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CHAPTER III. - LOCAL PROPERTIES OF ANALYTIC SETS

In this chapter, we will be concerned with the local
description of analytic sets, both over R and over (.
In the first section we shall deal with properties that
are valid in either case, and in the second with those
properties that are special to complex analytic sets.

A more detailed analysis of real analytic sets will be
undertaken in Chapter V. The results are mostly contained

in Remmert - Stein [32], Cartan [10, 12], Hervé [19].

§ 1. Germs of analytic sets.

Let k be either R or ¢, and let @ be an open
set in k. Analytic functions will mean holomorphic if
k = €, real analytic if k = R. Let 8 be an analytic
set in Q and let aeQ. We denote by §a the germ of
the set S at a. We refer to §a as an analytic germ.
Let I = 1I(S,) denote the set of all (germs of) analytic

functions in (9n which vanish on the germ S_  (this

F ]

statement has an obvious meaning). Clearly I is an ideal
in O .
We have, obviously, §_cS! if and only if Ian)>I(§é).

We say that §a is irreducible if whenever there are two

S with §_ =8

1a' —=2a =a _1au_§2ar one of the

analytic germs S
germs S, must be = S_.
-1 4a —a

The following lemma is obvious.

Lemma 1. 5, is irreducible if and only if I(§a) is a

prime ideal.

Since Can a is noetherian, any increasing sequence of

ideals in G% a terminates. Hence any decreasing sequence

’

of analytic germs §1a2§2a>°"

from this the following

terminates. We deduce easily



32

Proposition 1. Any analytic germ §a can be written as
k

a finite union Ea = Jé& §ua of irreducible analytic germs

S such that, for each v, 8 U S _. Further, this

—va —va p#v —pa

decomposition is uniquely determined upto order.

Definition 1. The germs S a introduced by this decomposition
v

§a = Q§U . are called the irreducible components of Ea'

Let now I be an ideal in G)n =G% o} We suppose that

{0} #1I %(9n. If Xppee-,X are the coordinates of kn,
we shall denote by @% the subring of <9n consisting of

functions independent of x peee X We have a natural

p+1
injection (DP - G%. Let A denote the quotient ring fDn/I.

Then, we have a natural homomorphism n : C% - A.

A . . . n
Proposition 2. After a linear change of coordinates in k ,

there is an integer p, O ¢ p < n, such that 1 : Eg - A

is injective and makes of A a finite Op—module.

Proof. Let feI, £ # 0. We may make a linear transformation

of k7 so as to ensure that f(O,xn)zé 0. This condition is

. . . . -1
invariant under linear transformations ofkp . By Chapter 1II,

Theorem 2, (2), there is a unit u and a polynomial
dn-1
9n

= v = ) = .
Pn X + g au(xl,...,xn_l)xn, av(o) 0, with £ uPn,

then P e¢I. Now, either I = 100 = {0}, in which case
n n-1 n-1

we take p =n - 1, or there is f£ I{O}As above, we

find, after a linear change of variables in kn_l, that

n-1€In-

there is a polynomial

q -1
q n-1

_ n-1 . v
Pn_1 X 4 t g av(xl,...,x ) x

' = .
o1’ av(o) o, P el

n-2 n-1 "n-1
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Continuing this process, we find an integer p such that
Ip = Inf% = 0 and such that, for any r > p, there is a
distinguished polynomial.
-1
9, Y {n-r) v {n-r)
P =X + g a_ (xl""’xr-l)xr' a (0) =0,

with P eI = In® .
rr r

We claim that this integer p satisfies our requirements.
In fact, trivially Ip = {0} implies that ¢ :(9p - A is
injective. If fecg, by Chapter II, Theorem 2, (1), we have

qn—i
N v
f = X fl,v(xl""'xn—i)xn (mod Pn)’
v=0
-1
qn—l
_ 2
fl,v = Z fz,v,p(xi""’xn-Z)xn—l {mod Pn—l)’
pu=0
and so on, so that
[0 4 (08
_ pt+1i n
f _a gq fa(xl,...,xp)xp+1 ...xn (mod Pp+1""'Pn)'
j J (e 4 [0 4
. . +1 n
so that the images of the monomials x p c..X_, o. < 4.
ptl n J J

generate A over <9p'

In what follows, we shall identify elements of G%} with

their images in A =§%/I when no confusion is likely.

Corollary. If, in addition, I 1is a prime ideal, K 1is the
quotient field of Gg, L. that of A = GL/I, then

L = K(Xp+1""’xn)'

Remark. The necessary and sufficient condition that the
coordinates satisfy the assertion of Proposition 2 is that
Ip = {0} and, for r > p, there exists a distinguished

© NEMEES

polynomial Q (x ;X ,...,x_ ,)el
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We now state two algebraic theorems that we shall use.

I. (Theorem of primitive element). If K is a field of
characteristic zero and L = K(ul,...,ur) a finite
algebraic extension of K, then, for any infinite subset
ScK, there exist elements ci,...,cres such that

L = K(t) where ¢ = -X ciui.

II. Let K,L be as above, and in addition, suppose that
K is the quotient field of a factorial ring A, that B
is the integral closure of A in L, and that ¢eB is
such that L = K(¢{). Let P be the minimal polynomial
of ¢t over K. (Then PeA[X] since A 1is factorial.)
If P' denotes the derivative of P, then for any «eB,
there is QeA[X] of degree ¢ degree P such that

aP'(¢) = Q(t) (note that P'(f) # 0O).

Now, by the theorem of primitive element, there exist

n
complex number A. such that = A.X. 1is linearl
plex numbers 3 yp+1 X %5 v
pt+1
independent of xl,...,xp and L = K(yp+1). Further, for
any fe@n, since A is a finite © -module, there exists

m-1
. v .
a polynomial Qf(X) =X + g bv(xl,...,xp)x.eég[xl with
Qf(f) = 0. If we choose the polynomial Qf to have minimal
degree we claim that when £(0) = O, Qf is a distinguished

polynomial. In fact if not all bu(O) = 0, then
m-1
5o+ Z bv(o)XD has, at X = 0, a zero of order 1 ¢ m.
0]
By Chapter II, Theorem 2, (2), Qf(x) =u.2x), where u

1-1
is a unit, and Q(X) = X1 + X c (x,,...,x)%X° is
o v 1 P
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a distinguished polynomial of degree 1. But then Q(f) = O,
and Qf would not have minimal degree. Thus we obtain (since

GQP is factorial)

Proposition 3. Given a prime ideal IcG%, {0} #1 #(9n,

there exists, after a linear change of coordinates in k",

an integer p, O ¢ p < n such that
n ;@p—»A=®n/I

is an injection which makes A a finite @p—module. Further,
if K is the quotient field of <9p, L that of A, we have
L = K(xp+1), and for any r » p, the minimal polynomial
P of x_  over K is in <9p[X], and is distinguished,

so that there is a distinguished polynomial
q.-1
r
qr

Pr(xr;x') = X + X air)(x')x;, x' = (x

b o =0 1

a(r)(o') =0, with P (x_,x")elI.
v r r

It follows that if p =0, and if I = I(S,), then 5, is

the germ defined by § = {0}.

