan-
dard fact of Galois descent.] We will sometimes implicitly fix such a model
in arguments, and leave it to the reader to check that the conclusions do not
depend on the choice.

9.3 The theorem(s) of complex multiplication
For what follows, we imagine the set YR1 to be defined in terms of isomorphism
classes over a fixed algebraically closed field in characteristic zero, and let Q
be the algebraic closure of Q in that field.

We now know that we have an actions of GalpQ{Qq and PicpR1q on the set
YR1 , although the action of the latter depends on the choice of an embedding
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K ãÑ Q. It is clear from the definitions that these two actions combine to an
action of the semidirect product

GalpQ{Qq ˙ PicpR1q.

Moreover, since YR1 is a torsor for PicpR1q, it follows that the restriction of the
action to GalpQ{Kq is given by a character

η : GalpQ{Kq Ñ PicpR1q.

Theorem 9.5. The actions of GalpQ{Kq and PicpR1q on YR1 are compatible
under the reciprocity map normalized to send a prime to its arithmetic Frobenius
element, i.e., η is induced by the inverse of the reciprocity map.

Corollary 9.6. For Λ Ă C a lattice with CM by R1, the j-invariant jpΛq is an
algebraic number, defined over the ring class field Hf of R1.

For any ideal I of R prime to f , with Artin symbol σ P GalpHf{Kq, and any
fractional ideal Λ of Rf as above (i.e., EndpΛq “ Rf ), we have

jpIΛqσ “ jpΛq. (9.1)

Moreover, KpjpΛqq “ Hf and rQpjpΛqq : Qs “ rKpjpΛqq : Ks “ hpRf q.

Proof. Theorem 9.5 implies that the Galois action factors through the ring
class field of R1, hence jpΛq P Hf , and that it is not fixed by any element of the
Galois group of Hf over K, hence KpjpΛqq “ Hf . For the degree of QpjpΛqq

over Q it suffices to observe that the Q-Galois orbit of the point rΛs on the
modular curve is the same set YR1 .

The j-invariants of CM elliptic curves are called singular moduli.

Remark 9.3. It is actually the case that jpΛq is an algebraic integer in Hf . We
may cover this later in the course.

Level structures

There is a strengthening of Theorem 9.5 to full level structures. First, note the
following.

Lemma 9.7. For any elliptic curve E with CM by R1, and any prime p, the p-adic
Tate module TpE is a free rank one R1

p-module.

Proof. This is very easy to see if we base change from the field of definition of
E (an abelian extension of K) to C.
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Fix an embedding K ãÑ k (our algebraically closed field in characteristic
zero), and let YR1p8q denote the set of isomorphism classes of elliptic curves
with CM by R1 equipped with full level structure, i.e., R1

p-equivariant isomor-
phisms TpE » R1

p for all p. (This would not make sense without first fixing
the embedding of K, since the level structure requires fixing the R1-action.)
We can repeat the steps above to define an action of the idele class group on
YR1p8q, as follows: As is clear from the proof of Proposition 9.2, the quotient
T pQqzT pAf q can be identified with the set of isomorphism classes of invertible
R1-modules M equipped with trivializations of their completions at all primes
p, Mp :“ M bZ Zp » R1

p.
We now calculate the Tate modules for the action of PicpR1q on YR1:

TppM‹Eq “ lim
n

HomR1pM,Eqrpns “ lim
n

HomR1pM{pn, Erpnsq “ HomR1
p
pMp, TpEq.

In particular, a trivialization of Mp and a trivialization of TpE give rise to a
trivialization of TppM‹Eq, hence we get an action of T pQqzT pAf q on PicR1p8q,
which is easily seen to be simply transitive.

We also have an action of GalpQ{Kq on this set, commuting with the action
of T pQqzT pAf q, hence given by a character, that we will denote by the same
letter as before,

η : GalpQ{Kqab Ñ T pQqzT pAf q “ KˆzAˆ
K,f .

The strengthening of Theorem 9.5 is the following.

Theorem 9.8. The actions of GalpQ{Kq and T pQqzT pAf q on YR1p8q are com-
patible under the reciprocity map normalized as in Theorem 9.5, i.e., η is the
inverse of the reciprocity homomorphism.

Remark 9.4. The set YR1p8q is the image of a map of Shimura varieties. Namely,
let H˘ “ C ∖ R, identified with the hermitian symmetric domain associated
to the group G “ GL2, by identifying the point i with the homomorphism

The sign is a bit
arbitrary. Does it
match any other
choice?

hi : Up1q Ñ GL2 sending expp2πiθq to
ˆ

cos θ sin θ
´ sin θ cos θ

˙

. Let τ P H˘ so that

the field K “ Qpτq is quadratic. Note that by this presentation we’ve fixed an
embedding K ãÑ C, as well as a lattice Λ “ x1, τy, so that the elliptic curve
C{Λ has CM by an order R1 in K. Let T “ the stabilizer of hi, which is a
Q-subtorus of G. It is isomorphic to the restriction of scalars of Gm from K to
Q, with an integral model, inherited from G, that can be checked to coincide
with the group of R1-automorphisms of the lattice Λ.

Check sign of
˘τ .The point τ is called a special/CM point, and the pair pT, τq is called a

special/CM pair in pG,Xq (where X “ H˘ the symmetric space of G). It
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defines an embedding from the Shimura variety of T to that of G,

ST “ T pQqzT pAf q Ñ SG “ GpQqzpGpAf q ˆXq,

sending a class ras to the class rτ, as. Otherwise said, if we choose τ as a
base point to present X as a quotient of GpRq, and hence SG as a quotient of
rGs “ GpQqzGpAq, then the map ST Ñ SG is induced from the map rT s Ñ rGs;
however, this is not the best way to view this, since it really depends on the
choice of special point.

See [Mil05, § 12].

Remark 9.5. If we fix a model for a representative of YR1 over an abelian ex-
tension L{K, from the action on the Tate modules we get a homomorphism

GalpQ{Lq Ñ
ź

p

R1
p

ˆ
,

which, in general, depends on the model. (Why? What happens when we twist
by a Galois 1-cocycle into the automorphism group?)

This is slightly finer information than the restriction of the map GalpQ{Kq Ñ

T pQqzT pAf q to GalpQ{Lq. Of course, the (finite) unit group R1ˆ induces an
automorphism of the elliptic curve and the trivialization of its Tate module,
and hence acts trivially on the set YR1p8q of isomorphism classes of such data.
But for a fixed elliptic curve defined over E, the Galois action gives a lift of
this homomorphism, restricted to GalpQ{Lq, to

ś

pR
1
p

ˆ (which depends on
the choice of E). In particular, the torsion points of the elliptic curve are not
necessarily defined over the maximal abelian extension of K, but over that of
L. We can, however, obtain points defined over the maximal abelian extension
of K by considering the image of those torsion points in the quotient of the
elliptic curve by its automorphism group, the group of units R1ˆ; the quotient
E{R1ˆ is always isomorphic to P1.

9.4 Proof of the theorems of complex multiplication
Here is the crux of the whole story, where we establish the compatibility of a
“Hecke” action (that of idele class groups) with a Galois action. As is often
the case, and as we saw in the Hecke–Galois correspondence for elliptic curves
(Corollary 6.16, which relied on the Eichler–Shimura relation), the argument
will boil down to reductions modulo primes.

It is enough to prove the analog of Theorem 9.8 for YR1pNq for everyN ě 1,
where YR1pNq is defined in an analogous way, in terms of level structures
modulo N . (This includes Theorem 9.5, when N “ 1.) We have simultaneous,

110



commuting actions of GalpQ̄{Kq andKˆzAˆ
K,f on this finite set, and the action

of the latter factors through some finite quotient KˆzAˆ
K,f{KN (which can

be made explicit, but we won’t bother to). We can choose a finite abelian
extension L of K such that

1. the action of GalpQ̄{Kq factors through GalpL{Kq, i.e., one (equivalently
all) representative E and its N -torsion points are defined over L;

2. the inverse reciprocity map r´1
K , composed with projection to the finite

quotient KˆzAˆ
K,f{KN , factors through GalpL{Kq.

Hence, we have two homomorphisms η, r´1
K : GalpL{Kq Ñ KˆzAˆ

K,f{KN ,
and we want to show that they coincide.

Consider the set of primes p of K such that

1. p is prime to N and the conductor f , and unramified in L;

2. p is of degree 1 over Q, i.e., Nppq “ p for some rational prime p;

3. E has good reduction at one (hence all) the primes B of L over p.

For such primes, the embedding p Ă R1 induces an isogeny α : E Ñ p ‹ E,
which gives rise to an isomorphism of N -torsion points. (Here, by abuse of
notation, we denote pXR1 simply by p, i.e., we think of a prime ideal of R that
is prime to f as a prime ideal of R1.) We will prove the following.

There is an isomorphism

p ‹ Ē » Ēppq, (9.2)

where Ē denotes the reduction of E modulo B and the exponent
denotes the p-power Frobenius twist of E, which, composed with
the reduction of the isogeny α, is equal to the p-Frobenius map
Ē Ñ Ēppq.

Indeed, since p is of degree 1, the degree of the isogeny is Nppq “ p.
Moreover, it is purely inseparable, as can be seen from calculating the map on
tangent spaces: one can easily show that LiepM ‹Eq “ HomR1pM,LiepEqq for
every invertible module M , and from this one sees that LiepEq Ñ Liepp ‹ Eq

reduces to the zero map modulo B, since B divides p. Such an isogeny has
to coincide with the composition of an isomorphism Ēppq » p ‹ Ē with the
Frobenius map.

This is enough to prove the theorem at level 1: Frobenius elements as-
sociated to primes p as above are dense in the Galois group GalpK̄{Kq (by
Chebotarev’s density theorem, regarding the degree-1 condition) and there-
fore each σ P GalpL{Kq can be represented as rFrps for infinitely many such
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p’s. Choose an invertible moduleM representing the class of r´1
K pσq in PicpR1q.

The result above shows that the reductions of σE and M ‹E at infinitely many
primes B are isomorphic, hence σE and M ‹E have to be isomorphic over Q̄.
(At the level of j-invariants, this says that if the difference of the j-invariants
of σE and M ‹ E cannot be divisible by infinitely many primes, unless it is
zero – note that this makes sense even if we don’t know integrality of the j-
invariants, by only reducing modulo primes where they are integral.) This
proves Theorem 9.5.

To extend this result to N -level structures, let us again take σ P GalpL{Kq

and M as above, and fix an isomorphism β : σE
„
ÝÑ M ‹ E, as above. By

enlarging L, if necessary, we may assume that the isomorphism is defined over
L. Choose a prime p as above (after enlarging L), again with r´1

K pπpq “ Frp “

σ in GalpL{Kq, and identify M with p (that is, with p X R1) as an R1-module,
to consider β as an isomorphism β : σE Ñ p ‹E. Those choices are unique up
to AutpEq “ R1ˆ.

The action of σ on N -torsion points gives rise to an isomorphism

ErN s
„
ÝÑ σErN s, (9.3)

On the other hand, we will see that the action of Kˆ
p Ă Aˆ

K,f on YR1pNq is
unramified, with the action of a uniformizer

rπps : ErN s Ñ p ‹ ErN s (9.4)

being equivalent to the isomorphism between ErN s and p ‹ ErN s induced by
the isogeny α as above.

Assuming this for now, we need to prove that the two isomorphisms (9.3)
and (9.4) are compatible with β at the level of isomorphism classes, i.e., up to
an automorphism of E.

Reducing mod B, and remembering, Proposition 7.8, that reduction does
nothing to N -torsion, since N is prime to p, (9.3) reduces to the isomorphism
induced by the Frobenius map Ē Ñ Ēppq. We have already seen that (9.4) also
reduces to the isomorphism induced by the Frobenius map Ē Ñ Ēppq, for some
isomorphism β̄1 : Ēppq „

ÝÑ p ‹ Ē. Hence, we need to show that β̄1 is equal to
the reduction β̄ of β, up to an automorphism of E. Since β̄ and β̄1 commute
with the action of R1, they differ by an element of AutR1pĒq. We claim that
this is equal to R1ˆ and therefore such an automorphism lifts to characteristic
zero. Indeed, EndR1pĒq » K, therefore, EndR1pĒq is an order between R1

and R. We claim that it is equal to R1 Since p is prime to f , this order is
already maximal when localized at p. At other primes, since for pm, pq “ 1 the
reduction map is an isomorphism on m-torsion, we must have

EndR1pĒq{m » EndR1{mpĒrmsq “ EndR1{mpErmsq “ R1{m.
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Therefore, EndR1pĒq “ R1, and we are done.
We have not explained yet why the action of rπps on Y pNq is the one in-

duced from the isogeny α above – we need to unwrap the definition of this
action. This requires going back to the proof of Proposition 9.2, where to iden-
tify the class of the idele p1, 1, . . . , πp, 1, . . . q with the ideal p we can choose the
trivialization away from p induced by the embedding p Ă o, and the trivializa-
tion in a formal neighborhood of p induced by multiplication by πp: op

„
ÝÑ pp.

Since N is prime to p, action of this idele on N -level structures will be the one
induced by the embedding p ãÑ o.

9.5 Applications and examples
[Stub, but see Chao Li’s minor thesis for a many nice examples.]

9.6 Extension: Abelian varieties and Shimura varieties
[Stub; see [Mil05, § 12].]

The theory of complex multiplication extends to abelian varieties and their
moduli spaces.

The general theory of Shimura varieties is founded on the replication of
CM theory: While for moduli of abelian varieties CM theory is a theorem (rec-
onciling the rational structure on the moduli space with class field theory), for
general Shimura varieties the restriction of Galois action on special pairs is a
postulate which characterizes the “canonical models” of those.

9.7 The Galois representation
Let E be an elliptic curve defined over a number field L. For any prime L, the
l-adic Tate module TlE gives rise to a representation of GL :“ GalpQ̄{Lq on a
2-dimensional Zl-space, whose determinant is the l-adic cyclotomic character
(by Theorem 7.12).

If E has CM by an order o in a quadratic field K, then GKL :“ GalpQ̄{KLq

acts through a character GKL Ñ oˆ
l Ă GLZl

pTlEq. It follows from Theorem
9.8 that the collection of those characters, up to a global unit in o (i.e., as
homomorphisms into p

ś

l o
ˆ
l q{oˆ), are given by the norm character of class

field theory (see Remark 9.5).
If L does not contain K (but we may and will assume that KL is abelian

over K), the Galois group GalpK{Qq “ GalpLK{Lq acts nontrivially on Gab
L ,

and the representation on the l-adic Tate module is dihedral, i.e., has non-
abelian image in the normalizer of a torus in GL2pZlq.
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10 Lubin–Tate theory
References: [Ser67b, § 3], [Neu99, § V.4–5].

10.1 Introduction: Complex multiplication, locally
Consider first the identification of the maximal abelian extension of Q with
the cyclotomic field Qpζ8q. If we are only interested in the maximal abelian
extension of the local field Qp, we can obtain it by attaching cyclotomic units
– that is, torsion points in the multiplicative group Gm – to Qp. However, with
prime-to-p torsion we only get unramified extensions. If we’d like to obtain
ramified extensions, it is enough to look at p-power torsion. Now, one thing
to observe is that, if we consider the (standard, smooth) integral model of the
group Gm over Z or Zp, the p-power torsion elements are all congruent to 1
mod p, i.e., they live in the kernel of the reduction map GmpZpq Ñ GmpFpq.

The local story of complex multiplication is the same: If Kv is a p-adic
completion of a global field K, we can get all abelian extensions of Kv by
localizing abelian extensions of K. (Why?) To fix ideas, let us assume that v
is a place that splits completely in the Hilbert class field K̃ of K, so that Kv is
also a localization of K̃ (in a way that we fix, Kv “ K̃B), and let us take a CM
elliptic curve E with CM by the maximal order of Kv, hence defined over K̃.
(If we are starting with a local field Kv, we can always globalize it this way to
K – why?) Then all torsion points of E are algebraic over Kv, and generate its
maximal abelian extension. Again, the prime-to-p torsion points don’t go very
far in terms of ramification – they only generate a field of finite ramification
index over Kv, and if E has good reduction at B, they are unramified. Let
us also assume that E has good reduction at B. Then, all ramification will
be obtained from the p-power torsion of E, i.e., from its p-adic Tate module.
Moreover, the following proposition shows that these points are in the residual
neighborhood of the identity.

Proposition 10.1. If E is an elliptic curve with CM by an order in an imaginary
quadratic fieldK, and has good reduction at a prime B over p, then the reduction
Ē is supersingular if and only if there is a unique prime in K over p (i.e., p is
inert or ramified in K).

Proof. The assumptions and conclusion are isogeny invariant (e.g., good re-
duction is equivalent to the l-adic Tate module being unramified by the Néron–
Ogg–Shafarevich Theorem 7.10, and that is an isogeny invariant), so we may
without loss of generality assume that E has CM by the maximal order R Ă K.
We fix this CM structure θ : R

„
ÝÑ EndpEq, which, remember, is equivalent to
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fixing an embedding of K into the algebraically closed field (say k) of defini-
tion of E. Let B XR “ p.

If p splits in K, i.e., p “ pp1, we will show that there is a separable en-
domorphism of Ē of degree a (nonzero) power of p; it will then follow that
Ērps ‰ 0, i.e., Ē is ordinary. Choose a positive integer m such that pm is princi-
pal, pm “ µR, and let µ1 be the Galois conjugate of µ, so that p1m “ µ1R. Then
µµ1 “ NK

Q µ “ pm, hence the endomorphism θpµ1q (and its reduction mod B)
has order pm. On the other hand, it acts on the tangent space (Lie algebra) by
µ1, which is ‰ 0 modulo B; therefore, it is separable modulo B. (Note that B,
here, can be taken to be a prime of the ring of a large enough finite extension
L of K, so that θpµ1q is defined over L.)

