
1. Curves in Rn

Definition 1.1. Let I = [a, b] be an interval on the real line. A curve C in
Rn is a C1 mapping X : I → Rn parametrized by t. For each t ∈ I , we may
write

X(t) = (x1(t), x2(t), . . . , xn(t))

in terms of the Euclidean coordinates (x1, . . . , xn) of Rn. Thus X(t) is the
position vector of a point moving on the curve. We call the parametrization
regular if

X ′(t) 6= 0∀t .
We call a regular curve an embedded curve if the mapping is one to one.
A regular curve which is not necessarily one to one is sometimes called an
immersion.

Examples 1.2. (1) Straight line. x(t) = P+t~v where P = (P1, P2, . . . , Pn))
is a point of Rn and ~v is a vector in Rn is the equation of the line
through P in the direction of ~v. Note that X ′(t) = ~v.

(2) Helix. Let X(t) = (a cos t, a sin t, bt) where a,b are positive constants.
Note that the helix lies on the cylinder x2 + y2 = a2 in R3 and rises
at a constant rate (dz

dt
= b > 0) as it turns counterclockwise around the

cylinder. Since

|X ′(t)| =
√
a2 + b2 > 0 ,

the parametrization is regular.
(3) Cusp in R2. Let X(t) = (t2, t3). Then X ′(0) = ~0 so the parametrization

is not regular at the origin. This is a parametrization of the (image)
curve x2

2 = x3
1 which does not have a tangent line at the origin.

(4) The folium of Descartes in R2. Let

X(t) = (
3t

1 + t3
,

3t2

1 + t3
)

Definition 1.3. The length of regular curve is the number

L =

∫ b

a

|X ′(t)| dt =

∫ b

a

√
x′1(t)

2 + x′2(t)
2 + . . .+ x′n(t)2 dt .

This is the value obtained by the usual limit process if we approximate the
curve by inscribed polygons.

If we consider only the part of the curve corresponding to values of t between
a and t0, then the arc length of this part is equal to

s(t0) =

∫ t0

a

|X ′(t)| dt .

Thus s is a function of t0 and by the fundamental theorem of calculus,

s′(t0) = |X ′(t0)| .
1
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If we think of t as time, the quantity s′(t0) represents the speed at which the
point is moving along the curve at time t = t0.

To each pointX(t) = (x1(t), . . . xn(t)) of the curve C, we associate the vector

~v(t) = X ′(t) .

When t represents time, we call ~v(t) the velocity vector. The condition that
the curve C is regular is just ~v(t) 6= 0. Note that

|~v(t)| = s′(t) .

The geometric interpretation of regularity is that the curve C has a well de-
fined tangent direction at each point.

Definition 1.4. Let C be a regular curve. The unit tangent vector to C is
given by

T =
~v(t)

|~v(t)|
.

It is often convenient to use the arc length s as a parameter for the curve.
Then by the chain rule,

~v =
dX

dt
=
dX

ds

ds

dt
= s′(t)

dX

ds
.

Note that since |~v(t)| = s′(t) , |dX
ds

= 1 . Hence,

T =
dX

ds
= X ′(s)

1.1. Frenet formulas for plane curves. Let’s now restrict ourselves to C2

(twice continuously differentiable) regular plane curves X(s) = (x(s), y(s))
parametrized by arc length. To each point of the curve, we associate two
orthogonal unit vectors e1(s), e2(s) such that the pair (e1, e2) have the same
orientation as R2 and such that e1 is the unit tangent vector to the curve. We
have just seen that X ′(s) is equal to the unit tangent vector T (s) so e1(s) =
X ′(s). Note that e2(s) = Je1(s) where J represents the operation of rotation
of a vector by π

2
in the positive (counterclockwise) sense. It is easy to see that

if ~v = (v1, v2), then Jv = (−v2, v1). In particular, e2(s) = (−y′(s), x′(s)). The
Frenet formulas describe how the frame e1, e2 changes with s.

Definition 1.5. The curvature vector

~κ(s) = T ′(s) = X ′′(s) =
de1
ds

is the rate of change of T with respect to arc length.
Since T ·T = 1 , T ′(s) ·T = 0, T ′(s) is orthogonal to e1(s) so we may write

~κ = κ(s)e2(s) .
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The number κ(s) is called the signed curvature of the curve. Thus we may
write

de1
ds

= κe2 .

It remains to compute de2
ds

. Since e2(s) also has length 1, it follows as above
that

de2
ds

= α(s)e1(s)

for a function α(s) to be determined. Taking the dot product with e1(s) we
find

α(s) = e1(s) ·
de2
ds

.

Differentiating the relation 0 = e1(s) · e2(s) with respect to s gives

α(s) = e1(s) ·
de2
ds

= −e2(s) ·
de1
ds

= −κ(s) .

To summarize, the Frenet formulas are

dX

ds
= e1 ,

de1
ds

= κe2 ,
de2
ds

= −κe1
where κ(s) is the signed curvature of the curve and e2(s) = (−y′(s, x′(s)).

2. The Isoperimetric inequality

Of all simple closed plane curves of given perimeter, which one bounds the
greatest area? This is sometimes known as Dido’s problem because of the
story that Queen Dido of Tyre bargained for some land bounded on one side
by the (straight) Mediterranean coast and agreed to pay a fixed sum for as
much land as could be enclosed by a bull’s hide. She cut the hide into thin
strips and tied these end to end and formed them into a semicircle , shrewdly
using the straight coastline as part of the boundary. It is easy to see that
Dido’s version of the isoperimetric problem is equivalent to the problem I first
stated.

This isoperimetric theorem was known to the ancient Greeks although a
rigorous proof did not appear until the nineteenth century. Around 1840 the
geometer Jakob Steiner published several ingenious “proofs” based on purely
geometric reasoning showing that an extremal curve must be a circle. His
colleague Dirichlet tried (unsuccessfully) to persuade him that his proofs were
incomplete because the existence of an extremal was not evident. Nevertheless,
Steiner’s reasoning is valuable and compelling.

The proof will proceed in several steps. The first observation is that the
extremal curve γ must be convex (the straight segment joining any two points
inside γ remains inside γ. Indeed if not (see Fig. 1) this would imply existence
of two points on γ such that the connecting segment is outside γ. Then
reflecting a region between the segment and the boundary of the shape as on
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Fig. 2, it would be possible to increase its area without changing its perimeter.
The second step of the proof is the following

Lemma 2.1. Choose points S and T on γ such that the points divide the
perimeter into two equal parts. Then the segment ST must divide the area of
the shape into two equal parts.

Proof. Assume to the contrary that area S1T is larger than T2S (Fig. 3).
Then reflecting S1T in ST will get the shape S1T3 with the same perimeter
as S1T2 but a larger area.

This argument shows that it’s sufficient to solve Dido’s version of the prob-
lem: Among all arcs with a given length and endpoints on a line ST find the
one that along with the line ST encloses the largest area.

Lemma 2.2. Consider all the arcs with a given length and endpoints on a
line. The curve that encloses the maximum area between it and the straight
line is a semicircle.

Proof. It suffices to show that for any point A on an extremal γ, ∠SAT is
a right angle. If not, think of SAT as being hinged at A and “open or close”
angle A (for example we can keep RS parallel to the x axis) until the angle
becomes right. Let pieces of the arc move along. As an exercise prove that
among all triangles with two given sides the one whose sides form a right angle
has the largest area. Since the area of the two red regions did not change but
the area of the triangle (Fig 5) grew, the whole area between the new arc and
the line ST has increased. This shows that unless the curve is a semicircle
we can always increase the area in question by moving points S and T. This
proves Lemma 2 and with it the isoperimetric theorem.

As mentioned earlier, this elegant proof is flawed because the existence of
the extremal is not so clear. In Problem Sheet 1, I have outlined a way to
circumvent this difficulty by considering only polygons with n sides and fixed
perimeter.

Theorem 2.3. Among all polygons of n sides and fixed perimeter, the regular
polygon maximizes the enclosed area.

Using this result, we can prove the isoperimetric theorem by an approxima-
tion argument.