In what follows, we shall suppose the prime ideal I
given, and the coordinates chosen so that Proposition 3

applies. We shall use the notation of Proposition 3.

Let & denote the discriminant of the polynomial P

p+1
OF +1
{ so that 6 is the resultant of P and —ET=). fThen
p+1 Oxp+1
6e®p, further since Pp+1 is the minimal polynomial of
x over © , 6 #0 in ® ; since I_ = {0}, &4I.
o+t o # o b {o} ¢

By the algebraic theorem II stated above, if g is the

degree of P we have the following

p+1’

Lemma 2. For any feGL, there is a polynomial Rf of

degree ¢ g-1 in G%[X] such that
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)eI.

o6f - Rf(xp+1

In particular, there are polynomials Qr of degree ¢ g -1

in (9p[X] such that, for r 5 p,
0%, - Q. (xp+1) €I.

Lemma 3. For any feG%, there exists geﬁg - I and
he@p such that gf - helI.

Proof. Since A is a finite Gg—module, we have a relationship
m-1
£y X a (x,,...,x )erI;
=0 v 1 P

we may suppose, since I is prime, that ag(x') # O. We have
m-1 1

g = fm-1 + Z a (x')fv- .
v=1 P

then only to set h = -ag,

Definition 2. Let S Dbe an analytic set in an open set @

in x*. a point aeS is called a regular point of S of

dimension p if there is a neighbourhood U of a, UcQ,

such that SnU is an analytic submanifold of dimension p

of U. A point aeS is called singular if it is not regqular.

A point ae€S is regular of dimension p if and only if

there exist functions £ R 1 such that, in a
pt+l n n,a

neighbourhood of a, § = {x |fi(x) =0, i » p} and

(dfp+1)a""’(dfn)a are linearly independent.

Let S be an analytic set in an open set Qckn, OeS.

We suppose that S, is irreducible, i.e. that I = I(S,) is

n

a prime ideal in @n =0 Choose coordinates in k so

n,o’
that Proposition 3 is satisfied. Then we have

Proposition 4. There is a fundamental system of neighbourhoods

U =untu", U'&kP, U"&™P of 0 such that if = : (SaU) - U’

denotes the restriction to 8SnU of the projection of U onto U',
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. . -1
then =® is a proper map and every fibre = ~(x'), x'eU’,

of w® 1is a finite set.

Proof. Choose a neighbourhood V of O such that the
polynomials Pr(xr,x') of Proposition 3 all have

coefficients analytic on V and vanish on SnV. Let

V = {x|Ix! < @¢}. Since the P_ are distinguished, there
is o » 0, such that if Ix'! ¢ o and Pr(xr,x') = 0,
then Ix | « o/2. Clearly if U' = {x'e¢kPlix'l ¢ o},

g" = {x“ekn—pllx"l < ¢}, and =x 1is as above, then

-1 )
pd (E)cEx{x“flx"l < ¢/2}, so that = is proper. Further,
if xen—l(x'), then Pr(xr,x') = 0, and x_ can take

at most finitely many different values.

Lemma 4. Let I be a prime ideal in GHV and §o the germ
of analytic set at O defined as the set of common zeros of

a finite system of generators of 1I. Let Pr, r > p,

bxr - Qr(xp+1) be as in Proposition 3 and Lemma 2. Then

there exists a fundamental system of neighbourhoods U = U' x U"
of O such that these functions are analytic on U, S, is
induced by an analytic set S in U, and such that the
following hold.

(a) SaUn{x|6(x') # 0} = {xeUl|o(x') # O,Pp+1(xP+1,X') =0,
éxr - Qr(xp+1) =0, r sp+ 1}.
[] n-p — —
(b) If xeU' x k and Pp+1(xp+1,x') =0 = 6xr - Qr(xp+1)’

d5(x') # 0, then xeU.

Proof. Choose V = V' x V" such that all the functions
considered are analytic on V; further, let f1,...,fm be
analytic functions on V with 8aV = {erifi(x) =0,i=1,...,m}
(fi dgenerators of 1I). As in the proof of Proposition 2,

we find that there exist fa

’

iEG%' a = (ap+1,...,an)\aj < qj,
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with
[0 4 [0 8
- . pt+1 n
fi = Z fa'i(x )xp+1 e X (mod Pp+1""'Pn)
o, <qJ.
J 7]
and hence, if N = qp+2"'qn (substitute éxr = Qr)
éNf = R!'(x ) (mod P «..,P ,06x -Q rees,0X -Q)
i i p+1 p+1’ ‘“n’' Tp+2 Tpt2 """n n '’
' . . . I3 >
where Ri is an element in <9p[x]. Again, since Pp+1 is

monic, we may make a polymonial division of Ri by Pp+1

and obtain

N
6 fi = Ri(xp+1)(mod P P_,b6x -Q

p+1’ " ' "n’' " Tp+2 e 0X - Qn)'

p+2'°

where Ri is a polymonial of degree ¢« gq- 1 (q = deg P ).

p+l
Now fieI; hence Ri(xp+1)e1. Since Pp+1 is the minimal
polymonial of xp+1 over GDP' and deg Ri ¢ deg Pp+1, this

implies that Ri = 0, so that

6Nf. = O(mod P

i NPTRRRY ox -Q

n’ Tp+2 p+2"")'

P

We now proceed as follows. Clearly, for each r > p + 1,

we have, on V' x kP

= ' -
) P_ = Ar(xp+1)(mod éxr Qr)

where A;eGL[X]. Making a polynomial division of A; by

Pp+1, we obtain

6qrp = A (x . .)(mod P 6% Q) on V' x kx*P
e S X % L T r !

where AreGQ[X] and has degree ¢ deg P_,,. Again

p+1

Ar(xp+1)eI and so is zero near O, hence O on V' x kP,
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Hence

9

(2) S} Pr = O(mod P Q) on V' x kn—p_ This

p+1’6xr T <r

implies that if 6(x') # 0, P (xp+1,x') =6%6x_-Q =0,

p+l r r

then Pr(xr,x') = 0. Since P is distinguished, this

implies that if V' is small, then any solution xeV' x k*P
no— - _ . .

