Algebraic & Geometric Topology XX (20XX) 1001-999 1001

Unstable splittings for real spectra

NITU KITCHLOO
'W. STEPHEN WILSON

We show that the unstable splittings of the spaces in the Omega spectra representing
BP, BP(n) and E(n) from [12] may be obtained for the real analogs of these spectra
using techniques similar to those in [2]. Explicit calculations for ER(2) are given.

55N91, 55P15; 55N20, 55N22, 55P10, 55P42, 55P92, 55Q52, 55Q91, 55R45

1 Introduction

We are concerned with the Z/(2)-equivariant (think complex conjugation) spaces (and
their homotopy fixed points) associated with the p = 2 spectra BP, BP(n), and E(n).
Recall that the homotopy of BP is:

BP, = Zpy[vi,v2,...] withdegree v, = 2(2" — 1).

Likewise,
BP(n), = Zy[v1,va, . . ., v,] and E(n), = v, 'BP(n).,.

We need some notation before we begin. A standard spectrum is just denoted E and
a real spectrum is denoted by E. It is a bigraded (i.e. RO(Z/(2)) graded) family
of Z/(2)-spaces E, ,) where the indexing is given by a + ba where « is the sign
representation in RO(Z/(2)). The homotopy fixed point space of the Z/(2) action on
E, ) is denoted by ER, ;. The collection E, o forms a Z/(2)-equivariant Omega
spectrum and ER is the corresponding fixed point spectrum with Omega spectrum
ER, = ER, -

In [12], the homotopy type of the spaces in the Omega spectrum for BP was determined.
A crucial step was showing that:

BP(n) = BP(n)

1) X BP(n — 1)

427—1) 20201y

For example,

BP, = H37P<k> 202k—1)"
k>0
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1002 Kitchloo and Wilson

It follows that, for m < 2",

(1-1) E(n), = BP(n) BP(n—1)

X
2m+2(2"—1) >0 2m—2k(2—1)

where ﬁ denotes the restricted product given by the colimit of finite products.

These results were all reproven using unstable operations in [1], but the easy direct proof
was finally found in [2]. This last approach carries over to the bigraded equivariant
case, and we obtain:

Theorem 1-2 There is an equivariant splitting of spaces:

BP(n) ~ BP BP(n — 1)

@-D(1+a) ﬂ2(2“71)(1+a) % @"=D(1+a)

Theorem 1-3 There is an equivariant decomposition of H-spaces:

BP, = H%@k—mm
k>0

Taking the homotopy fixed points, this gives a decomposition of the zeroth space in the
Omega spectrum for BPR, the real BP.

Theorem 1-4 Let m < 2", then there is an equivariant splitting:

E(n) ~ BP(n)

2 (14 OM

@—tamita) < Llis (m—k(2r—D)(1+a)’

In the case of n = 2, with period 6, of Equation 1-1, we get
(1-5) EQ2), = BP(2) szo(Z@) x BU ).

In [3], Don Davis proves a major non-immersion theorem for real projective spaces
using the even part of the BP(2) cohomology. All of his spaces are v,-torsion free, so
this is equivalent to using the theory E(2)**(—). Since his new information does not
come from complex K-theory, it must be contained in the classifying spaces BP(2) "
fork=1,2,3.

Let ER(n) be the homotopy fixed point spectrum associated with E(n). Where E(n)
has periodicity 2(2" — 1), ER(n) has periodicity 2200 — 1) ([7]). In particular,
ER(2) is 48 periodic.

ER(2)'%*(—) was used in [9] and [10] to improve some of Davis’s non-immersions

slightly. The result analogous to Equation 1-5 from the splitting of Theorem 1-4

gives, for a space Y0, the homotopy fixed points of BIP(2) At

ER(Z)O = Y0 x HkZO(Z(z) X 30(2)).
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Unstable splittings 1003

The space YO has lowest homotopy in degree 3. We see below that it splits as the
product of two spaces. It is beyond what we do in this paper, but this split is as the
product of a space Y0’ with lowest homotopy degree 6, and the space that you get by
killing 2 times the generator of H*(BSpin).

We have one last splitting:

Theorem 1-6 Let m < 2", there is an equivariant equivalence
2n+2(2n—171) ~
Q %(2”—2+m)(1+a) -
IBIP(n>(

2,1,1+m)(1+a)x H M(mfk(Z"fl))(lJra)'
0<k<21—2

Running through this from m = 1 to m = 2" — 1 goes through a multiple of the
complete periodicity.