The isoperimetric theorem can be give a more quantitative and useful form
called the isoperimetric inequality.

Theorem 2.4. Denote the perimeter and area of a planar region D bounded
by a simple curve γ by L and A, respectively. Then

L2 ≥ 4πA
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with equality only for a circle.

2.1. Hurwitz’s proof of the the isoperimetric inequality. A fairly simple
modern analytic proof of the isoperimetric inequality was given by A. Hurwirtz
in 1902. It uses the formula for the area A of a domain D in R2 in terms a
line integral around its (positively oriented) boundary C:

A =

∫
C

xdy = −
∫
C

ydx =
1

2

∫
C

xdy − ydx

where the line integrals are defined by the usual limit of Riemann sums. For
our purposes, if C : x = x(t) , y = y(t) a ≤ t ≤ b is a parametrization of a
simple curve C, then∫

C

xdy =

∫ b

a

x(t)y′(t)dt ,

∫
C

ydx =

∫ b

a

y(t)x′(t)dt .

The formulas for A follow from the divergence theorem:∫
D

div ~V (x, y)dxdy =

∫
C

~V · ~nds ,

where if V = (V 1, V 2) , div ~V (x, y) = V 1
x +V 2

y , ~n is the outer unit normal to

C and s is arc length. Choosing V = (x, y) , div ~V = 2. Noting that in terms
of the parametrization of C,

~n =
(y′(t),−x′(t)√
x′(t)2 + y′(t)2

and ds =
√
x′(t)2 + y′(t)2 dt ,

the formulas for A follow easily.

Hurwitz’s proof also uses a famous inequality known as Wirtinger’s inequal-
ity.

Lemma 2.5. Let f(t) be a C1 periodic function of period 2π and average∫ 2π

0
f(t) dt = 0. Then ∫ 2π

0

f ′(t)2 dt ≥
∫ 2π

0

f(t)2 dt

with equality only if f(t) = a cos t+ b sin t.

Proof. Expand f(t) in a Fourier series

f(t) =
∞∑
n=1

(an cosnt+ bn sinnt)

(note that the constant term 1
2
a0 is zero by the average zero condition). Then

f ′(t) =
∞∑
n=1

(nbn cosnt− nan sinnt)
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By Parseval’s formula, ∫ 2π

0

f(t)2 dt =
∞∑
n=1

(a2
n + b2n) ,∫ 2π

0

f ′(t)2 dt =
∞∑
n=1

n2(a2
n + b2n) .

Hence, ∫ 2π

0

(f ′(t)2f(t)2) dt =
∞∑
n=1

(n2 − 1)(a2
n + b2n) ,

which is strictly positive unless an = bn = 0 for all n > 1, proving the lemma.

For simplicity assume that the length L of C is 2π (convince yourself that
we can do this without loss of generality). We may also assume by translating
C that ∫ 2π

0

x(t) ds = 0 .

Then

2π =

∫ 2π

0

((x′)2 + (y′)2) ds ,

and A =
∫ 2π

0
x(s)y′(s) ds. Hence,

2(π−A) =

∫ 2π

0

((x′)2−2xy′+(y′)2) ds =

∫ 2π

0

((x′)2−x2) ds+

∫ 2π

0

(x−y′)2 ds .

The first integral is nonegative by the lemma and the second integral is also
clearly nonnegative. Hence 4πA ≤ (2π)2 = L2 which is the isoperimetric
inequality. The equality sign holds only if

x = a cos s+ b sin s , y′ = x

which gives

y = a sin s− b cos s+ c .

Thus x2 + (y − c)2 = a2 + b2 and C is a circle.

3. Calculus of Variations formalism: necessary conditions

The simplest and most common problems in the Calculus of Variations are
of the type where we seek to minimize (or maximize) a functional

E(u) =

∫ b

a

f(x, u(x), u′(x)) dx

where f = f(x, z, p) is a given (say C2) function of its arguments and the
function u(x) belongs to a certain admissible class, for example C1 functions
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or more generally perhaps piecewise C1 (or even Lipschitz) functions satisfying
given boundary conditions u(a) = A , u(b) = B where A,B are prescribed.

Examples 3.1. 1. The Brachistochrone problem

formulated by Johann Bernoulli in 1696 as a challenge problem to his col-
leagues , seeks among all curves joining two given points Pand Q, the path
with the property that a frictionless particle acted on by gravity would have
the minimum transit time. Earlier, Galileo had guessed that the circle might
be the extremum and would likely be better than the straight line path. If
we take the higher point as the origin of our coordinate system (in a vertical
plane passing through PQ) with the y axis pointing down and the x axis to
the right)and the second point as (x1, y1) then

T =

∫ L

0

ds

v
,

where s is arc length ranging from 0 to L and v = ds
dt

is the speed along
the curve. From Newton’s laws or conservation of energy, it is not difficult
to show that v2 = 2gy. Assume that the path is a graph y = y(x); then

ds =
√

1 + (y′)2 dx so

T (y) =
1√
2g

∫ x1

0

√
1 + (y′)2

y(x)
dx

is the functional to be minimized among all y(x) satisfying y(0) = 0 , y(x1) =
y1. Note that the integrand is singular at y = 0.

2. Minimum area of a surface of revolution Consider the surface of revolution
obtained by revolving the graph y = f(x) joining (a,A), (b, B) (with a <
b , A,B > 0) about the x-axis. This is given by

A(f) = 2π

∫ b

a

f(x)
√

1 + (f ′)2 dx

The problem is to determine f so that A(f) is a minimum. Physically, this is
a special version of the Plateau problem, where we seek a soap film spanning
two wire circles (representing the boundary conditions) which seeks to mini-
mize the surface area. This problem, which we discuss later, is degenerate in
the sense (do the experiment) that when the circles are far enough apart, the
minimum is not a connected surface but the flat disks spanning the individual
circles.

i3. Here is a simple (made-up) example of a functional for which there is no
extremum (either max or min). Let

E(u) =

∫ 1

0

dx

1 + (u′)2
dx
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where u(0) = 0 and u(1) = 1 Clearly 0 < I(u) < 1 since the integrand is posi-
tive and less than 1. By taking u(x) = 0 on (0, 1− ε) and u(x) = 1 + 1

ε
(x− 1)

on (1 − ε, 1) we can make I(u) as close to 1 as we please but there is no ad-
missible u with I(u) = 1. We can similarly find u with I(u) as close to zero
as we please but again there is no admissible u with I(u) = 0.

In the following discussion we will let u(x) = (u1(x), . . . , uN(x)) be a vector
function since the arguments are unchanged and this will allow us greater ap-
plicability.

Definition 3.2. Let I = (a, b). A function u ∈ C1(I, RN) is said to be a weak

C1 extremal for the functional E(u) =
∫ b

a
f(x, u, u′) dx if

(3.1) E ′(u)(φ) =

∫ b

a

(fz(x, u, u
′)φ+ fp(x, u, u

′) · φ′) dx = 0 ,

for all φ ∈ C∞0 (I, RN)

The expression E ′(u)(φ) (sometimes called the first variation) in equation
(3.1) is the directional derivative (Gateaux derivative) of the functional E in
the direction φ at u(x). Formally,

(3.2) E ′(u)(φ) = lim
t→0

E(u+ tφ)− E(u)

t

These expressions arise naturally from making a variation u(x, t)in the di-
rection φ(x). This is a family of admissible functions u(x, t) for |t| small such
that u(x, 0) = u(x) and d

dt
u(x, t)|t=0 = φ(x). The simplest type of variation is

u(x, t) = u(x) + tφ(x) with φ as above. Then

E ′(u)(φ) =
d

dt
E(u(x, t)|t=0 =

d

dt

∫ b

a

E(x, u(x, t), u′(x, t) dx|t=0

Differentiating under the integral sign gives (3.1). The interpretation of
weak extremal is that u(x) is a stationary point for the functional E(u).