Qf Pp+1(xp+1'x ) 0 éxr Qr' r >»p+ 1, 1lies in a

preassigned neighbourhood V' x V" of 0. This proves (b).
Again, (1) and (2) imply that, for a fixed integer M > O,

M = -
(3) 6 fi = 0 (mod Pp+1,6xp+2 Qp+2""'

ox_ - Q).

n n
If we now choose UV, U = U' x U" such that (b) holds,
and all the above congruences are represented by linear

relations with coefficients analytic on U, then
snun{xlé(x') #0} = {erlé(x') # O, fi(x) = ... = fm(x) = 0},
and, by (3), this is

= {er|6(x') #0, P (x x') =0 =06x_ - Q (x ,r > p + 1}.

p+l “p+1’ r r ' Tp+l
This proves Lemma 4.
We remark that in Proposition 4 and Lemma 4, given any
v' k™ P  (which is a neighbourhood of 0), then we can find
a neighbourhood V' of O in k® such that for any open set

U'c¢V', 0eU', the assertions in Proposition 4 and Lemma 4

are true.

Proposition 5. Let U be a neighbourhood of O such that

Lemma 4 is true relative to the ideal I = I(go) where §o
is irreducible. Then any point xeSaU with &(x') # O is
a regular point of S of dimension p, and the projection

n has a jacobian of rank p at x.



40

Proof. Since 6&(x') # 0 and Pp+1(x) = 0, we conclude
OF 41
that, at the point x, 3;2—— # 0. Hence, S 1is defined
p+1
near x by the system of equations
Q. (x_.,)

' — = 1
Pp+1(xp+1,x ) o, X —ETETT—, r >»p + 1, which has
the property that d4°P d(x - QT ) are

p+1’ """’ r 6(x')

k- independent at x. This proves Proposition 5.

Remark further that if X,Y are analytic manifolds
countable at o and f : X - Y is an analytic map such
that f—l(y) is discrete for every yef(X), then
dim X ¢ dim Y (apply the rank theorem to a point where
the differential of £ has maximal rank). Combining this

with Proposition 5 we obtain

Proposition 6. The integer p of Proposition 2 and 3

relative to I = I(§a), §a being irreducible, is the
largest integer m such that an is induced by an analytic
set S), every neighbourhood of O contains points at which

S is regular of dimension m.

This characterisation of the integer p is clearly
invariant under analytic automorphism of a neighbourhood of

O in kn.

Definition 3. The dimension of an irreducible analytic germ

5, at aek” is the integer p of Proposition 2. The dimension

of an arbitrary analytic germ §a is the maximum dimension of

of the irreducible components §v a of §a- The dimension of
an analytic set S in an open set Q in k" is max dim_§a,
aeS

where §a is the germ at a defined by S.
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-Theorem 1. Let S be an analytic set in an open set Q

in k. Let aeS and dim 5, =p. Then any neighbourhood

of a contains points at which S is regular of dimension

p- In particular, the set of regular points of - S is

dense in S.

Proof. Let T be an irreducible component of = of
dimension p. Let E; be the union of the other irreducible
components of Sa. Let E; = Eangé and T, T" Dbe analytic
sets in an open set U' «containing a inducing the germs
I E; at a; then SnU' = TuT". Since a regular point

of T of dimensicn p which does not lie on T" is clearly
a regular point of S of dimension p, it suffices to prove
that U contalns a regular point of T of dimension p not
on T". Let U be so chosen that Propositions3, 4, 5 apply
to T_. Then, there is fe9n, £=0 on I, £4I = I(T,)
(since .I;QZ;)' Let & have the significance of Proposition 4
(relative to Ia). Then 6¢I. Since I is prime, £641I.
Hence, arbitrarily near a, there are points =xeT with

f(x) # 0. Theorem 1 follows from Proposition 5.

Proposition 7. If §a is an irreducible germ of dimension

p and S qgé, where §; is any analytic germ at a, then

dim S' < dim S_.
—a —a

Proof. Clearly, we may suppose that §é is irreducible.
We choose the coordinates xi,...,xn in kn so that if
I = I(§a), I' = I(§;) (so that Ic¢I'), then we have Ip = {0},

there exists a distinguished pseudopolynomial Pr(xr;x')eI,
r > p. If we show that, after a linear change of variables
in kp(xl,...,xp), there is a distinguished polynomial
Pp(xp;xl,...,xp_l)el', the result follows from the remark
after Proposition 2. Now, by tﬁe preparation theorem, it
suffices to prove that there exists heGEOI' = I'p, h # O.

Let ge@, g¢I, geI'. By Lemma 3, there is 91§G% - I
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such that gg, = h(mod I), where heG%. But then clearly,
since g¢I', heI', and, since I 1is prime, ggl§I, so
that hﬁI, and in particular h # O.

§ 2. Complex analytic sets.

In this section we shall deal only with complex

analytic sets, so that k = C.

Let I be a prime ideal in G)n o = G%, and suppose
14
that the coordinates (xl,...,xn) are so chosen that
Proposition 3, 4 and Lemma 4 are valid. Let = : SnU = U'

be the projection defined in Proposition 4.

For any ideal ICGL o We denote by S(I) the germ
at a of analytic set defined as the set of common zeros
of a finite system of generators of I. Clearly, S(I) is

independent of the system of generators chosen.

Proposition 8. We have x(SnU) = U'.

Proof. Since n 1is proper, its image is closed in U'.

Hence it suffices to show that =n(SnU) is dense in U'.

[ ] L} [ ] T L}
For any x'eU', &(x') # O, the polynomial Pp+1(xp+1,x ) has
Q (x_..) Q (x_,.)
=[x —p2 " p¥l ~n__ptl
a complex zero xp+1. Let x (x ,xp+1, 5 (x") ooy S (x") ).
By Lemma 4, xeSnU, and clearly =n(x) = x'. Hence =n(SnU)

contains the dense set {x'eU'ld(x') # 0}.

Remarks. 1. Note that, by the remark following Proposition 3,
this implies that, if the coordinates are so chosen that
Proposition 2 is valid, then there is a fundamental system
of neighbourhoods {Uv} of O such that np(SnUU) is a
neighbourhood of 0O in cp, b being the projection of "
onto cp. P /

2. Actually, the map
x ¢ Sa{xeU]s(x') # 0} »U' - {x'eU'[é(x') # 0} 1is a covering

map .-
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Lemma 5. Let feeg. If, for sufficiently small U as
above, for any x'eU', 6(x') # 0, there is XxXeSnU such

that =n(x) = x' and f(x) = O, then felI.

Proof. If f£f4I, there is g§I such that gf = h(mod I)
where heﬁé. Then h¢I, and for any sufficiently small x,
5(x') A0, hi(x') = £(x) g(x) =0 (if XeSnU, n(x) = x'),

so that h = 0 and so helI, a contradiction.