In the case of the homotopy fixed points for the n = 2 case with 48 periodicity, the

theorem gives us spaces Y1 and Y2, the homotopy fixed points for %{2) 4140) and
% 214t respectively, such that:
QY0 = Y1 x BO x (Z@) x BO) x (Z) x BO)
where Y1 has lowest degree element in degree 4.
QY1 = Y2 x (Z) x BO) x (Z@y x BO)
where the lowest degree element in Y2 is in degree 2 and
Y22 Y2' x BSO
where Y2’ is the homotopy fixed points for BP(2) Sl with lowest degree homotopy
in degree 5.
QY2 = Y0 x (Z) x BO) x (Z@y x BO) x (Z) x BO).
All put together we have:

8
0%y0 = v0 x [ [(Ze x BO).
k=1
This begs the question, what are the splittings for Q8Y0, Q8Y1, and Q8Y2? Although
our description of the homotopy of Y0 suggests a conjecture, we do not pursue this
here.
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1004 Kitchloo and Wilson

Since our new non-immersion results certainly don’t come from K-theory, the new
information is contained in the spaces Y0, Y1 and Y2.

In [8], we computed the homology of the spaces ER(n) ,,,, and all of the homotopy
fixed point spaces in all of the splitting theorems listed so far. In the case of ER(2) we
went further and computed the homology of all 48 spaces in the Omega spectrum. We
can read off the homology of Y0 x Y1 x Y2 with ease from that computation and do
so in Section 7.

The homotopy of ER(2) is computed in [6] and [7], but best described for our purposes
in [8][Proposition 2.1]. We reorganize the description of this homotopy so the homo-
topy of all the BOs is visible, even as the spaces are looped down. There is very little
“core” homotopy left that never shows up in a BO, and this is completely described in
Section 6.

It is worth pointing out that there is compelling evidence that suggests that our spectrum
ER(2) is equivalent to the spectrum TM(3) (topological modular forms with a level
3-structure) constructed by Mahowald-Rezk [11]. In particular, the unstable splittings
studied in our paper may have interesting geometric content.

Before we begin with the actual technical results, we mention a word about our notation.
We have chosen to be consistent with [6] in our notation. Consequently, in the sequel o
will denote the sign representation of Z/(2), and ¢ will denote the “shift" operator that
suspends a spectrum by the virtual representation o« — 1. Unfortunately, this notation
is in unavoidable conflict with [4] where o is used to denote the sign representation.

The organization of the paper is as follows. We first prove the main technical result
we need. Then we have three sections proving all the splitting theorems. Section 6
describes the homotopy and Section 7 the homology of interest. Finally, there is a brief
appendix proving some results in a form that we need for the main technical result.

2 Proof of the main technical theorem

Recall from [8] that:

Definition 2-1 A 7Z/(2)-space X is said to be projective if
(1) H.(X;Z) is of finite type.

(2) X is homeomorphic to \/ I((CPOO)N" for some weakly increasing sequence of
integers k;, with the Z/(2) action given by complex conjugation.
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Unstable splittings 1005

Definition 2-2 A 7Z/(2)-equivariant H-space Y is said to have the projective property
if there exists a projective space X, along with a Z/(2)-equivariant map f : X — Y,
such that H.(Y; Z)) is generated as an algebra by the image of f.

Spaces with the projective property are not rare because many spaces have homology
generated by the image of elements coming from complex projective space. Our
examples include MUy(14q), BPi(1+a), and BP(n)i1+) Where this last is only for
k < 2"*t1. For these diagonal spaces (as part of a bigraded real spectrum), we have the
following theorem:

Theorem 2-3 Let Y be a space with the projective property. Given any integern > 0,
let E be the MIU -module spectrum BP or BP(n). Then the following map is surjective:

MUEGP(Y) — BTP*(Y), a<b< 2",

where MU») denotes the 2-localization of the spectrum.

The above theorem allows us to prove equivariant versions of all classical splitting
results one has for spaces (with the projective property) that appear in the omega
spectra representing BPP, BP(n) and E(n).

Proof By [6], BP is an equivariant retract of MU(;). So we only need to establish
the theorem for E = BIP(n). Furthermore, from 8-3 in the appendix, we may replace
E by the completion & = Map(EZ /(2)4+,E) in the degrees we are interested in.