Definition 3.3. A function u ∈ C1(I, RN) is said to be a weak C1 local min-
imum for the functional E(u) if E(u) ≤ E(u+ tφ) for all φ ∈ C∞0 (I, RN) and
|t| sufficiently small (depending on φ.) Clearly, a weak minimum is necessarily
a weak extremal.

Lemma 3.4. (Fundamental lemma) Suppose f ∈ C0(I) satisfies

(3.3)

∫ b

a

f(x)η(x) dx = 0 ∀η ∈ C∞0 (I) .

Then f(x) ≡ 0 on I.
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Proof. Since smooth functions of compact support are dense in the space
of piecewise C1 functions which vanish at the endpoints of I, it follows that
we can expand the admissible functions η(x) to include this broader class.
Thus if f(x0) > 0, then f(x) > 0 on (x0 − 2δ, x0 + 2δ) for δ small. Choose
eta = 1 on x0− δ, x0 + δ) η = 0 on I \ (x0− 2δ, x0 + 2δ) and linear in between.
This gives

∫
I
fη dx > 0, a contradiction. Thus f ≡ 0 on I.

Theorem 3.5. (Euler equations) Assume f(x, z, p) is C2 in its arguments in
a neighborhood of a weak extremal u ∈ C2(I, RN) Then u(x) satisfies the so
called Euler equations

(3.4) − d

dx
fpi(x, u, u′) + fzi(x, u, u′) = 0 , i = 1, . . . , N .

Proof. In (3.1) choose φ = (φ1, . . . , φN) where φk = δkiη , η ∈ C∞0 (I). Then
integrating by parts we find∫

I

(fzi − d

dx
fpi)η dx = 0 .

Applying the fundamental lemma gives (3.4).

Examples 3.6.

4. Let f(x, z, p) =
√

1 + p2 + ω(x, z) , (N = 1) . Then the Euler equation

associated to E(u) =
∫ b

a
(
√

1 + (u′)2 + ω(x, u)) dx is

(3.5)
d

dx
(

u′√
1 + (u′)2

= ω(x, u)

The quantity

κ =
d

dx
(

u′√
1 + (u′)2

) =
u′′

(1 + (u′)2)
3
2

is the curvature of the graph y = u(x) with respect to the upward normal and
the Euler equation (3.5) says that the curvature is a prescribed function of
position and height.

5. Let f(x, z, p) = 1
2
(p2 + q(x) + z2) , (N = 1) . Then the Euler equation

associated to the energy functional

E(u) =

∫ b

a

((u′)2 + q(x)u2) dx

is

(3.6) −u′′ + q(x)u = 0
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6. Let x = x(t) : I → R3 represent the motion of a particle of mass m
in R3 and V (x) ∈ C1(R3) a potential function. Consider the total energy
(kinetic+potential) functional

(3.7) E(x) =

∫ b

a

(
m

2
|x′|2 − V (x)) dt

Then the Euler equations are just Newton’s laws for a point mass in a conser-
vative force field −∇V (x):

(3.8) mx′′(t) = −∇V (x(t)

We now will present an alternate (weak) form of the Euler equations that
applies to weak C1 extremals. To derive it we need an alternate form of the
fundamental lemma.

Lemma 3.7. Let f(x) ∈ C0(I) satisfy∫ b

a

f(x)η′(x) dx = 0 ,

for all test functions η ∈ C∞0 (I). Then f ≡ c (constant).

Proof. Note that c = 1
b−a

∫
I
f(x) dx is the precise constant and that∫ b

a

(f(x)− c)η′(x) dx = 0 .

As we have stated earlier we can take a broader class of test functions η. In
particular, define

η(x) =

∫ x

a

(f(t)− c) dt

Then η(a) = η(b) = 0 and η′(x) = f(x)− c, hence∫ b

a

(f(x)− c)2 dx = 0

and so f(x) ≡ c.

Theorem 3.8. (weak Euler equations) Let u ∈ C1(I, RN) be a weak extremal.
Then there is a constant vector ~c ∈ RN such that

(3.9) fp(x, u, u
′) = ~c+

∫ x

a

fz(t, u(t), u
′(t)) dt .

Proof. In the first variation (3.1) we integrate by parts the term∫ b

a

fz(x, u, u
′)φ(x) dx = −

∫ b

a

(

∫ x

a

fz(t, u(t), u
′(t) dt)φ′(x) dx ,

so ∫ b

a

(fp −
∫ x

a

fz dt)φ
′(x)dx = 0 .
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The theorem follows just as in the proof of Euler equations using now the
alternate form of the fundamental lemma.

Note that if the weak Euler equation (3.9) implies that fp(x, u(x), u
′(x)) is

C1 since the right hand side is clearly C1. Hence we have

Corollary 3.9. Any C1 weak extremal u(x) satisfies

(3.10) − d

dx
fpi(x, u, u′) + fzi(x, u, u′) = 0 , i = 1, . . . , N .

Even if f is C2 in its arguments, there is a catch here in that we cannot
differentiate f(x, u, u′) unless we know that u′′ exists. In general this is not
true as the following example shows.

Example 3.10. 6. (A C1 weak min which is not C2)

Let

E(u) =

∫ 1

−1

u2(2x− u′)2 dx ,

with boundary conditions u(−1) = 0 , u(1) = 1. It is easy to see that the
unique minimizer is u(x) = 0 on [−1, 0] , u(x) = x2 , on [0, 1]. This is piece-
wise C2 but fails to be C2 at the origin.

Formally, we can see what is happening by carrying out the differentiation:

(3.11)
d

dx
fp(x, u, u

′) = fpx(x, u, u
′) + fpz(x, u, u

′)u′ + fpp(x, u, u
′)u′′ .

Note that the “coefficient” of the vector u′(x) is the matrix fpipj(x, u, u′).
If this is invertible, we can solve the weak Euler equations for u′ using the
implicit function theorem and see that it is C1. More precisely,

Theorem 3.11. Let u be a weak C1 extremal of E on I and suppose fp is C1

in a neighborhood of (x, u, u′) and that fpp(x, u, u
′) is invertible for all x ∈ I.

Then u ∈ C2(I, RN).

There is one important simplification to the Euler equations when f =
f(z, p) is independent of x. Define

Φ(z, p) = pfp(z, p)− f(z, p)

and observe that if u ∈ C2(I, Rn) satisfies the Euler equations, then
d
dx

Φ(u, u′) = u′ d
dx
fp(u, u

′) + u′′fp(u, u
′)− fz(u, u

′)u′ − fp(u, u
′)u′′(3.12)

= u′( d
dx
fp(u, u

′)− fz(u, u
′)) = 0 .(3.13)

(3.14)

It follows that Φ(u(x), u′(x)) = ~c on I.
Therefore we have proved
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Theorem 3.12. Suppose u is C2 and satisfies the Euler equations for E(u) =∫ b

a
f(u, u′) dx. Then

(3.15) u′fp(u, u
′)− f(u, u′) = ~c on I .

Example 3.13. Returning to the brachistochrone problem with f(z, p) =
√

1+p2

z

(we drop the coefficient for simplicity), we see that a solution y = u(x) of the
Euler equation must satisfy

(u′)2√
u(1 + (u′)2)

−
√

1 + (u′)2

u
= c

for some constant c. Simplifying gives

c2 u(1 + (u′)2) = 1 .

It is convenient to express the solution in parametric form u = u(t) , x = x(t)
where we define t by u = k(1− cos t) where we choose kc2 = 1

2
. Then

u′ =
du

dx
=

du
dt
dx
dt

=
k sin t

ẋ
.

Substiting this above gives

c2 k(1− cos t)(1 +
k2 sin2 t

ẋ2
= 1 ,

which after simplification yields

ẋ(t) = k(1− cos t) , x(t) = k(t− sin t) .

The parametric equations

x = k(t− sin t) , u = k(1− cos t) ,

define a cycloid.

3.1. Subsidiary Constraints-Lagrange Multipliers.

Theorem 3.14. Consider the problem

I(y) =

∫ b

a

f(x, y, y′) dx→ min , y(a) = A, y(b) = B

and J(y) =
∫ b

a
g(x, y, y′) dx = C .

