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Section 7.2: Separation of time variable d-D

We have solved 1D equations. Will everything work for 2D& 3D?

1D 2D & 3D: ?
HE  Ow = Ouu Ot —7
WE Ouu = Onu 2D:
BC  u(a,t), Owu(a,t), /mixed 3D:
(a=0,L) d-D:

Second order PDEs
¢"(x) = —Ao
BC:4(a), ¢'(a), /mixed

M= (27,

¢n(x) = sin VAnx, cos v/ Aux or both

Sturm-Liouville:

(p¢") +qp = —Xoo
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Separate time variable

Consider (WE) (HE): Similar

aﬂu = C2 (a)ﬁxl/i + 3yyu)
“(%% 0) = Oz(x,y), al‘u(xayv 0) = ﬁ(xay)v
BC: next section

Seek u(x,y, 1) = h(t)¢(x,y):
from the equation, we have

W' (1)¢ = ¢ (O + Oy @)
B Ond+0ye How do we solve
c2h 10) O + Oy = —A@? (Sec.7.4)
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7.3 Vibrating Rectangular Membrane

BC:

u(0,y,1) = 0 =u(L,y, );
u(x,0,1) =0 = u(x,H,1);

Simulation video: 5:50
Eigenvalue problem

O + 8yy¢ = =\
¢(0,y) =0=9¢(L,y);
(ﬁ()C, 0) =0= ¢(X7H); /

7.3 Vibrating Rectangular Membrane

Separation of variables (again)

P(x,y) =f(x)g(y)


https://www.youtube.com/watch?v=5kcophHPl_8

Back to the equation,

Oyt = (Ot + Oyylt)
IC: M(x7y7 0) = a(xvy);atu(xay7 0) = B(xay)y
BC: ...

SoV: u(x,t) = hy () dnm(x,y)
To determine hy, ,(1):

H'(t) = —A\ymc?h,
IC =

ham(t) = apm cos(c/Anmt) + by msin(cr/Anmt)
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Back to the equation,

Oyt = (Ot + Oyylt)
IC: M(x7y7 0) = a(xvy);atu(xay7 0) = B(xay)y
BC: ...

SoV: u(x,t) = hy () dnm(x,y)
To determine hy, ,(1):

H'(t) = —A\ymc?h,
IC =

ham(t) = apm cos(c/Anmt) + by msin(cr/Anmt)

General solution (MEE): u(x, 1) = 3275 _ | Fn () Pnm (%, )
Orthogonal? Complete?

7.3 Vibrating Rectangular Membrane



Outline

7.4 The eigenvalue problem

7.4 The eigenvalue problem



7.4 The eigenvalue problem

1D Sturm-Liouville Theorem

(P()d") +a(x)p = —Xo¢p
Big(a) + B2¢' (a) =
Bsd(b) + Bag’ (b) = 0
regular SLEP {(\,, ¢,)} s.t.
1-2 {\, T oo}2, strictly

3 ¢n is unique to \,;
¢n has n — 1 zeros

4 {¢a}p2, is complete.
5 {¢u}32, are orthogonal
6 Rayleigh quotient )\, = —

7.4 The eigenvalue problem

(Lo, bn) -
(Pn,Pn)o’

2D& 3D Helmholiz Eq.

Vi = Ao
a¢+bVe-n |pa=0

V- (pV9) +qd = —Aoo

1-2 {\, 7 oo}, may repeat

3 As = Mgt multiple eigen-fun
4 {(i)n}n 1 |S Complete,

5 {¢u}:2, are orthogonal
(Gram-schmidt orthogonalization)

(Ldn,dn) -

6 Rayleigh quotient A, = —Z=25
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7.5: Green’s formula

Orthogonality of eigenfunctions:

Lp=V2p=—\o inQ
ap+bVep-n=20 on 0N

Green’s formula

/ (uLv — vLu)dx = 7{ (uVv —vVv) - ndS
Q 0

Self-adjoint operator

L=L*: (u,Lv) = (L*u,v)

Jo (uLv — vLu)dx = 0

L is self-adjoint on the function space
» {w:we C*HQ),wlaa=0}
» {w:we C*Q),Vw-n|sn=o}

7.5: Green’s formula
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Green’s formula: application

Orthogonality of eigenfunctions L self-adjoint

Let {\i,¢:} and {);, ¢;} be two eigen-pairs, \; # ;. Then (¢;, ¢;) = 0.
Proof:

Question: How about ¢; and ¢; for \; = \;?

7.5: Green’s formula 12
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7.6: Rayleigh Quotient and Laplace’s Equation

Let L be self-adjoint. If L¢ = —\¢, then A = — <<L£7¢¢;>

Application 1. L = V2. Suppose:

Vi = -\ in Q
¢=0 on 09,

show that A > 0.
(= all eigenvalues > 0)

7.6: Rayleigh Quotient and Laplace’s Equation 14



7.6: Rayleigh Quotient and Laplace’s Equation

L
Let L be self-adjoint. If Lo = —\¢, then X = _{L,9)
(9, 9)
Application 2. Heat equation:
Ou = V*uinQ o "
rgen rem
M(t7~>=00naﬂ, lvergence theore
u(0,x) = f(x) / VAdx = ?{A -nds
Q
1. show that lim,_, o, u(t,x) = 0, Vx. , ,
Method1: solution & A > 0; / uV-udx = —/ |V dx+% Vu-ndS
Q Q

Method2: energy E(f) = [ u’dx.