Now recall that by definition of projective property, there is a projective space X so that
there is a Z/(2)-equivariant map: f : X — Y, whose image generates the homology. It
follows that H,(Y, Zy)) is free, and the Z/(2)-equivariant map Q2¥XX — Y is surjective
in homology. The Atiyah-Hirzebruch spectral sequence now shows that MU, (2XX),
and MU, (Y) are free MU,-modules, and the map MU,(2XX) — MU.(Y) is split
surjective. The next step is to pick equivariant representatives for the splitting.

Let Z denote the Z/(2)-CW complex Q¥.X. Now Z admits the equivariant James
filtration, which is known to split (equivariantly) into the wedge of spectra of the form
X"¥. Now consider the spectral sequence constructed using the cellular filtration of
Z induced by the canonical (equivariant) cellular filtration of the projective space X,
and converging to MU, .(Z). Since the James filtration of Z splits equivariantly,
and X is projective, all generators in the E,-term above represent permanent cycles,
and therefore the above spectral sequence collapses. It follows that MU, .(Z) is a
free MU, 4-module, or equivalently, MU A Z is a free MU-module spectrum on a
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1006 Kitchloo and Wilson

generating set of finite type: MUAZ = \/, S5 TMU where {ki, k2, ...} is a weakly
increasing sequence of non-negative integers. We may pick a suitable subsequence
{B1,B2,...} in {ki, ka,...} sothat we get a Z/(2)-equivariant map:

\/ YAA+tOMU — ¥ A MU

which is a (non-equivariant) equivalence. On freeing up our spectra, it follows that we
have an equivariant equivalence of MU-module spectra:

\/ LA+ A EZ/(2) . AMU — EZ/(2)4 A Y AMU.

Now let n > 0 be any integer, and let E be the MU-module spectrum MUy or
BP(n). Mapping out of the above equivalence in the category of MIU-module spectra,
we observe that in degrees a + ba for a < b < 2"+1 we have:

E™ (V) = B¥* (1) = E** (11,72, - ),
where ~; is the generator in degree 3;(1 4+ «). In particular, it follows that I\\AHUE’ZJ)r ba(y)y

surjects onto Egba(Y) fora < b < 2mt1, O

Remark 2-4 Let E(n) = BP(n)[v, 11 be the equivariant Johnson-Wilson spectrum.
Then the above proof also shows that the map
MUy, '1*(¥) — Em)**(Y)

is surjective in all bi-degrees. From this it follows easily that [E(n) splits off unstably
from the equivariant E-infinity ring spectrum MU ~)[v, 1.

3 Splitting: BP(n) (e

We will use the main theorem of the previous section to construct unstable splittings
of various spaces that have the projective property. In this section we prove Theorem
1-2.

Proof of Theorem 1-2 Consider the equivariant fibration:

Vn
IBHP)<”>2(2" Dita) T B o ey 7 BRI D) 1)
Since IBP( P 1s a space with the projective property, we know from the
main theorem that the % llowmg map is surjective:
_ @"—D(14a) _
(3-1) BP(n) BP(n — 1) (2"—1)(1+a)) —
_ 1\@"-D(+a) —
BP(n — 1) BP(n — 1) (2)1_1)(14_&)).
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Unstable splittings 1007

r-tite " BE o iyiva

lifting the identity map on BP(n — 1) @ —lto) inducing a splitting of the form we
wanted. O

This implies that there is a section 7 : BP(n — 1) (

Remark 3-2 Notice that the above splitting is not as H-spaces. However, all nontrivial
loopings of the form (r 4 sav) for r, s > 0, of this splitting yield splittings as H-spaces.

4 The case of BP,

Let us fix splittings as H-spaces:

BP(n) = BP

o (n) 114y < BP(n — 1)

0

that were constructed in the previous section. We can now prove Theorem 1-3 from
the introduction.

Proof of Theorem 1-3 Consider commutative diagrams of the form:

BP, > BE(n)

-

BP, — BP(n— 1),

0

Notice that the horizontal maps get increasingly connective as n increases. In addition,
the right vertical maps split by the previous section. It follows on taking homotopy
inverse limits that one has a decomposition of H-spaces:

BP, = H%@k—mw
k>0

5 The case of E(n) m(lta)

In this section we prove Theorems 1—4 and 1-6 from the introduction.
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1008 Kitchloo and Wilson

Proof of Theorem 1-4 Consider the commutative diagram with a split top horizontal
sequence:

Vn
B on 1)1 BP) 1

LT

. BP(n)

Mm(l-ﬁ-a)

BP(n)

2" +m—1)(1+a) (m=2"+1)(1+a)

Notice also that the vertical map given by multiplication by v, splits with cokernel
given by: BP(n — 1) (2 4 It follows that the bottom horizontal map is also

split with cokernel given by: BP(n — 1) x BP(n — 1) -2 (1)

Continuing the diagram vertically, with increasing powers of v,, and taking colimits,
we therefore have an equivariant splitting:

m(14+a)

E®) =~ BP(n)

— Zm(l4+a) — YL 2n4m—1)(1+w) X kzow

(m—k2"—=1)(14a)
O

As noted earlier, for m = 2" — 1, this splitting is not as H-spaces. However, all
non-trivial loops on that splitting does yield a splitting as H-spaces.