We suppose y is a weak C1 extremal for I but not for J (i.e. δJ(ψ) 6= 0 for
some η ∈ C1 with compact support. Then there exists a multiplier λ such that
y(x) is a weak C1 weak extremal for I + λJ .

Proof. Let ỹ = y + εη + β(ε)ψ . Let

J(ε, β) ≡ J(ỹ) =

∫ b

a

g(x, y + εη + βψ, y′ + εη′ + βψ′) dx ,



13

Then J(0, 0) = C and

∂J

∂β
|ε = β = 0 =

∫ b

a

(gyψ + gy′ψ
′) dx = δJ(psi) 6= 0 .

Hence by the Implicit function theorem there exists for ε small a unique C1

curve of solutions β = β(ε) to J(ε, β) ≡ C. Differentiating with respect to ε
gives

(3.16) β′(0) = − δJ(y)

δJ(ψ)

Hence ỹ is an admissible variation of y so that

d

dε
I(y + εη + β(ε)ψ)|ε=0 = 0 .

This gives

(3.17) δI(y) + β′(0)δI(ψ) = 0.

Using (3.16), equation (3.17) may be rewritten

δ(I(y) + λJ(y)) = 0

(where λ = − δI(ψ)
δJ(ψ)

) which is the Lagrange multiplier rule. The rule is easily

extended to the case of many independent integral constraints.

3.2. Endpoint variations and Transversality. We now consider more gen-
eral admissible variations in which the endpoints are allowed to vary in a gen-

eral way. So consider the functional I(y) =
∫ b

a
F (x, y, y′) dx for a piecewise

C1 curve y(x) with endpoints A = (a, λ) and B = (b, µ) We want to compute
δI(y) for a variation in which one or both of the endpoints can move.

We consider a family of curves

(3.18) y(x, ε) := y(x, a(ε), λ(ε), b(ε), µ(ε)

for which y(x, 0) = y(x) . Then we set

J(ε) =

∫ b(ε)

a(ε

F (x, y(x, ε), y′(x, ε)) dx

and compute the total derivative

dJ

dε
|ε=0 = δI(δy(x)) +

∂I

∂a
δa(3.19)

+
∂I

∂λ
δλ +

∂I

∂b
δb
∂I

∂µ
δµ .(3.20)

We obtain

(3.21) J ′(0) = F |x=bδb− F |x=aδa+

∫ b

a

(Fyη(x) + Fy′η
′(x)) .
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Here we have used the abreviated notation η(x) = d
dε
y(x, ε)|ε=0 and have in-

terchanged the order of differentiation

d

dε
y′(x, ε) =

d

dx

d

dε
y(x, ε) = η′(x)

at ε = 0. Therefore we can in (3.21) integrate the last term of the integral by
parts to obtain

(3.22) J ′(0) = F |x=bδb− F |x=aδa+

∫ b

a

(Fy −
d

dx
Fy′)η dx+ Fy′η|ba .

It remains only to observe that

η|x=a = δλ− y′(a)δa(3.23)

η|x=b = δµ− y′(b)δb(3.24)

Inserting (3.24) and (3.24) into (3.22) gives

J ′(0) = (F − y′Fy′)|x=bδb− (F − y′Fy′)|x=aδa+ Fy′|x=bδλ(3.25)

−Fy′|x=aδµ+

∫ b

a

(Fy −
d

dx
Fy′)η dx(3.26)

Now assume that y itself is a C2 extremal for I; then J ′(0) = 0 and by
making a variation fixing A and B , y must satisy the E-L equations and the
last integral term in (3.26) vanishes. Suppose also that endpoint A is fixed (so
δa = δµ = 0) and endpoint B varies along a curve τ(x, y) = 0. Then

(3.27) τxδb+ τyδλ = 0 .

Then multiplying (3.26) by τy and using (3.27) we obtain the transversality
condition

(3.28) τx(b, y(b))Fy′(b, y(b), y
′(b)) = τy(b, y(b))(F − y′Fy′)(b, y(b)y

′(b)) .

Example 3.15. (Geometric optics)
We can interpret our conditions for a light ray emanating from a single point
and traveling in a plane medium with index of refraction n(x, y) and termi-
nating in a curve described by the graph of a function y = ψ(x). According to
Fermat’s principle, the light propagates along the trajectory which minimizes
the time of travel.

Let I(y) =
∫ b

a
n(x, y)

√
1 + y′2 dx and let τ(x, y) = y − ψ(x) Then

Fy′ = n(x, y)
y′√

1 + y′2
=

y′

1 + y′2
F

and

F − y′Fy′ =
F

1 + y′2
.
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Substitution in (3.28) gives the orthogonality condition y′(b) = − 1
ψ′(b)

.

We note for later use when we study Hamilton-Jacobi theory that formula
(3.26) remains valid when y = (y1, . . . , yn) is a curve in Rn (so λ and µ are
vectors in Rn) . In terms of new variables pi = F(y

′
i) , i = 1, . . . , n we

suppose that the jacobian determinant detFy′iy′j 6= 0 so we can (locally) solve

for y′1, . . . , y
′
n in terms of the other variables x, y1, . . . , yn, p1, . . . , yn. Introduce

the Hamiltonian H(x, y, p) through the Legendre transform H = −F + p · y′
where the y′ are regarded as functions of x, y, p. Now we assume that the
point A is fixed and the final point B = (x, y) is variable and that the “action”
integral

S(x, y) =

∫ x

x0

F (x, y, y′) dx

is evaluated on a unique extremal passing through A and B so that S becomes
a single valued function (called the geodesic distance) between A and B. Then
formula (3.26) can be rewrittten as

(3.29) dS(x, y) = pdy −Hdx

or in other words,

(3.30)
∂S

∂x
= −H(x, y, p) ,

∂S

∂y
= p .

From (3.30) we conclude that S satisfies the Hamilton-Jacobi equation.

(3.31) Sx +H(x, y, Sy) = 0

3.3. Parameter variations. Let u ∈ C1(I, RN) , I = (a, b) and let x =
ψ(t, ε) be a C1 diffeomorphism of I onto itself (for |ε| small) such that ψ(a, ε) =
a , ψ(b, ε) = b , ψ(t, 0) = t. Assume also dψ

dε
(·, ε) is C1. Then ψ(·, ε) is called

an admissible parameter variation. Now set v(t, ε) = u(ψ(t, ε)) and note that
v(t, 0) ≡ u(t) , v(a, ε) = u(a) , v(b, ε) = u(b) and that v is C1 close to u (see
below for details).

Set λ(t) = dψ
dε

(t, ε) and

(3.32) Ψ(ε) =

∫ b

a

f(t, v(t, ε), v̇(t, ε)) dt = I(v(t, ε)) .

Theorem 3.16. Let u be a weak C1 local minimum of I with fixed endpoints.
Then

(3.33) 0 =

∫ b

a

{[u′fp(u)− f(u)]λ′(x)− fx(u)λ(x)} dx .

Proof. We have x = ψ(t, ε) with inverse function t = τ(x, ε) = τ(ψ(t, ε), ε).
We write ′ = d

dx
, · = d

dt
and so

1 = τ ′(ψ(t, ε), ε)ψ̇(t, ε) ,
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0 = τε() + τ ′()ψε .

Furthermore since t = ψ(t, 0) = x we have τ ′(x, 0) = 1 and so τε(x, 0) = −λ(x).
Thus

τ(x, ε) = x− ελ(x) + . . . .

Recalling the definition of Ψ(ε) in (3.32) we apply the change of variable t =
τ(x, ε). Then,

Ψ(ε) =

∫ b

a

f(τ(x, ε), u(x),
u′(x)

τ ′(x, ε)
)τ ′(x, ε) dx

Now we use that
d

dε
τ ′(x, ε) =

d

dx

d

dε
τ(x, ε)

and
d

dε
τ ′(x, ε)|ε=0 = −λ′(x)

to compute

0 = Ψ′(0) =

∫ b

a

{f(u)(−λ′(x)) + fx(u)(−λ(x)) + u′(x)fp(u)λ
′(x)} dx .