If, on the other hand, p is inert or ramified in K, so that there is a unique
prime p of R over it, then the Frobenius endomorphism π of Ē (that is, the q-
Frobenius, if RL{B “ Fq, with q a power of p) is contained in θ̄pRq Ă EndpĒq.
(If it were not, the endomorphism ring would be larger and the curve would
be supersingular, so we would be done, but actually the claim is true in the
supersingular case, as well, because π commutes with θ̄pRq, hence has to lie in
it.) Assume π “ θ̄pµq, then the dual isogeny π1 is given by θpµ1q, where µ1 is the
Galois conjugate of µ. But the degree of π is q2 (a power of p), hence µµ1 “ q2,
which means that they both have to lie in the prime p. But then they only differ
by a unit, µ1 “ µ ¨ u, and π1 “ π ¨ θ̄puq, with θ̄puq an automorphism. Hence, π1

is purely inseparable, which is equivalent to the curve being supersingular.
[See [Lan87, Theorem 13.4.12], which also includes a calculation of the

endomorphism ring in the split case.]

10.2 Formal o-modules
Lubin–Tate theory provides a complete generalization of these two examples,
which produces a maximal abelian totally ramified extension for any p-adic
field. Recall that 1-dimensional formal groups (understood to be abelian) over
any ring A were defined in Definition 7.1.

We are now interested in the case A “ an o-algebra, where o is the valua-
tion ring of a p-adic field K. A formal o-module over A (understood again to
be 1-dimensional) is a formal group law G together with a homomorphism of
algebras, o Ñ EndG which induces the given homomorphism ι : o Ñ A at
the level of Lie algebras. “Endomorphisms,” here, are taken in the category of
“formal Lie varieties,” which is the analog of Lie algebras for formal neighbor-
hoods (rather than just tangent spaces); see [Wei]. Explicitly, this means that
the action of each element a P o is represented by a power series ras P ArrXss,
and the fact that at the level of Lie algebras the action is the one given by ι

115



means that this power series is of the form ras “ ιpaqX `OpX2q.
We now consider the case A “ o. Fix a uniformizer π P p Ă o. A Lubin–Tate

module over o for the prime element π is a formal o-module F over o such that
rπsF reduces to the Frobenius modulo p, that is, if o{p “ Fq, then rπsF ” Xq

mod p.

Theorem 10.2 (Lubin–Tate). There is a unique, up to isomorphism, Lubin–Tate
module for each prime element π. Moreover, a coordinate can be chosen so that
rπsF is any given power series which is ” πX modulo higher-order terms and
” Xq modulo p.

Proof. A lot of calculation, but quite straightforward; see [LT65] or [Neu99,
Theorem 4.6].

10.3 Explicit local class field theory
Let F be a formal o-module over o. We can consider the pn-torsion points
F rpns (in the prime ideal of an algebraic closure of K), and, if we choose a
uniformizer π, organize them in an inverse system, the π-adic Tate module

TπF “ limF rpns

(inverse limit under multiplication by π).

Proposition 10.3. If Fπ is a Lubin–Tate module (for some uniformizer π), then,
for every n, Fπrpns is a free o{pn-module of rank 1. Hence, TπFπ is a free o-
module of rank 1.

Remark 10.1. In particular, Fπrpns is a free Z{pn-module of rank h “ rK : Qps.
This is the height of the formal group, and its associated p-divisible group,
forgetting the o-module structure, see § 10.6 below. Note that the assump-
tion that F is a Lubin–Tate module is necessary; the additive formal group
F px, yq “ x` y with o-module structure rzs “ z has no torsion points.

Proof. Since there is a unique LT module up to isomorphism, it suffices to cal-
culate explicitly with the unique formal o-module F with epXq :“ rπsF pXq “

πX `Xq. By induction on n, one shows that the iterated polynomial enpXq “

e˝e˝ ¨ ¨ ¨˝epXq “ rπnsF pXq is separable of degree qn. The torsion group F rpns

consists of the zeroes of this polynomial, and therefore has qn elements. Any
element which does not belong to F rpn´1s must generate it freely over o{pn

(which also has size qn).

Fixing π, now, as in the proposition (i.e., both for the definition of F and
for the Tate module), we have commuting actions of GalpK̄{Kq and o on TπFπ,
hence we get a homomorphism ηπ : GalpK̄{Kqab Ñ AutoTπFπ “ oˆ.
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Theorem 10.4 (Lubin–Tate). The composition of the Artin reciprocity map rK :
Kˆ Ñ GalpK̄{Kqab with ηπ is the unique homomorphism which is u ÞÑ u´1

on oˆ and trivial (i.e., 1) on π. In particular, the field Kπ generated by the
torsion points of Fπ is a maximal totally ramified abelian extension of K, and
Kab “ KurKπ.

The proof of this theorem will be given in § 10.5. Let us first recall what
the reciprocity map of local class field theory is.

10.4 Recollection of local class field theory
There are many incarnations of the local reciprocity map, but maybe the most
standard and laziest one (in that it packages everything of essence into the
formalism) is the following:

Assume that L{K is a finite extension of local (nonarchimedean)
fields. Then the inverse reciprocity map

r´1
L{K : G :“ GalpL{Kq Ñ Kˆ{NL

KL
ˆ

(factoring through GalpL{Kqab, where it is an isomorphism) is given
by a cup product in Tate cohomology,

Ĥ´2pG,Zq Ñ Ĥ0pG,Lˆq

by uL{K “ the fundamental class of BrL{K “ H2pG,Lˆq.

Let us unpack the statement: First, the Brauer group BrL{K has many im-
portant incarnations, e.g., as the group of Morita equivalence classes28 of cen-
tral simple algebras over K that split in L, but for our purposes it is enough to
know that it is canonically isomorphic to 1

dZ{Q, where d “ rL : Ks, through a
series of isomorphisms

H2pG,Lˆq ãÑ H2pGalpK̄{Kq, K̄ˆq
„
ÝÑ H2pGalpK̆{Kq “ Ẑ, K̆ˆq

„
ÝÑ H2pGalpK̆{Kq “ Ẑ,Zq

(where all cohomology groups are by definition taken with continuous cocy-
cles, K̆ denotes the maximal unramified extension of K, and the last map
is induced from the valuation map), together with the connecting homomor-
phism

Q{Z “ HompẐ,Zq “ H1pẐ,Zq
„
ÝÑ H2pẐ,Zq.

28Explicitly: A „ B if both A and B are matrix algebras over isomorphic division algebras.
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The Tate cohomology groups connect Galois homology and cohomology,
and in particular by definition we have

Ĥ´2pG,Zq “ H1pG,Zq “ Gab,

and Ĥ0pG,Lˆq “ Kˆ{NL
KL

ˆ.
So, we have all the ingredients and, in principle, using standard operations

in (Tate’s) Galois cohomology can compute the map.
However, there is a much easier calculation, based on the following propo-

sition.

Proposition 10.5. Let L{K be an abelian extension that contains the maximal
unramified extension K̆. The reciprocity map rL{K : Kˆ Ñ GalpL{Kq is char-
acterized among all such homomorphisms by the properties (1) that it reduces to
the map uniformizer ÞÑ Frobenius under the quotient GalpL{Kq Ñ GalpK̆{Kq,
and (2) for every finite subextension F Ă L, the composite with GalpL{Kq Ñ

GalpF {Kq is trivial on the norm subgroup NF
KF

ˆ Ă Kˆ (or, equivalently, on
any uniformizer belonging to such a norm subgroup).

Proof. That the reciprocity map (homomorphism) has these properties is clear
from the existence of this map and its compatibility with the “inverse reci-
procity maps” for finite extensions, defined above.

Since Kˆ is generated as a group by its uniformizing elements, it is enough
to verify the characterization on those. If π is a uniformizer, and Lπ Ă L
is the fixed field of rpπq, then by property (1) the extension GalpL{Lπq is
maximal unramified, while Lπ is totally ramified, and L “ Lπ ¨ K̆. If f is any
homomorphism satisfying properties (1) and (2), the restrictions of f and r to
K̆ coincide by (1), therefore it suffices to check that fpπq is trivial on Lπ. By
(2), it suffices to check that π is a norm from any finite subextension F Ă Lπ,
but this again follows from the construction of r as the inverse to a limit of
isomorphisms GalpF {Kq

„
ÝÑ Kˆ{NF

KF
ˆ.

This proposition can be used to calculate rL{Kpπq for various abelian ex-
tensions L, first by passing to the maximal unramified extension L̆ “ LK̆, and
then restricting to L.

10.5 Proof of the main theorem
The Lubin–Tate Theorem 10.4 will be proved through a series of steps. As we
saw above, the extension L generated by the torsion points of Fπ is abelian,
given by a homomorphism ηπ : GalpK̄{Kq Ñ oˆ. By Proposition 10.5, it
suffices to show that
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1. L is totally ramified;

2. ηπ is surjective (hence a bijection GalpL{Kq Ñ oˆ);

3. for any uniformizer π̄ “ uπ of K, the element of GalpL̆{Kq which is
equal to η´1

π puq on L and equal to the Frobenius on K̆ satisfies property
(2) of Proposition 10.5 (with respect to the extension L̆{K).

Let F “ Fπ be “the” Lubin–Tate module corresponding to π. We prove the
first and second statements by showing that the points of F rpns ∖ F rpn´1s are
roots of an Eisenstein polynomial of degree qn´1pq´1q, and therefore generate
a totally ramified Galois extension Ln. Moreover, since the Galois action on
the roots of such a polynomial is transitive, and on the other hand has to factor
through the reduction of the character ηπ to po{pnqˆ (which also has the same
order), Ln is abelian of order qn´1pq ´ 1q over K.

To show that torsion points satisfy an Eisenstein polynomial, it is enough
to work with any model of Fπ, e.g., with our favorite one where rπs is given by
the polynomial epXq “ πX ` Xq. As in the proof of Proposition 10.3, we will
denote by en the n-fold composition of e with itself, and then we can compute
that (the analog of the cyclotomic polynomial)

ϕnpXq “
enpXq

en´1pXq

is the Eisenstein polynomial

en´1pXqq´1 ` π.

This computation actually tells us more, that we can use to prove the third
fact: That for any λn P F rpns ∖ F rpn´1s the norm of ´λn is NLn

K p´λnq “ π.
That shows that π is a norm for every finite subextension of L, and therefore
L is fixed by rL{Kpπq – hence, the claim of the theorem holds, at least, for π,
i.e., ηπ ˝ rL{Kpπq “ 1.

To prove it for an arbitrary π̄ “ uπ, we will also invoke the Lubin–Tate
group Fπ̄. The idea is that, after base changing to the ring of integers of
the completion K̂ of the maximal unramified extension K̆, the two formal o-
modules become isomorphic. More precisely, consider the Galois twist of Fπ
which is defined by the homomorphism

pσ :“ Frq ÞÑ ru´1sq P HompW pK̆{Kq, roˆsq,

considered as a 1-cocycle on the Weil group W pK̆{Kq with values in AutpFπ b

ŏq. When we reduce modulo any power of the prime ideal, this cocycle extends
to the Galois group, and therefore defines a new rational structure on AutpFπb
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ŏ{p̆nq, compatibly for every n. Passing to the limit over all n, we get a new
formal o-module Fπ,π̄ which is isomorphic to the original one after tensoring
with ô, the ring of integers of the completion K̂. (Passing to the completion is
necessary here, because the Weil cocycle only becomes a Galois cocycle in the
completion.)

Proposition 10.6. The formal o-module Fπ,π̄ constructed above is isomorphic to
the Lubin–Tate module Fπ̄.

Explicitly, for any chosen models of Fπ, Fπ̄, there exists an invertible power
series ϕ “ ϵX `OpX2q P ôrrXss (ϵ P ôˆ) with the following properties:

1. σϕ “ ϕ ˝ rusπ;

2. ϕ ˝ Fπ “ Fπ̄ ˝ pϕˆ ϕq;

3. ϕ ˝ rasπ “ rasπ̄ ˝ ϕ for all a P o.

(Note that the first property implies that ϵσ´1 “ u; such an element has to
be genuinely in the completion ô and not in ŏ when u is not a root of unity!)

Proof. The explication is just a restatement of the proposition, and it is also
the way that this proposition appears in the original article of Lubin and Tate,
and virtually all of its accounts in the literature.

It is “obvious” that the Galois twist is another formal o-module over o.
(Start from: Why is the Galois twist of a free o-module a free o-module?)
That means that there is an invertible power series ϕ satisfying Property (1) of
the proposition, so that with respect to the parameter Y “ ϕpXq the module
becomes isomorphic to Gπ̄, i.e., the map f ÞÑ f ˝ϕ´1 (where ϕ´1 is the inverse
under composition) defines an isomorphism

ôrrXss with the new Galois action “ orrXss bo ô,

with the “usual” Galois action on the right hand side. Explicitly, if we denote
the twisted Frobenius action by σ‹ and the usual one (on coefficients) by an
exponent σ, then

σfpϕpXqq “ σ ‹ pf ˝ ϕqpXq.

Moreover, if we take Properties (2) and (3) as the definition of Fπ̄ and rasπ̄,
they will automatically satisfy the axioms of formal o-modules, since we twisted
by an automorphism of formal o-modules.

To identify this with Fπ̄, we need to show that π̄ acts as the q-Frobenius
modulo p. This follows from the construction: Suppose that ϕ is as above,
intertwining the two Galois actions. Then, modulo p we have

fprπ̄sπ̄pϕpXqqq “ fpϕprπ̄sπpXqq “ f ˝ ϕprusπ ˝ rπsπpXqq

“ f ˝ ϕprusπpXqqq “ f ˝ σϕpXqq “ fppϕpXqqqq.
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Using Proposition 10.6, we can think of Fπ and Fπ̄, as two different rational
structures on a formal o-module over ô. The set of torsion points does not
depend on the rational structure, and hence the field extension L̂ of K̂ that
they generate does not depend on it.

Since the Galois action, to obtain the second rational structure, was twisted
by the character Frp ÞÑ ru´1s, it immediately follows that the corresponding
characters ηπ, ηπ̄ are related29 by ηπ̄pτq “ ηπpτquvalpτq, where by valpτq we
denote the power of Frobenius that τ restricts to in GalpK̆{Kq. But we already
know that ηπ̄ ˝ rL{Kpπ̄q “ 1, and therefore ηπ ˝ rL{Kpπ̄q “ u´1.

10.6 Finite and p-divisible groups
[No proofs here. Just a tourist guide.]

10.6.1 Definition of p-divisible groups

Given a formal group F over a ring A (not necessarily 1-dimensional, but
still assumed abelian throughout), we say that F is p-divisible if the p-power
morphism rps : F Ñ F is an isogeny, i.e., presents ArrXss as a finite locally
free30 ArrXss-module. The kernel of this morphism will then be locally free
of rank ph over itself (this will follow from our discussion of finite, connected
p-torsion groups below), for some integer h called the height of F , and, more
generally, the kernel of rpns will be finite free of rank pnh.

A different (but related) notion of p-divisible groups (without the word
“formal,” and also called Barsotti–Tate groups) is that of an inductive system

G : ¨ Ñ Gn Ñ Gn`1 Ñ ¨

of finite, locally free abelian group schemes over A, with the transition maps
being monomorphisms identifying Gn with the pn-torsion in Gn`1, and the
multiplication-by-p maps Gn`1 Ñ Gn being epimorphisms. It then follows
that the rank of Gn is of the form pnh for some locally constant function h on
A, called the height of G.

29The action on torsion points has the inverse twist! Explicitly, if x is a torsion point for Fπ̄ and σ̄
a Frobenius element, then σ̄pϕpxqq “ σϕpσ̄xq “ ϕ ˝ rus ˝ rηπpσ̄qspxq “ ruηπpσ̄qspϕpxqq.

30Some of the literature, e.g., Tate, says “free” here, but this seems unnatural; is it automatic? Of
course, there’s no difference for the local rings that we will consider.
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10.6.2 Cartier duality

Most of the statements about finite groups, with bibliographical references for
their proofs, can be found in [Mil17, Chapter 11]. Shoutout to Patrick Walls for
excellent slides summarizing the theory.

In this section, we will say “group” for a finite (abelian) group over a base
ring A, by which we mean an abelian group scheme, locally free of finite
order over A. Note that the entire discussion here will be about abelian group
schemes, hence we will omit the word “abelian” throughout.

Cartier duality is the adaptation of Pontryagin duality of classical Fourier
analysis to this setting. Namely, the Cartier dual of a finite group G is the
“group of characters,” i.e., homomorphisms G Ñ Gm. We can apply this def-
inition to points over any A-algebra, thus obtaining a functor that is repre-
sentable by another finite group scheme, the Cartier dual G1 of G. At the
level of algebras, the coordinate ring ArGs is a Hopf algebra – skipping the
definitions here, but in the commutative case these are precisely the axioms
required to make specArGs into a group scheme, such as a comultiplication
map ArGs Ñ ArGs bA ArGs – and the coordinate ring of ArG1s is the dual
A-module, with multiplication becoming comultiplication, and vice versa. As
is clear from this description, pG1q1 “ G. The functor G Ñ G1 is an anti-
equivalence of the category of finite groups over A.

From now on, we work over a complete noetherian local ring A. There is a
canonical short exact sequence

0 Ñ G0 Ñ G Ñ Get Ñ 0, (10.1)

with G0 connected and Get étale.
Now, let’s assume that A “ k, a perfect field of characteristic p ą 0. We

then have the (relative)31 p-Frobenius morphism, for every group G over k,

FG : G Ñ Gppq,

and its Cartier dual (the morphism obtained by applying Frobenius to the
Cartier duals), the Verschiebung morphism

VG : Gppq Ñ G.

In this setting, the exact sequence (10.1) splits (non-canonically), and we
have equivalences

31Recall: The relative Frobenius morphism in coordinates is induced from X ÞÑ Xp :
krXs{pf ppqpXqq Ñ krXs{pfpXqq, where f ppq is the polynomial obtained from f by raising its co-
efficients to the p-th power.
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G is étale ðñ FG is an isomorphism;
G is connected ðñ FG is nilpotent.

The Cartier dual conditions are called multiplicative and unipotent, i.e.,

G is multiplicative ðñ VG is an isomorphism;
G is unipotent ðñ VG is nilpotent.

They admit the following equivalent characterizations, hence the name.

Proposition 10.7. G is multiplicative iff it embeds into copies of Gm over the
algebraic closure, and unipotent if it has a normal filtration with quotients equal
to subgroups of Ga.

Proof. See [Dem86, § II.8–9].