Theorem 2. (Hilbert's Nullstellensatz). Let O be any

ideal of Gh and S, = S(m) the germ of analytic set

defined as the set of common zeros of a finite system of

generators of ¢t . Then I(§o) = radt = {feGh‘fme(n for

some integer m > O}.

Proof. We first remark that, if Ot is prime, I(S)) =0,
This is a trivial consequence of Lemma 5. Hence, if R 1is
primary (i.e. rad(t is prime), we deduce, since

S(@) = s(rado), that I(S)) =rada. If @ is arbitrary,
# {0}, since ng is noetherian, we obtain by the Noether

decomposition theorem,

k
0L = Df=\1 qu, olv being primary.

Clearly then

so that

k k
I(S(Ot)) = mi I(S(O[v)) = uQ1 rad = rad®.

v=

We now give a very important application of the results

obtained above. We begin with a definition.

Definition 4. Let § Dbe an analytic set in an open set @

in c”. A function f on S 1is said to be holomorphic at

aeS 1if there is a neighbourhood U of a in Q and a

holomorphic function F in U with F|UnS = f|UnS.
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We may define germs of holomorphic functions in the

obvious way. If ae¢S, let <95 a denote the ring of germs

’

of holomorphic functions at a on §S. Clearly, we have

@ /I(s)-— .

S,a

Hence Gg a is an analytic ring over cC.

I’

Definition 5. A map £ : S, - s, (Si analytic set in an
n .
open set in C l) is called holomorphic if the map Jj o £,
n
where j : 52 - C 2 is the natural injection, has the form
jof = (f,,...,f ) where the f are holomorphic on §,.
1 n, ——— v 1
Clearly, a holomorphic map £ : S1 - 82 induces, for
aeSl, an algebra homomorphism
£ . O -0
Sz,f(a) Sl,a

viz, f£f*(¢) = 9o f.

Theorem 3. Let £ S1 - 82 be holomorphic. Then the

homomorphism

f*:@ -0

S,.f(a) S,.a

1l

is finite (see Chapter 1I) if and only if a is an isolated
point of the fibre f-if(a).

n m
Proof. Let 51CQ1CC (xl,...,xn), Szcnzcc (yi,...,ym).

We may suppose that a = 0, £f(a) = 0. We set

Ry =(gsi,o' Ry = <SS?_,f(o)'

Suppose that

* .
£* R2 - R1

is finite. Then every element of R, is integral over R,.
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Hence, if ¢e€% o there exist holomorphic germs
1!
)
ai, ,are 52,0 such that
r
r r-
ot (x) + ) a (£(x))e" " (x) = o.
v=1 v

In particular, we have, in some neighbourhood of O on Si’

r
r (k) r-v N (k)
X+ ugi a (f(x))xk =0, k = 1,...,n,a]J ecgz’o.

Hence, if f(x) =0, and x is near O on Sl’ X,
satisfies a polynomial relation and so can be at most one
of finitely many complex numbers. Hence O is isolated

in £1f(0).

Suppose conversely that O is an isolated point of
f_if(O). This means precisely that if ® is the ideal

of CDn,o generated by (f fm,I(§o)), then S{(m) = {0}.

gree
(For notation S(®), see Theorem 2). Hence, by the Null-
stellensatz, for any k, 1 ¢ kX ¢ n, there is an integer r
such that

i
1
hr~a

av(x)fv(x)(mod I(§o)), o€ GL,O.

v=1

This implies clearly that there is an integer g > O such

that [m(R,)19ce*(mR,) ).R, (for notation see Chapter II).

This implies that f* R, = R1 is quasi-finite. By Theorem 1,

Chapter II, f* 1is finite, g.e.d.

Corollary 1. The necessary and sufficient condition that
a system of coordinates (xl,...,xn) of cn satisfy the
assertion of Proposition 2 relative to an ideal IcG% is
that O is an isolated point of the set
{x, = ... =x =0}ns(I) and In® = {0O}.

1 P , = {0}
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Corollary 2. If X,Y are analytic sets in open sets in
Cn, ol respectively , f : X = Y a holomorphic map for which
aeX 1is an isolated point of f_lf(a), then there is a
neighbourhood U of a such that any beU is an isolated

point of £lem) .

Proof. Let X be an analytic set in an open set Q in

¢ and suppose that a = 0. By Theorem 3, there exist

V) =
ap’ie Y,b’b £f(0), such that
p-
xpi + Xl a £ () xpi—p =0 in © )
i 7 g Twd i x,0’

here xl,...,xn are the coordinates in cn. There is a
neighbourhood U of O and an open set VcY, beV, so
that a ; are holomorphic in V,£(U) ¢V, and the above

equations hold on U. Then, given £(x)e¢V, each x; can

have only finitely many values, which proves our assertion.

Corollary 3. If S is an analytic set in an open set acc”
of dimension p at every point and the restriction to S of
the projection = of ¢ onto cP is a proper map with finite

fibres into Q' = n(Q), then n]S is an open map.

Proof. Let OeS and U a neighbourhood of 0O; we have to
show that =(UnS) is a neighbourhood of O = n(0)ecP. This
is an immediate consequence of Corollary 1 above and the )

Remark 1 after Proposition 8.

Corollary 4. If S is an analytic set in an open set Q in
n . . .

C and 0eS, then dlm.§o is the smallest integer k such
that there exists a subspace H of ¢® of dimension n - k

such that O is an isolated point of HnS.

This follows easily from Corollary 1 above and the

definition of dim~§o'

Corollary 5. If X is an analytic set in an open set in c”

k . . .
and £ : X = C is a holomorphic map, then any point aeX
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has a neighbourhood U in X such that, for xeU

. -1 . -1
dJ.mx f Tf(x) < dlmaf f(a).

Proof. If p = dimaf-lf(a), then, if the coordinates at

a are suitably chosen, a is an isolated point of the set

-1 n _

£ f(a)n{zec ‘zl = ,.,. = zp = 0}.
Let g : X = Ck+P be the map g(z) = (f(z),zl,...,zp). Then
a 1is an isolated point of g_lg(a); by Corollary 2 above,
there is an open set U' in c” containing a such that,
for 2zeUnX, x 1is an isolated point of g_lg(x). This
means precisely that x is an isolated point of

-1 n _ _

£ f(x)n{zec_lz1 = xi,...,zp = xp}.

By Corollary 4 above, dimxf f(x) < p.

We now continue our study of complex analytic sets.

Theorem 4. Let ©Q Dbe an open set Cn and =, the

restriction to Q of the projection of ¢” onto cP

(first p variables). Let @' = =n(Q) and A' be a thin

. . -1
subset of Q'. Let X be an analytic set in Q - =n “(A')

and suppose that =x IX is a finite covering of Q' - A'

(i.e. n, X is proper and locally biholomorphic) and that

n!'i is a proper map into Q'. Then X is an analytic

set in Q of dimension p at each of its points.