2. If insulated BC: Vu(t,-) -n = 07?
Thermal energy: [ udx

7.6: Rayleigh Quotient and Laplace’s Equation 15
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7.7: Vibrating Circular Membrane

Consider © = disk with radius a
at[u = vzl/l |n Q

u(a,0,1) =0,0 € [—¢, ¢
u(r,0,0) = a(r,0),0u(r,0,1) = 6(r,0)

Simulation video

Outline:

1. Separation of variables W' (1) = A(V2p)h
=\

2. Solve the eigenvalue problem A

V2 =—Xo + BC

» complete and orthogonal
3. Eigenfunction expansion

u(r,0,1) Zhn )ébn(r, 0)

7.7: Vibrating Circular Membrane
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https://www.youtube.com/watch?v=eYddVmBFj1k

7.7: Vibrating Circular Membrane

2. Solve the eigenvalue problem

Vip=—-\p, re(0,a),0¢c (—mn)
¢(a,0) =0, 0¢€(—m,m)

Seek ¢(r,0) = f(r)g(0):
» Eigenvalue Problem A:

¢"(0) = —pg, 0¢€(—mm)
g(—m) = g(n), g (—m) = ¢'(m)

» Eigenvalue Problem B:

rifY + (M = pu)f =0, re(0,a)
f(a) =0, f(0) bounded

7.7: Vibrating Circular Membrane
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7.7: Vibrating Circular Membrane

2. Solve the eigenvalue problem

V26— —\o, re(0,a),0 € (—m,7) Eigenvalue Problem A:

¢(a,0) =0, 0¢€(—m,m)
Mm = mZ’m > 05
Seek ¢(r,0) =f(r)s(0): gm(6) = sinmb, or cosé.
» Eigenvalue Problem A:
2

§"(0)=—pg, 0¢€ (-7 m)
g(=m) = g(m),&'(—m) = ¢'(m) (f') — ’"Tf = —Nf, re(0,q)

Eigenvalue Problem B: SLEP?

» Eigenvalue Problem B:

r(f') + (M? —u)f =0, re(0,a) Still valid: singular SLEP,
f(a) =0, f(0) bounded

7.7: Vibrating Circular Membrane 18



Bessel functions

Eigenvalue Problem B:

') + (M — w)f =0, 1€ (0,a)
f(a) = 0, £(0) bounded
r2f/l + Tfl + ()\r2 _ mZ)f =0
A change of variables (will A\ = 07?)
2=VAr—

2" o + (2 —mAf =0

(Bessel's DE of order m)
» no exact closed form solution
» can have good estimates

7.7: Vibrating Circular Membrane
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Bessel functions

Eigenvalue Problem B:

Hf') + (W — w)f =0, re(0,a)
f(a) = 0, £(0) bounded

r2f/l + Tfl + ()\r2 _ mZ)f =0

A change of variables (will A\ = 07?)

z=VAr—
P o + (P —m)f =0

(Bessel's DE of order m)
» no exact closed form solution
» can have good estimates

7.7: Vibrating Circular Membrane

fr+f + (L =mP2)f =0

non-singular / singular;
» non-singular z > € > 0: OK
» singular pointz =0

Near z = 0:

» m#0: 72 << m?
f bounded — 2°f << m*f
f',f" can be large: keep them

sz// + Zf/ _ me ~ O

Solution f(z) ~ z" or ™"
» m=0:f(z) =~ lorlnz
19



Bessel functions

First kind of order m (well-behaved)
1 m=20
In(z) =%
(Z) {zmlm!Zm7 m > O

2nd kind of order m (singular)

2
=lng, m=0
Yiu(z) = {_2"’(m—1)!z_m7 m>0

Eigenvalue Problem B:

flr)y= cljm(\f)\r) + Y (VAF)

» f(0) bounded — ¢, = 0.
> f(a) = 0 — determine A, = (zu.m/a)*: zeros of J,,(vVAr).
Eigenfunctions: J,,(\/ . mr); complete and orthogonal o(r) = r

7.7: Vibrating Circular Membrane



back to the Vibrating Circular Membrane

Consider Q) = disk with radius a

Oy = Vu in Q
u(a,0,t) = 0,0 € [—d, @]
u(r,0,0) = a(r,0),0u(r,0,t) = 5(r,0)
1. Separation of variables u(r,8,t) = ¢(r, 0)h(r)
2. Solve the eigenvalue problem: V2¢ = —\¢ + BC
» complete and orthogonal
3. Eigenfunction expansion

u(r,0,1) = Zh’”" )um (1, 0)

n,m=1
/2w (Gt ) (St ¥z

7.7: Vibrating Circular Membrane 21
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