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10.2 Heat equation on an infinite domain
Previous: PDE on bounded region (1D rod or 2D rectangular/circle).

What if infinite regions? What is the “boundary” condition?
» Influence at boundary is negligible
» Bounded total energy: [ |u(x,)|dx < co
» Equilibrium?

1D infinite rod:

O = Opit, x € (—00,00)
”(xv 0) :f(x)v X € (700,00)
BC: u(x,r) — 0 as |x| — oo
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10.2 Heat equation on an infinite domain

O = Ouut, x € (—00,00) Eigenvalue problem

u(x,0) =f(x), x¢€ (—o0,00) "'=—-\p, x€ (—00,00)
BC: u(x,1) > 0as |x| = ¢(x) — 0as |x| = oo?

Linear + Homogeneous

— separation of variables A>0:
> seek u(x, 1) = h(t)p(x) — A=0:
> superposition? A<O0:

u(x, 1) = 32,2 ha(0)e ™6, (x)
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10.2 Heat equation on an infinite domain

O = Oput, x € (—00,00)

u(x,0) = f(x),

BC: u(x,1) > 0as |x| =

x € (—00,00)

Linear + Homogeneous
— separation of variables

> seek u(x, 1) = h(t)p(x) —
> superposition?

u(x, 1) = 32,2 ha(0)e ™6, (x)

10.2 Heat equation on an infinite domain

Eigenvalue problem

@' =20,

¢(x) — 0as |x| = oo?

x € (—00,00)

A>0:
A=0:
A<O0:

¢ bounded



10.2 Heat equation on an infinite domain

We have eigenfunction ¢, (x) = ¢; sin v/Ax + ¢; cos v/ Ax for every
A > 0. Uncountably many!

Fourier series: Now: ?? u(x, 1) = 32550 a(0)e™Mpa(x) ??

u(e,) = 305, a(0)e g, (x) N

hu(0) from IC = / [c1 () sin Vx4 ¢2(X) cos VAx]e MdA
0

Orthogona”ty — / [A(w)eiwx + B(w)e—iwx]e—wzldw

Completeness 0

A(w) and B(w) from IC?
o (x): Orthogonality, Completeness?
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Complex expoential

10.2 Heat equation on an infinite domain
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10.3 Fourier transform pair
To determine c¢(w): (from Fourier series to Fourier transform)

Fourier series on [—L, L]:

s ) = ()27 )

L

ICAETCS PR S

n—=—0oo

1 [t .
— Ty
=57 /_Lf(y)e LVdy
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10.3 Fourier transform pair

To determine c¢(w): (from Fourier series to Fourier transform)

Fourier series on [—L, L]: Fourier Transform on (—oo, 00):
nmw —i"x = :Fi\/XX
(s 6) = ()% €7 F7) (o) = (ne™ ™)

2 2T

f(X+) +f(x—) 1 /Do c(w)e_iwxdw

Mo thle) L § e TR g

L
1 L FnT — i‘*"yd
o= g [ F0 T )= [ e

f(x+) ;f(x—) _ % /Z(/O:of(y)eiwydy)eiwxdw

10.3 Fourier transform pair



Fourier Transform

1 > wx .
= / Oof(X)e dx = Flf](w)

Inverse Fourier Transform f(x+ Jrf / f ﬂmdw

» the coefficient 1/(2) is a conventional notion

10.3 Fourier transform pair



Example: Fourier transforms of Gaussian

‘/—_-71[ —aw? \/7
Fle \/ 47rﬂ B
Proof:

10.3 Fourier transform pair
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10.4 Fourier transform and heat equation

Ou = Oyu, x € (—00,00)
u(x,0) =f(x), xé& (—o0,00)
BC: u(x,t) - 0 as |x| — oo

Outline: 1. Apply Fourier transform

Flou] = / Du(x,t)e™ dx = du
F[Oweut] = —wzu
FlOu] = FlOuu] < 0 = —w’i

2. Solve foru
3. Inverse FT for u(x,t)

10.4 Fourier transform and heat equation
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Gaussian kernel:

u(ot) = FUaw,0)(x) = .= = / )

» Influence function: u(x,t) depends on the entire IC
>t —0:5(x—y)
Fundamental solution of the heat equation: u(x,0) = d(x)

u(x, t) =

10.4 Fourier transform and heat equation
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Convolution Theorem:
~ 1 P
F(frg)=2nfg 5 fxe=7F"Ifg]
» Proof: by definition

> In the solution to (HE): (with G(¢,x) = 7-G;(x))

(i) = 51 * GI()
(. ) = F()Gilw)

10.4 Fourier transform and heat equation 14



Convolution Theorem:
- 1 PN
F(frg)=2nfg 5 f+g=F '3l

» Proof: by definition

> In the solution to (HE): (with G(¢,x) = 7-G;(x))

(i) = 51 * GI()

i(w, 1) = f(w)G,(w)
Parseval’s Equalitly oo
» | s [  B)R)as

» The Fourier series version? ~
> Proof: ;-f  g(0) = F~'[fg](0) and use that f = f(—x).

