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Section 5.10: Approximation properties

Recall that in solution (HE) IBVP:

u(et) = a6, (2),
n=1

> {(A\, éa)}: eigen-pairs to the Sturm-Liouville eigenvalue problem
> a,fromICf =37, ane” ().
Question: In computational practice, we can only use finitely many terms,

f=fu(x) = Z o n ()

Should we use {a, = a,}? Is {(an, ¢»)} the best?

Example: f(x) = ¢*. Which one to use?
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Metric on function space

Metric: better in what sense?

distance(f,fv)
f(x) with x € [0, L], and f is piecewise smooth.
» Maximum/uniform error

I = fivlloo = max [f(x) = fn(x)]

x€[0,2]

» root Mean square error (MSE)

IF — fills = ( / F(6) — () Por(x)x) /2
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Optimal mean square approximation

Theorem. fy with {a, = a,} achieves minimal MSE. That is,

N
a).y = argmin Hf - Zan(bnng'
Qi =l

Furthermore, the minimizer is unique.
Proof: (Hint: £(a) = [[f — 32N, a.éa|2)
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Optimal mean square approximation

Theorem. fy with {a, = a,} achieves minimal MSE. That is,

N
ay.,y = argmin ||f — Zan@”i.

QN n=1

Furthermore, the minimizer is unique.
» Mean square error

E=|f—fl5 =
» Bessel’s inequality

115 > WAl

» Parseval's equality

Hf”?r = Zaiwsn» ¢n>v

n=1
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Example and exe

5.10.5. Show that if oy
un= g (vL) +a,

:+/nb [p(%)z—qﬂ] dz

5.10.6. Assuming that the operations of summation and integration can be inter-
changed, show that if

f=3angn and g=3 fatn,

then
b df
- [ de=-ory

if f and df /dz are continuous.

then for normalized eigenfunctions
b oo
[ f90 d2 =Y ann,
a n=1

a generalization of Parseval’s equality.

5.10.7. Using Exercises 5.10.5 and 5.10.6, prove that

b+/j [p (Zz_f)’_qu] dz. (5.10.15)

[Hint: Let g = L(f), assuming that term-by-term differentiation is justified.]
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Section 5.9: Large eigenvalues (Asymptotical behavior)

How to estimate \, as — co?
(p¢) +qp = Ao (x)¢
When ) is large, two eigenfunctions (sine and cosine) are close to
B(x) & (op) VAN T ()
Then, we can estimate A by applying the boundary value:
2 L
A R <Z> , CL= /0 (;‘7(())2));)2[1%
» Main idea: local approximation

» In the “derivation”: A large, Ao (xp) >> g(x) in O(xo).
— consider a local version: (p(xp)¢’)" = Ao (xo)¢
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