Proof. Let A = n “(A'). We may suppose that @ (and

hence Q') 1is connected. Hence Q' - A' 1is connected
(Chapter I, Proposition 11) and hence there is an integer
k such that for any x'eQ' - A', there are exactly k

points x(l),-.-,x(k)ex with n(x(j))= x'

Let f ©be any holomorphic function on Q. We define

holomorphic functions on Q' as follows.

q4,£°°° %%, £
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For x'¢q' - A', let a; ¢ be the 1-th elementary

symmetric function

(34) j
a; g(x") = (-1t X 1 )...f(x(jl)),

1gj1<...<j1<k

1 .
where x( ),...,x(k) are the points of X with 1<x(3))= x'.

Clearly a1 £ is holomorphic in Q' - A', and further, since
T : X Q' is proper, for any compact set K'cQ', a; ¢
is bounded on K' - A', and hence (Chapter I, Proposition 10)

can be extended to a holomorphic function on Q'. Let Pe
be the holomorphic function on §© defined by
k

Pf(x) = fk(x) + 1£1 al'f(x')fk-l(x), r(x) = x'.

By construction, Pf(x) =0 if xeX, and hence Pf(x) =0
if xeX . We claim that

(4) X = {erin(x) = 0 for any holomorphic f on @}.

Let X' Dbe the set of common zeros of the P let x'e¢Q',

and set E'= {xeX'|n(x) = x'}, E = {xéiln(x) £ x'}. Then
EcE', and to prove (4), it suffices to prove that E = E'.
For this, it suffices to prove that £(E) = f(E') for any
holomorphic £ on Q. Let a«aef(E'); because of the
continuity of the roots of a polynomial, there is a sequence
x; of points, x; - x!', x;eA', such that there is a zero
k
o of the polynomial gk + ; al'f(x;’)«;k—'1 such that the

sequence au'+ az but since x;eA', there is xueX,
n(xv) = x;, with o = f(xv). Further, since =« : X - O
is proper, we can find a subsequence {vk} such that

Xp. = xXeX; clearly then x¢E and f£(x) = lim f(x, ) = a.
k k

Hence oef(E), and (4) is proved. Because of Corollary 2

to Theorem 5, Chapter II, X is analytic in Q. It is

clear, since m:X - Q' - A' is locally biholomorphic, that
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X is regular of dimension p at every point of X. Since
X is dense in X, Proposition 5 implies that X has

dimension p at every point.

Proposition 9. Let S be an analytic set in @ such

that S is irreducible. Let U be a neighbourhood of O
as in Proposition 4 and Lemma 4. Then the set
X = {xes|6(x') # O} is dense in some neighbourhood of 0

on S.

Proof. We have already remarked that the projection

mX - U' - {x'eU']|6(x') # 0} is a covering. Further

n ¢+ S—=U' 1is proper, hence so is = : X > U'. Hence, by
Theorem 4, X is an analytic set of dimension p at O.
But since XcS, Proposition 7 implies that there is a

neighbourhood V of O with XaV = SaV.

It is also possible to avoid Proposition 7 and use
directly the argument used in Theorem 4. This method leads,
in fact, to a somewhat stronger form of Proposition 9.

Of course, Proposition 9 is stronger than Propositions5 and 6.
If feG%’o, feI(§o), there is geIQ§o), gf = h(mod IQ§°))

where he@%. Replacing X in the above proof by the set
{xeslh(x')é(x') # 0}, we deduce

Proposition 9'. If S is as in Proposition 9 and £4I(S,),
then the set of points {xeS(f(x) = 0} is dense in some

neighbourhood of O in 8.

It is trivial matter to extend Proposition 9' to sets
§ for which S, is not necessarily irreducible (with the

obvious conditions on f).

Definition 6. Let S be an analytic set in an open set Q

in c®. A holomorphic function f on @ is called a

universal denominator for S at a point a¢S if a has
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a neighbourhood U in @ such that the following holds:

Aif h 1is a holomorphic function on the set S' of points

of SnU at which S is regular, and if h is bounded on

S', then there is a neighbourhood V of a such that

f h is the restriction to S'nV of a holomorphic function

on V.

Theorem 5. Let S be an analytic set in @, and suppose

that S has dimension p at each point. Let =x denote

the projection of Cn onto Cp (first p variables),

and let Q' = n(Q). Suppose that =|S is a proper mapping

into Q' with finite fibres {i.e. ﬂ-i(x')ns is finite

for any x'eQ'}_ Then, given a point aeS which is regular

on S at which X, = 8g--,

. . . . n
coordinates, there exists a linear function 1 on C and

xp - ap form a system of local

holomorphic functions Ogseees®y ON Q' such that, if we

set

k

Plex') = ¢+ | o« (x5,
=1

v

the following conditions are satisfied.

(a)  P(L(x),x(x)) =0 on s.

® 1@, @) #0, P = F(160,x(x)) isa

universal denominator for S at every one of its points.

(¢) If h is holomorphic and bounded on the set S' of

reqular points of S there exist holomorphic functions

Pore--rPp_4 oOR Q' such that
k-1
(@ P'(x)h(x) = Z pv(n(x))(l(x))D on S', and there is
v=0

a constant M (independent of h) such that

(e) 1B lge < Muhns,.
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Proof. We begin by proving the following. There exists
a thin subset A' of Q' such that if A = Snn—l(A')
then 7 : S - A=+ Q' - A* is a (finite) covering. Note that,

by Corollary 3 to Theorem 3, A is nowhere dense in 8.

Let B be the union of the set of singular points
of S with the set of points of S' where the jacobian
matrix of the map = : S' - Q' is not invertible. (Since
n: 8" - Q' has finite fibres, this is a nowhere dense

analytic set in S°'.)

Clearly, B is closed, hence so is = (B) = A'. We
claim that A' is thin. For this, it is clearly sufficient
to prove the following: if b'eQ' and beS, =n(b) =Db’',
then, there is a neighbourhood U of b and a thin set E'
in a neighbourhood U' of b' in Q' such that § is
regular at any point of Un(S - n—i(E')), and
|un(s - n-l(E')) is of maximal rank. Let S ., De the
irreducible components of S at b. By Corollary 1 to
Theorem 3 and Lemma 4, there is a holomorphic function gs
near b’ (which is a multiple of the discriminant éu
corresponding to S ,) such that g;*I(gv'b), while

' ' = ! i v
{xggvlb(gv(x ) 0} contains the two sets WEv (Ep,bngv,b

)

and {xeS b]év(x') = 0}. Because of Proposition 5, we may

take for E' the zeros of g' =]J 9! -

Thus A' is thin. Since e S - A Q' - A' is

proper and a local hameomorphism, it is a finite covering.
We now choose a linear function 1 on Cn such that:

(i} for a (countable) dense set of points x'eQ'-~ A', 1
separates the points of n_l(x');
(ii) for the given point a, 1l(a) is different from 1{(c)

for any ¢ # a, cen_ln(a).