10.4 Fourier transform and heat equation



Summary: using Fourier transform to solve heat equation

Ot = Ogett, x € (—00,00)
u(x,0) =f(x), x€ (—o00,00)
BC: u(x,1) — 0, Ocu(x,t) — 0 as |x| - oo

Apply Fourier transform

Flow] = FlOwu] < 0 = —w’i Flow] = —iwv;
= d(wf) =flw)e " Flemow] (x) = \/ge_g
Denote G(x, 1) = \/i?e*%

u(x, 1) = FUa(,0)(x) = 20 F ' FG(,0)(x) = [f * G(-, 1)](x)

10.4 Fourier transform and heat equation
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10.5: Fourier sine and cosine transforms
Motivating example

Ot = Oxett,  x € (0,00)
u(x,0) =f(x), x€(0,00)
u(x,0) = 0;
Separation of variables:
> u(x, 1) ~ h(1)p(x)
> eigenvalue problem
¢ = -\, x € (0,00)
$(0) = 0;

10.5: Fourier sine and cosine transforms



SI) =) =2 [ s sinons

Fourier Sine Transform S‘l[fAS](x) —f) = /0 ﬁ(w) sin(wx)dw

Fourier Cosine Transform Clf)(w) = f(w) = % /Oof(x) cos(wx)d.
0

) = Flx) = / " 7 (w) cos(wn)d

» Transform of derivatives
S = —Clfl; W) = 2(0) ~ wSFl(w)

» applications: solve the (HE)

10.5: Fourier sine and cosine transforms

X
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10.6 Application examples

1. Wave equation

Oyt = *0ut, x € (—00,0)
u(x,0) = f(x), du(x,0) = 0;

To solve it, apply Fourier transform

Outl = —*Wi(t,w), w € (—00,00)

u(0,w) = f(w), ou(0,w) = 0;

(o) = 17 (x— ) +f(x+ )]

10.6 Examples using Fourier transform
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2. Laplace equation on a semi-infinite strip

Ontt +Oyu =0, xe(0,L),y>0

u(0,y) = gi1(y);  u(L,y) = g2(y);
u(x,0) = f(x); bounded

» 1. homogenize BC (u,)
U=1u +u

» 2. Solve them:
FT
Eigenfunction expansion

10.6 Examples using Fourier transform
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2. Laplace equation on a semi-infinite strip
Duatt + Dyt = 0 O.0)y>0  CwatOu=0 xeOl)
u+owu=0, xe(0,L),y>
) — o (e WLy — y( _ w (0,y) = g1(y);  wi(Ly) = &)
M( 7Y) _gl(y)7 u( ay)_g2 Y>7 u(x,O):O;bounded
u(x,0) = f(x); bounded

» 1. homogenize BC (u,) FTiny
U= upt Oty + 8yyu2 =0, xe (0, L)
» 2. Solve them: u2(0,y) =0;  uz(L,y) =0;
FT up(x,0) = f(x); bounded

Eigenfunction expansion
Fourier series in x.

10.6 Examples using Fourier transform 21



3-4. Laplace equation on half-plane or a quarter-plane

Reading.

10.6 Examples using Fourier transform

22



5. HE on the plane

Oyt = Ot + Oyylt,
u(x,y,0) = f(x,y)

X,y € (7007 OO)

» the BCs by default

» Double Fourier transform
» solution

u(x,y,t) :/ A(Wl’Wz)efi(merwzy)e*(W?+w§)deldW2

oo

10.6 Examples using Fourier transform
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Homework 10:

Exe 10.6.11c: Eq. on the first quarter plane with BC

Ot = Ot + Opyut, x>0,y >0

u(x,y,0) = f(x,y)
u(0,y,1) =0, 0u(x,0,1) =0

Hint: make extensions of f to the entire plane. The extensions
(even/odd/mixed) should satisfy the BC.

10.6 Examples using Fourier transform
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