After rearranging terms, this is (3.33).

Corollary 3.17. Let u be a C1 weak local minimum of I with fixed endpoints.
Then there a vector ~c so that

(3.34) f(x, u, u′)− u′fp(x, u, u
′)−

∫ x

a

fx(t, u(t), u
′(t) dt = ~c .

In particular, if f = f(z, p) is independent of x,

(3.35) f(x, u, u′)− u′fp(x, u, u
′ = ~c .

3.4. Weierstrass’ necessary condition. The Weierstrass excess function or
E-function is a measure of the convexity of f(x, z, p) in the p variable and is
defined by

(3.36) E(x, z, p, q) := f(x, z, q)− f(x, z, p)− fp(x, z, p) · (q − p)

Note that for fixed (x, z) , f(x, z, p) is convex in p if E(x, z, p, q) ≥ 0 , ∀q.

Theorem 3.18. (Weierstrass necessary condition) Suppose u ∈ C1(I, RN) is
a C0 (strong)relative minimum for I. Then E(x, u, u′, q) ≥ 0 ∀q ∈ RN .

Proof. Fix x0 ∈ (a, b) , q ∈ RN and define for ε , h > 0 fixed small ,

η(x) =

 x− x0 if x0 ≤ x ≤ x0 + ε h
ε

1−ε(x0 + h− x) if x0 + ε h ≤ x ≤ x0 + h
0 otherwise
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Now define the variation ũ = u + η (q − p), where p = u′(x0) . Note that
ũ is only C0 close to u so is only valid because we assume u is a strong local
minimum. Hence

0 ≤ I(ũ)− I(u) =

∫ x0+h

x0

(f(x, u+ η (q − p), u′ + η′ (q − p))− f(x, u, u′)) dx

Define a change of variable x = x0 + hs; then

0 ≤
∫ 1

0

(f(x0 + hs, u(x0 + hs) + hγ(s)(q − p), u′(x0 + hs) + γ′(s))(q − p)) ds

−
∫ 1

0

f(x0 + hs, u(x0 + hs), u′(x0 + hs)) ds .

where

γ(s) =

 s if 0 ≤ s ≤ ε
ε

1−ε(1− s) if ε ≤ s ≤ 1
0 otherwise

Now split the integral (for the first term only) over (0, ε) and (ε, 1):

0 ≤
∫ ε

0

f(x0 + hs, u(x0 + hs) + hsq, u′(x0 + hs) + (q − p)) ds

+

∫ 1

ε

f(x0 +hs, u(x0 +hs)+h
ε

1− ε
(1−s)(q−p), u′(x0 +hs)− ε

1− ε
(q−p)) ds

i

−
∫ 1

0

f(x0 + hs, u(x0 + hs), u′(x0 + hs)) ds .

Taking the limit as h→ 0 gives

0 ≤ εf(x0, u(x0), q)+(1−ε)f(x0, u(x0), u
′(x0)−

ε

1− ε
(q−p))−f(x0, u(x0), u

′(x0))

Finally, simplifying and dividing by ε and taking limits as ε→ 0 gives

0 ≤ f(x0, u(x0), q)− f(x0, u(x0), u
′(x0))− fp(x0, u(x0), u

′(x0))(q − u′(x0)) .

which proves the result.

3.5. The second variation and Legendre’s necessary condition. In this
section we suppose that u ∈ C1(I, RN) is a weak local minimizer in the sense
that I(u) ≤ I(u + εφ) , ∀φ ∈ C1

0(I, RN) and ε sufficiently small. We assume
also that f(x, z, p) is C2 in its arguments.

Theorem 3.19. (Legendre necessary condition) Under the above assumptions,

fpipj(x, u, u′)ζiζj ≥ 0 , ∀ζ ∈ RN .



18

Proof. h(ε) = I(u+εφ) satisfies h′(0) = 0 , h′′(0) ≥ 0 . Hence differentiating
twice under the integral sign gives

(3.37) 0 ≤ I ′′(u, φ) :=

∫ b

a

(fpipj(u)φi
′
φj
′
+ 2fzipj(u)φiφj

′
+ fzizj(u)φiφj) dx

Now fix x0 ∈ (a, b) , ζ ∈ RN and define φ = η(x)ζ where

η(x) =


λ
δ
(x− x0 + δ) if x0 − δ ≤ x ≤ x0

λ
δ
(x0 + δ − x) if x0 ≤ x ≤ x0 + δ

0 otherwise

By the usual density arguments, this piecewise C1 test function is allowable.
Hence,

0 ≤ λ2

δ2

∫ x0+δ

x0−δ
(fpipj(u)ζ iζj + 2fzipj(u)ζ iζj ·O(δ) + fzizj(u)ζ iζj ·O(δ2)) dx .

After cancelling the λ2

δ2
factor, we divide by δ and take the limit as δ → 0.

This gives
fpipj(x0, u(x0), u

′(x0))ζiζj ≥ 0 .

Since x0 is arbitrary, this completes the proof.

3.6. The Erdmann corner conditions. Thus far, we have not spoken about
the possibility of piecewise C1 extremals. For later applications, we now allow
this and derive the so called corner conditions, the necessary conditions that
must hold at the “corner points” (the points where the left and right hand
derivatives exist but may be different).

Theorem 3.20. (Erdmann corner conditions)Let u be a piecewise C1 ex-
tremal. Then if x0 is a corner point,

(3.38) fp(x0, u(x0), u
′(x−0 ) = fp(x0, u(x0), u

′(x+
0 )

u′(x−0 )fp(x0, u(x0), u
′(x−0 )− f(x0, u(x0), u

′(x−0 ) =(3.39)

= u′(x+
0 )fp(x0, u(x0), u

′(x+
0 )− f(x0, u(x0), u

′(x+
0 )(3.40)

Proof. First note that if u is only a piecewise C1 extremal then from the
proof of Theorem 3.8 of the weak Euler-Lagrange equations, we find that

fp(x, u, u
′) = ~c+

∫ x

a

fz(t, u(t), u
′(t)) dt

holds everywhere except possibly at the corners. However the right hand side
is continuous at a corner point x0 so the left and right hand limits of fp must
agree and part i. is proved.
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Similarly, from the derivation of Corollary 3.15 by parameter variations, we
find that

f(x, u, u′)− u′fp(x, u, u
′)−

∫ x

a

fx(t, u(t), u
′(t) dt = ~c

holds except possibly at the corner points. Again the right hand side is con-
tinuous at x0 so the left and right hand limits of the left hand side must agree,
proving part ii.

3.7. Jacobi’s necessary condition. The derivation of Legendre’s necessary
condition used the nonegativity of the second variation

0 ≤ I ′′(u, φ) :=

∫ b

a

(fpipj(u)φi
′
φj
′
+ 2fzipj(u)φiφj

′
+ fzizj(u)φiφj) dx .

Set

(3.41) F (x, φ, φ′) = fpipj(u)φi
′
φj
′
+ 2fzipj(u)φiφj

′
+ fzizj(u)φiφj

Definition 3.21. The functional J(φ) =
∫ b

a
F (x, φ, φ′) dx is called the Jacobi

accessory functional. For u = u0 a fixed extremal, the Euler-Lagrange equation
of the accessory functional J(φ)

(3.42) − d

dx
Fp + Fz = − d

dx
(f oppφ

′ + f ozp′φ) + f ozzφ+ f ozp′φ
′ = 0

is called the Jacobi equation. It is a homogeneous second order system of
nonlinear ode’s and so has the trivial solution φ ≡ 0.

For u0(x) a strong or weak relative minimums of I(u), the accessory vari-
ational functional J(φ) must have minimum value 0. Of course, φ ≡ 0 is a
solution and the question is whether there are other nontrivial solutions.

Proposition 3.22. Let c ∈ (a, b] and suppose η is a solution of the Jacobi
equation satisfying η(a) = η(c) = 0 Then∫ c

a

F (x, η, η′) dx = 0 .

Proof. Since F is homogeneous of degree 2 in (η, η′), we have

2F (x, η, η′) = ηFη(x, η, η
′) + η′Fη′(x, η, η

′) .