Suppose that = : § - A > Q' - A' 1is a covering of k

sheets (note that, by the Corollary to Theorem 3 and Proposition 8
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X : 8§ Q' is an open map). Let o,,-..,a be the

1’ k

holomorphic functions on ' - A' which are the elementary

symmetric functions of the values of 1 on the fibres

of mn. They have holomorphic extensions to Q'. We set then
k

P(e,x') =5+ ] a0
=1

Clearly, P(l(x),n(x)) =0 on S - A, hence, this latter

set being dense in S,=0 on S. This is (a) .

Since by assumption X, - al,..., xp - ap form local
coordinates at a on 8, ® 1isahomeomorphism in a
neighbourhood of a; hence, by our assumption (ii), 1(a)
is a simple root of P(¢,a'), and hence

-((Z—IZ(I(a),Jt(a)) # o.

To complete the proof of Theorem 5, it suffices now to
prove (c); to obtain the second part of (b), we have only

to apply (c¢) to a neighbourhood of a given point of S.

We have only to find holomorphic functions B, on Q'
such that (e) holds and (d) holds on S - A. Let
x'e' - A', and let x(l),...,x(k) be the points of S - A
with n(x(j» = x'. Consider the sum

k k

Rlaax')  p(,0) o f Eax!) - p(1(x5)) ;%) n(x3)

& (3) £ (3)
j=1 ¢ - 1(x ) Cj=1 ¢ - 1(x )
this is clearly of the form

k-1

I s xne’

V=0

where the Bv are holomorphic on Q' - A', and for any x',

Bv(x') is a linear combination of the h(x(J)) with

coefficients depending only on the 1(x(3)). Hence

Iﬁv(x')‘é M m?x lh(x(j))l.



53

In particular, the Bu are bounded on Q' - A' (since h
is bounded on S') and so admits a holomorphic extension

to Q' such that (e) holds. If in the identity

k ( . k-1
B H ]
g;x()j) h(x(:])) = z Bv(x')éu
j=1 ¢ - 1{x7") v=o
we substitute ¢ = 1(x) where x 1is a point such that
n(x) = x'eQ' - A' and 1 separates the points of n_l(x')

[such points are dense in S - A], we obtain (d) on a

dense subset of S - A; hence (d) holds on S°'.

Remark. The set of points where S 1is not regular is
clearly contained in the set P'(x) =-%% (1(x),n(x)) = 0.

Corollary. If S 1is an analytic set such that S, is

irreducible there exists fe@% o~ I(§o) which is a

universal denominator at any point sufficiently near O.

Of course, this corollary can be proved directly in a
somewhat simpler fashion. In fact, the last part of our

arguments shows that with the notation of Proposition 3,
op
E&Eil is such a universal denominator.

p+1

We shall see later that the finiteness of the fibres

of = IS is a consequence of the hypothesis that = |S is

proper.

Remark. Theorem 4 remains valid if we replace the assumption
that ® : X 2 Q' - A' is an unramified covering by the
assumption that =n : X - Q'- A' 1is a proper map with finite

fibres and that X has dimension p at each point. In fact,
we have seen in the proof of Theorem 5 that there is a thin
subset B'c¢ Q' - A' such that X - n_l(B') is dense in X
and 7w : X - n_l(B') - Q' - A' - B' is an unramified
covering. Then, the constuction of the functions Pf(x) can
be done, first for x'¢Q' - A' - B', and, by successive

applications of the continuation theorem, extended first to
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x'eQ' - A', then to x'eQ'. The rest of the proof remains

the same.

Proposition 10. (Maximum Principle) Let S be an

analytic set in Q@ and f a holomorphic function on Q.
Let §a be irreducible, and suppose that £ is not
constant on S in any neighbourhood of a. Then £(8)

is a neighbourhood of f(a) in C.

Proof. We may suppose that a = 0, f(a) = 0. Let U be
a neighbourhood of 0, and let the coordinates in Cn be
so chosen that U = U' x U", U'c Cp, p = dim S, and

n : SnU - U' is proper, has finite fibres (and satisfies

Proposition 3). For x'eU', 6(x') # 0, let Ayreeendy
be the elementary symmetric functions of the values of £

on n_l(x')ns; then the a admit holomorphic extensions

to U'. Let

P(t;x') = ék +

v

' k-v
. a (x')¢ .

e~

Then, for x'eU', &8(x') # 0, we have

f(ﬁ_i(x')) = {teCc|P(t,x') = 0}. Hence, by the continuity
of the roots of a polynomial, we have

f(ﬂ_i(x')) = {;eCIP(g,x') = 0} for any x'eU'.

By assumption, we have f§1(§o). Hence, by Lemma 5,
ak(x') Z 0O near O0¢U'. Further, au(o) = 0 for each v
(since f(0) = O). We may suppose, after a linear change of
variable in Cg that ak(O,...,O,xp) #Z O near x = O.

By the preparation theorem, there exists a distinguished
polynomial
m

m m-v
X ,X,,400-,X =x + b (x,,¢0.,X )X
Qx %, o1t) = Dgi LGy LI

such that P and Q have the same zeros near O. But clearly,
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since bD(O) = 0, for any ¢ near O, there is xp near

O with Q(xp,o,...,o,g) = 0; hence the set ¢te¢C near O
for which there exists x' near O with P(¢,x') =0 is

a neighbourhood of 0. Since f(n_l(x')) = {tec|P(t,x') = 0},
£(s) is a neighbourhood of O.

Corollary 1. A compact analytic set § in ¢" consists
of a finite number of points.

Proof. It suffices to prove that for any holomorphic
function f on Cn, f(S) is finite. If it were infinite,
there would exist o«aef(S) - (f(S))o and avef(s), a # a“
if v # u, such that a, » a. Let sveS, f(sv) =a ; by
passing to a subsequence if necessary, we may suppose that

Sy = 5,€S, since S is compact. If S, = US » then

So =k, S0

there are infinitely many s, on at least one Sy so°
- ’

Hence £ 1is not constant on this component, so that £(S)
is a neighbourhood of f(so) = a, and then

adf(s) - (f(S))o, a contradiction.

Corollary 2. Let ¢ be a proper holomorphic map of an
analytic set S in an open set in ¢” into an open set
. -1 . - .

in . Then, for yecm, ¢ (y) is a finite set (being

a compact analytic subset of ™.

