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3.8 Girsanov Theorem

Girsanov theorem says that a Brownian motion with drift B;+ A\t can be seen as a Brownian motion
without drift, with a change of probability. We first discuss changes of probability by means of
densities.

Suppose that L > 0 is a nonnegative random variable on a probability space (2, F, P) such
that E(L) = 1. Then,

|Q(4) = E(14L) |

defines a new probability. In fact, @ is a o-additive measure such that

Q@) = E(L) =1.

We say that L is the density of @ with respect to P and we write
dQ
— =1L.
dP

The expectation of a random variable X in the probability space (2, F,Q) is computed by the
formula

Eo(X) = E(XL).

The probability @ is absolutely continuous with respect to P, that means,
P(A)=0= Q(A) =0.

If L is strictly positive, then the probabilities P and @ are equivalent (that is, mutually absolutely
continuous), that means,
P(A) =0 < Q(A) =0.

The next example is a simple version of Girsanov theorem.

Example 9 Let X be a random variable with distribution N(m, o?). Consider the random variable
L=e 22 %Xt27,

which satisfies F(L) = 1. Suppose that @ has density L with respect to P. On the probability
space (€2, F, Q) the variable X has the characteristic function:
—(F [6““4%)
. - . 1 o0 _I—m2_m1‘+m2+'t
EQ(eltX) = E(e’th) e / e 20 02 T2 THE 14
V2ro? J-0o

2 2,2
_=z i _o%t
20‘7 +nxdl‘ = e 2

1 o0
€ b
V2ro? /—oo
s0, X has distribution N(0,02).

Let {By,t € [0,T]} be a Brownian motion. Fix a real number A\ and consider the martingale

Ly = exp (—)\B, - )‘2—2t). (24)
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