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Math653: SDEs and applications

Fei Lu

2026 Spring

1/12



dX; = b(Xt)dt + O'(Xt)dBt; Xo=x9 €R.

Motivating Questions
@ How to estimate the drift b from path data {X[’ST]}?

@ How to classify if a path is from SDE with b; or SDE with b2? (Hypothesis test)

2/12



Motivation: Likelihood on Path Space



Likelihood on Path Space

To estimate 6y from data XU, ..., X)) 'K X with pdf ug,, we maximize the likelihood

M
1
Cm(0) = i Z log ug(X ™).
m=1

Note: wug is defined relative to a Lebesgue measure.

| A

Inference for SDEs
How to estimate b from path data {XESLT]} of SDE?

dX; = b(Xt) dt—i—O’(Xt) d By, t e [O,T],

What is the analogue of the likelihood ¢3/(6) for SDEs?
What should the density of the path Xy 7] mean?

4/12



Pseudo-Likelihood from Euler—Maruyama

On a grid tx = kA,

th+1 | th ~ N(th —|— b(th)A, O'Q(th)A).

This suggests the approximate log-likelihood of X;,., :

T — 0(T¢ 2
log u(xo.r,) ~ —%Z(logaz(xtk)—i- (Az, — b(zy)A) )

Temptation: Let A — 0, Az /A — X;. N
T X — b(X)|?
Eb: Xio 1) = / LS A e ZA N 1S
(b Xor) 0 20%(Xy)

But X, does not exist a.s. (nowhere differentiable).
What is wrong with this argument?
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Reference Law: Choose a reference path law, typically the zero-drift:
th+1 | th ~ N(thv UZ(th)A)~

A reference pdf of Xy.4, @ uo(xo.L)

T 2
k k

The likelihood ratio of the drifted law versus the reference law:

&N Z (Azy, — b(z,)A)? B (Axy)?
log Z( o2(z,)A 02(a:tk)A>

Uug xOL

1 2(52($tk)A — 2b(xtk)AxkA)

5 A 0’2($tk>A
T 12
A—0 b (Xt)dt - 2b(Xt)dXt
= =:£(b
0 202(Xy) 2

Q: Ratio has limit. What is the limit of ug(zo..) as A — 07?
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Reference Law: The Right Likelihood Question

We cannot write the path pdf as the finite-dimensional case.
Denote it by P? for SDE with drift b.
Choose a reference path law PY, and define the "ratio” between the two laws.

a
dPO £,

where F7 is the sigma-algebra generated by Xy 7.

Main message

Girsanov's theorem gives this Radon—Nikodym derivative when the diffusion is unchanged and
only the drift is modified.
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Change of Measure Basics



Change of Measure: What Replaces a Path Density?

Absolute continuity

Q < PonFy < P(A)=0 = Q(A)=0 forall A€ Fp.

Then there exists Zr > 0, Fpr-measurable, such that

Q) =EsllaZr),  Zr= P

T

Radon—Nikodym derivative

@ Interpretation: Zp is the weight that converts P-expectations into Q-expectations.
e Density process: (Z;) is a nonnegative P-martingale:

dQ
AP lF

@ On path space, measure change is dynamic: the likelihood ratio itself evolves in time.

Zt = EP[ZT | .Ft], Zt =
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For SDE, what is the density process Z;?
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Return to the change of measure for r.v., using the Radon—Nikodym derivative.
Z: a nonnegative random variable on (2, F,P) with Ep[Z] = 1. Define a new measure Q by

Q(A) =Ep[14Z], A€ F, ie i% Z.

Then for any random variable Y
EglY] = Ep[Y Z].

Example: Let X ~ N(), 1) under P. Define Z = exp(—AX + £A?), then Ep[Z] = 1 and
under Q defined by dQ/dP = Z, the law of X is N(0, 1):

Egle™"] = Ep[e™*" Z] = Ep [eXp ((is - )X + ;V)]
~exp ()\(is N+ %(is S\ ;v) _ exp (_;;) |

Brownian motion: Let B; be N(0,t¢) under P. Define Z; = exp(—AB; — )\Qt), then
Ep[Z:] =1, and Wy = By + At is N(0,t) under Q defined by dQ/dP = Zt
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Theorem (Girsanov's theorem for Brownian shift)

Let (B:)o<t<T be a Brownian motion under P, adapted to the filtration (F;)o<i<7. Fix A € R,
and define

1
Zy = exp<—)\Bt — §A2t> , 0<t<T.

Then (Zy)o<t<T is @ martingale under P with Ep[Z;] =1, 0 <t < T. Define a new probability
measure Q on Fr by
dQ
= Zrp.

dP lrp
Then, under QQ, the process Wy := By + A\t, 0 <t < T, is a Brownian motion.

e Equivalently, under Q, the process (By)o<i<7 has drift —\, so that By = W, — At.
@ Z; is a martingale by It6’s formula: dZ; = —\Z; dB;.

12/12



	Motivation: Likelihood on Path Space
	Change of Measure Basics