Corollary 3. Let Q Dbe an open set in cn, x: Q- cP
the projection. Let Q' = n(Q) and A' Dbe a thin subset
of Q'. If X is an analytic set in ¢ - n_l(A') of
dimension p at any point and n\i is proper, then X
is an analytic set in Q of dimension p at each point.
This follows from Corollary 2 and the remark preceding

Proposition 10.

Proposition 11. Let S be an analytic set in Q@ such that S

is irreducible. Then a has a fundamental system of neighbour-
hoods U such that the set of regular points of S in U is

connected.
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Proof. Choose U such that Proposition 4 is valid and
further, with the notation as before, the set

Sn{erﬂéﬂx') # 0} is dense in SnU. It suffices to prove
that X = Sn{erEé(x') # 0} is connected. Now

T X > U - {x'eU'| 5(x') = 0} is a finite covering. Hence
if X is not connected, and Y is a connected component
of X, =x|Y is also a covering. Let h be the functon = O
on Y, =1 on X- Y. If 8' is the set of regular points
of 8§, S' - X is thin, and hence h has a holomorphic
extension to S'. By the corollary to Theorem 5, there is
f41(§0) such that F = fh is holomorphic on S,- Now,
for any x'eU', 6(x') # O, clearly there is xe¢S

(viz xeY) with F(x) = 0. By Lemma 5, F€I(§o), so that
F vanishes at all points near 0. But clearly there are
points arbitrarily close to O on X - Y where £ # O,

which implies that F IQ§O). This proves Proposition 11.

Corollary. If S, a are as above, and dim_S_a = p, then
there is a neighbourhood V of such that S has dimension p

at any point of VnS.

This follows at once from Proposition 11 and Proposition 5.

Theorem 6. Let S be an analytic set in an open set @

in c® and let Oes. Suppose that S is irreducible.

Then there exists a neighbourhood V of O and finitely
fm in V such that:

many holomorphic functions fl""’

(a) the set of singular points of 8nV is precisely the
set {er‘fl(x) = ... =f£f (x) =0}

(b) each fi is a universal denominator at every point
of V.

Proof. Choose the coordinates (xl,...,xn) in Cn and

U = {x'ecpllx'l < @'}, u" = {x"ecn_p!lx“l < @"} such that

if U =U' x U", then the projection = : UnS —» U' is

proper with finite fibres.
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Let € > O be sufficiently small, and set, for (aijl < €,
i=2,...,p, j=1,...,n,
(o) f
(08
8 =Xt jgl “i5%5-
Then, if € is small, (gia),...,g(a), X 1eee,X ) are
P pt+i n

linearly independent. Let Q < o' Dbe fixed, and € small
enough. Let U; = {x'eU'|1x'1 < Ql} and U, = U! x U".

1 1
ga)(x)l < Q,} and let =n  : SnU - U!
i 1 o a 1

be the map na(x) = (gia)(x),...,g;a)(x)). If e is small

Let U_ = {xeU [lﬁ

enough, then L is proper. To prove this, we remark that if
K' is a compact subset of U!, na—l(K') is closed in U,
since clearly it cannot be adherent to any point of aUa

in U and is closed in Ua. Further, if na(x)eK', then
n(x) 1lies in a compact neighbourhood of Ui in U if ¢

is small enough; hence n&l(K') is contained in a compact
subset of U, and being closed in U, is itself compact.
Because of Corollary 1 to Proposition 11, n;l(x') is

finite for any x'eUi.

Now, for any regular point a of S in U, there

€, such that (a) (o)

exist « gl ,...,gp

ij’\aij\ < form a
system of coordinates at a. Let W be a neighbourhood of
0 such that Wc¢ laij\<e U, (such a W exists if e |is
small) . If aeWnS and S is regular at a, let a be so
chosen that the g(a) form coordinates at a. There exists,
by Theorem 5, a function P& which is a universal denominator
at any point of U P&(a) # O, which vanishes on the
singular set of S in U_- Hence, there exists a family

of holomorphic functions {ft} in W which are universal
denominators at any point of W such that the singular set
of S in W is given by {er|ft(x) = OVt}. Theorem 6
follows easily from this and Chapter II, Theorem 5 (if we

replace W by a smaller open set V).
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Corollary 1. Let S be an analytic set in an open set
Q@ in C". Then the set of singular points of S 1is an

analytic set in Q.

proof. Let aeS and S_ = US , Wwhere the 8 are
= —a =v,a =v,a

the irreducible components of S,- Let S Dbe an

analytic set in a neighbourhood W of a inducing §U a
4

Since the 5, , @are irreducible and none of them is con-

’

tained in the union of the others,we have

dim (S nS mi i i i .
L-v,a-p,a) < n (dlm'§u,a’ dlm.§p’a) if p # v. Hence,

by the Corollary to Proposition 11, we may choose W so
small that for beSUnS“nW we have

dim (8 ,nS ,) < min (dim 8

BN dim S ) for pu # v.

v,b’ ~u,b

In particular, no germ §u,b is contained in the union of
the others. We claim that the set of singular points of 8§
which lie on Sv is the union Tu of the set of singular
points of S with U (SDnSp). In fact, it is clear

H#EY

that S is regular at any point of §, not on T,. If

besunsp, v # p, then since an analytic set is clearly
irriffcible at regular point, b is singular. If
b¢ v (Spnsv), then S _ =-§v,b so that b is singular

on S if and only if it is singular on S,. The corollary

clearly follows from this and Theorem 6.

If S is not irreducible and if § = U 8 is
=0 —0 -v,0

the decomposition of So into irreducible components,

let S, SD be representatives of these germs in a neighbour-
hood of o. If f is a universal denominator for Sle

for any beSDnU, and if g is holomorxphic on U, g =0

on S m#v, g#£0 on a dense subset of S,» then h = gf

pl
is a universal denominator at any point of S8SnU for S.

It follows from this that we have

Corollary 2. Theorem 6 remains valid if we drop the

hypothesis that S, is irreducible.
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Corollary 3. If S 1is an analytic set in an open set
Q in Cn, and A is the set of singular points of S,

and if aeS, then for any feGb which vanishes on éa'

’

there is an integer k » 1 such that fk is a universal

for S at all points near a.

This follows at once from Corollary 2 above and the
Hilbert Nullstellensatz.

L : n
Proposition 12. Let Q be an open set in C and AcQ

an analytic subset of dimension ¢ n - 2. Then, for any
holomorphic function on Q - A, there is a unique holomorphic

function F on © with F|Q - A = £.

Proof. The uniqueness of F, if it exists, is obvious.
Hence we have only to prove that for every aedA, there is
a neighbourhood V and an F holomorphic in V with

F|V - A = £|V - A. We may suppose that a = 0, and, after
a linear change of coordinates in Cn, that O 1is an
isolated point of the set

An{x‘x1 = .. =X 5= 0}.

