Chapter 9: Green’s function

Fei Lu

Department of Mathematics, Johns Hopkins

Section: 9.2 1D heat equation
Section 9.3 Green’s function and ODE-BVP



9.2 1D Heat equation

Exe 9.2.1: (a) Solve the IBVP using Green’s B = Kt + O, 1),

formula instead of TBTD;

(b) consider BC u(0,1) = A(z), u(L, 1) = B(¢). u(0,1) =0 =u(L,1)
u(x,0) = g(x)

Outline:

1. Operator L = k0,, and BC. — Sturm-Liuville Theorem {(\,, ¢,)}
2. MEE: u(x,1) = Y72 au(t)¢u(x), where {¢,} is a complete basis.
Solve a,,(z) from DE:

al<ua ¢m> = <”€6xxu7 ¢m> + <Qa ¢m>a

where Green’s formula: fab(uLv —vLu) = p(w' — u’v)]’a’ =

(O, ) = (11, &) + (), — dOt)|]



Homogeneous HE: Non-homogeneous HE:

O = kdpu, x€(0,L) O = kOpu + O(x,1), x€(0,L)
u(0,1) =0 = u(L,1) u(0,1) = 0 = u(L, 1)
u(x,0) = g(x) u(x,0) = g(x)

Solution: a, = 7 fo (x0) sin 722 dxg Solution: a,(t) = ...
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Green’s function for HE:

1. Causality principle: u(x, 1) depends on the past, not the future.
2. Dependont—s



9.3 Green’s function and BVP-ODE

A. Deviation using 1D steady-state of HE
Suppose Q(x, 1) = Q(x). 23,
ME()C) = limr_mo u(x, t). G(xv y) = Z Z )‘n l¢n(x)¢n(y)
Then, 0 = kO ug + O(x). n=l

ith A, = nfw 2, ¢p(x) = sin "T”x
Ouis = () = —0(w, = BN anl) = ST
up(0) =0 = ug(L)

Green’s function for the DE
ug(x) = tl_i>m u(x, 1) Ot = f;u(0) = u(L) = 0:
L

L
= lim g(y)G(x t;y,0)dy u(x) = /0 F()G(x,y)dy

— o0
// WG By, s)dyds 0 )1 continuous £

/f

B: Derive Green’s function by variation of parameters for the DE.



C. Green’s function for general self-adjoint operator
Derivation by Method of Eigen-function Expansion:
Lu = f with homo-BC.
Suppose that L has eigenpairs {(\,, ¢n) 132,
A >0,Vn>1

Show that the Green’s function is

G(x,y) = Z <¢ml¢n> )‘;l(bn(x)(vbn(y)

n=1

orG = Zr(:il <¢”}¢n> >‘n_]¢n ® P
> From u(x) = {f,G(x,")) = [ f(»)G(x,y)dy
» Example: Opu =f;u(0) =u(L) =0
» Q: Explicit function expression of G?



D. Dirac Delta function and Green’s function

Dirac Delta function J(x — xo)
Definition: a generalized function

0 x+#x
00 X=X

O0(x —x) = {
in the sense that Vf continuous,

flxo) = / FO8(x — xo)d.

It is NOT a “function”, but an “action”.

> [§(x —xo)dx = 1.

> 5(x —xp) = (xp — x).

» derivative of Heaviside function
8(x —x0) = H'(x — x)

Green’s function G(x, x))
Lu = f with homo-BCs.
ut) = [ 101G )as

Formally, if f(x) = 6(x — xo), then
u(x) = /5(x —x0)G(x,y)dy = G(x,x0)

LG(X,X()) = (5()( — X())

Q: ¢ is not a function,
what does the equation mean?



DE for Green’s function

LG(x,x9) = 6(x — x0), x,%0 € (a,b)

» weak form: for all v € C?,
(LG(,x0),v) = (0(x —x0), V)

» Green's formula: (LG(-,x),v) =[GV — O Gv]] (-,x0), Lv) +

=1.

(G
"
G is continuous, 9.G(x, xy) exists and 9,G(x, xo)\ >
0

Example: find the Green’s function by solving

2

d
EG(x,xo) = d(x — xp),

G(O,XQ) =0= G(L,)Co)

_L—xo

G(x,x) = {_XOL

x, x < Xo;
2(L—x), x> x0.



E. Non-homogeneous BC
Exe: Solve d,u = f; u(0) = a,u(L) = 8 using the Green’s function.

» By Green’s formula

L
/0 [1(x) 04 G(x, x0) — G(x, x0) Oxstt]dx = ud,G(x,x9) — OuG(x, xo)‘é

» Applying the Eqg. and BC:

/0 [u(x)d(x — x0) — G(x,x0)f (x)]dx = BOG(L,x9) — a0,G(0, xp)

u(xo) / F(x)G(x,x0)dx = g(xo)

> Recall 9,G(L,xo) = %, 8,G(0,x) = 2-£.

u(xg) /f xxodx—f—ﬁ——

X0 —
L b

Vxo € (0,L)



9.4 Fredholm Alternative
and Generalized Green’s functions

Lu = f with homo-BC.
Suppose that L has eigenpairs {(\,, ¢1)}52,

M>0,Vn>m, AN=...=X,=0

The generalized Green’s function is a solution to

LG(x,x0) = §(x — x0) = Y _ ¢y G (X) P (x0)

L
<¢n7 ¢Vl>

o0 m

o= 3 o T e >¢n<y>+gcnwcz>n<x>¢n<y>

orG = Z—m+1 <¢n¢" l¢n®¢)n+zn lc”’(¢¢> (bn@(z)n