Thus,

2

∫ c

a

F (x, η, η′) dx =

∫ c

a

(η Fη + η′ Fη′) dx

=

∫ c

a

η(Fη −
d

dx
Fη′) dx+ ηFη|ca = 0

since η vanishes at the endpoints and satisfies the Jacobi equation.
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Definition 3.23. Let u0 be a C2 relative minimum of I(u) and suppose there
exists η ∈ C2 a solution of the Jacobi equation (for u0) on (a, b) satisfying
η(a) = η(c) = 0 and η not identically 0 on any subinterval of (a, c). Then we
call c a conjugate point of a.

Theorem 3.24. (Jacobi’s necessary condition) Suppose u0(x) is a C2 relative
minimum for I(u) on [a, b] satisfying the regularity condition

det fpp(c) = det fpp(c, u0(c), u
′
0(c)) 6= 0 .

Then c cannot be conjugate to a.

Proof. If c is conjugate to a then there exists η(x) a solution of the Jacobi
equation for the extremal u0(x) on [a, c] vanishing at x = a and x = c. Extend
η to be identically 0 on [c, b] to obtain a piecewise C1 function η̃ on [a, b] with
possible corner at x = c. According to Proposition 3.19 , J(η̃) = 0 and so η̃ is
a minimimizer of J since u+ 0 is a (strong or weak) relative minimimum. If c
is a conjugate point, then η′(c) 6= 0 for otherwise η ≡ 0. Hence η̃ has a true
corner at c and so must satisfy the Erdmann corner condition

fpp(c)η̃
′(c) = Fη′(c, η̃(c), η̃

′(c−)) = Fη′(c, η̃(c), η̃
′(c+)) = 0 .

By our regularity assumption η̃′(c) = 0, a contradiction.

Example 3.25. (geodesics on S2)

Introduce a parametrization (x, y) on the sphere S2 where x ∈ (0, 2π) is
the longitude and y ∈ (−π

2
, π

2
) is the latitude and the corresponding point has

coordinates

X = (cosx cos y, sin x cos y, sin y) .

We consider curves lying near the equator y0 ≡ 0 which can be represented
as a graph y = y(x). Then the length functional becomes

L(y) =

∫ b

0

√
cos2 y(x) + (y′)2 dx .

For the geodesic y0(x) ≡ 0 , F (x, η, η′) = (η′)2 − η2 and the Jacobi equation
is η′′ + η = 0. The solutions are all of the form

η = A cosx+B sin x .

The nontrivial solutions with η(0) = 0 are thus of the form η = B sin x. In
particular there are no conjugate points c if b < π and the first conjugate point
is c = π when b ≥ π. Thus we see that the great circles cannot be minimizing
past the antipodal point and geodesics between any two antipodal points are
minimizing but not unique.
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4. Sufficient conditions and fields of extremals

In his lectures on the Calculus of Variations, Weierstrass introduced the idea
of a field of extremals and proposed a method to prove that a given extremal
is a relative minimum using his E function which we have already discussed.
His idea is roughly as follows. Let u0 be a given extremal for I(u) on [a, b]
and let u(x) be a potential competitor close to u0 with the same endpoints
(a, u0(a)) , (b, u0(b)). Suppose further that for each x ∈ (a, b] there is a unique
extremal ψ(t;x) , a ≤ t ≤ x joining (a, u0(a)) and (x, u(x)) and that ψ is C2

in t, x. In particular,

(4.1) ψ(a, x) = u0(a) and ψ(t; b) = u0(t) .

Define

σ(x) = −{
∫ x

a

f(ψ(t;x) dt+

∫ b

x

f(u(t)) dt .}

Then,

σ(a) = I(u) , σ(b) = −I(u0) and I(u)− I(u0) = σ(b)− σ(a) .

Thus we need to investigate

(4.2) σ′(x) = f(u(x))− f(ψ(x;x)−
∫ x

a

∂

∂x
f(ψ(t;x)) dt .

Using that ∂
∂t
fp(ψ(t;x)) = fz(ψ(t;x)) we compute

(4.3)
∂

∂x
f(t, ψ(t;x), ψ′(t;x)) = fz ψx + fp (ψ′)x =

∂

∂t
{fp(ψ(t;x))ψx} .

From (4.1) we see that

(4.4) ψx(a;x) = 0 , ψ(x;x) = u(x) , and so ψx(x;x) = u′(x)− ψ′(x;x) .

Combining (4.2),(4.3),(4.4) gives

σ′(x) = f(x, u, u′)− f(x, u, ψ′(x;x))− fp(x, u, ψ
′(x;x)(u′(x)− ψ′(x;x))

= E(x, u(x), ψ′(x;x);u′(x)) .

Thus the condition E ≥ 0 which is implied by the convexity of f(x, u, p) in p
would imply I(u) ≥ I(u0), provided that such a “field of extremals” defined
by ψ(t;x) exists. In general it is difficult to insure that ψ(t;x) exists but in
simple cases it may be possible.

Example 4.1.

Consider I(u) = 1
2

∫ b

0
((u′)2−u2) dx with boundary conditions u(0) = u(b) =

0. The Euler Lagrange equation is u′′ + u = 0 and we have already seen that
if b < π the unique solution is u0 ≡ 0. Now consider

(4.5) ψ(t;x) =
u(x)

sin x
sin t ,
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the unique extremal joining (0, 0) to (x, u(x)). Then

σ(x) = −{
∫ x

0

((ψ′)2 − ψ2) dt+

∫ b

x

((u′)2 − u2) dt}(4.6)

= −{u
2(x)

sin2 x

∫ x

0

((ψ′)2 − ψ2) dt+

∫ b

x

((u′)2 − u2) dt}(4.7)

= −u2(x) cotx−
∫ b

x

((u′)2 − u2) dt(4.8)

Hence,

σ′(x) = −2uu′ cotx+u2(x) csc2 x+(u′)2(x)−u2(x) = (u(x) cotx−u′(x))2 ≥ 0 ,

with equality if and only if u′(x) = u(x) cotx. But then u′(0) = u(0) = 0 and
so u ≡ 0.

5. Hamilton Jacobi theory

5.1. Lagrangian Mechanics and Stationary Action. Lagrange observed
that Newton’s second law of motion mẍ = f(t, x) describing the motion of
a particle of mass m moving under the influence of non-uniform, possibly
time-dependent external forces f(t, x) = −∇xU(t, x) (U is called a potential
function for f) can be obtained as the Euler- Lagrange equations of the “action
integral”

S(x) =

∫ t1

t0

L(t, x, ẋ) dt

where the so-called Lagrangian

L(t, x, ẋ = T − U =
1

2
mẋ2 − U(t, x) .

Here T is the kinetic energy and U is the potential energy of the system.
When the system is conservative, i.e L is independent of t, the the total en-
ergy E = T + U is conserved.

Example 5.1. (Central forces) Consider a system of N bodies bound by grav-
itational forces

fij = mimj
ri − rj
|ri − rj|3

between any pair of masses mi and mj, where ri = (xi, yi, zi) is the position
vector in R3 of the mass mi. The corresponding potential for this N mass
system is

U = −1

2

N∑
i,j=1

G
mimj

|ri − rj|
,
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where G is Newton’s universal gravitational constant. The kinetic energy is
given by T = 1

2

∑N
i=1miṙi

2 and L = T −U . The E-L equations gives a system
of N vector equations:

mir̈i −
∑
j 6=i

Gmimj
ri − rj
|ri − rj|3

= 0

Example 5.2. (Spring-mass system-no friction or damping) Consider a sys-
tem of N masses mi with coordinates xi lying on an axis and joined by springs.
Each spring generates a force fi proportional to xi− xi+1 where x0

i − x0
i+1 = li

corresponds to the resting position of the spring. Then

T =
1

2

N∑
i=1

miẋi
2 ,

U =
1

2
k1(x2 − x1)

2 + . . .+
1

2
kN−1(xN − xN−1)

2 ,

and

L = T − U =
1

2

N∑
i=1

(miẋi
2 − ki(xi+1 − xi)

2) .