Here is a table with the basic examples, where we denote by αp the kernel
of Frobenius: Gm Ñ Gm.

G G1 FG VG
αp αp 0 0

Z{pZ µp » 0
Z{lZ µl » » .

In particular, p-power torsion groups over k are built out of constituents G
such that G or its Cartier dual is connected. In the next section, we will start
by classifying finite unipotent groups in terms of semilinear data, and will then
use Cartier duality to extend this classification to all p-power torsion groups.

10.6.3 Witt vectors and Dieudonné modules

A unipotent (affine, finite type for everything that follows) group scheme over
k is one that embeds into the subgroup of upper triangular matrices in some
GLn, or, more abstractly, one that admits a filtration by normal subgroups
whose successive quotients are subgroups of Ga. This is a general definition,
but now we will continue to assume that our groups are abelian.

First, we would like to extend the definition of Verschiebung to not neces-
sarily finite commutative affine group schemes G. We do this by considering
the diagram

krGs Ñ pkrGsbp
qSp λ

ÝÑ krGs bσ k,

where the first arrow is the p-fold comultiplication map (landing in symmetric
tensors), and λ is the unique k-linear map sending a b a b ¨ ¨ ¨ b a to a. (Note
that it is k-linear with respect to the Frobenius-twisted action of k, i.e., ca b
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ca b ¨ ¨ ¨ b ca goes to cpa!) When krGs is finite over k, and A “ krG1s is the
dual Hopf algebra, the dual of this sequence of maps,

A Ð pAbp
qSp Ð Abσ k

where the right arrow is sending a b 1 to a b ¨ ¨ ¨ b a and the left arrow is
multiplication, is precisely the (relative) Frobenius morphism, G1 Ñ G1ppq;
hence the definition of Verschiebung reduces to the previous one.

Remark 10.2. At least over fields, Cartier duality extends beyond the finite
setting, to a duality between affine commutative group schemes and formal
groups, see [Dem86, § 4]. This is implicit behind the extension of the Ver-
schiebung morphism given above.

Now, we introduce the ring of (p-typical) Witt vectors W “ limnWn. We
will take its construction as a black box, and only mention the following facts:

1. It is a ring-scheme of infinite type over Fp, with a (fixed) isomorphism
of schemes W “ A8, Wn “ An, i.e., every element is represented by a
sequence pa0, a1, a2, . . . q, with the truncated Witt ring Wn corresponding
to pa0, . . . , an´1q.

2. At the level of points, W pFpq » Zp and, more generally, W pFqq » Zq,
the ring of integers in the unramified extension of Qp with residue field
Fq (here, q is a power of p). In other words, the Witt construction
gives a way to understand p-adic rings as Fq-points of some ring
scheme. Compare: the equal-characteristic construction of arc spaces L`X
of varieties X over Fp, with L`GapFqq » Fqrrtss.
Explicitly, if ras denotes the Teichmüller lift to Zq of an element in Fq (i.e.,
the unique multiplicative section of the reduction map), the isomorphism
is given by

pa0, a1, a2, . . . q ÞÑ ra0s ` ra
1{p
1 sp` ra

1{p2

2 sp2 ` . . . .

(Why the inverse Frobenius twists in the coefficients? It is necessary in
order to make the addition law polynomial!)

3. Multiplication by p is given by p ¨ pa0, a1, a2, . . . q “ p0, ap0, a
p
1, a

p
2, . . . q.

4. It carries a p-Frobenius morphism (induced by this isomorphism of schemes),

F or σ : pa0, a1, a2, . . . q ÞÑ pap0, a
p
1, a

p
2, . . . q,

and the Verschiebung is given by

V : pa0, a1, a2, . . . q ÞÑ p0, a0, a1, . . . q.
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In particular, the truncated Witt groups Wn are V -torsion. They are also
pro-unipotent: The quotients pnW {pn`1W are isomorphic to Ga. The fol-
lowing theorem will present them as co-generators of the corresponding
category.

Be careful from now on to distinguish between W as a ring scheme and the
ring W pkq of its points over a perfect field k. For example, on W pkq we can invert
the p-power Frobenius (because k is perfect), but on W we can’t (because the
1{p-th power is not polynomial).

Define the Dieudonné ring Dk to be the ring generated by W pkq and ele-
ments F , V with relations

Fλ “ σλF, V ¨ σλ “ λV, FV “ V F “ p

for all λ P W pkq, where σ denotes the Frobenius on W . A Dieudonné module is
a module for Dk.

Define the ind-groupW8 :“ colimWn over Fp, whereWn is the n-truncated
Witt ring, embedded in Wn`1 via pa1, a2, . . . , anq ÞÑ p0, a1, a2, . . . , anq. It is
a module for W pkq under the following twisted action on Wn: λ ‹ wn “

pσ
1´n

λnqwn, where λn denotes the n-th truncation of λ.
At the level of points, W8pFpq » Qp{Zp.
We have EndWn,k “ Dk{DkV

n [DG70, Proposition V.1.3.4].

Theorem 10.8. The functor

G ÞÑ MpGq “ HompG,W8q “ colimHompG,Wnq

is an anti-equivalence of categories

{Unipotent (abelian) group schemes over k} Ø {finite-type V -nilpotent
Dieudonné modules},

restricting to an equivalence

{Finite unipotent groups over k} Ø {V -nilpotent Dieudonné modules of finite
W pkq-length.}

Remarks 10.1. 1. Recall that the length of a module is the longest l such
that there is a chain of submodules 0 Ĺ M1 Ĺ ¨ ¨ ¨ Ĺ Ml; in particular, the
free W pkq-module has infinite length.

2. We have
MpGppqq “ σ˚MpGq, (10.2)

which is where the semilinear structure comes from.

125



Theorem 10.9. There is an anti-equivalence of categories

{Finite p-power torsion groups over k} Ø {Dieudonné modules of finite
W pkq-length.}

This equivalence G ÞÑ MpGq is characterized by the following properties:

1. On finite unipotent groups, it is the one given by Theorem 10.8.

2. Under Cartier duality, MpG1q “ MpGq˚ :“ HomW pkqpMpGq,W8pkqq,
with Dieudonné module structure given by pFfqpmq “ σfpV mq and pV fqpmq “
σ´1

fpFmq. (Here, f P MpGq˚, m P MpGq and σ is Frobenius on W8pkq.)

See [Dem86, III.5–6] for the statements and discussion, and [DG70, Theo-
rem V.1.4.3] for the proof of the critical Theorem 10.8.

10.6.4 Dieudonné modules of p-divisible groups

Assume that A is a complete noetherian local ring whose residue field is of
characteristic p. Then we have the following.

Proposition 10.10. The functor of p-power torsion gives an equivalence of cat-
egories between p-divisible formal Lie groups over A, and connected p-divisible
(Barsotti–Tate) groups.

See [Tat67, Proposition 1].
This equivalence gives rise to a notion of dimension for a p-divisible group

(take the identity components of the Gn’s, which form a connected p-divisible
group, and take the dimension of the associated formal group), which is an
invariant that it complementary to the height. It can be computed in terms
of the discriminant ideal of the group [Tat67, Proposition 2], and there is a
Cartier dual p-divisible group G1 (by taking the Cartier duals of the Gn’s, and
the duals of the p-power maps), satisfying

dimG` dimG1 “ h,

see [Tat67, Proposition 3].

Remarks 10.2. 1. A Lubin–Tate group for the ring of integers o of a p-adic
field K is p-divisible of height h “ rK : Qps.

2. The equivalence of categories between connected and formal p-divisible
groups explains why, for an elliptic curve E with CM by an order R and
a good reduction at a prime over p, the corresponding formal group Ê

Say over
what, and
check/correct
the completion

automatically admits endomorphisms by the completion Rp,

Theorem 10.9 implies the following.
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Theorem 10.11. The functor MpcolimGnq “ limMpGnq gives rise to an anti-
equivalence of categories

p-divisible groups over k Ø Dieudonné modules over k,

where the right hand side is the category of free finite-rank modules M over the
Witt ring W pkq, equipped with an endomorphism F such that

• F is semilinear with respect to the p-power Frobenius σ, i.e., F pamq “ σam,
for all a P W pkq;

• FM Ą pM .

Remarks 10.3. 1. The Verschiebung morphism is uniquely determined by
the conditions above and FV “ V F “ p.

2. The rank of the Dieudonné module corresponds to the height of the p-
divisible group.

3. The dimension ofG is the dimension of the k-vector spaceMpGq{FMpGq.

4. For connected p-divisible groups, the Dieudonné module admits another
description in terms of invariant differentials and de Rham cohomology
for the corresponding (by Proposition 10.10) formal p-divisible group;
see [Wei].

10.7 Moduli of p-divisible groups and the local Lang-
lands correspondence
[Stub. I point to [Wei, RV14] for a nicer and more detailed discussion. The
main effort here is to highlight the reasons behind some technical choices.
There may be errors due to my misunderstanding – please check the original
sources.]

Generalizing Lubin–Tate theory, appropriate moduli spaces of 1-dimensional
formal p-divisible groups of height h can be used to prove the local Langlands
conjecture for GLh, e.g., in the following form:

There is a canonical bijection (characterized, e.g., by properties
provided by Henniart [Hen93]) between irreducible h-dimensional
representations of the Weil group of Qp and irreducible supercusp-
idal representations of GLhpQpq.

10.7.1 Deformations of p-divisible groups

In the theory of complex multiplication, the maximal abelian extension of an
imaginary quadratic field is realized by the Galois action on a moduli space, the
moduli space of CM elliptic curves (by a fixed order) with full level structure.
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There was roughly a mention of moduli spaces for Lubin–Tate theory, but
this is because, in reality, it is based on a moduli space with a single point – the
moduli of Lubin–Tate modules for a fixed uniformizer π. We will generalize
this to construct nonabelian extensions (in the form of higher-dimensional
representations of the Galois group), but for simplicity we will restrict to the
case of the field K “ Qp.

This is harmless, because the theory of general Galois extensions of Qp

contains the Galois theory of every finite extension of Qp, unlike the abelian
case. But, if one desires, one can replace Qp by an arbitrary p-adic field, and
this is the approach of Harris–Taylor in [HT01].

We can view a formal group over Zp as a deformation of its special fiber.
Fix again a perfect field k of characteristic p. The classification of deformations
proceeds as follows.

1. When k is algebraically closed, there is a unique, up to isomorphism 1-
dimensional divisible formal group of height h over k. This can be de-
duced from Theorem 10.11, see [Wei, p.10].

2. When k is not algebraically closed, all “forms” of such a formal group
over k are again described by Theorem 10.11. Fixing such a form G0 cor-
responds to fixing the Lubin–Tate module Fπ modulo p. (For the purposes
of the local Langlands conjecture, we can actually avoid this choice, as
we will see, working directly over k “ Fp.)

3. Fixing G0 of height h over k, there is a classification of pairs pG, ιq, where
G is a 1-dimensional formal group G over a local Artinian algebras A
with residue field k, and ι is an isomorphism of special fibers, ι : G0

„
ÝÑ

G bA k. This deformation problem is pro-represented by the ring Rh :“
W pkqrrX1, . . . , Xh´1ss, i.e., there is a universal formal group over this
ring such as G is obtained by base change via a morphism Rh Ñ A.

Remark 10.3. Note that part of the assertion that this problem is pro-representable
by a formal scheme is the fact that the problem is rigid, i.e., the pair pG, ιq has
no automorphisms. More precisely, in the setting above, for p-divisible groups
G, G1 over A, the specialization map HompG,G1q Ñ HompG0, G

1
0q, where by

an index 0 we denote special fibers, is injective. Here, the Homs are taken in
the isogeny category.

10.7.2 A host of problems (and how to solve them)

Fix a height h and let M0 “ SpfRh (the deformation ring of 1-dimensional
p-divisible formal groups of height h).
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Naively speaking, we could hope to add pn-level structures, obtaining a
tower of moduli spaces Mn, and recover the local Langlands correspondence
for GLhpQpq from simultaneous actions of GLhpQpq and the Galois group on
the cohomology of M8 “ limMn.

There are several problems to address here.

1. First of all, for such a formal group G over Zp (or, more generally, over
W pkq, where k is a perfect field), a level structure

p
1

pn
Z{Zqh

„
ÝÑ Grpns

cannot exist as an isomorphism of group schemes (since G is connected,
and its torsion over the special fiber is trivial), but only at the level of
sections over infinitesimal deformations of Speck. However, those don’t
behave nicely under specialization (again, because G is not étale), and
therefore we need a modification of the notion of level structure, intro-
duced by Drinfeld, where the maps above are not always isomorphisms
at the level of sections. See [HT01] for references.
Alternatively, the approach of Rapoport–Zink [RZ96] (see also [RV14]
for a nice exposition) is to remove the points of the deformation space
over the special fiber. But this is a formal scheme, and all of its points
(consider as a ringed space) lie over the special fiber. But the generic fiber
of such a formal scheme makes sense in the category of rigid analytic
spaces, and one needs to work in this framework. Thus, we have the
rigid analytic space M0 corresponding to the generic fiber of M0, and we
hope to define a tower of rigid analytic spaces Mn over it, adding level
structures.

2. We will completely gloss over this, but we need a manageable and suffi-
ciently “finite” cohomology theory for these formal schemes or rigid ana-
lytic spaces – this is not automatic, as they “spread out” overW pkq, which
is not “proper.” One applies Berkovich’s version of “vanishing cycles” over
the special fiber of SpfW pkq to get some reasonable cohomology theory.

3. If we did construct those moduli spaces as stated above, we would get
an action of GLhpZpq on them (from its action on pQp{Zpqh), not of
GLhpQpq. This is similar to the fact that, in Lubin–Tate theory, we ob-
tained a homomorphism GalpK̄{Kq Ñ oˆ, and not the inverse reci-
procity map on the nose. As in the Lubin–Tate case, one can reconstruct
the reciprocity map from the GLhpZpq-action (as in Scholze [Sch13]),
but it would be nicer to have a tower of spaces with a GLhpQpq-action.
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The rigid-analytic Rapoport–Zink spaces have a slightly modified moduli
problem built into them, in order to get GLhpQpq-actions on the tower M “

limMn, which at the same time removes the need to choose a form over a
non-algebraically closed residue field like Fp (i.e., the analog of choosing the
uniformizer π in Lubin–Tate theory).32

10.7.3 Revisiting the Lubin–Tate construction

For this, let us revisit Lubin–Tate theory for a p-adic field K, and try to con-
struct the reciprocity map by working directly over k “ Fp, and over the com-
pletion ô of the Witt ring W pkq “ ŏ. As we saw in Proposition 10.6, all Lubin–
Tate formal o-modules are isomorphic over ô, but of course in this setting we
only get an action of the inertia group IK on the torsionGrp8s of such a group.
To recover an action of the entire Galois (or rather Weil) group, we can set up
a moduli problem as above: Fix G0 over k, and consider triples pG, ι, αq, where
G is a formal o-module over ô, ι : G0

„
ÝÑ G bô k, and α is an isomorphism of

o-modules, K{o
„
ÝÑ GK̂rp8s. Now, any element τ in the Galois group acts on

such data, but τ carries the isomorphism ι to an isomorphism between the
τ -twists,

τG0
„
ÝÑ τGbô k.

Of course, the τ -twists are isomorphic to the original objects (I stress again
that there is a unique isomorphism class!), but not in any canonical way, so
this does nothing to give us an action of τ on level structures. However, if τ
is in the Weil group, τG0 is just a power of the Frobenius twist of G0. Let us for
now assume that this power is a positive number m; we can compose with the
corresponding power of the relative Frobenius map,

FmG0
: G0 Ñ τG0

to get a map
G0 Ñ τGbô k. (10.3)

This is almost what we want, except that the last map is not an isomorphism,
because Frobenius isn’t. Thus, we need to pass to the quasi-isogeny category of
formal groups, i.e., to a new category with the same objects, where we invert
isogenies, defining new Hom-groups

Hom1pG1, G2q “ HompG1, G2qr
1

p
s.

32Harris–Taylor [HT01] also define a GLhpQpq-action, without explicitly modifying the moduli
problem or mentioning quasi-isogenies, but this reinterpretation is much cleaner.
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Now the isogenies become isomorphisms, but they don’t induce isomorphisms
of Tate modules any more, except rationally.

Therefore, to get a set with a Weil group action, we need to replace the
triples above by triples pG, ι, αq where G is as above, ι is a quasi-isogeny of
its special fiber with G0, and α is a trivialization of its rational Tate module
VpG “ TpG bZp Qp, α : K

„
ÝÑ VpG. To finish our reworking of Lubin–Tate

theory, we know that G and τG must be isomorphic (because there is only one
isomorphism class of Lubin–Tate modules over ô), ι and the isogeny (10.3) fix
a choice of (quasi-)isogeny τG Ñ G, identifying their rational Tate modules.
The τ -twist of α, now, gives rise to a homomorphism WQp Ñ GL1pQpq, which
one can check is the inverse homomorphism to the inverse reciprocity map.

Exercise(s) 10.1. Check the last assertion against what we have proven!

10.7.4 The local Langlands correspondence for GLh

Returning to general height h, there is an infinite tower of rigid analytic spaces
M whose points parametrize triples pG, ι, αq where G is a p-divisible group
over ô, ι is a quasi-isogeny of its special fiber with “the” p-divisible group G0 of
height h over k “ Fp, and α : Qh

p
„
ÝÑ VpG is a trivialization of its rational Tate

module. It admits commuting actions GLhpQpq and the Weil group WQp , but
there is a third commuting action to consider, that of the automorphism group
of G0 (in the quasi-isogeny category!).

This automorphism group can be computed using Dieudonné theory: In the
quasi-isomorphism category, Dieudonné theory remains the same, except that
we need to invert p, which means that instead of free W pkq-modules we con-
sider W pkqr1p s-vector spaces (i.e., Q̆p-vector spaces, when k “ Fp), equipped
with a semilinear F -action by automorphisms. These are called isocrystals,
and the h-dimensional ones are parametrized by the set GLhpQ̆pq{ „, where „

refers to Frobenius-twisted conjugacy: b » g´1bσpgq. Indeed, if we fix a basis
for such a crystal, M “ Qh

p , the element b measures the ration between F and
the standard Frobenius on Qh

p .
The unique 1-dimensional p-divisible group of height h over k corresponds

to M “ Q̆h
p with the usual Frobenius action twisted by the element

b “

¨

˚

˚

˚

˚

˚

˝

0 1
0 1

0 1
. . .

p 0

˛

‹

‹

‹

‹

‹

‚
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(up to Frobenius-twisted conjugacy), and its endomorphism ring in the isogeny
category is the subalgebra of MathpQ̆pq fixed by the twisted Frobenius action.
It is the central h2-dimensional division algebra Dh over Q̆p with invariant
(“slope”) 1

h .