The proof of the above theorem allows us to identify the splitting in terms of homotopy.
In particular, the proof shows that the following map given by multiplication by v is
split:

(5-1) %(zum—l)(l“%)

%(m—i(?'—l))(l—l—a) - OEK-IB%_DW_W"_D)UM)'
SKS1

In addition, the image:

7T*%W(m—i<2"—1>>(1+oa — ”*Mmma)

is exactly

V;iW*BP<n> n W*Mm(l—&-a)'

It follows that:

Theorem 5-2 Under the splitting given in the previous theorem, the image:

m(BP(n) @m—1)(14a) 01;[ BP{n — 1) (m—k(2ﬂ—1))(1+a)) — O
<k<i
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Unstable splittings 1009

is exactly

V;iW*BP<I’l> N 7 En) m(l40)”

In particular, 7,.BP(n — 1) (i D)1+ is supported on elements in 7,E(n) m(l40)

with v, -exponent exactly —i.

Having identified the splitting in homotopy, we can analyze the periodicity of the space

E(n) ,. For this, let A = 22n+1 _2n+2 1 1 and recall that there is an invertible element

y(n) € mxEm ., [7]. This element is given by y(n) = Wil 2tiei=n,

An equivariant equivalence: E(n) mita) O 1E(m) (1) (140)’ is obtained from

multiplication by y(n). Since the v,, exponent of y(n) is exactly 2" — 1, we derive the
useful consequence of the above theorem, namely we have proven Theorem 1-6 of the
introduction.

6 The homotopy of ER(2)

In the computation of the homotopy of ER(2), [6, 7], the only concern was for the
degree mod 48, but that no longer suffices. The homotopy of the fixed point spaces for
the bigraded object are generated by:

v0(0) = 2 in degree O
vo(1) in degree 2ax — 2
vo(2) in degree 4av — 4
vo(3) in degree 6. — 6
v1(0) in degree o + 1
vi(1) in degree 5o — 3
vy in degree 3o + 3
a in degree —a

o8 in degree 8av — 8

Both v, and o8 are invertible and we define the invertible:

y2)=y= v%a_g in degree 17 + «
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1010 Kitchloo and Wilson

To get the homotopy of ER(2) we need the o coordinate equal to zero. We can move
our generators there using y and rename them in the process. We capture their degrees
doing this:

yfzvo(l) = o in degree — 36

v *0(2) = a in degree — 72

¥y~ %0(3) = a3 in degree — 108

y"'(0) = ain degree — 16

y3v1(1) = w in degree — 88
y v =gin degree — 48
ya = x in degree 17
The element g is our periodicity operator. Apologies for using « for two different
things.

The relations as written down in [8] must be modified to take into account the real
degrees as opposed to just the mod 48 degrees. The relations are given by:

3 2

0=2x=x"=xXw=xXa=xq;, wam=2ag, oa’¢d=w

04% =2 a% =4g3 a% =2mg>
ajon =203 ajoy = 4g3 o = 2a1g3
aa1g3 = azw aoy = 2w aoy = qw

As amodule over Z)[«, g, g~ '], the homotopy can be described as having generators:
]7 w, o, a3, and (6%}

with one relation:
o = 2w,

copies of Z/(2)[«, g, g_l] on generators
X, X%, xw, X°w,

and copies of Z/(2)[g,g~'] on

We want to rewrite this using a special element, 7 = g~'a?, of degree 0. Because

g is invertible, we can replace any o with h. Rewritten using %, we have that the
homotopy of ER(2) is a Z) on each of:

odweg h* aro/ght a3l gk arg’
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0<j<2 0<e<l se€Z k>0

and a Z/(2) on each of:
xiaiwﬁgshk, 1<i<2

x'g’, 3<v <6,
where j, €, s, and k are as above.