This gives as E-L equations:

m1ẍ1 + k1(x1 − x2) = 0

m2ẍ2 + k2(x2 − x3)− k1(x1 − x2) = 0

·
·

mN ẍN − kN−1(xN−1 − xN) = 0 .

When all the mi = m and all ki = k the equations simplify considerably.

However most dynamical systems must satisfy additional constraints (for ex-
ample consider the motion of a simple pendulum) which makes the application
of Lagrange’s method impractical. Instead, suppose the state of a constrained
system is described by n independent “generalized coordinates” q1, . . . qn cor-
responding to n “degrees of freedom”. The position vector x is determined by
a transformation x=x(q) with associated velocity ẋ =

∑
∂x
∂qi
q̇i. The kinetic

energy assumes the form

T =
1

2

∑
miẋi

2 =
∑
j,k

ajk(q)q̇j q̇k ,

where

ajk =
1

2

∑
i

mi
∂xi
∂qj

∂xi
∂qk

,

and the (transformed) potential energy is now W (q) = U(x(q)).
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Hamilton’s principle of Stationary Action is now expressed through the
action functional on paths from an initial point A = q(t0) to a final point
B = q(t1),

S(q) =

∫ t1

t0

L(t, q, q̇ dt

with Lagrangian L(t, q, q̇) = T − U . It says that the motion should make S
stationary with respect to admissible variations so that the qj should satisfy
the E-L equations

d

dt

∂L

∂q̇j
=
∂L

∂qj
, j = 1, . . . n .

Example 5.3. (simple pendulum-one-degree of freedom)
Consider a simple pendulum consisting of a bob of mass m suspended from
a string of length l of negligible mass. A natural choice for the generalized
coordinate is the angle θ that the pendulum makes with the (downward) vertical.

Then the kinetic energy is given by T = 1
2
m(ẋ2 + ẏ2) = 1

2
mṡ2 = 1

2
ml2θ̇2 and

the potential energy U = mgl(1− cos θ). The action integral is then

S(θ) =

∫ t1

t0

(
1

2
ml2 −mgl(1− cos θ) dt .

Hamilton’s principle implies that the equation of motion for the pendulum is
given by

− d

dt
Lθ̇ + Lθ = −ml2θ̈ −mgl sin θ = 0 ,

or
θ̈ +

g

l
sin θ = 0 .

Example 5.4. (planar motion in a central force field).
Consider the motion in a plane of a particle of mass m affected by a force
F = − k

r3
~r where ~r is the positon vector of the particle and r = |~r| is the

distance to the origin. As generalized coordinates we choose polar coordinates
(r, θ) which are conected to Cartesian coordinates by x = r cos θ , y = r sin θ.
Then

T =
1

2
m(ẋ2 + ẏ2) =

1

2
m(ṙ2 + r2θ̇2 ,

and the potential energy is U = −k
r
. The Lagrangian is thus

L =
m

2
(ṙ2 + r2θ̇2) +

k

r
,

and the E-L equations of motion are given by

− d

dt
(Lṙ) + Lr = − d

dt
(mṙ +mrθ̇2 − k

r2
= 0

− d

dt
(Lθ̇) + Lθ = − d

dt
(mr2θ̇ = 0 ,

that is,
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mr̈ −mrθ̇2 +
k

r2
= 0 ,

mr2θ̇ = C0 .

Here C0 is the angular momentum of the system. It follows that the differential
of area swept out by the position vector through an angle dθ is given by dA =
1
2
r2dθ and so 2mȦ = 2m1

2
r2θ̇ = C0. This shows that the rate at which area is

swept out is constant, which is Kepler’s second law of planetary motion. To
derive Kepler’s first law (that the planets move in elliptical orbit with the sun

at one focus) is harder (we give a brief sketch) and begins by eliminating θ̇
from the second equation which can then be integrated (multiply both sides by
ṙ to obtain

ṙ =

√
C1 +

2k

mr
− C2

0

mr2
=

√
(C1 +

k

mC2
0

)− C2
0

m
(
1

r
− k

C2
0

) .

The constant C1 is the total energy which is conserved. Now make the
substitution

1

r
− k

C2
0

=

√
m

C0

√
C1 +

k

C2
0

cos θ ,

which gives

ṙ =

√
C1 +

k2

mC2
0

sin θ .

Then since
dr

dθ
=
ṙ

θ̇
=
m

C0

r2ṙ ,

we can integrate this to obtain

1

r
=
m

C0

√
C1 +

k2

mC2
0

cos θ + C2 ,

which can be written in the form

r(θ) =
r0

1 + e cos θ

which is an elliptical orbit (when the parameters are such that the orbit is
periodic).

5.2. The Legendre transform. Given a C2 function f(x1, . . . , xn) of n vari-
ables consider the change of variables y = ∇x which is locally 1-1 if det fxixj

6=
0. We associate to f, a new function η(y) called the Legendre transform of f
(sometimes written η = f ∗) by the relation

f(x) + η(y) = x · y .



26

You can think of (y, η(y)) as parametrizing the tangent planes to the graph
of the function f(x). Diferentiating this relation with respect to yj using the
chain rule gives ∑

i

fxi

∂xi
∂yj

+ ηyj
+

∑
i

∂xi
∂yj

yi .

Since yi = fxi
this gives xj = ηyj

or x = ∇yη(y). Thus we have the symmetry
that f = η∗. Note also that we have the relation

δik =
∑
j

fxixj

∂xj
∂yk

=
∑
j

fxixj

∂2η

∂yj∂yk
.

This says that the Hessian of η (in the y variables) is the inverse of the Hessian
of f (in the x variables). In particular, if f is a C2 convex function, then so is
η.

5.3. Derivation of Hamilton’s equation. We will use the Legendre tran-
form of the Lagrangian L(t, q, q̇) with respect to the q̇ variable to convert the
E-L equations (n second order ode’s) into Hamiltons equations (2n first order
equations). Introduce the generalized momenta

(5.1) p := Lq̇(t, q, q̇) .

We assume that for all (t, q, q̇) that the equation (5.1) can be uniquely solved
for q̇ as a smooth (vector) function

(5.2) q̇ = G(t, q, p) .

Definition 5.5. The Hamiltonial H associated with the Lagrangian L is given
by

(5.3) H(t, q, p) = p ·G(t, q, p)− L(t, q, G(t, q, p))

Theorem 5.6. The functions q(t) and p(t) satisfy Hamilton’s equations

q̇(t) = Hp(t, q, q̇)(5.4)

ṗ(t) = −Hq(t, q, p)(5.5)

Proof. Note that from (5.1), (5.2) and the definition of H,

∂H

∂qi
(t, q, p) =

∑
k

pk
∂Gk

∂qi
− ∂L

∂qi

= −
∑
k

∂L

∂q̇k

∂Gk

∂qi
=
∂L

∂qi

by (5.1). Likewise,

∂H

∂pi
(t, q, p) = Gi(t, q, p) +

∑
k

pk
∂Gk

∂pi
−

∑
k

∂L

∂q̇k
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= −
∑
k

∂L

∂q̇k

∂Gk

∂qi
= Gi(t, q, p)

by (5.1). Thus,

∂H

∂pi
(t, q(t), p(t)) = Gi(t, q(t), p(t)) = ˙q(t)

and similarly

∂H

∂qi
(t, q(t), p(t)) =

∂L

∂qi
(t, q(t), G(t, q(t), p(t))

=
∂L

∂qi
(t, q(t), ˙q(t)) = − d

dt
(Lq̇i(t, q(t),

˙q(t)) = − ˙pi(t) ,

where in the last steps we have used the E-L equations and (5.1). Finally,
observe that if H is independent of t, then

d

dt
H(q(t), p(t)) = Hqi q̇i +Hpi

ṗi = Hq ·Hp −Hp ·Hq = 0 ,

so H is a constant of the motion.