We set J “ Dˆ
h , which is an inner form of GLh. The Jacquet–Langlands

correspondence furnishes a bijection between the irreducible smooth repre-
sentations of the (compact modulo center) group JpQpq and the discrete series
representations of GLhpQpq. Assume that ρ is an irreducible representation of
JpQpq, with ρ1 “ JLpρq supercuspidal.

The proof of the local Langlands conjecture by [HT01] states, approxi-
mately, that there is a correspondence LL between irreducible supercuspidal
representations of GLhpQpq and irreducible h-dimensional representations of
WQp , such that the ρ-isotypic part of the appropriate compactly supported co-
homology HcpMq of the tower is isomorphic to

ρb ρ1 b LLpρ1q,

as a representation of JpQpq ˆ GLhpQpq ˆ WQp . See [RV14, § 7] for more
precise statements.
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11 Geometric class field theory and sthukas
for function fields

References:
• Yun, “Introduction to shtukas and their moduli.” ArXiv:2411.10248.

• Bhatt, “Geometric class field theory”, in Oberwolfach Arbeitsgemeinschaft
“The Geometric Langlands Conjecture” report.

• V. Lafforgue, “Shtukas for reductive groups and Langlands correspon-
dence for function fields.”

• Milne, “Abelian Varieties”.

• Serre, “Algebraic groups and class fields” [Ser88].

• Peter Toth, “Geometric abelian class field theory”, Utrecht Masters Thesis.

[Caution: some formulas may be correct only up to inversion — haven’t
been checked carefully! Please let me know if you find such errors.]

11.1 Drinfeld’s shtukas
We will now discuss the case of K “ FqpCq, the function field of a curve C
over a finite field Fq, i.e., a finite extension of Fqptq. As function fields are
invariant under compactifications and normalization, we may and will assume
that C is smooth and projective.

We will proceed in inverse historical order. First, we will give a definition
of Drinfeld’s shtukas for GLh (in order to see the analogy with Dieudonné
theory for p-divisible groups), and then we will specialize to the case of GL1,
to see how they provide a geometric enhancement (and proof) of global class
field theory. We will restrict ourselves to the unramified setting (i.e., we will
construct the Hilbert class field of K), and we will also assume, for simplicity,
that C contains an Fq-point 8 (which we fix).

Fix a smooth projective curve C over F “ Fq, q “ pr, and let k “ FpCq,
its function field. In this section, we will use FrS to denote the relative q-
Frobenius morphism, on any scheme S over F, i.e., FrS : S Ñ S.

Definition 11.1. Let S be a scheme over F. An S-shtuka of rank h over C is
the data pE , x, τq, where

• E is a vector bundle of rank h on C ˆ S (all products here are fiber
products over specF);
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• x “ pxiqI is a finite collection of S-points (the “legs” of the shtuka),
xi P CpSq, indexed by a finite set I;

• α is an isomorphism of vector bundles outside of those points, between
E and its S-Frobenius twist, i.e., if U Ă C ˆ S denotes the complement
of the graphs of these points, α is an isomorphism

α : E |U
„
ÝÑ pIC ˆ FrSq˚E .

Consider an F-valued shtuka, and fix a leg xi. We can trivialize the bundle
in a formal neighborhood of xi, E bO » Oh, where O “ Oxi (non-canonically
isomorphic to Fpptqq) and also its Frobenius twist. (We can choose the induced
trivialization, but we don’t need to here – we are losing some information.)
The Frobenius map, then, becomes an element of GLhpFq, where F “ Fxi
is the fraction field of the completed local ring O. Modding out by all the
possible trivializations, we get a well-defined double coset in GpOqzGpFq{GpOq,
where G “ GLh. The Cartan decomposition states that these double cosets
are in bijection with dominant coweights λ : λ1 ě λ2 ě ¨ ¨ ¨ ě λh, λi P Z,
through the map that assigns a local uniformizer t to the double coset of the
diagonal matrix ptλ1 , . . . , tλhq. Such coweights have a natural partial ordering
(λ ě µ ðñ λ ´ µ is a sum of positive coroots), and we can impose bounds
on an F-valued shtuka, by imposing a bound on the coweight at each leg. This
construction can also be made geometrically (with the coweights correspond-
ing to strata on the affine Grassmannian, and the ordering corresponding to
their closure relations), hence such bounds make sense for every test scheme
S.

Remark 11.1. Let us compare this with Dieudonné modules, freely using the
notation of the previous section: Let k be a perfect field in characteristic p.
A free module M of rank h over W pkq can be thought of as a vector bundle
of rank h on the formal neighborhood of a k-valued point on a “characteristic
zero” curve (e.g., on specZ, if k “ Fp). A Dieudonné module structure consists
of a semilinear “Frobenius” morphism F , such that FM Ą pM , see Theorem
10.11. The semilinear condition can be thought of as a linear map M Ñ

σ˚M (10.2). Moreover, F is an isomorphism between the isocrystal M r1p s

and its Frobenius twist. Thus, Dieudonné modules correspond to shtukas on
SpfW pkq.

The condition FM Ą pM is more specific than that: it means that the
coweight associated to the Dieudonné module at its leg is of the form p ÞÑ

pp, p, ¨ ¨ ¨ , p, 1, 1, ¨, 1q. This is a minuscule coweight: Its values on all root spaces
are 0 or ˘1. It is the coweight corresponding to one of the fundamental rep-
resentations (i.e., exterior powers of the standard representation) of the Lang-
lands dual group (=GLh again). If, in addition, we impose that the Dieudonné
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module corresponds to a 1-dimensional formal group, i.e., dimkM{FM “ 1,
then the coweight is forced to be p1, 0, 0, . . . , 0q, the weight of the standard
representation of the dual group.

These qualifications are very useful when trying to translate between func-
tion fields and number fields or their localizations, e.g., global Shimura vari-
eties and local Shimura “varieties” (rigid analytic spaces) require minuscule
cocharacters, but locally there are now general moduli of shtukas using the
technology of diamonds [SW20].

11.2 The case of GL1

11.2.1 Picard groups and étale fundamental groups

We will be using A to denote the adeles of our function field K “ FqpCq, and
rGs for the quotient GpKqzGpAq, for any linear algebraic group G over K. By
a straightforward adaptation of Proposition 9.2, the quotient rGms{

ś

v o
ˆ
v is

the divisor class group, identified with the F-points of the Picard group (i.e.,
the Jacobian) of C.

We will take advantage of the fact that the Picard group is an algebraic
group. It is convenient to adopt the following moduli description of PicC : it
represents the functor that sends an F-scheme S to isomorphism classes of line
bundles over CˆS together with an identification of their restriction to t8u ˆS
with the trivial line bundle. (This trivialization rigidifies the functor, i.e., kills
automorphisms. Having done so, the bijection

rGms{
ź

v

oˆ
v “ PicCpFq.

is a bijection of sets, not stacks in sets, but this doesn’t matter at this point.)
Now, let us recall/learn some facts about étale fundamental groups. If

s̄ Ñ X is a scheme together with a geometric point (i.e., s̄ “ SpecF , for
some algebraically closed field F ), then the étale fundamental group π1pX, s̄q
is defined, as the group of automorphisms of the fiber functor

tFinite étale covers of Xu Q pY Ñ Xq ÞÑ |Ys̄ “ Y ˆX s̄| P tSetsu

Ah! We should discuss Galois categories; see [Stacks Project, Tag 0BL6]. The
quick way to say this is that this functor gives rise to an equivalence of cate-
gories

tFinite étale covers of Xu Ñ tFinite sets with a continuous action of π1pX, s̄qu.
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A choice of different geometric point (even with different residue field!) gives
rise to an isomorphic fundamental group, canonically up to inner automor-
phisms.

Now we return to the setting of the curve C over F, with function field
k. We think of it as the residue field for the generic point η of C, and of its
absolute Galois group Γk as the étale fundamental group π1pη, η̄q, where η̄
corresponds to the chosen separable closure of k. There is a generalization
map

tFinite étale covers of Cu Ñ tFinite étale covers of ηu,

giving rise to a homomorphism

Γk “ π1pη, η̄q Ñ π1pC, η̄q.

Exercise(s) 11.1. 1. Show that this map identifies π1pC, η̄q as the Galois
group of the maximal everywhere unramified extension of k. (You can
consult the literature.)

If Γk Ñ Cˆ is a character of the Galois group that is unramified at every
place, it factors through the Galois group of the maximal unramified extension
of k. Hence, at the unramified level class field theory reduces to an isomor-
phism

{PicCpFq » π1pC, η̄qab. (11.1)

(Note that abelianization eliminates the dependence on base point.)
For geometric class field theory, we will actually construct isomorphisms of

the character groups

Homp {PicCpFq,Λˆq » Hompπ1pCq,Λˆq,

where Λ “ Zl, for some auxilliary prime l ‰ p.

11.3 The Lang isogeny; shtukas
This approach to class field theory was developed by Rosenlicht and Lang, see
Serre [Ser88]. We will use it to construct the correspondence in one direction
only, from characters of the Picard group to characters of the étale fundamen-
tal group. One can prove the full bijection by this method, but we will instead
use Deligne’s method to construct the map in the opposite direction.

To motivate the construction that follows, consider the short exact se-
quence

1 Ñ π1pCFq
, η̄q Ñ π1pC, η̄q Ñ GalpFq{Fqq Ñ 0.
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The subgroup π1pCFq
, η̄q is called the geometric étale fundamental group. Hav-

ing chosen an Fq-point 8, we get a splitting of the short exact sequence, which
we can use to project the isomorphism (11.1) of class field theory to an homo-
morphism

π1pC, η̄qab ↠ Pic0CpFq.

This corresponds to a connected étale cover of the curve with Galois group
Pic0CpFq, and this is the cover that we are about to construct. First, some
generalities.

Let G be a connected commutative group scheme over Fq. Here we will
denote by σ the q-Frobenius morphism

σ : G Ñ G,

as well as its base change to GFq
(the relative q-Frobenius morphism).

The Lang isogeny is the map

L : G Q g ÞÑ σg ¨ g´1 P G.

Theorem 11.1 (Lang’s theorem). Let G be a connected (not necessarily commu-
tative) group scheme of finite type over a finite field F “ Fq. (You can restrict
to connected, Zariski-closed subgroups of GLn, if you are not comfortable with
general group schemes.) Let σ be the absolute q-Frobenius morphism on G, and
consider the Lang map

L : g ÞÑ σg ¨ g´1.

Then, the induced map on F̄-points GpF̄q Ñ GpF̄q is surjective.

Remark 11.2. For G “ Ga, the Lang map is the Artin–Schreier map t ÞÑ tq ´ t.

Another way to state this theorem is that the Weil group H1 of GpF̄q is
trivial; indeed, any Weil group cocycle c is determined by the image cpσq of
Frobenius, which can be any element x P GpF̄q, without restrictions. The
statement is that the coboundary action g ˚ x :“ σgxg´1 has a unique orbit.

Proof. Since this doesn’t affect F̄-points, we can pass to the reduced scheme,
and assume that G is reduced, hence smooth. (Every reduced group scheme
over a perfect field is smooth, [Sta25, Lemma 047P].) Since G is connected, it
is enough to prove that every orbit of the coboundary action is open — then
there is only one orbit. This, in turn, follows from the following.

For every x P GpF̄q the coboundary map g ÞÑ σgxg´1 is surjective
on tangent spaces: T1GF̄ Ñ TxGF̄.
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Indeed, surjectivity on tangent spaces at closed points, for a morphism of
nonsingular varieties, is equivalent to smoothness of the morphism [Hartshorne,
Proposition 10.4]. Smooth morphisms are open, and therefore every x belongs
to an open orbit.

To prove the claim, we can consider the map GˆG Ñ G sending pg1, g2q ÞÑ
σg1xg

´1
2 . In the g1-variable, the map is zero on tangent spaces, while in the

g2-variable, the map is clearly an isomorphism of tangent spaces. (Note that
this proves more – that the Lang map is a smooth morphism at every point.)

For a connected commutative G, this implies the following.

Corollary 11.2. The map L is an isogeny with kernel GpFq, considered as a
constant group scheme over F.

Proof. Indeed, the proof of Theorem 11.1 shows that the L is a smooth mor-
phism. This implies, sinceG is connected, that it is an epimorphism. Moreover,
it implies the fiber over every point is smooth; in particular, the kernel of the
morphism is the smooth scheme given by the equation σg “ g, which is the
constant group scheme GpFqq.

Now, we apply this to the Picard group. Note that it is not connected,
and that the image of the Lang isogeny will lie in the identity (degree-zero)
component Pic0C , while the kernel is the infinite group PicCpFq. (But actually
we will only use the restriction of the Lang map to the neutral component.)

Exercise(s) 11.2. 1. Show that the Lang map PicC Ñ Pic0C admits the fol-
lowing moduli description: For any F-scheme S, it sends the class of a
line bundle E on C ˆ S (with a trivialization over t8u ˆ S) to the class
of pIdC ˆ σSq˚E b E´1, where σS denotes the Frobenius morphism on S
(with the induced trivialization).

Now consider the degree-zero Abel–Jacobi map AJ8 : C Ñ Pic0C , which
on geometric points is given by c ÞÑ pcq ´ p8q. We form the fiber product

Sht0 //

��

Pic0C

L
��

C
AJ8 // Pic0C .

The left vertical arrow is a finite étale cover ofC with Galois group Pic0CpFqq,
hence gives rise to a homomorphism

φ0 : π1pCq Ñ Pic0CpFqq.
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This is almost, but not quite, the inverse reciprocity map of class field the-
ory. Let

φ : π1pCq ˆGalpF{Fq
Z Ñ PicCpFqq (11.2)

be the product of φ0 with the map that factors through π1pCq Ñ GalpF{Fq and
sends the Frobenius element σ to the divisor p8q.

Exercise(s) 11.3. 2. Give a moduli description for Sht0.

3. (Important exercise!) Prove that (11.2) is compatible with local Artin
maps: For any c P |C|, it sends Frc to the class of pcq P PicpFqq. In
particular, it is surjective.
Another way to formulate this compatibility is by the action of Hecke
operators, which in the abelian case come from actual maps (not more
general correspondences): For any c P |C| and n P Z, let Tc,n : PicC Ñ

PicC be the Hecke modification sending a line bundle E to the line bundle
Epncq. Then, this is compatible with the action of Frnc on π1pCq.

4. Prove that (11.2) is independent of the choice of 8. (Here, you will
need to think of PicpFqq as “isomorphism classes of line bundles on C
defined over Fq”, rather than “line bundles trivialized at 8”, in order for
this statement to make sense.) Notice that φ0 is then recovered from φ
as φ0pτq “ φpτqφpFr8q´degpτq, where degpτq is the image of τ in Zσ » Z.

11.4 Deligne’s construction
Let Λ “ Zℓ, for some auxilliary prime ℓ ‰ p. (It can be replaced by the ring of
integers in any finite extension of Qℓ.) The inverse reciprocity map constructed
in the previous section gives rise to a map

Homp {PicCpFq,Λˆq Ñ Hompπ1pC, η̄q,Λˆq. (11.3)

Because (11.2) is surjective, this map is injective. Here we will construct the
inverse map, showing that it is bijective. For that purpose, we interpret

Hompπ1pC, η̄q,Λˆq

as Loc1,C :“ isomorphism classes of rank-one étale local systems L on C (=lo-
cally constant sheaves for the étale topology), together with a trivialization
η̄˚L » Λ.

[Some technicalities here: the Λ-adic local system is really defined as a
limit over all powers of ℓ of Λ{ℓj-étale local systems.]
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On the other hand, the other side

Homp {PicCpFq,Λˆq

will be interpreted as character local systems on PicC .

Definition 11.2. Let G{F be a commutative (smooth, finite type) algebraic
group. A character local system on G is given by pair pL, ψq where L P Loc1,G,
and

ψ : m˚L » p˚
1L b p˚

2L

is an isomorphism on G ˆ G that satisfies the cocycle condition. Here, m :
GˆG Ñ G is the multiplication map, while the pi’s are the projection maps.

The idea behind character local systems is that the trace of Frobenius at
the stalks of such a local system gives rise to an actual character GpFq Ñ Λˆ,
and the same is true simultaneously for all finite extensions of F, by taking
powers of the Frobenius morphism. Character local systems form a group
under tensor product. We let CharLocpGq denote the group of character local
systems (defined over F) on G. [Obviously, there is more structure here than
just sets, but we will stick to sets.]

Exercise(s) 11.4. 1. For any χ P HompGpFq,Λˆq, construct a local system
Lχ on G by reduction of the Lang isogeny G Ñ G via χ, i.e., the associ-
ated Λˆ-torsor over G is33 GˆpGpFqq,χq Λˆ. Explain why this is naturally
a character local system, and prove that the “Frobenius trace” map gives
an inverse to this construction, giving rise to an isomorphism of groups

CharLocpGq Ñ Homp zGpFq,Λˆq.

Remark 11.3. This exercise points to something amazing, which is a basic
theme of all geometric representation theory: there are “sheaves” (local sys-
tems) whose Frobenius traces produce characters on GpF1q for all finite exten-
sions F1{F, and one obtains all characters of those finite groups in this manner.

Thus, the isomorphism of class field theory can now be reformulated as an
isomorphism

CharLocpPicCq
„
ÝÑ Loc1C . (11.4)

33This requires sheafification modulo finite quotients of Zl; the notation G ˆpGpFqq,χq Λˆ stands
for the limit over all powers of ℓ of the sheaf associated to the presheaf sending an étale cover
U Ñ G to ΓpU,Gq ˆpGpFq,χq pΛ{ℓjqˆ, where ΓpU,Gq is the set of sections U Ñ pGˆG Uq, where the
fiber product is taken with respect to the Lang map.
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Theorem 11.3. The unbased Abel–Jacobi map

AJ : C Q c ÞÑ pcq P PicC

induces, by pullback, an isomorphism (11.4).