It is easy to see (look mod 48) that the elements of degree zero are just the /¥, but we
can do much better and write down all elements of non-negative degrees. Let s,k > 0,
the elements and the degrees of all non-negative degree elements are as follows.

deg deg

48s g S Hk 485 424  walg s3Ik
48s + 1 xog S hk 48s +25  xwg S T2Hk
48s + 2 xa’gShk 485 426 x*awg*2hk
48s+4  az0g ™ T3nk 485428 aqalgT Tk
48s + 8 wg S T2hk 48s +32  agTlKk
4854+9  xwag S T2hK 485433  xalg ST lHK
4854+ 10 x’wa’g™*72h* 48s+34  x’gSh
485+ 12 g IHk 485 +36 azg T 3Rk
485+ 16  o?g " 'Hk 485 +40  wag 3k
48s 417 xgSHk 485 4+ 41 xwa’g™ 3nk
48s + 18 x>ag—Sh 48s +42  x*wgST2Hk
485 4+20 ozag T T3HK 485+ 44 ajagT TIhK

and elements we call CORE homotopy (still with s > 0):

485 +3  gl=x
485 +6  g¥xb
485 +20 g7t
485 +24 g5 2y
485 +37 g7

We will also need elements we call CORE ™, where we have the same as the CORE
elements except that s € Z.

We note that 4 times the elements with x> in them are all zero because of the relation
x> = 0, but that

—S

g 2anh = 2walg T 3.
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1012 Kitchloo and Wilson

Note also that the non-CORE homotopy is exactly the same as an infinite number of
copies of Z) x BO. Unfortunately, that isn’t exactly how it works.

Going back to the splitting in the n=2 case, we have:

EQ), =BPQ2), X HkZOIB%Ml) e
First, we note that the homotopy fixed points of E(2)  is ER(2) , the zeroth space
of the Omega spectrum for ER(2). Next, we note that the homotopy fixed points of

BP<1> 314 is just Z(g) X BO.

Letting Y0 be the homotopy fixed points for BP(2)

, we have, as in the introduc-
) — = 3(1+a)
tion:

ER(2), = YO0 x szo(ZQ) x BO)

The space YO is of particular interest and so we would like to have its homotopy. We
already know its homology from [8], so we know it is 2-connected, so the bottom
homotopy group is a Z/(2) in degree 3 generated by gx°.

Each /¥, k > 0, must be the generator for a Z ) associated with one of the Z) x BO.
It is now clear that if we know the homotopy of the Z,) x BO associated with 1 (i.e.
k = 0 above), we get the homotopy of all the others by multiplying by powers of
h. Since Y0 has no homotopy in degree 1, the Z/(2) in degree 1 for our Zz) x BO
associated with 1 must be xov. Likewise for the 2-degree element x*a. The 4-degree
element is a Zq) on aza’g™3. From this we can compute our 8-degree homotopy
element by squaring:

6

(aza’g™)? = a§a4g_62a2g3a4g_ = 4wa’g ™ = dwg2h

The degree 8 element in our first BO is wg~2h. This is our BO periodicity element.
From this we can now find all of the rest of the homotopy of our first BO. The main
thing left to do is compute powers of the periodicity element.

For degree 16 we have
we2h)? = w2e™4h? = o2Pa = 2g~ 2

Continuing in this fashion: in degree 24 we have wa’g>h’; degree 32, ag™'h’;
degree 40, wag3h®, degree 48, g~ 'h8.

This sequence had a nice ending. Multiplication by the periodicity element g corre-
sponds to looping down 48 times and takes this 48 degree element to 4® in the 9-th
copy of Zg) x BO.
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We can now write down all the homotopy generators of our first Zy x BO, for k > 0.

deg deg
48k gk n® 48k +24  walghIptktS
48k + 1 xorg K n8k 48k +25  xwgk2p8k+4

48k + 2 x2a?gkndk 48k +26 xZawgk2p8k+4
48k +4  oza?gF3R8 48k +28 ajalgTHEpdkt4
48k + 8 wg k2p8k 1 48k 132 gk IpdkES
48k +9  xwag FZhdHl 48k + 33 xalg Tk IpdkS
48k + 10 x*wa’g *2h8%t1 48k + 34 x2g K pBk+6
48k + 12 g In¥ 2 48k 4+36  azg T 3ndkHo
48k +16  o2g - 1pdk+2 48k 440  wagk3p8kto
48k + 17 xg Kp8k+3 48k + 41 xwalgk—3p8k+6
48k + 18  x2ag Kpdkt3 48k +42  xPwgk2p8kT
48k +20  ozag K 3Rt 48k 4+ 44 oag K 2RBKT

The homotopy of all of the other Z) x BO are obtained by taking powers of / times
this.