If ¢ > O is sufficiently small, and

1
av = (O, -.-,O,']';,O) ’

it is clear that, if v is large, the set

ol
fl

n - .= = =41 -
{xecC |x1 See=x o= 0, x =<0 x| < o}eQ A,

and

n -
Ko {xecC {xl = ... =X =0, X = 0, ]xn,— e}l - A.

Hence, by Chapter I, Proposition 12, There is a connected
neighbourhood V of O (containing Ko) and F holomorphic
in V such that F = f near Ko' Since V - A is
connected, it follows from the principle of analytic

continuation that F =f in V - A.
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Proposition 13. Let S be an analytic in an open set Q

in cn, and let f be holomorphic in Q. Suppose that,

for aeS, f Z O on any irreducible component of the germ
§a induced by S at a. Then, if S' = {xeS|f(x) = 0},

we have

dim §! = dim §_ - 1.

Proof. 1. We first suppose that S = Q@ and a = O. Then,

by the preparation theorem, we may suppose that

av(O) = 0.

P
= P [ p-v [ -
f(x) xo + Ugl a, (x )xn , X (xl"°"xn—1)’

Clearly, if U =1U' x U", U'c cn_l, U"c ¢, is a neighbour-
hood of O such that x'eU', f(x',xn) = 0 imply that
xneU“, then the projection = : S' = {er\f(x) =0} » U'

is surjective; hence if g = g(x X 1)eI(§é), then

17"
g = 0, {since g clearly vanishes on =n(S')}, so that, by

definition of dimension, dim_§é =n - 1,

2. For the general case, we may suppose that a =0
and that S, is irreducible. If p = dim S,, we can find
a neighbourhood U = U' x U" of 0, U'c ¢, U"c ¢ P such
that = : 8SnU - U' is surjective, proper, and has finite
fibres. Further, if & 1is as in Lemma 2, W = {xeSnU]é(x') # 0}
is dense in SnU. Now = : W - U' - {x'eU"é(x') =0} 1is a
finite covering, of say, g sheets. Let, for x'eU',
6(x') #0, h(x') be the product of the values of f at
the points of S 1lying over x'. Then h is bounded (if
U is small enough) and so admits a holomorphic extension,
also denoted by h, to U'. Clearly {x'eU', o(x') # O,
h(x') = 0} is the projection of WnS' onto U'. Further,
if xeS, 6(x') = 0, we can find a sequence of points
X €S, 6(x" ) # 0, x, » x. If £(x) =0, then £(x,) = 0,
hence h(x;) -+ 0 so that h(x') = 0. Hence
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x(S') c{x'eU'| h(x') = 0}, and one proves, in the same way,
the converse inclusion , so that =(S') = {x'eU'[h(x') = 0}.
Since f Z 0 on §o’ h #£ 0. By the argument given in 1,
above, we can suppose, after a linear change of coordinates
in Cp (and shrinking of U') that the following holds:
let Kp—l be the restriction to U' of the projection
of c® onto ¢ '. fThen T = up_l(n(s')) =, 4 (U").

It follows since any function g(x xp_l)el(gé) must

1 °°°
. . -

vanish on T, that IQ§O)n€£_1 {0}, so that

dim 8§ = p ~ 1 = dim S, - 1.

Theorem 5 has another important application.

Theorem 7. Let S be an analytic set in an open set in c”.

The space of holomorphic functions on S is complete; i.e. if

{fp} is a sequence of holomorphic functions on S and

fp - £, uniformly on compact subsets of S, then f is

holomorphic on S.

Proof. Let aeS and Su be analytic sets in an open
k
neighbourhood Q@ of a such that §_ = U, S is the
—=a v=1 —vp,a

decomposition of §a into irreducible components. By
Theorem 5, applied to Ev,a after a linear change of co-
ordinates in cn, there is a neighbourhood v, of a in
Q@ and a holomorphic function u, in v, such that if ¢
is holomorphic on vV, aS, there is a holomorphic function
¢; in Vv such that, with M' > O independent of ¢,

hav i i
we e {erDnSv uu(x) # 0} is dense in VDnSv,
—_— [ ] 3
u,e = wv in VDnSv,
and
L] 1
| .
uupvuvD ¢ M |¢nvvns

If g is a holomorphic function in V vanishing on \J s ,
v P v
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while {xesvlgu(x) # 0} is dense in s,"V, (such a g,
exists, by Proposition 9' if Vu is small enough), then,
for any ¢ holomorphic on anS, there is a holomorphic

v (= guw;) on V  with

(a) v,¢ =y, on anS,

(b) uq;unvD < M"¢"vvns’

here v, T9,u and M > O 1is independent of ¢. Further,

{xeSvnvvlvv(x) # 0} is dense in SDnVD.

Let Gg =(99 5 De the ring of germs of holomorphic
functions on © at a, and ja = S;(S), the ideal in G%

of functions ‘*vanishing on §_.

Consider the homomorphism
k
o Gg - EL

. _ _ k .k
given by o(f) = (Vlf""’ka)' Let Eé1 = a(@a) + Sacga.

By Cartan's theorem (Chapter II, Corollary 1 to Theorem 5),
if a sequence (hp) of k-tuples of holomorphic functions
in a neighbourhocod U of a converges uniformly on U

(to h say) and (hp)aeEa for each p, then (h)aeEa.

Let {fp} be a sequence of holomorphic functions on ¢,
which converges uniformly on QnS. Let o5 = £,
=f - f , > 1. We may suppose that
%o p p-1 P Yy 19

(o8]

Z "¢p"QnS < w. By our remarks above, there are holomorphic
p=o

functions wp,u(u =1,...,k) on Vv such that vv¢p = ¢p,v

on anS, < Milogl

"wp,v"Vv v, ns° If ¢p = (wpll,...,wp’k),

k
then (a(¢p))a - (wp)aesa, hence (wp)aeEa. Further, X wp

converges on V = nvv since X uwpuv € Mz "¢p"QnS < .
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Let =(l!f(1) ,...,w(k)) = X \pp- Then, by our remark above,

(w)aeEa, so that there is a neighbourhood W of a and

a holomorphic function ¢ on W such that v, = w(u)
on WnS.
Let f =1lim £ = . Then, since Vv = ,
p Z o . v®p wp,v

we have v f = wbﬂon WnS, so that v, ,(f - ¢) =0 on WnS
for v =1,...,k. But since {xevvnsv]vv(x) # 0} is dense
in ans, this implies that £ = ¢ on Wnsv for each v,
so that ¢ = £f on WnS. Since ¢ is holomorphic on W,
this proves the theorem.

Remark. The idea of this proof is essentially that of
Bungart-Rossi [7].