Exercise(s) 11.5. 2. Unfold the definitions to make sure that this is the
same map as (11.3). Thus, we already know that it is injective.

The following should look familiar, if you have ever seen the construction
of the Picard scheme (see Milne, §III.1–5): For any d ě 0, let Cpdq be d-
th symmetric power of the curve, classifying degree-d divisors on C. (It is a
smooth algebraic curve, identified with the invariant-theoretic quotient Cd{Sd;
it can be covered by Zariski open sets U pdq “ SpecpFrU sbdqSd , where U ranges
over open affine subsets of C.)

The Abel–Jacobi map extends naturally to a map AJ : Cpdq Ñ PicdC , and
its fiber over a line bundle E can be identified with the projectivization of
H0pC, Eq. When d ą 2g´ 2, the Riemann–Roch theorem implies that this fiber
is isomorphic to Pd´g`1, for any E .

Let s̄ Ñ C
pdq
η̄ be a geometric point lifting the given geometric point of Cpdq

(induced by our choice of geometric point on C); there is a homotopy exact
sequence, see [Stacks Project, Tag 0BUM]

π1pCpdq
η , s̄q Ñ π1pCpdq, s̄q Ñ π1pPicdC , η̄q Ñ 0,

which, since projective spaces are simply connected, shows that

π1pCpdq, s̄q » π1pPicdC , η̄q

(when d ą 2g ´ 2). Thus, local systems on PicdC and on Cpdq are in bijection
(under pullback).

Given, now, a 1-dimensional étale local system L on C, we construct the
restriction of a character local system to PicC , as follows:

Exercise(s) 11.6. 3. Consider the local system L b ¨ ¨ ¨ b L on Cd; show
that it is the pullback of a local system Lpdq on Cpdq. (Hint: Use its Sd-
equivariance — but that won’t be quite enough.)

4. Now, for d ą 2g ´ 2, let rpLq be the corresponding local system on PicdC .
For c P |C|, consider the map Tc : PicC Ñ PicC sending E ÞÑ Epcq. Show
that there is a canonical isomorphism of local systems

T ˚
c rpLq|PicdC

“ rpLq|PicdC
b Lc, (11.5)

where Lc is the stalk of L at c.
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5. Using the previous exercise, prove that there is a unique extension and
“upgrade” of rpLq to a character sheaf on PicC , satisfying the “Hecke
eigensheaf” property (11.5). Show that its pullback via the Abel–Jacobi
map recovers L, giving rise to the bijection (11.4).
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12 The Waldspurger and Gross–Zagier theo-
rems – an overview
The main reference for this section is [YZZ13]; although we will not follow
their proof in later sections, they include clean and precise formulations of the
theorems. We will be referring as the “Gross–Zagier formula” for the more
general version that is due to Yuan–Zhang–Zhang, proven in this book.

12.1 The pairings
The second part of the course will cover the formulas of Waldspurger and
Gross–Zagier. Both have to do with the diagonal embedding T ãÑ T ˆ G,
where T “ ResK{QpGmq (K an imaginary quadratic field), and G “ GL2,
or, more canonically, the algebraic group corresponding to GLQpKq. More
precisely, there is a Gm Ă T (corresponding to the embedding Qˆ Ă Kˆ)
which maps into the center of T ˆ G, and we should really be thinking about
the quotient by that,

U1 “ T {Gm ãÑ G̃ :“ pT ˆGq{Gm. (12.1)

(The algebraic group T {Gm is isomorphic to the unitary group U1 associated
to the extension K{Q.)

Let rGs denote the adele class quotient GpQqzGpAq, and simiilarly for T .
Let SG, ST denote the Shimura varieties of G and T , so, at the level of points,

ST “ T pQqzT pAf q (a finite set), SG “ GpQqzpGpAf q ˆ H˘q.

12.1.1 The Waldspurger pairing

(Automorphic representations jargon alert. We won’t cover these notions, but
we’ll later specialize to the representations generated by holomorphic modular
forms of weight 2, at least for the Gross–Zagier formula.)

The embedding (12.1) induces an embedding rT {Gms ãÑ rG̃s, through
which we can take the Haar measure on rT {Gms (the choice of normalization
– Tamagawa measure – to be discussed later) to a distribution δrT s on G̃. The
Waldspurger formula states, roughly, that, for “any” automorphic representa-
tion χbπ of G̃, that is, for any idele class character χ of T and an automorphic
representation π of G satisfying χ ¨ ωπ “ 1 (where ωπ is the central character
of π), the χb π-isotypic component of the inner product

xδrT s, δrT syrTˆGs (12.2)
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is “proportional” to a certain central L-value Lpχ ˆ π, 12q (see § 12.2 for the
definition of the L-function). Here, the inner product is not really defined,
because these are distributions, but we can formally think of its χb π-isotypic
component as the sum, over an orthonormal basis consisting of automorphic
forms ϕ, of

xδrT s, ϕy ¨ xϕ, δrT sy “

ˇ

ˇ

ˇ

ˇ

ˇ

ż

rT {Gms

χptqϕptqdt

ˇ

ˇ

ˇ

ˇ

ˇ

2

. (12.3)

This sum is still divergent, but the actual formula will be a relation between
the hermitian forms (12.3) and the L-value.

We really don’t mean “any” automorphic representation here, but those
that belong (weakly) in L2prG̃sq, such as cuspidal representations with unitary
central character, so that we can talk about inner products; similarly, χ should
be unitary. (Moreover, the formula doesn’t quite apply to 1-dimensional rep-
resentations, i.e., automorphic characters of G.) For such representations, the
complex conjugate π̄ can be identified with the smooth dual π̃ through the L2-
pairing, and the Hermitian form (12.3) can be expanded to a bilinear pairing

BW : pχb πq b pχ´1 b π̃q Ñ C. (12.4)

The main property of the Waldspurger pairing BW is that it is invariant, in
both arguments, under the adelic points of T {Gm embedded as in (12.1).

12.1.2 The Gross–Zagier pairing

Similarly, we have an embedding ST ãÑ SG, which, as we saw in § 9.3,
depends on the choice of special point. This gives rise to an embedding
ST ãÑ ST ˆ SG. Recall that ST is zero-dimensional. Replacing SG by its com-
pactification SG (=the inverse limit of compactified modular curves XpNq),
we can consider the Néron–Tate height pairings on points (extended bilinearly
to divisors). The Gross–Zagier formula states, roughly, that the χ b π-isotypic
component of the pairing

xST , ST yNT (12.5)

is “proportional” to the central derivative L1pχˆπ, 12q of the same L-function as
before. The representation π is restricted, here, to the ones corresponding to
holomorphic modular forms of weight 2, and χ is restricted here to a character
of the Galois group34 of Kab{K, that is, χ8 “ 1. By “isotypic component” we
mean isotypic under the actions of the groups of finite adeles, T pAf q ˆGpAf q.

34Here, we will use the normalization of class field theory that sends uniformizers to geometric
Frobenii, so that the Hecke and Galois action on ST are compatible by CM theory.
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Explicitly, this means the following: Recall, from Theorem 6.4, that the
Jacobian at a finite level has an isotypic decomposition (in the isogeny cate-
gory) in terms of abelian varieties indexed35 by Galois orbits of holomorphic
weight-2 normalized newforms – which is the same as Galois orbits of the
GpAf q-representations generated by those forms. (Galois orbits, here, refers
to the Galois action on the Fourier coefficients of the eigenforms.) We can then
average the points of ST against the character χ to get a “divisor” on SG,

ST pχq :“

ż

ST

χpτq ¨ rτ sdτ,

that is, a compatible sequence of divisors in the tower of compactified modular
curves. Here, the integral over ST means averaging, i.e., at every finite level
XpNq (through which the character χ factors) we are averaging over the finite
image of ST . This divisor is defined over the abelian closure ofK (since, by CM
theory, the points of ST are), and has coefficients in whichever number field L
the character χ is valued. We then apply “the” Abel–Jacobi map (normalized by
sending a specific divisor, that we will not describe yet, to zero), to get a “point”
P pχq :“ AJpST qpχq P JpKabq bZ L (i.e., a family of points, compatible under
pushforwards, in the Jacobians at finite level), and project to the π-isotypic
component, to get a “point”

P pχb πq P JpKabq bZ L,

where we may need to enlarge L, so that it contains the coefficient field of π.
The Gross–Zagier theorem is about the Néron–Tate height pairing

xP pχb πq, P pχ´1 b π̃qyNT pJq,

which again is a formal thing, which has to be projected to finite level in
order to make sense of it. More precisely, we can again define a bilinear form
between π and π̃ (or rather, their “finite” components), as follows: If we fix a
representativeAπ for the isomorphism class (in the isogeny category of abelian
varieties over Q) of the abelian variety corresponding to π, we set

πf “ Hom0
QpJ,Aπq

35Theorem 6.4 was stated for the congruence subgroups Γ0pNq, but similar statements hold for
other congruence subgroups like ΓpNq – in fact, we can dispense with the word “newform,” and
just consider eigenforms up to the equivalence relation of having the same eigenvalues for almost
all Hecke operators Tp. Passing to congruence subgroups like ΓpNq – or at least Γ1pNq; see Remark
5.1 – is important because their intersection over all N ’s is the identity, leading to a presentation of
the Shimura variety SG as limN Y pNq.
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(homomorphisms defined over Q, but in the isogeny category, i.e., Hom0 “

HombZQ). This is a representation of GpAf q with coefficients the field M “

End0QpAq, which is of dimension equal to dimAf over Q, see [YZZ13, 3.2.1].36

Choosing an embedding ι : M ãÑ C and extending scalars to C, we have an
isomorphism

πf bM π8 » πι,

where πι is the representation generated by a Galois conjugate of f . To show
this, one needs to appeal to the multiplicity-one statement of Theorem 5.15;
see [YZZ13, 3.2.3]. (Note that Af is determined by the Galois conjugacy class
of f , not f itself.) We fix the embedding ι from now on, and without loss of
generality assume that πι “ π; the Gross–Zagier theorem holds for any such
choice of ι. The (smooth) dual of πf is defined similarly, using the dual abelian
variety A_

f . The pairing πf b π̃f Ñ C is given by

xF, F̃ y “ VolpXpNqq´1pFN ˝ F_
N q, (12.6)

where N is large enough so that the maps F , F_ factor through XpNq. The
pairing is valued in M , and then we compose with an embedding M ãÑ C to
make it C-valued.

We then define a pairing

BGZ : pχb πf q b pχ´1 b π̃f q Ñ C, (12.7)

by
F b F̃ ÞÑ xF pP pχqq, F̃ pP pχ´1qqyNT pAπq, (12.8)

where the height pairing now is on ApKabq bZ L. As with the Waldspurger
pairing, the Gross–Zagier pairing BGZ is invariant, in both arguments, under
the finite adelic points of T {Gm embedded as in (12.1).

There will be a lot of things to be straightened out about the rough state-
ments above, besides the need to translate “proportional” into a precise equal-
ity. But let us first discuss the L-functions that appeared in the statements.

12.2 L-functions and ϵ-factors (root numbers)
Both formulas concern an L-function, whereby, in this course, we will mean
an assignment

Automorphic representation π ÞÑ Meromorphic function Lpπ, r, sq,

36Notice that, even in the case of CM elliptic curves, since we are taking automorphisms defined
over Q, we have M “ Q.
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where Lpπ, r, sq is an automorphic L-function as defined by Langlands. That is,
if π is an automorphic representation for a groupG, r is an algebraic (complex)
representation of the L-group, LG Ñ GLpV q, and Lpπ, r, sq is defined by an
Euler product, whose factors at places v where the local component πv of π
is unramified are Lpπv, r, sq “ detpI ´ q´s

v cpπvqq´1, where cpπvq is the Satake
parameter of πv (a conjugacy class in LG). For the full definition, we need
to assume the local Langlands correspondence, which assigns to every πv a
homomorphism ϕv : Wv Ñ LG (where Wv is the local Weil group at v), to
define, at nonarchimedean places,

Lpπv, r, sq “ detpI ´ q´s
v ϕvpFrvq|V ϕvpIvqq´1,

i.e., as a local Artin L-function associated to the representation r ˝ ϕv. We
skip the definition at archimedean places, for now, but emphasize that in these
notes L will stand for the completed L-function.

Example 12.1. The basic example, at least for the Gross–Zagier formula is that
of weight-2 modular forms (with trivial nebentypus). Their local unramified
L-factor is given by the inverse of Lppf, sq´1 “ p1´p´sappfq`p1´2sq, with the
functional equation is centered at s “ 1. This can be factored p1´p

1
2

´sαpqp1´

p
1
2

´sα´1
p q. The Satake parameter here is the diagonal element pαp, α

´1
p q, and

the “automorphic” parametrization of the L-function is Lpπ, sq “ Lpf, s ` 1
2q,

centering the functional equation at 1
2 .

For Gross–Prasad and Waldspurger, the automorphic representation is on
the group G̃ “ pT ˆ Gq{Gm, whose L-group can be identified with LG̃ “

GO2 ˆGm GL2, where the fiber product is taken over the determinant in one
copy and the inverse of the determinant in the other, and r is the tensor product
of the standard representations of GO2 and GL2, hence a degree-4 L-function.
If χ b π is the automorphic representation, we can denote this L-function by
Lpχˆπ, sq, although a more customary notation is LpχbΠ, sq, where Π stands
for the base change of Π from Q to K. For the purposes of this definition, the
base change is an entirely formal thing, and we don’t need to know the actual
existence of an automorphic base change to an automorphic representation
of GL2pAKq (even though it is known by the work of Langlands). Simply,
we restrict the local Langlands parameters ϕv of the automorphic representa-
tion to the decomposition groups of the Galois group of Q{K, and form the
corresponding L-functions there, regarding now χ as an automorphic repre-
sentation of the group Gm over K (i.e., as an idele class character of K).

To be clear, no local Langlands correspondence will explicitly appear any-
where in the story. We will have “working definitions” of these L-functions,
which, independently and in ways that will not concern us in this course, have
been checked to coincide with local Langlands.
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When the character χ of T is trivial, this L-function is simply

LpΠ, sq “ Lpπ, sq b Lpπ b η, sq, (12.9)

where η is the quadratic character associated to K{Q, and, when no r ap-
pears, we mean the standard L-function (i.e., the L-function associated to the
standard, 2-dimensional representation of G).

It is important to observe that the tensor product representation of

LG̃ “ GO2 ˆGm GL2

is symplectic, and the functional equation relates the aforementioned (com-
plete) L-function to itself,

Lpχˆ π, sq “ ϵpχˆ π, sqLpχˆ π, 1 ´ sq,

where the (global) epsilon factor is the product of some constant ϵ “ ϵpχˆπ, 12q

by an exponential in 1
2 ´ s. The representation being symplectic, the number

ϵ is known to be ˘1, and it is called the (global) root number of χ ˆ π. Root
numbers will play an important role in the precise formulation of the theorems.

12.3 Local obstructions; the theorem of Tunnel and
Saito
The theorems of Waldspurger and Gross–Zagier actually apply to complemen-
tary situations, or rather are “trivial” (equalities of two sides which are known
a priori to be zero) in complementary situations: The theorem of Waldspurger
is trivial when ϵ “ ´1, and Gross–Zagier is trivial when ϵ “ 1. The fact that the
corresponding L-value, respectively derivative, is zero in this setting is obvi-
ous from the functional equation; the fact that the other side is zero is deeper,
but due to local, representation-theoretic, not arithmetic reasons, as we will
explain now.

The global root number is a product of local root numbers, ϵ “
ś

v ϵv, also
equal to ˘1, and almost all equal to 1. (We will be referring, from now on, to
general number fields F , for statements that apply in this generality; the field
K can be any quadratic extension of F . The theorem of Waldspurger is as
general as this, and the Gross–Zagier theorem generalizes to the setting where
F is totally real and K is a CM extension.) The local root numbers determine
whether

HomT pFvqpχv b πv,Cq
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is nonzero or not: By a theorem of Tunnel and Saito, it is nonzero iff

ϵv “ χvp´1qηvp´1q. (12.10)

This explains why the equalities of Waldspurger and Gross–Zagier are triv-
ial when the global root number is ´1, respectively `1, but it actually shows
that the left hand side is “trivially” zero in many more cases – whenever
(12.10) does not hold at one place. Surely, the nonvanishing of the L-value or
its derivative, as long as the global root number is right, cannot be dictated by
the local root numbers. Therefore, the theorems as sketched cannot be true –
some modification is needed.

The modification needed has to do with the fact that, when HomT pFvqpχv b

πv,Cq “ 0, the corresponding Hom-space for a “pure inner form” of the prob-
lem is nonzero. More precisely, we can replace Gv by G1

v “ the multiplicative
group of the quaternion division algebra over Fv, in which Tv still embeds. We
also need to replace πv by π1

v “ the Jacquet–Langlands lift of πv to G1
v; this is

a representation of G1
vpFvq with the same L- and ϵ-factors. The conditions for

nonvanishing of the Hom, in the case of G1
v, are complementary to those of

Gv.
Thus, starting from an automorphic representation χb π, we have its local

root numbers ϵv, and those indicate an inner form G1
v of Gv at every place for

which the local Hom-spaces are ‰ 0. We can hope to have valid versions of
the theorems of Waldspurger and Gross–Zagier if we formulate their analogs
for an inner form G1 of G, whose localizations are G1

v.
When ϵ “ 1, this works: Since

ś

v χvp´1qηvp´1q “ 1, this implies that ϵv “

´χvp´1qηvp´1q at an even set Σ of places, and there is a unique quaternion
algebra DΣ over F that is ramified at precisely those places. The theorem of
Waldspurger holds in this setting (i.e., for G1 “ Dˆ

Σ), while when ϵ “ ´1 it
holds trivially for any quaternion algebra, as an equality 0 “ 0.

For the Gross–Zagier theorem, we observe that we don’t need a T pRq in-
variant functional on π8 – this representation does not appear in the Gross–
Zagier pairing (12.7). On the other hand, χ8 “ 1 and η8p´1q “ ´1, since K
is imaginary. It is known that ϵ8 “ ϵpπ8,

1
2qϵpπ8 b η8,

1
2q is ´1 in this case.