What remains must be the homotopy of Y0. This is the CORE and all of the above for
lower powers of /& than what is used. This has a nice BO related description. Recall
the notation bo(n) for the spectrum obtained from the connective version of Zx) x BO
by killing off all of the stable homotopy groups in degrees less than n. The stable
homotopy of bo = bo(0) is the same as the unstable homotopy of Z) x BO.

We can now read off a description of the homotopy of the zeroth space of ER(2)
from the above. We have already written down the homotopy for all of the copies of
Ze) x BO, so all we need now is the homotopy of Y0. We first take every element that
is divisible by 43! and we see, using Bott periodicity and the degree of g, that there
isa
m.bo(48k + 8) = ¥ 1 bo(8) = g7 1, bo(8)
and, for the k = 0 case, & multiplied times
m+bo(8)

maps this homotopy injectively into our first: Z) x BO. The bottom class of m.bo(8)
in degree 8 is wg ™2 and maps by & to the 8 degree class wg~2h in that first Z«) x BO
listed above. Furthermore, the 48 degree homotopy would be g~!47 (we divide all the
higher terms by one /), so looping 48 times, i.e. multiplying by g, gives us 4’, and
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1014 Kitchloo and Wilson

we see that the homotopy we are looking at in this instance becomes the homotopy of
the Z) x BO associated with /7.

Continuing, dividing by A%+, 0 < i < 8, and using the same notation where g—*
keeps track of our degrees for us with k > 0, we have, using the above notation:

Theorem 6-1
k>0
m(Y0) = CORE x [ [ ¢ *(mubo(8) x m.bo(12) x m.bo(17)x

Txb0(25) X b0 (32) X wbo(34) X T.bo(42) X W b0(48))

Notice that by Bott periodicity there are not so many different types as this seems
to imply. The homotopy associated with 48k + 8, 48k + 32, and 48k + 48 are just
suspensions of the homotopy of bo. 48k + 12 is just bo(4), and 48k + 17 and 48k +25
are bo(1). Finally, 48k + 34 and 48k + 42 are associated with bo(2).

We keep the notation as is though because 4 maps these homotopy groups injectively
following this sequence:

o= g ¢ m.bo(48) — gT*m.bo(42) — gT*m.bo(34) —
g *r.bo(32) — g Fn.bo(25) — g *m.bo(17) —
g *mbo(12) — g7 *mbo(8) — g ¥ m.bo(48) —
g M mbo(42) — g " r,bo(34) — g " n,bo(32) — ---

In the formula for the homotopy of Y0, we can replace CORE with CORE™ and let
k € Z and we have the homotopy for all of ER(2). The copies of Z) x BO are
associated with k < 0.

7 ER(2) and homology

In [8], the complete computation for the homology of all spaces in the Omega spectrum
for ER(2) is carried out. We would like to have the homology of the spaces Y0, Y1 and
Y2. These are easy to read off of the results of [8]. We need to review some notation.

We are only interested in the 0, -16, and -32 spaces in the Omega spectrum. The
dimension zero elements are free over Z,) on [o/] and [gk] withi > 0 and k € Z.

We have elements by = b € Hyit1E(2) 5 that come from the complex projective
space elements b;. We have corresponding elements defined using the invertible
element y(2)

Boi = By € HyER(2) ¢ = H2ER(2), o
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The [ all come from the real projective space elements [3,i.

Let J = (jo,j1, - -.) have j; > 0 with only a finite number not equal to zero. Let A; be
the sequence with 1 in the i-th place and zeros everywhere else. We define
gl = 050,80+

Recall that in a Hopf ring we have two products, the circle product coming from the ring
structure and the star product coming from the Hopf algebra structure. We suppress the
circle from our notation so the above products are circle products. We define B1a'] [gk ]
to be allowable if all jy < 2 when i > 0 and J # 2A;, +4A, +J', i1 < ip, when
i = 0 (where each ji > 0 as usual). Define the length of J to be 4(J) = %j;.