Example 5.7. (Geometric optics)

Consider again the Lagragian L(x, y, y′) = n(x, y)
√

1 + y′2 for the problem of
geometric optics we have previously considered. Then the dual variable p is
given by

p = Ly′ =
n(x, y)y′√

1 + y′2

and we can solve for y′:

y′ =
p√

n2 − p2
,

(which is the first canonical equation) and find the Hamiltonian

H(x, y, p) = py′ − L = −
√
n2 − p2 .

Then the second canonical equation is

p′ = −Hy = − n(x, y√
n2 − p2

∂n

∂y
.

Since H is independent of x, it is constant along an optimal trajectory. If we
denote by α(x, y) the angle of inclination of the optimal path, i.e. y′ = tanα,
then

p = n(x, y) sinα and H = −n(x, y) cosα .
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5.4. Canonical transformations and Generating functions. We look for
transformations (q, p) → (q∗, p∗) under which the canonical equations preserve
their form, that is we require

(5.6) q̇∗ = H∗
p∗ , ṗ

∗ = −H∗
q∗

for a new Hamiltonian H∗(t, q∗, p∗). To find such canonical transformations,
we use the fact that Hamilton’s equation are the E-L equations of the actional
functional

(5.7) A(q, p) =

∫ t1

t0

(p · q̇ −H) dt

in which the qi , pi are regarded as 2n independent functions. We want the
new variables q∗ , p∗ to satisfy (5.6) which suggests that we write

(5.8) A∗(q∗, p∗) =

∫ t1

t0

(p∗ · q̇∗ −H∗) dt

where (q∗, p∗) are functions of (t, q, p) . Thus (5.7) and (5.8) represent two dif-
ferent variational problems involving the same variables and we require that
these variational problems be equivalent. It is not difficult to see that this is
the case if and only if the integrands of the two functionals differ by a total
differential.

Definition 5.8. Let S(t, q, q∗) be an arbitrary smooth function and put p =
∂S
∂q

, p∗ = ∂S
∂q∗

. We assume that this defines a unique transformation p =

p(t, q∗, p∗) , q = q(t, q∗, p∗) The function S is called a generating function.

So in order that (5.7) and (5.8) be equivalent, we require that

(5.9) p · q̇ −H(t, q, p) = p∗ · q̇∗ −H∗(t, q∗, p∗) +
dS

dt
Since

dS

dt
= St + Sq q̇ + Sq∗ q̇∗

equation5.9) becomes

(5.10) (p− Sq) · q̇ − (p∗ + Sq∗) · q̇∗ −H +H∗ − St = 0

Therefore we have the

Theorem 5.9. Let S(t, q, q∗) be an arbitrary generating function with p =
∂S
∂q
, p∗ = ∂S

∂q∗
. Then this defines a canonical transformation with H∗ = H+St.

We note for later reference that in order to make H∗ ≡ 0 so that the new
canonical equations become trivial, we must choose S in a special way.

Corollary 5.10. H∗ ≡ 0 if and only if S satisfies the Hamilton-Jacobi equation
St +H(t, q, Sq) = 0 for all values of the parameters q∗.
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We recall that we have already seen that the action integral is closely related
to the Hamilton-Jacobi equation. Suppose that A = (t0, λ) and B = (t, q) can
be connected by a unique extremal (we regard λ as parameters and think of
(t, q) as the variables in some neighborhood of an endpoint (t1, q1).) Then

S(t, q) =

∫ t

t0

(p · q̇ −H) dt

evaluated on a unique extremal passing through A and B becomes a single
valued function (called the geodesic distance) between A and B. Then formula
(3.26) can be rewrittten as

(5.11) dS(t, q) = pdq −Hdt

or in other words,

(5.12)
∂S

∂t
= −H(t, q, p) ,

∂S

∂q
= p .

From (5.12) we conclude that S satisfies the Hamilton-Jacobi equation,

(5.13) St +H(t, q, Sq) = 0 .

5.5. Complete Integrals of the Hamilton-Jacobi equation.

Definition 5.11. Let I(t, q, λ) − b be a C2 solution of the Hamilton Jacobi
equation for all values of the n parameters λ (perhaps in some region) where
b is an additive constant. We call I a complete integral if

(5.14) det Iqλ 6= 0.

Right away we want to note that

Theorem 5.12. Each derivative ∂I
∂λi

is a first integral of Hamilton’s equations,

i.e. ∂I
∂λi

=constant along each extremal.

Proof. We must show

(5.15)
d

dt
(
∂I

∂λi
= 0 , i = 1, . . . , n.

Calculating the left side of (5.15) we find

(5.16)
d

dt
(
∂I

∂λi
= Iλit +

n∑
j=1

Iλiqj q̇j .

Now differentiate the equation It = −H(t, q, Iq) with respect to λi:

(5.17) Itλi
= −

n∑
j=1

Hpj
Iqjλi
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Substitution of (5.17) into (5.16) gives

d

dt
(
∂I

∂λi
= −

n∑
j=1

Hpj
Iqjλi

+
n∑
j=1

Iλiqj q̇j(5.18)

=
n∑
j=1

Iqjλi
(q̇j −Hpj

) = 0(5.19)

since q̇j −Hpj
) = 0 along each extremal. This proves the theorem.

We now prove Jacobi’s theorem:

Theorem 5.13. Let I(t, q, λ) be a complete integral of the Hamilton Jacobi
equation and let µ = (µ − 1, . . . , µn) be n arbitrary parameters. Then the
functions

(5.20) qi = qi(t, λ, µ)

defined (implicitly) as solutions of the envelope equations

(5.21) Iλi
= µi , i = 1, . . . , n

together with the functions pi = Iqi(t, q, λ) (where the qi are given by (5.20))
constitute a general solution of Hamilton’s equations.

Proof. We make a canonical transformation by choosing S = I(t, q, λ) as the
generating function with λ as the new momenta and µ as the new generalized
coordinates. Then according to Theorem 5.9 and Corollary 5.10 ,

pi = Iqi , µi = Iλi
, H∗ = H(t, q, p) + It = 0 .

Therefore in the new variables the canonical equations become q̇∗ = ṗ∗ = 0
with solution µ = constant and λ = constant along each extremal. There-
fore we again obtain the same n first integrals Iλi

= µi which we can use to
determine the functions (5.20) of the 2n parameters λ, µ. As before we set
p = Iq(t, q, λ) where the qi are given by (5.20) obtaining a general solution of
Hamilton’s equations.

Example 5.14. (The two body problem)
Consider the problem of determining the motion of two bodies of mass m1 and
m2 acted upon by the Newtonian gravitational force. We fix the origin at the
center of mass and let ri , i = 1, 2 denote the distance of mass mi from the
origin. Then since m1r1 = m2r2,

(5.22) F =
Gm1m2

(r1 + r2)2
=

Gm1m
3
2

(m1 +m2)2

1

r2
1

.

Thus the problem is reduced to the motion of a fixed mass at the origin
attracting a mass m as in Example 5.4. Thus in polar coordinates (r, θ),

(5.23) L =
m

2
(ṙ2 + r2θ̇2) +

k

r
, H =

m

2
(p2
r +

1

r2
p2
θ)−

k

r
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The Hamilton-Jacobi equation is then

(5.24) It +
m

2
(I2
r +

1

r2
I2
θ )−

k

r
= 0

and we can find a complete integral in the form I = αt+ βθ + f(r). We find

(5.25) I = αt+ βθ +

∫ r

r0

√
2k

mρ
− β2

ρ2
− 2α

m
dρ

To solve for the extremals, we differentiate with respect to the parameters:

t −
∫ r

r0

dρ√
2k
mρ

− β2

ρ2
− 2α

m

= t0(5.26)

θ − β

∫ r

r0

dρ

ρ2

√
2k
mρ

− β2

ρ2
− 2α

m

= θ0(5.27)

where t0 and θ0 are arbitrary constants. The second equation (5.27) gives the
path of the particle while the first (5.27) gives r as a function of time. Using
the substitution ρ = 1

σ
we can explicitly integrate (5.27) obtaining

r =
δ

1− e sin (θ − θ0)

where δ = mβ2

k
and e =

√
1− 2α

k2mβ2.
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