Therefore, when the global root number ϵ is 1, there is an odd, hence nontriv-
ial, set of finite primes p where condition (12.10) fails, and the two sides of
the Gross–Zagier theorem are “trivially” zero. When ϵ “ ´1, there is an even
set Σ of finite places where (12.10) fails, and, as above, we can replace G by
G1 “ Dˆ

Σ , as above, in order to get the correct theorem. In this process, the
tower of modular curves/Shimura variety SG will be replaced by the Shimura
variety SG1 of G1, which is a tower of Shimura curves – their complex points are
of the form ΓzH for Γ a congruence subgroup for G1, and they are compact.

149



They admit a modular interpretation in terms of abelian surfaces with “quater-
nionic multiplication” by an order in D (e.g., see Chao Li’s notes), which can
be understood in terms of an embedding G1 ãÑ Sp4 and the moduli interpre-
tation of quotients of the Siegel upper half space by congruence subgroups
(generalizing the case of elliptic curves to higher-rank abelian varieties).

12.4 Formulation of the Waldspurger and Gross–Zagier
theorems
Fix an automorphic representation χb π of G̃, which in the Gross–Zagier case
will be required, at infinity, to be χ8 “ 1 and π8 “ weight-2 discrete series.

Form the set Σ as above – hence, for Waldspurger’s formula when ϵ “

ϵpχ b π, 12q “ 1, Σ is the set of all places where (12.10) fails, while for the
Gross–Zagier formula when ϵ “ ´1 it is the set of finite places where it fails.
In both cases, the set Σ contains an even number of places, and we letG1 be the
multiplicative group of the quaternion algebra that is ramified precisely at Σ.
We let π1 “ the Jacquet–Langlands lift of π to G1 (= the unique automorphic
representation of G1 with the same Hecke eigenvalues as π, for all finite places
p R Σ). And similarly define, in the Gross–Zagier case,

πf “ Hom0
QpJ 1, Aπq,

where J 1
A is the Jacobian of the Shimura variety for G1 (compactified, if G “

G1).
Fix a factorization π1 “

Â1
v π

1
v, where πv is a unitary irreducible represen-

tation of G1pQvq. The factorization is required to be compatible with inner
products, where we fix the inner product on L2prG1{Gmsq with respect to Tam-
agawa measure, which assigns total volume 2 to rG1{Gms. We also endow
rU1s “ rT {Gms with Tamagawa measure, giving it total mass 1, and we factor-
ize the corresponding Haar measure dt on U1pAq as a product

ś

v dtv of local
Haar measures on U1pQvq so that dtppU1pZpqq “ 1 for almost every p.

We choose a global embedding T ãÑ G1, and define T pQvqˆT pQvq-invariant
bilinear forms

α1
v : pχv b π1

vq b pχ´1
v b π̃vq Ñ C

by

α1pub ũq “

ż

U1pQvq

xπvptqu, ũyχ´1ptqdt.

We have the following fact: At split nonarchimedean places (i.e., G1
v »

Gv » GL2), if K, χv and πv are unramified at v and we fix an integral model
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G1
v » GL2 over Zv so that the embedding Tv ãÑ G1

v corresponds to a basis of
K b Zv over Zv, and if dtvpU1pZvqq “ 1, then

α1
vpub ũq “

ζvp2qLpχv ˆ πv,
1
2q

Lpηv, 1qLpπv,Ad, 1q
“: c´1

v ,

where “Ad” denotes the adjoint representation of the dual group on pgl2. We
then define a normalized functional (at every place v) by

αv “ cvα
1
v.

Theorem 12.1 (Waldspurger’s theorem). In the setting above, with ϵ “ 1, the
Waldspurger pairing (12.4), defined (completely analogously) for G1, admits an
Euler product

BW “
ζp2qLpχˆ π, 12q

8Lpη, 1q2Lpπ,Ad, 1q

ź

v

αv.

All L-functions (including ζ), here, are completed L-functions (i.e., include the
archimedean factor).

I think there’s
something
wrong with
the way that
“Tamagawa
measure” is used
in [YZZ13]; to
double-check
the precise
factors.

Remarks 12.1. 1. It may be hard at first to digest all the L-values that ap-
pear above, but the most important ones are the ones that vary with π
(and χ), namely, the central L-value Lpχ ˆ π, 12q in the numerator, and
the adjoint L-value Lpπ,Ad, 1q in the denominator. The factor Lpη, 1q

can also be seen as an adjoint L-value (for the action of the dual group
of T on u1), and the rest of the factors can be seen as being related to
our choices of measures.

2. Note that we took the trouble to normalize the factors αv, so that the
Euler product is actually finite, i.e., almost all factors (when evaluating
on a pair of vectors u b ũ P π b π̃) are equal to 1. But a cleaner way to
understand the formula is as a regularized Euler product

BW “
1

8Lp1, ηq

ź̊

v

α1
v.

The remaining factor of 1{8Lp1, ηq can also be understood (and elimi-
nated, by an appropriate reformulation), but we won’t get into that.

Similarly, to formulate the theorem of Gross–Zagier (as extended by Yuan–
Zhang–Zhang) when ϵ “ 1, first we fix factorizations

π1
f “

â

p

π1
p π̃

1
f “

â

p

π̃1
p

(with the product over finite places only), compatible with the duality pairing
(12.6).
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Theorem 12.2 (Gross–Zagier–Yuan–Zhang–Zhang theorem). In the setting above,
with ϵ “ ´1, the Gross–Zagier pairing (12.4), defined (completely analogously)
for G1, admits an Euler product

BGZ “
ζ8p2qL81

pχˆ π, 12q

4L8pη, 1q2L8pπ,Ad, 1q

ź

pă8

αp,

with the same local functionals αv as above. Here, L8 denotes the L-functions
without their archimedean factors.
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13 L-factors and ϵ-factors
This section introduces the theory of integral representations of L-functions,
through the examples that are relevant to the Waldspurger and Gross–Zagier
formulas. It is written in the form of exercises, that will be given as an as-
signment. The section assumes familiarity with Iwasawa–Tate theory. We fix a
number field F , and denote by A its adeles.

A good, straightforward reference is [Cog03].

Exercise(s) 13.1. Consider the space MkpΓpNq, χq of holomorphic modular
forms of weight k with Nebentypus χ. Show that the map

f ÞÑ F pgq :“ pf |kgqpiq “ pad´ bcqk{2pci` dq´kfpgiq

defines an embedding intoC8ppΓpNq, χqzGL2pRq`q, the space of smooth func-
tions on GL2pRq` that vary by the character χ of ΓpNq. Explain how one can
further embed the latter into C8pGL2pQqzGL2pAqq, obtaining the automor-
phic form associated to f .

13.1 The Hecke integral and its unfolding
For an automorphic representation π on GL2, the Hecke integral (as reinter-
preted adelically by Jacquet–Langlands) is the functional

π Ñ C

given by

Ipϕ, sq :“

ż

rGms

ϕ

ˆ

x
1

˙

|x|sdˆx. (13.1)

We’ll omit discussing convergence of integrals – “whenever they make sense.”
Typically, convergence issues are easy for cusp forms, but some regularization is
required for Eisenstein series.

Exercise(s) 13.2. Show that, appropriate choices of measures and up to a
shift in the s-parameter, for holomorphic modular forms the integral above
translates to the integral denoted by Lf in (2.5).

We will relate the Hecke integral (13.1) to the (standard) L-function of π,
and discuss its functional equation, generalizing the discussion of § 2.1.

As with holomorphic modular forms, we can use the Fourier expansion of
ϕ in order to write the Hecke integral in terms of the Fourier coefficients of
ϕ; here, the precise generalization of the q-expansion is the Fourier transform
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with respect to the upper unipotent subgroup N “

ˆ

1 ˚

1

˙

. We need to recall

from Tate’s thesis that, after fixing a single nontrivial character of the compact
group of adele classes,

ψ : rGas “ F zA Ñ Cˆ,

the Pontryagin dual of rGas is F via the map f Q γ ÞÑ ψγpxq :“ ψpγxq. Thus,
we have a Fourier expansion

ϕpgq “
ÿ

γPF

Wϕ,γpgq,

where Wϕ,γpgq is the Fourier coefficient

Wϕ,γpgq “

ż

rGas

ϕ

ˆˆ

1 x
1

˙

g

˙

ψ´1pγxqdx.

(Probability Haar measure on rGas.)
Assume, now, that ϕ is a cusp form. Then there is no zeroth Fourier coeffi-

cient. The others can be expressed in terms of the first Fourier coefficient, by
exploiting automorphicity, as follows:

Wϕ,γpgq “

ż

rGas

ϕ

ˆˆ

γ´1

1

˙ ˆ

1 x
1

˙ ˆ

γ
1

˙

g

˙

ψ´1pxqdx

“

ż

rGas

ϕ

ˆˆ

1 x
1

˙ ˆ

γ
1

˙

g

˙

ψ´1pxqdx “ Wϕ,1

ˆˆ

γ
1

˙

g

˙

.

The function Wϕpgq :“ Wϕ,1pgq is also called the Whittaker function of

ϕ. It satisfies the transformation property Wϕp

ˆ

1 x
1

˙

gq “ ψpxqWϕpgq, and

therefore the map ϕ Ñ Wϕ defines a map

π Ñ C8ppN,ψqzGpAqq.

Important fact (proof omitted):

Proposition 13.1. For every place v, every irreducible (admissible) representa-
tion πv ofGpFvq admits at most one, up to multiple embedding intoC8ppN,ψqzGpFvqq.
Its image Wpπvq is called the Whittaker model of πv. If a representation admits
a (nonzero) Whittaker model, it is called generic. For G “ GL2, all but the
finite-dimensional (= algebraic, up to character twist) representations of GpFvq

are generic.
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This implies that there is a factorization

Wϕ “
ź

v

Wϕ,v, (13.2)

where Wϕ,v belongs to the Whittaker model of πv. In fact, we can choose an
isomorphism π “

Â1
v πv, ϕ ÞÑ bvϕv, so that Wϕ,v depends only37 on ϕv.

Combining this with (13.1), the integral over rGms “ FˆzAˆ and the sum
over Fˆ can be combined to an integral over Aˆ at least when it is absolutely
convergent (which – fact – happens when ℜpsq " 0),

(13.1) “

ż

Aˆ

Wϕ

ˆ

x
1

˙

|x|sdˆx.

(The same argument works for Eisenstein series, with appropriate regulariza-
tion, because the regularized contribution of the zero-th Fourier coefficient
will be zero.)

Together with the Whittaker factorization (13.2), we now have an Eulerian
integral (for ℜpsq " 0),

(13.1) “
ź

v

IpWϕ,v, sq,

where IpWϕ,v, sq “
ş

Fˆ
v
Wϕ,v

ˆ

x
1

˙

|x|sdˆx.

13.2 Functional equation
Let π be a generic automorphic representation of G “ GL2. For ϕ P π, de-
fine ϕ̃pgq “ ϕpg´tq (inverse transpose). This is another automorphic form,
belonging to the space of the dual automorphic representation π̃.

Theorem 13.2 (Global functional equation). We have

Ipϕ, sq “ Ipϕ̃,´sq.

Proof. This is quite a trivial calculation:

Ipϕ̃,´sq “

ż

rGms

ϕ

ˆ

x´1

1

˙

|x|´sdˆx “

ż

rGms

ϕ

ˆ

x
1

˙

|x|sdˆx “ Ipϕ, sq.

37To make this factorization more precise, we would need a formulation in terms of global and
local functionals similar to the one in Waldspurger’s theorem; see [LM15, § 4].
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Now we turn our attention to the local factors of (13.2).

Proposition 13.3. Let v be a nonarchimedean place with residue field of order
q, and let πv be an irreducible generic representation of GpFvq. The set of func-
tions s ÞÑ IpWv, sq, as Wv varies in the Whittaker model of πv, is a fractional
Crqs, q´ss-ideal of Cpq´sq containing the constants.

Before we sketch the proof in an exercise, let us give our working defini-
tion of local L-factors – a definition which does not mention the Langlands
correspondence, as promised in § 12.2.

Definition 13.1 (Local L-factor). In the setting of Proposition 13.3, we let

Lpπv,
1

2
` sq “ P pq´sq´1,

where P´1 is the generator of the fractional ideal which satisfies P p0q “ 1.

Exercise(s) 13.3. In this exercise, we sketch of proof of Proposition 13.3].

1. Since the field is nonarchimedean, we are working, by definition, in the
context of smooth representations, i.e., every vector has an open sta-
bilizer. Use (or even prove!) the Iwasawa decomposition, GpFvq “

NpFvqϖΛGpovq, where Λ denotes the group of cocharacters into the di-
agonal torus, to show that for anyWv P Wpπvq there is an n ě 0 such that

Wvpπλv q “ 0 when λ is of the form xλ “

ˆ

xa

xb

˙

with αpλq :“ a´b ď n

(i.e., when λ is “sufficiently antidominant”). (Hint: Just use the fact that
Wv is left-pN,ψq-equivariant and right-J -invariant, for some open sub-
group J .)

2. Similarly, show that for any compact subset Ω of GpFvq, when λ is suf-
ficiently dominant, the restriction of any Wv to ϖλ ¨ Ω can be identified
with the restriction of a function on NzGpFvq (i.e., with trivial character
on N , rather than ψ), equivariantly with respect to all g P Ω. That is,
given Ω, there is an n, and for every Whittaker function Wv there is a
function W 0

v P C8pNzGpFvqq such that

W 0
v |ϖΛnΩ “ Wv|ϖΛnΩ,

where Λn “ tλ|αpλq ě nu. (This is easier than it sounds!)

The last point implies that the elements in Wpπvq, the Whittaker model of
πv, are equal to elements in the image of a morphism πv Ñ C8pNzGpFvqq

on “sufficiently dominant elements.” You can take this conclusion as given,
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or you can try to prove it by considering the last statement as saying that
“C8ppN,ψqzGpFvqq and C8pNzGpFvqq are asymptotically Hecke-equivariant.”

For the last step of this exercise, assume this conclusion, as well as the fact
that

Any embedding πv ãÑ C8pNzGpFvqq is ApFvq-finite, that is, it lies
in a finite sum of generalized spaces for ApFvq.

This is still not enough to prove Proposition 13.3; we need more facts about
the “Kirillov model” of a representation (i.e., the restriction of its Whittaker
model to the diagonal torus). Nonetheless, you can use the description above
to calculate the local L-factor.

3. Calculating the local L-factor Lpπv, sq in terms of the exponents (=gen-
eralized eigencharacters for A appearing in the asymptotics) of the Whit-
taker model of πv.

Theorem 13.4 (Local functional equation). Let πv be a generic irreducible rep-
resentation of GpFvq. The local Hecke integrals IpWϕ,v, sq, originally defined for
ℜpsq " 0, admit a meromorphic continuation to all C, and there is a meromor-
phic function γpπv, s, ψq with the property that

IpW̃n,´sq “ ωπvp´1qγpπ, s`
1

2
, ψqIpWv, sq,

where W̃npgq “ Wnpwg´tq, w “

ˆ

1
1

˙

, and ωπv is the central character of πv.

Note that W̃n is a Whittaker function for the inverse character of ψ. The
map Wn Ñ W̃n is a linear map from the ψ-Whittaker model of π to the ψ´1-
Whittaker model of its dual38 representation π̃.

There is no clear reason why we should separate ωπvp´1q from the gamma
factor, or why we should choose this representative w for the nontrivial element
of the Weyl group and not another; the compatibilities with other theories of
ϵ-factors simply work this way!

Sketch of proof. In the nonarchimedean case, the meromorphic continuation
follows from Proposition 13.3. (The archimedean case is similar, but the ana-
log of Exercise 13.3 is a little more complicated, and we will skip it.)

38The fact that the automorphism g ÞÑ g´t of GLn sends an irreducible representation to its dual
is a theorem of Gelfand and Kazhdan. Its proof is based on character theory; eventually, the theorem
follows simply from the fact that this automorphism takes the conjugacy class of an element g to
the conjugacy class of its inverse.
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The functionals Wv ÞÑ IpWv, sq and Wv ÞÑ IpW̃v,´sq are equivariant with

respect to the character | ‚ |´s of the subgroup Fˆ
v “

ˆ

˚

1

˙

. We will then ap-

peal to another multiplicity-one result, similar to the one for Whittaker models
from Proposition 13.1, again without proof:

Proposition 13.5. We have dimHomFˆpπv,Cχq ď 1 for any irreducible repre-
sentation πv of GpFvq, and any character χ of Fˆ.

This implies that, for any s where Ip´, sq and Ip´,´sq do not have a pole,
there is a scalar of proportionality between the two functionals, independent
of Wv. As, for a fixed Wv, those vary meromorphically in s, the scalar is
meromorphic in s.

Finally, the local ϵ-factor is defined by the equation

γpπ, s, ψq “
ϵpπ, s, ψqLpπ̃, 1 ´ sq

Lpπ, sq
. (13.3)

Since, by Proposition 13.3, IpWv, sq is any Crqs, q´ss-multiple of Lpπ, 12 ` sq,
and IpW̃v,´sq is any Crqs, q´ss-multiple of Lpπ̃, 12 ´ sq, it follows that ϵpπ, sq is
entire, nonvanishing element of Crqs, q´ss, hence a constant times an integral
power of q´s:

ϵpπ, sq “ cq´fpπqs.

The integer exponent fpπq is called the conductor of π, and it is known to be
nonnegative.

Note, that, by the definitions, it follows immediately that

γpπ,
1

2
` s, ψqγpπ̃,

1

2
´ s, ψ´1q “ 1.
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14 Waldspurger’s theorem via the relative trace
formula

14.1 Relative trace formulas
We will discuss a proof of Waldspurger’s theorem due to Jacquet [Jac86], for
the case when the character χ of the quadratic extension K{F is trivial. In this
case, the base change L-function is given simply by (12.9), where Lpπ, sq and
Lpπb η, sq are simply the standard L-functions associated to π and its twist by
the character η (composed with the determinant). Jacquet has another proof
(also based on the relative trace formula) for general χ, but it is a little more
complicated.