From [8, (2.6)] we have (where P denotes the polynomial algebra mod 2):

(7-1) H.ERQ2) . ~PIA[d'l[g] B’[a'][g"] allowable

16x%

We are only interested in the 0, -16 and -32 spaces, and, using & = o’g~! we can

rewrite this. Consider first the positive degree elements:

H.ERQ2) , ~ P[B'[o®“I[g“~"1[1*]]
allowable with /(J) =3a+¢, a>0, 0<e<3, s>0.
Whenever there is an «, either because s > 0 or 3 — € > 0, we have j; < 2 from the
definition of allowable. If s > 0 we have exactly one element in each degree, giving us
precisely the homology of the BO associated with #*. If s = 0 we get the homology of

one more BO when using all of these J with j; < 2. What is left must be the homology
of Y0, and that is:

H.(Y0) = P[Bj[g_“]] Jallowable {4(J) =3a, somej; > 1.

Note that the lowest degree element is, indeed, in degree 3: 5(30) [¢7']. A similar
analysis gives:

H. (YD) = P[B[g7“ Tallowable ¢(J)=3a+1, somej;> 1.

H.(Y2) = P[B'[g7%]] Tallowable ¢(J)=3a+2, somej;> l.
For H.(Y1), the lowest degree element is in degree 4 and is BE‘O) [¢~']. For H.(Y2), the
lowest degree element is in degree 2, associated with BSO, and is 5(20), and the degree
5 element in H,(Y2') (from the introduction) is 6(50) [¢~']. Putting this all together, we
get:
Theorem 7-2
H,(YOX Y1 x Y2) >~ P[ﬁJ[g_“]] Jallowable 0</(J)—3a<3, somej;>1.
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8 Appendix

For the reader’s benefit, we will reprove some results from [5] regarding the homotopy
of BP(n) in a manner that is helpful to us. Given a Z/(2)-equivariant spectrum E,
we shall use the (non-standard) notation [ to denote the Borel-cohomology spectrum
Map(EZ/(2)+,E). This notation is in keeping with [5], where the Borel-cohomology
spectrum of E is thought of as the completion of E.

To perform our computation, the standard method used is to consider the Tate diagram
given by rows that are cofibrations:

EZ/(2), ABP(n) — BP(n) — EZ/(2) A BP(n)
lEZ/(2)+/\<p ls@ iEZN/(Z)/\go
EZ/(2)4 NBP(n) — BP(n) — EZ/(2) A BP(n)

where ¢ : BP(n) — BP(n) is the “completion” map given by the canonical map ¢ :
BP(n) — Map(EZ/(2),,BP(n)) induced by the obvious projection EZ/(2); — S°.

Since the map ¢ is a (non-equivariant) equivalence, it follows that EZ/(2)+ A ¢ is an
equivariant equivalence. Hence, the fiber of ¢ is equivalent to the fiber of EZ/(2) A .
Now, one has standard (tri-graded) spectral sequences that compute the homotopy of
the spectra BP(n) and EZ/(2) A BP(n), called the Borel cohomology and the Tate
cohomology spectral sequences for BP(n) respectively. The respective E,-terms are
given by:
H(Z)Q2), 7, BP(n)) = m,_, BP(n), HAP(Z/(2),7,BP(n)) = 7, ,EZ](2) NBP(n)
where H(Z /(2)) denotes Tate-cohomology and  is any element in RO(Z/(2)) that
can be written as a 4+ ba, where « is the sign representation of Z/(2). One may even
write the respective E; terms explicitly as:
Zylvi, 0t al, Zylvi, ot a1, i<n, vg=2

The classes v;, o, a have tri-degree given by:

|V,’| = (Oa (2l - 1)(1 + O[)), |O" = (07 —1 + Oé), ‘Cl| = (17 1 - OZ)

In addition, the classes v; and a are permanent cycles, and the differentials are given
by the universal differentials computed for the Borel cohomology spectral sequence
for MU(Z) ([6])

d2k+1_10'72k = Vi a2k+1,1
These differentials induce differentials in the Tate cohomology spectral sequence and
it is straightforward to derive the following result in [5]:
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Corollary 8-1 The Tate spectral sequence for BIP(n) collapses at Ey.+1_ to yield:
mEZ])2) ABP(n) = Z/2)[0*2" !

In addition, multiplication by v; is given by zero in F*EZ7(2) A BP(n). Furthermore,
the image of the map , BP(n) — m,EZ](2) A BP(n) is given by Z./(2)[c*2""", a]
and, the kernel of the map is contained in the image of w,MUy).

