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Construct a p-adic measure \ explicitly using the Fourier coefficients of
Hilbert Eisenstein series such that

/ XGING A =" (1 = x(p)N(p) 1) LL(1 — k, x)
G(K(p>=)/K)

under good conditions
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Motivation

Hilbert Eisenstein Series
Fourier Coefficients
Defining A

A is a measure
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@ new method to construct p-adic L-functions analogous to the
Langlands-Shahidi method

@ reciprocals of L-functions show up in the non-constant Fourier
coefficients of Eisenstein series

o Gelbart-Miller-Panchishkin-Shahidi (2014): this is true for the case
K = Q for regular primes

o Gelbart-Greenberg-Miller-Shahidi (2016): for irregular primes, the
distribution is not a measure
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Set-Up and Notation

K totally real number field

degree of the extension: [K: Q] =r
K — R" : a — (oj(«)) where o; runs through Gal(K/Q)

O ring of integers of K

0 different ideal

N : norm map

D discriminant of K, N(d) = |D|

totally positive element a > 0 : oj(a) > 0Vi
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Hzlbert Modular Group

@ Hilbert modular group SL>(O) acts discontinuously on h" by Mobius
transformations componentwise:

o A= (zg) S SLQ(O)

o z=(z,-"-,z) €D
A, aWz + pM) aNz, + b
TN D 1 dD O £ d0) )

@ one - to - one correspondence

{cusps} <> {ideal classes}
(a:b) < [(a,b)]
oo =(1:0) « [O]
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Fisenstein Series

@ congruence subgroup for integral ideal n

Fo(n) = {*y = <i 3) € 5L2((9)‘7 = <; :> mod n}

@ Hecke character x : (O/n)* — C*
e Fix a = (a)

@ at the cusp k = 00 :

k
Ealvzoo) = 3 x(@) 3

(ncz + d)k
ax€(a/na)™ {c,d}edaxa
ged(§,)=1
d=a mod na

(c,d) and (c’, d’) are identified together if there exists ¢ = 1 mod n
such that c = ec’ and d = ed’.
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Fisenstein Series

@ atacusp Kk # o0: Ak =
o A= (2%)
o detA=1

e K= —%g, b= <Ot37014>, b~1 = <a1,a2>, ng(l‘l, b) =1

Exn(X,2,8) = (A z+aa)* > x((a2))
axe(a/na)*
3 N(a)*
-1 k
{c,d}€caxa (nCA Z+d)
ged(.¢)1
d=a; mod na
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Fourier Series Expansion

N(a)k
Gk(z, a1, 22,n,0) = Z (cz(+)d)k
{c,d}"€axa

(¢,d)=(a1,a2) mod na

Fourier Expansion (Klingen, 1962)

constant term + A Z sgnN(v)N(v)*Lexp (asv + cvz) (1)

c=aj mod nab
v=0 mod b/nad
cv>>0,{c}t

_ (=2mi)"" N(a)**N(b)

A k- DIN@)D]?

where a{ = qga; — aiaz € ab and a; = @1ady — Qa1 € Clb_l
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Fourier Series Expansion

h* (n)
N(a) Y p(t)

Z G
k
{c,d}eaxa ( + d ai€a/an i=1 teC N(t)

gcd(f —) 1
d=a mod na

k(z,Ta1,Taz,n,at) (2)

p(t) : the Mobius function

Cl(n)* = {fractional ideals}/{{(a) : @« > 0, = 1 mod n}
Ci, -+, Cp+(n) @ the strict ideal classes of K modulo n
t, oty t b € C,-_1 fixed representatives

te G, (1) = tt; where 7 = 1 mod n.

h*(n) : the strict ideal class number of K mod n.
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Non Constant Term

27r/krN )
(~2i) Z;

(k=D N(n) \DI
A 2
Z sgnN(v)N(v)~Lexp (t,azub + cvb Z)
o no 0

cv>>0,{c}™

e

L(S,x
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Fourier Coefficients

The p™th coefficient in the Fourier expansion is

( 271'/ krN b[ k 1) k
Cpym(ek pm = N m
P ( k.p ,b/) (k lf|D’2k 1 E

ht(p™) ,
tiapp“by
2 ZN(t ( pmo )

i=1 teC
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p-adic Measures on Galois Groups

e K(p>°)/K : maximal abelian unramified-outside-p extension of K
@ by, .- ,bp+ @ the strict ideal classes of K

o Class Field Theory: Gal (K(p™)/K) = Ljb;*(O;/U)
U : the closure in Oy of all totally positive units in O*

e for any continuous function ¢ on Gal (K(p>)/K), define

sdu=Y" [ oex)du
/Ga/(K(poo)/K) z,: o
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Defining \

Define a distribution on b, (0} /U) b

m 1
A(a+p"0yp) = chm(fk,pm,b,)Jrv(k))\Haar
where N(p)* 1 (1-N(p)<— 1)~

(k) = N(p)F—T = for k even

0 otherwise
h(p™) /u

L p)u(k=1)=mk p(t tiayp“by

Com = A"N(5))¥ go 2 ; ( o
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Let p € Q be an odd prime number. Let p be a prime ideal of O lying
above p and h™ the strict class number of K. Under suitable conditions,

© There exists a p-adic measure A on G (K(p>°)/K) whose Mellin

transform is the reciprocal of the p-adic L-function of the totally real
field K

/ NGOKLdA = B (1 — N(p) 1) (1 — k)
G(K(p>=)/K)

for all even positive integers k.

@ For any non-trivial Hecke character of finite type x mod p™ with
m > 0, we have

/ NCONGOK dA = K L(L = ko x) ™
G(K(p>)/K)

for any positive integer k satisfying the parity condition

x(=1) = (-1~
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Regularity Conditions

o pf[K:Q]
@ p does not divide the class number of K(e27ri/P)

@ no prime g of the field K(e>™/P 4 e=27/P) lying above p splits in
K(e27ri/p)
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Proof: Computations

@ Gauss sum

()= Y x(@)em T
r€0/pm

Property: If x is primitive and x € O, then

Z x(x) 2T T x/?) — {X(X)T(X) if ged(x,p™) = 1 |

0 otherwise
r€O/pm

@ Functional Equation of Hecke L-function
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p-adic Measures of Totally Real Fields

Let ¢ be an ideal of K which is relatively prime to p. Then there exists a
Zp-valued measure py . on G (K(p>)/K) such that for every integer
k > 0 and every locally constant character y, we have

/ NEONGY L dpn e = (1 — x(N()F)L(L — k. ).
G(K(p>~)/K)

(Cassou-Nogues, 1979, Deligne-Ribet, 1980)
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Invertibility of dyu .

dpa,c € N(G) (the lwasawa algebra)

. n .
w(x) = limp_00 xP~ Teichmuller character

dp ¢ is invertible whenever fG(K(pOO)/K)w(X)_i dp,c is invertible
Integral= (1 — w™"(c)N(c)) L(0,w™")

Kummer's Criterion (Greenberg, 1973): L(0,w™") is invertible
whenever p is regular
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Proof: )\ its a measure

@ Regularization: p*(U) = ufcl(U) — N(C)uiﬂ(tU)
o [ok(pey iy XCONG) T dpu* = L(1 — k,x) ™!

o M(U™Y) = htN(x)k=1u*(U) as distributions, hence they are both
measures
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Thank you!
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