Since the character χ is trivial, the central character of π should also
be trivial, which is equivalent to saying that π is an automorphic represen-
tation of PGL2. We will change notation, and let G,T be PGL2 and the
ResK{F pGmq{Gm, respectively. Let A » Gm be a split torus in G. There are
two main ideas in the proof:

1. The first idea is to exploit (12.9) and compare the squared absolute value
of the T -period (12.3) with the product of the A-period on π and the A-
period on π b η.

2. The second idea is to group all automorphic representations together. In
other words, to return to the pairing (12.2), and decompose it spectrally.
The benefit of this is that the pairing (12.2) has a completely geometric
description (the distribution δrT s is simply the integral over the subspace
rT s Ă rGs), and there is a geometric way to calculate it, and perform the
comparison. We will then use the action of the Hecke algebra to separate
individual representations.

As mentioned, however, the pairing (12.2) does not make sense as a num-
ber. We will interpret it as a distribution. More precisely, let SpGpAqq denote
the convolution algebra of Schwartz measures on GpAq (Schwartz functions
times a Haar measure). We will calculate

RTFT pfq :“ xδrT s|f |δrT sy :“ xf ¨ δrT s, δrT sy, (14.1)

where

f ¨ δrT spgq “

ż

GpAq

fpgqδrT spgq “
ÿ

γPT pF qzGpF q

ż

T pAq

fptγgqdt.

(Can you confirm this formula?)
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Now, 14.1 rigorously makes sense, and will be our first version of the “RTF
functional” (for: relative trace formula) associated to the pair pG,T q. It is a
functional on SpGpAqq, but it is left and right invariant by T pAq – for example,
as the last expression makes clear, it depends only on the measure39 φf : g ÞÑ
ş

T pAq
fptγgq on T pAqzGpAq, which is the pushforward of f through the natural

quotient map. Note, also, that in this case we have T pAqzGpAq “ XpAq, where
X “ T zG (as follows from Hilbert 90!), so we can regard (14.1) as a T pAq-
invariant “distribution”40 on XpAq. The automorphic function (dividing by a
Haar measure here)

g ÞÑ
ÿ

γPXpF q

φf pγgq

which appears in (14.1) will be denoted by Θf or Θφf
, and called a “theta

series” for the space X. Note, also, that when f is a convolution, fpgq “
ş

GpAq
f1pxqf2px´1gqdx, then (14.1) can be rewritten as the inner product

ż

rGs

Θf1 ¨ Θf_
2
, (14.2)

where f_
2 pgq “ f2pg´1q. This point of view will be important for the spectral

decomposition. Through this pairing, the RTF functional can be seen as a
distribution onXpAqˆXpAq, invariant under the diagonal action ofGpAq. Our
more sophisticated version of the “RTF functional” will replace T pAq-invariant
distributions on XpAq, or GdiagpAq-invariant distributions on pX ˆ XqpAq, by
“distributions on the adelic points of the stack T zG{T “ pX ˆ Xq{G.” But we
will discuss this after we realize the need for it.

To compare with the product of two A-periods, we similarly define distri-
butions δrAs and δrAs,η (the latter being ϕ ÞÑ

ş

rAs
ϕpaqηpaqda), and define a

similar functional
RTFApfq :“ xδrAs|f |δrAs,ηy

on SpGpAqq. (This is not absolutely convergent, and requires regularization!)
The first version of the main geometric theorem is, then, the following.

Theorem 14.1. For every f P SpGpAqq there is a “transfer” f 1 P SpGpAqq with

xδrT s|f |δrT sy “ xδrAs|f
1|δrAs,ηy.

39The notation is a bit sloppy in distinguishing between functions and measures. You can fix
invariant measures and perform the translations everywhere, until we need to specify our choices
of such measures.

40A more appropriate word is “generalized function,” which is by definition an element in the
dual space to smooth, compactly supported distributions.
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Moreover, this transfer map is compatible with the action of spherical Hecke al-
gebras, in the following sense: Let v be a place of F where K{F is unrami-
fied, and assume that f is bi-Gpovq-invariant, with transfer f 1. Then, for every
h P HpGpFvq, Gpovqq, h ¨ f 1 is a transfer of h ¨ f ; where ¨ denotes the action of the
spherical Hecke algebra by left or, equivalently, right multiplication.

Remark 14.1. The transfer map f ÞÑ f 1 cannot be unique, since, as we saw, the
RTF functional only depends on the image of f modulo the left- or right-T pAq

actions. But it can be shown that it is unique as a linear map between the
coinvariant quotients

T : SpGpAqqpTˆT qpAqq Ñ SpGpAqqpAˆpA,ηqqpAqq. (14.3)

(The coinvariant space VG of a G-representation V is defined as the quotient
of V by the subspace generated by all elements v ´ πpgqv, v P V , g P G;
when a character η of G appears in the notation, we simply mean the twisted
representation V b η. If V is a topological representation, we may want to
define this by modding out by the closure of that subspace.)

Before we discuss what goes into the proof of Theorem 14.1, let us see how
it implies a weak version of Waldspurger’s theorem.

Theorem 14.2. Let π be a generic automorphic representation of G such that
δrT s|π ‰ 0. Then, Lpπ, 12qLpπ b η, 12q ‰ 0.

Proof. For simplicity, we will sketch the proof when π is cuspidal (although
the general case is not much harder, in this case). Taking f to be a convolution
of two functions, so that (14.1) can be written as the inner product (14.2) of
two theta series for T zG, one first proves that these theta series are in L2prGsq,
and decomposes them according to the Plancherel decomposition of L2prGsq.
This gives rise to an absolutely convergent expression,

xΘφ1 ,Θφ2y “

ż

Ĝaut

xΘφ1 ,Θφ2yπdπ,

where x , yπ is the “projection” of the pairing to the space of the automorphic
representation π. This expression is called the spectral side of the relative trace
formula.41 If π is cuspidal, then it occurs discretely in that decomposition, and
we can take the measure dπ to be 1 at π. We have a similar decomposition for
theta series with respect to rAs and prAs, ηq (except that those are not L2, and

41The relative trace formula is really the equality of this spectral expression with the geometric
expression that will be discussed after this proof.
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the decomposition of the regularized pairing requires some care!), which we will
denote by the appropriate exponents,

xΘA
φ1
,ΘA,η

φ2
y “

ż

Ĝaut

xΘA
φ1
,ΘA,η

φ2
yπdπ.

We can consider the forms JTπ : φ1 b φ2 ÞÑ xΘφ1 ,Θφ2yπ as linear func-
tionals on the coinvariant space SpGpAqqpTˆT qpAqq, called the (global) relative
characters associated to π. Explicitly,

JTπ pφ1 b φ2q “
ÿ

ϕ

ż

rGs

Θφ1pgqϕpgqdg ¨

ż

rGs

Θφ2pgqϕ̄pgqdg,

where ϕ runs over an orthonormal basis of π. Let us similarly denote by JAπ
the corresponding forms given by xΘA

φ1
,ΘA,η

φ2 yπ.
Theorem 14.1 tells us that there is a linear map T such that

RTFA ˝ T “ RTFT .

We would like to upgrade this to a statement about the spectral decomposi-
tions, i.e., to say that

JAπ ˝ T “ JTπ . (14.4)

If we could deduce that, it would follow that the nonvanishing of JTπ im-
plies the nonvanishing of JAπ , which, for generic representations, is equivalent
to Lpπ, 12qLpπ b η, 12q ‰ 0, by the Hecke integral (§ 13.1).

To deduce (14.4), fix a finite set S of places containing all archimedean
and ramified places for K{F , as well as the places where the representation
π of interest is ramified. For any matching functions fS Ø f 1

S in SpGpFSqq

(i.e., over the product of v P S), we consider the following functional on the
spherical Hecke algebras away from S:

RTFTS phq :“ RTFT phb fSq

and
RTFAS phq :“ RTFAphb f 1

Sq.
(Note that we are suppressing the dependence on fS , f 1

S from the notation.)
The resulting test functions hb fS and hb f 1

S are matching, by the funda-
mental lemma for the full Hecke algebra of Theorem 14.1. We therefore have
an equality of functionals

RTFTS “ RTFAS

on HS :“
Â

vRS HpGpFvq, Gpovqq. We similarly denote by JTπ,S and JAπ,S the
corresponding functionals of the spectral decomposition, so that we have an
equality

ż

Ĝaut

JTπ,Sphqdπ “

ż

Ĝaut

JAπ,Sphqdπ (14.5)
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for every h P HS .
But, because h acts by a scalar ĥpπq on the space of unramified (i.e., Gpovq-

invariant) elements of π, we have JTπ,Sphq “ ĥpπq ¨ JTπ,Sp1GpoSqq, and similarly
for JAπ,S; we will denote the scalars JTπ,Sp1GpoSqq, J

A
π,Sp1GpoSqq simply by JTπ,S ,

JAπ,S .
Recall that the Hecke algebra HpGpFvq, Gpovqq is freely generated by an

operator Tv (supported on the double coset of the matrix
ˆ

ϖv

1

˙

), and

therefore an irreducible unramified representation πv corresponds to a point
rπvs “ SpecmaxHpGpFvq, Gpovqq “ SpecmaxCrTvs » C, so that ĥvpπvq “ the
evaluation of the corresponding polynomial at the point rπvs. (This point is,
up to some normalization, the Satake parameter of πv.) The scalar ĥpπq is then
the product of ĥvpπvq’s, when h “ bvRShv; the representation π gives rise to
a set of Satake parameters prπvsqvRS P

ś

v Cv, where we add an index v to
denote the v-th copy of C.

The expressions on the two sides of (14.5) are absolutely convergent, and
therefore can be thought of as measures on the space

ś

v Cv. The proof of
(14.4) would be complete42 if we could show that the two measures are com-
plete. For that purpose, we can use the Stone–Weierstrass theorem, for an
appropriate compact subset of

ś

v Cv. Namely, the unitary unramified repre-
sentations form a compact subset43 Kv Ă

ś

v Cv, and for rπvs in this subset we

have ĥvpπvq “ xh_
v pπvq, where h_

v pgq “ hvpg´1q. Hence, the restriction of poly-
nomials on Cv to Kv is an algebra that is invariant under complex conjugation;
it also separates points, and by the Stone–Weierstrass theorem it follows that
CrCvs is dense in CpKvq. Thus, from the equality of the expressions (14.5)
for all h P

ś

v Cv we can deduce the equality of the measures (which are
supported on

ś

vKv), and we are done.

14.2 Geometric comparison
Before we come to the proof of Theorem 14.1, we will develop the geometric
expression of the two RTF functionals. (The spectral expansion appeared in
the proof of Theorem 14.2 above.) In general, a relative trace formula involves
the pairing of two theta series coming from G-spaces X1 and X2 (or, when

42For almost all π with respect to the automorphic measure dπ, but then it is easy to deduce
the equality everywhere on the support of the continuous/Eisenstein part of this measure by a
continuity argument.

43There is a very well-known, classical description of this in terms of principal series, complemen-
tary series, and 1-dimensional representations, but we won’t get into that here.
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the Xi are homogeneous, Xi “ HizG, the pairing of two period distributions
associated to subgroups H1 and H2), and its geometric side is a decomposition
of the pairing indexed by Gdiag-orbits on X1 ˆX2 (or by H1 ˆH2-orbits on G).

When everything converges, as is the case with RTFT , this geometric ex-
pression arises simply from unfolding the definitions. Indeed, we can rewrite
(14.1) as

ÿ

ξPT pF qzGpF q{T pF q

VolpTξpF qzTξpAqq

ż

TξpAqzpTˆT qpAq

fpt´1
1 ξt2qdpt1, t2q, (14.6)

with the integral on the right hand side, to be denoted by OTξ pfq, called the
orbital integral44 for f at ξ.

A similar expression holds for the relative trace formula RTFA, except that
some of the integrals are divergent and need to be regularized. We’ll discuss
the nature of this regularization later, so let us formally write

RTFApf 1q “
ÿ

ξPApF qzGpF q{ApF q

VolpAξpF qzAξpAqq

ż

AξpAqzpAˆAqpAq

f 1pa´1
1 ξa2qηpa2qdpa1, a2q.

(14.7)
The idea, now, is to compare the geometric expressions above (almost)

orbit-by-orbit. Namely, we have the invariant-theoretic quotients T zG � T “

SpecF rT zGsT and AzG �A “ SpecF rAzGsA, and the following lemma.

Lemma 14.3. Both quotients are isomorphic to A1 (i.e., the ring of invariants
are polynomial in one generator); moreover, they are canonically equal, if we
consider the pair pG,T q as a Galois twist of the pair pG,Aq.

Proof. For PGL2 and the diagonal torus A, it is very easy to see that the ring

of AˆA-invariants is freely generated by ξ
ˆ

a b
c d

˙

“ ad
det .

“Galois twist” means that we can identify the two pairs over the algebraic
closure (in fact, over the quadratic extension K{F ), in such a way that the
Galois action on pG1

K , TKq (we use G1 for another copy of G here – an F -
group that is F -isomorphic to, but not identified with, G) is the twist of the
Galois action on pGK , AKq by a 1-cocycle GalpK{F q Ñ AutpGK , AKq; we can
take this cocycle to be sending the nontrivial element of the Galois group to

conjugation by the permutation matrix w “

ˆ

1
1

˙

.

44In the equivalent formulation where the test functions φ1 bφ2 live on XˆX and ξ corresponds
to a Gdiag-orbit there, the orbital integral Oξ is defined as an integral over the adelic points of this
G-orbit. One important observation here is that stabilizers don’t depend on whether we represent
the quotient as T zG{T or as pX ˆXq{G; in particular, the volume factor before the orbital integral
does not change.
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It is then clear that this automorphisms acts trivially on the variable ξ,
and therefore the corresponding twist of T zG1 � T is trivial, i.e., we have a
canonical isomorphism T zG1 � T » AzG �A.

By repeatedly using the Galois twist of the previous lemma, we will be
proving statements in the easier setting of pG,Aq, and transferring them to
pG,T q. We will keep using the coordinate ξ “ ad

det of the lemma.

Proposition 14.4. Let U “ A1
ξ ∖ t0, 1u. The space X “ AzG restricts to an

A-torsor over U , and the space Y “ T zG restricts to a T -torsor. Moreover, there
is a birational T -equivariant map ResK{FGa 99K Y (where we think of T as the
kernel of the norm mapKˆ Ñ Fˆ), which is an isomorphism over a Zariski open
neighborhood of ξ “ 1, and similarly for X, if we replace K by F ‘ F . Finally,
there is aG-automorphism ofX (resp. of Y ) which descends to the automorphism
ξ ÞÑ 1 ´ ξ on A1.

Proof. Let us start with the linearization, in the case of the split torus: The
space X can be identified with pP1 ˆ P1q ∖∆P1, in such a way that ξpx, yq “
x
x´y . The map A2 Q px, yq ÞÑ px´1, yq restricts to the birational map asserted
in the proposition, is defined away from txy “ 1u, and has image the com-
plement of ξ “ 0. Moreover, the automorphism Ag ÞÑ Awg of AzG acts as
ξ ÞÑ 1 ´ ξ on the quotient, and therefore everything we prove for the comple-
ment of ξ “ 0 holds for the complement of ξ “ 1, as well.

Therefore, for the split torus, we are reduced with proving the statement
about torsors, which we can prove for the A-action on A2, removing the set
ζ :“ xy “ 0 (which corresponds to ξ “ 1). But it is clear that the equation
xy “ ζ represents an A-torsor (trivial, of course).

Now we twist everything by the “conjugation by w” involution. It is easy
to see that the birational map that we defined above is compatible with this
involution, if we also act on the px, yq-plane by switching x and y. The re-
sulting form of A2 can be identified with ResK{FGa, under the action of the
Galois twist T of A. Therefore, all the statements remain true; of course, the
T -torsors can now be nontrivial, as one can see by noticing that the coordinate
ζ is equal to the norm map (hence, ζ ‰ 0 corresponds to a trivial T -torsor iff ζ
is a norm from Kˆ).

We will use this proposition to compare the geometric sides of the relative
trace formulas. First of all, the proposition implies that all the terms in the
geometric expansions (14.6), (14.7) except for those living over ξ “ 0, 1 P A1

are simply orbital integrals, without volume terms. These are Euler products
of the corresponding local orbital integrals. Therefore, up to examining the
finitely many terms over ξ “ 0, 1 (which we will skip in this course, for lack of
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time!), the geometric comparison of Theorem 14.1 follows from the following
local statement, which not only proves that theorem, but more precisely proves
equality of the individual geometric terms with ξ ‰ 0, 1.

Fix a place v, and, for f P SpT zGpFvqq, denote by πT,!f the orbital integral
function on UpFvq “ Fv ∖ t0, 1u,

πT,!fpξq “

ż

T pFvq

fpξ̃tqdt,

where ξ̃ is a lift of ξ to GpFvq. Similarly, choose a global section ξ ÞÑ ξ̃ of the
map AzG Ñ AzG �A, and use it to define the local pushforward

πA,!fpξq “

ż

ApFvq

fpξ̃aqηpaqda.

(Note that if we choice a different section, here, the presence of η might in-
troduce a negative sign; but globally these signs would cancel out, since η is
an automorphic character and we chose the sections globally, hence any two
choices ξ̃, ξ̃1 are translates of each other byApF q.) These definitions depend on
choices of Haar measures on T pFvq, ApFvq, which need to be made carefully
for some of the following theorems to hold, but we won’t get into that. (Better:
define Schwartz spaces as spaces of smooth measures; then these pushforwards
don’t depend on choices.)

We use the same notation for f P SpGpFvqq, identifying it with its pushfor-
ward45 to T zG, resp. AzG.

Theorem 14.5. 1. (Matching:) The pushforwards map Schwartz functions
to smooth functions on UpFvq, and for every f P SpGpFvqq there is an
f 1 P SpGpFvqq such that πT,!pfq “ πA,!pf

1q.

2. (Fundamental lemma for the Hecke algebra:) If v is a place where K{F is
unramified,46 and f P HpGpFvq, Gpovqq, then f 1 can be taken to be equal
to f .