The next step is to compute the homotopy of the geometric fixed point spectrum
EZ7(2) ABP(n), and identify it as a subgroup of the homotopy of the Tate cohomology
spectrum. Since there is no natural spectral sequence that computes the homotopy of
the geometric fixed points, the argument used in [5] is by induction starting with BP(0)
and inducting upwards. Alternatively, one may start with the observation that EZ7(2) A
BP = HZ/(2)[a™'], and kill the elements v; for i > n. Then using the computations
made in [4], we see that m,EZ/(2) A BP(n) can be identified with the subgroup of the
homotopy of the Tate cohomology spectrum given by Z/ (2)[0_2"+1
in [5]. From the above observation we derive:

,a*!] as calculated

Corollary 8-2 Let F denote the fiber of the map from the geometric fixed point
spectrum to the Tate fixed point spectrum. Then there is a short exact sequence in
homotopy:

0 — m.EZ/(2) ANBP(n) — m,EZ](2) ABP(n) — m,5F — 0

In particular, w2 F is isomorphic to the ideal generated by o inz / (2)[02"+] ,at!].

In addition, multiplication by v; is given by zero on T, F .

Now recall that the fiber of completion map ¢ is given by F. Since we know the
homotopy of F, and the fact that inverting v, collapses the fiber, we have essentially
managed to show:

Theorem 8-3 The map ¢ is an equivalence on inverting v,. In addition, the map
Tatba BP{(N) = Tatpa IB%AIP’(n> is an isomorphism for a > b > —2"t!. Furthermore,
in this range, the homotopy is given by the image of 7, po MU(2).

References

[1] JM Boardman, D C Johnson, W S Wilson, Unstable operations in generalized coho-
mology, from: “The Handbook of Algebraic Topology”, (IM James, editor), Elsevier
(1995) 687-828

Algebraic & Geometric Topology XX (20XX)



1018

[9]

[10]

(11]

[12]

Kitchloo and Wilson

JM Boardman, W S Wilson, Unstable splittings related to Brown-Peterson cohomol-
ogy, from: “Cohomological Methods in Homotopy Theory, Barcelona Conference on
Algebraic Topology, Bellaterra, Spain, June 4-10, 1998”, (J Aguadé, C Broto, C Casacu-
berta, editors), Progress in Mathematics 196, Birkhduser Verlag, Basel/Switzerland
(2001) 3545

DM Davis, A strong nonimmersion theorem for real projective spaces, Annals of
Mathematics 120 (1984) 517-528

M Hill, M Hopkins, D Ravenel, On the non-existence of elements of Kervaire invariant
one. Available at: arXiv:0908.3724v2, 2010.

P Hu, On Real-oriented Johnson-Wilson cohomology, Algebr. Geom. Topol. 2 (2002)
937-947

P Hu, I Kriz, Real-oriented homotopy theory and an analogue of the Adams-Novikov
spectral sequence, Topology 40 (2001) 317-399

N Kitchloo, WS Wilson, On fibrations related to real spectra, from: ‘“Proceedings
of the Nishida Fest (Kinosaki 2003)”, (M Ando, N Minami, J Morava, W S Wilson,
editors), Geometry & Topology Monographs 10 (2007) 237-244

N Kitchloo, W S Wilson, On the Hopf ring for ER(n), Topology and its Applications
154 (2007) 1608-1640

N Kitchloo, W S Wilson, The second real Johnson-Wilson theory and non-immersions
of RP", Homology, Homotopy and Applications 10 (2008) 223-268

N Kitchloo, W S Wilson, The second real Johnson-Wilson theory and non-immersions
of RP", Part 2, Homology, Homotopy and Applications 10 (2008) 269-290

M Mahowald, C Rezk, Topoogical Modular forms of level 3, Pure and Applied Math.
Quarterly 5 (2009) 853-872

WS Wilson, The Q-spectrum for Brown-Peterson cohomology, Part II, American
Journal of Mathematics 97 (1975) 101-123

Department of Mathematics, Johns Hopkins University, Baltimore, Maryland 21218

Department of Mathematics, Johns Hopkins University, Baltimore, Maryland 21218

nitu@math. jhu.edu, wsw@math.jhu.edu

http://www.math. jhu.edu/~nitu/, http://www.math.jhu.edu/~wsw/

Algebraic & Geometric Topology XX (20XX)


mailto:nitu@math.jhu.edu
mailto:wsw@math.jhu.edu
http://www.math.jhu.edu/~nitu/
http://www.math.jhu.edu/~wsw/

	1 Introduction
	2 Proof of the main technical theorem
	3 Splitting: BP"426830A n "526930B (2n-1)(1+)
	4 The case of BP0
	5 The case of E(n)m(1+)
	6 The homotopy of ER(2)
	7 ER(2) and homology
	8 Appendix
	Bibliography