Proof. We will only prove the matching. The fundamental lemma needs some
tedious calculations, which in this case can be done “by hand;” see [Jac86].
Note that ifK splits at v, the two statements are tautologies, so now we assume
that it doesn’t split.

First of all, smoothness follows from the smoothness of the map T zG Ñ A1

(and similarly for A), restricted to U . Indeed, locally around a point of UpFvq

(in the Hausdorff topology), i.e. over a neighborhood V of that point, we have

45The pushforward is again dependent on choices of Haar measures, which
46...and some integrality assumption for the choice of section ξ̃, which we omit...
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T zGpFvq|V is either empty or a product T pFvq ˆ V (T pFvq-equivariantly), and
smoothness of the pushforward follows easily from this.

The matching statement now means that πT,!pSpGpFvqqq, as a subspace of
C8pUpFvqq, is contained in πA,!pSpGpFvqqq. The product statement that we
used above also implies that all smooth, compactly supported functions on
UpFvq are contained in the image of the pushforward map, provided that their
support lies in the image of GpFvq (which is all of UpFvq in the split case,
but not in the nonsplit case). Therefore, there remains to compare limiting
behaviors of the pushforwards as ξ Ñ 0, 1. By the automorphism mentioned
in Proposition 14.4, it is enough to check in a neighborhood of ξ “ 1. By the
linearization map of this proposition, it is enough to compare orbital integrals
for the ApFvq-action on F 2

v and the T pFvq-action on Kv, in a neighborhood of
ζ “ 0 (where ζ is the invariant coordinate as in the proof of that proposition,
i.e., the origin of both vector spaces corresponds to ζ “ 0).

We keep using the same symbols of pushforwards, except that our test
functions now live on F 2

v , resp. Kv. In the split case, we analyze the functions
of the form πA,!pfq by taking their Mellin transforms in the ζ, variable:

{πA,!pfqpχq “

ż

Fˆ
v

πA,!pfqpζqχ´1pζqdˆζ.

Assuming that the section ζ ÞÑ ζ̃ used to define πA,! is p̃ζq “ p1, ζq (this depends
on the section used for ξ̃, but its choice does not matter for the matching
statement), we use the definition to write the Mellin transform above as
ż

Fˆ
v

ż

Fˆ
v

fpa´1, aζqηpaqχ´1pζq dˆa dˆζ “

ż

Fˆ
v

ż

Fˆ
v

fpx, yqηχ´1pxqχ´1pyq dˆx dˆy,

which is a double Tate integral (one in the x-variable, and one in the y-
variable). We know that such an integral is meromorphic in χ with (at most)
simple poles at χ´1η “ 1 and at χ´1 “ 1. A more careful study of it will prove
that πA,!pfq has the following behavior close to ζ “ 0.

πA,!pfq “ c1pζq ` ηpζqc2pζq,

where c1, c2 are smooth functions, and that all functions of this form (in a
neighborhood of ζ “ 0) can be obtained.

On the other hand, the pushforwards πT,! can be analyzed as follows. Given
that T pFvq is compact, we can first make our test function T pFvq-invariant, by
averaging it. This produces a projection SpKvq Ñ SpKvqT pFvq, and for any
function f in the image we have that πT,!fpζq “ fpζ̃q for any lift ζ̃ of ζ. This
implies that

πT,!pSpKvqq “ SpFvq ¨ 1NpKˆ
v q
,
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i.e., the restrictions of smooth functions on the line to the image of the norm
map. Since 1NpKˆ

v q
“

1`η
2 , this means that

πT,!pSpKvqq Ă πA,!pSpF 2
v qq,

and the analogous statement for T zG{T and AzG{pA, ηq.

14.3 The missing orbits: Pure inner forms
Theorem 14.5 on the comparison of the two RTFs, and the consequent The-
orems 14.1, 14.2, are asymmetric: They do not postulate the existence of a
matching function for RTFT for any test function for RTFA. The proof of the
theorem, relying on Proposition 14.4, reveals the reason: While all points of
the GIT quotient A1

ξ “ AzG �A are accounted for by ApF q-orbits on AzG (for
F global or local), this is not the case for the quotient T zG � T , where many
points of A1

ξ correspond to nontrivial T -torsors contained in T zG. To account
for those, and obtain a full matching of test functions, we need to “twist” the
pair pG,T q by nontrivial T -torsors.

Let us collect a few facts about torsors for a smooth algebraic group G over
a field F .

• By definition, a(n étale) torsor is a G-scheme R which is isomorphic to G
(as a G-scheme) over an étale (i.e., separable) extension of F .

• Choosing such an isomorphism over the algebraic closure, and compar-
ing Galois actions, we get a cocycle, whose cohomology class inH1pF,Gq :“
H1

contpGalpF̄ {F,GpF̄ qq (we use F̄ for separable closure here) determines
the isomorphism class of the torsor; conversely, such a cocycle allows us
to “twist” the usual Galois action on G to obtain a torsor, so the set of
isomorphism classes of G-torsors is identified with H1pF,Gq.

• A G-torsor is trivializable (i.e., isomorphic to G as a G-space) iff it has a
point over F .

• The G-automorphism group of a G-torsor is a form of G. More precisely,
over the algebraic closure, the set of G-automorphisms of G (as a G-
space under, left or right multiplication) is G (acting, respectively, by
right or left multiplication), so the G-automorphism group of a G-torsor
over F has to be a form of G. This form is determined by applying 1st
Galois cohomology to the sequence of maps G Ñ InnpGq Ñ AutpGq,
where InnpGq is the group of inner automorphisms of G (identified, as
an algebraic group, with the quotient of G by its center).
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• Traditionally, a class in H1pF, InnpGqq is called an “inner form” of G,
and a class in H1pF,Gq is called a “pure inner form.” This terminology
is motivated by thinking about the corresponding form of the group, but
one should keep in mind, when using those terms, that they contain more
information than just an isomorphism class of forms of G. For example,
if G is abelian, then all inner forms correspond to isomorphic groups, but
it is not true that all G-torsors are trivial.

Going back to our setting, for any T -torsor R, we can consider the twisted
space Y R “ Y ˆT R, which still has an action of T “ AutT pRq. (Recall that
Y denotes the space T zG.) If we denote by R_ the dual T -torsor (which is R
as a variety, but with the action of T inverted), then we have R ˆT R_ » T ,
reflecting the group structure (inversion) in H1pF, T q. Actually, in our setting,
since T splits over a quadratic extension, the group H1pF, T q is a 2-group, and
for simplicity of notation we will identify R with R_.

We have a canonical isomorphism Y R � T “ Y ˆT R � T “ pY ˆ ˚q � T “

Y � T , so it makes sense to talk about the fibers of XR over the same quotient
space A1

ξ . And, those fibers that used to be isomorphic to the T -torsorR before,
are now isomorphic to R ˆT R “ T , i.e., are trivial(izable). That means that
we can recover the “missing” points of UpF q Ă A1

ξpF q from F -points of Y R.
With this observation, Theorem 14.5 upgrades to the following.

Theorem 14.6. 1. (Matching:) The pushforwards map Schwartz functions
to smooth functions on UpFvq, and we have an identity of subspaces of
C8pUpFvqq,

à

R

πT,!pSpY RpFvqq “ πA,!pSpXpFvqqq,

where the sum ranges over isomorphism classes of T -torsors over Fv. (There
are only two isomorphism classes, since Fv is local.)

2. (Fundamental lemma for the Hecke algebra:) If v is a place where K{F is
unramified, and f P HpGpFvq, Gpovqq, then f 1 can be taken to be equal to
f .

Note that there is no change in the stamement of the fundamental lemma;
the “basic function” still comes from the original form of the space Y .

To extract spectral content from the twisted spaces Y R, we should upgrade
them to varieties with an action of a group like G. For that purpose, we note
that, given a T -torsor R, we get a (left) G-torsor RG by RG “ G ˆT R. In
terms of the classification of torsors by Galois cohomology, this operation is
compatible with the map H1pF, T q Ñ H1pF,Gq induced by the embedding of
T in G. The torsor RG carries a (right) action of its G-automorphism group
GR, which as we recalled above is a form of G. Here, explicitly, GR will be
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PDˆ, for some quaternion algebra D over F . More precisely, we have the
following description of these groups.

Proposition 14.7. 1. The group H1pF, T q classifies isomorphism classes of
binary quadratic forms with the same discriminant as the norm form on K.

2. The group H1pF,Gq classifies isomorphism classes of quaternion (i.e., 4-
dimensional) central simple algebras over F .

3. The boundary map H1pF,PGL2q Ñ BrpF q “ H2pF,Gmq for the long
exact sequence corresponding to 1 Ñ Gm Ñ GL2 Ñ PGL2 Ñ 1 identifies
H1pF,PGL2q with the 2-torsion in BrpF q. If F is local, this 2-torsion group
is Z{2 (which we will identify by the “invariant” map with the 2-torsion in
Q{Z), i.e., there is a unique ramified (i.e, different from Mat2) quaternion
algebra over F . If F is global, restriction maps in cohomology give rise to a
short exact sequence

0 Ñ BrpF q Ñ
à

v

BrpFvq

ř

v invv
ÝÝÝÝÝÑ

1

2
Z{Z Ñ 0;

therefore, a quaternion algebra over F is determined by the even set Σ of
places where it is ramified.

4. The map H1pF, T q Ñ H1pF,Gq is injective. Locally, at places v where K{F
is nonsplit it is an isomorphism. Globally, its image corresponds to those
quaternion algebras whose set Σ of ramified places consists of places that
do not split in K{F .

Proof. The first and second statement follow by identifying T and G with the
automorphism groups of appropriate algebraic data. For T , it is the auto-
morphism group of the triple pV, q, ωq, where V is the vector space ResK{FGa

over F , q is the norm form, and ω is the volume form corresponding to some
choice of basis. (This choice of volume form allows us to talk about the “dis-
criminant” of the norm form as a number, but any other choice changes that
number by a square, and the sets of isomorphism classes of binary quadratic
forms with discriminants differing by a square are of course in canonical bi-
jection, through scaling.) For G, it can be identified with the automorphism
group of Mat2, considered as an F -algebra; forms of Mat2 are precisely the
quaternion algebras.

The third statement is a standard result in class field theory, and can be
found in most treatments of class field theory in the literature.

Injectivity in the fourth statement follows from the compatibility of the
short exact sequences 1 Ñ Gm Ñ ResK{FGm Ñ T Ñ 1 and 1 Ñ Gm Ñ

GL2 Ñ G Ñ 1, and the long exact sequences in cohomology (including
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Hilbert ’90: H1pF,ResK{FGmq “ H1pK,Gmq “ H1pK,GLnq “ 1). Locally,
the unique quaternion division algebra contains every quadratic field exten-
sion – this is also a standard result in class field theory, which can be used to
identify the 2-torsion of the Brauer group with Z{2, but can also be recovered
from it by noticing that the existence of nontrivial T -torsors R (e.g., the fibers
of the norm map K Ñ F over non-norms), together with injectivity, imply
that the map H1pF, T q Ñ H1pF,Gq has to be an isomorphism when K{F is
a quadratic field extension of local fields, hence T “ AutT pRq embeds into
PDˆ “ AutGpRGq. Globally, the characterization of the image of the map
H1pF, T q Ñ H1pF,Gq can be obtained by combining the local maps with the
reciprocity exact sequence of the third statement.

The twisted space Y R can be rewritten as Y ˆG RG, and therefore carries
an action of GR. The functional RTFT can now be redifined as a functional on
the direct sum

à

R

SpY RpAqq,

where R ranges over isomorphism classes of T -torsors over F . On each sum-
mand, it is again given by the rT s-period of the corresponding theta series on
Y R, which can also be rewritten as the inner product of two theta series on Y R,
and spectrally decomposed like the pairing (14.2). Theorem 14.2 upgrades to
the following.

Theorem 14.8. Let π be a generic automorphic representation of G. The follow-
ing are equivalent.

1. Lpπ, 12qLpπ b η, 12q ‰ 0.

2. There is a quaternion algebra D, and an automorphic representation πD of
PDˆ, with the same Hecke eigenvalues as π at all nonarchimedean places
v where D splits and πv is unramified, such that δrT s|πD ‰ 0.
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15 The Gross–Zagier theorem via the relative
trace formula
Finally, for the final (1!) lecture of this class, we sketch the adaptation of
the relative trace formula, due to Wei Zhang, in order to prove the Gross–
Zagier theorem. References include [Zha12b], [Zha12a], although they are
written mostly with generalizations to higher unitary groups in mind; there is
also an incomplete draft by L. Cai–Y. Tian–X. Yuan–W. Zhang, hopefully to be
released soon, that will reprove the full Gross–Zagier theorem, as generalized
in [YZZ13], by the relative trace formula approach.

Again, for simplicity, we will only consider the case of a trivial character on
the torus, and automorphic representations (corresponding to holomorphic
modular forms of weight 2) with trivial central character. We will seek an
“arithmetic” analog of the comparison of RTFs that we used for the proof of
(a weak version of) Waldspurger’s theorem, but I should stress that the cited
papers of Zhang use a different RTF comparison, suited for general idele class
characters of T . Therefore, we will just formulate expectations and the general
pattern of such a comparison, without presenting the actual comparison that
appears in the literature.

Also for simplicitly, instead of treating the case of a general CM field K{F ,
we will take F “ Q. We start by writing down the completely analogous
pairing to the relative trace formula, adapting the divergent (12.5) to

Hpfq :“ xST |f |ST yNT ,

where, we remind, ST is the (0-dimensional) Shimura variety of the torus T ,
embedded in SG (the inverse limit of modular curves), but also, here, iden-
tified with its image in the Jacobian J of SG through the Abel–Jacobi map.
The test function f lives in

ś

vă8 SpGpFvqq, i.e., we omit the archimedean
place(s), and again the notation xST |f |ST yNT simply means the Néron–Tate
pairing between f ¨ ST and ST . The insertion of f reduces this pairing to a
finite-level modular curve, where it makes sense as a finite number. Of course,
eventually one also needs to include twists by T -torsors in the definition of H,
to get the full theorem of [YZZ13].

The idea is to compare the distribution H to the derivative of the relative
trace formula RTFA for the split torus, where by derivative we mean

I 1 :“
d

ds

ˇ

ˇ

ˇ

ˇ

s“0

RTFAs ,

where
RTFAs pfq :“ xδrAs,|‚|s |f |δrAs,η|‚|sy.
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Here, as before, for an idele class character χ of A “

ˆ

˚

1

˙

» Gm, δrAs,χ

denotes the distribution ϕ ÞÑ
ş

rAs
ϕpaqχpaqda.

In order to perform this comparison geometrically, we will need to take
the derivatives on the geometric side of RTFAs (i.e., the derivatives of orbital
integrals in the s-parameter), and compare them with a similar geometric ex-
pansion of the functional Hpfq.

To simplify things, let us assume that f is supported away from the preim-
age of 0, 1 P A1

ξ , so that the geometric expression of RTFAs , by a straightfor-
ward generalization of (14.7), is just given by a sum

ÿ

ξPF∖t0,1u

OAξ,spfq,

where OAξ,s is the orbital integral

OAξ,spfq “

ż

pAˆAqpAq

f 1pa´1
1 ξa2qηpa2q|a´1

1 a2|sdˆa1 d
ˆa2.

This is an Euler product of orbital integrals, and therefore its derivative at
s “ 0, which we will denote by O1

ξpfq, is a sum over primes (when f “
ś

v fv),

O1
ξpfq “

ÿ

v

ź

w‰v

Oξ,wpfwqO1
ξ,vpfvq,

giving rise to a similar decomposition of I 1pfq of the form
ř

v I
1
vpfq.

On the arithmetic side, one decomposes the height pairing in terms of local
heights, as explained in § 8.5,47

Hpfq “
ÿ

v

Hvpfq,

and of course we would like to match the term Hvpfq with the term I 1
vpf 1q, for

suitable matching functions f Ø f 1.
The next task is to break up Hvpfq into a similar sum indexed by ξ P F (or

in F ∖ t0, 1uq, for suitable choices of test functions, and write the contribution
of each ξ as an Euler product, as on the split side. Note that, although Hv is
defined in terms of a local-at-v height pairing, it is the local height pairing on
a global arithmetic surface – not really “local.”

To do that, at least at nonarchimedean places, we need to use the p-adic
uniformization of formal neighborhoods of points on the special fiber of the

47This requires arithmetic models satisfying various assumptions, which we gloss over here.
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modular and Shimura curves at v, which in the case of modular curves is
related to Serre–Tate theory [KM85, § 13] (identifying formal deformations
of an abelian curve mod p with formal deformations of its p-divisible group),
and generalizes to a theorem of Rapoport–Zink [RZ96, Theorem 6.30]. For
example, the formal neighborhood of the modular curve (of given prime-to-p
level) at a supersingular point modulo p can be identified with a quotient of
the form

Check me!

GppQqzpNG ˆGpApf q{Kpq,

where

• NG is the Lubin–Tate moduli space of formal p-divisible groups of height
2;

• G “ GL2, and Kp is the subgroup in the adeles outside of p determining
the level;

• Gp is the inner form corresponding to the quaternion algebra which ram-
ifies at p and 8.

Using this, the v-height Hvpfq decomposes into a sum of the form

ÿ

ξPT pF qzGpF q{T pF q

˜

ź

w‰v

Oξ,wpfwq

¸

¨ xNT |ξv|NT yNG
,

where the last factor is a local height pairing on the “local Shimura variety”
NG. (This is very sketchy, and for a “good” choice of local factor fv, which has
disappeared from the notation.)

Finally, the Arithmetic Fundamental Lemma states that, for regular ξv ‰ 0, 1,
the derivativeO1

ξ,vpfvq of the local orbital integrals (for the split torus) when fv
is the “basic function” 1Gpovq is equal to the local height pairing xNT |ξv|NT yNG

.
This allows for equating the functionals H and I 1 for appropriate test func-

tions, from which the Gross–Zagier formula can be deduced.

174



References
[Bum97] Daniel Bump. Automorphic forms and representations, volume 55 of

Cambridge Studies in Advanced Mathematics. Cambridge University
Press, Cambridge, 1997.

[Cog03] J. W. Cogdell. Analytic theory of L-functions for GLn. In An intro-
duction to the Langlands program (Jerusalem, 2001), pages 197–228.
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