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Preliminaries
A - principally polarized abelian variety

over of dim g

Then
, Afp] e Fp

's
as a vector space .

The polarization (x : A→A) induces a
non - degenerate , alternating , bilinear

pairing Afp] x Afp]→ Hep

Eg : g
-

- I
.
E - elliptic curve over

.

ECP] = #p5
FE
, p

: G → GIG, Fp )

det ee
, p
- Xp -- theygfftaoadfhieg.ee#--foF]



Galois action on the torsion subgroup Aft]

gives a mod - p rep

PA
, p

: G → Gsp Gg , Fp)

If Xsim : Gsp Gg , Fp )→ Ff is the
similitude character

,
then

Xsim ° PA
,p
= Xp

because the pairing is equivariant
Wrt Galois action

.

Question : Given a rep e : G → aspkg , Fp)
with Xsimo P = Xp , does it arise from
an abelian variety over ?
If yes , can we find all such abelian varieties?
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Exactly the pairs Cg ,p)

for which Agcp)
is geometry rational .



Examples of modular
Xcp) and all its twists Galois reps which
Xp) are - Pig . fail Hasse bound
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Explicit formulae
There exist mod-p Galois

describing all abelian reps not arising

surfaces with fixed from abelian varieties

3-torsion



Part I
-

94101=(1,33×13)= modular curve for full 3-level
structure

,
i -e
, Po = 743101µs

XG)→ R'

I 1- Lucas : yes)

where {U, V } is a basis of the

space of modular forms of wt l , level MG)
For a given f : G → GLIB) with det f -Xs,
XG ) is a twist of XG) .

The cob
.
class C- H' (qq.PGLG.IO )) representing the

twist comes from a class E H'(Gop
,

SLG
, IED

as

SLG
, Es)

Aut Hed) = PIG, Es)→ PGLG,



So
, by Hilbert 90, the class is trivial and

XG)→ PI
E- cubes : vines)

The new coordinates U ! V
'

are E - linear

combinations of U and V
.

i.e
,

U
'

,
V
'
E Ef ⑤ {v.v }

By Weierstrass uniform zation,

ft a T ←%.gg?q-eEz:yZ-x3t432EYxt3456ECe)

and the fact that [u, v]s"
"'Est Ey, ED
=

modular forms
of level I

,
we get
T¥iRiI Let E : yEx3taxtb .

Then for any Cs : E)ERIE)
the ell

.
curve Est : yZ-KIACa.b.sifxtBCacb.SE) has

isomorphic 3-torsion rep . for
3. Aca, b.sit)=3as4t18bs3E - toast- Gabstf- (a3t9b2)t4
913GB, s,t)=9bs6 -12asst -45 abSHE-90633+3+15 orbs't

't

-2a(2a3t9b) Sts - 3b(a3t6b2) Lt .



cg.pt-G.rs#:LetP:GqfGSpC4.Es)withXsiniP=Xs .

Even though Ads) is rational GTRI) ,
Subtlety : we have to pass to a degree 6 cover

AIG) to have equivariant rationality .

take-away • There is an analogous 4-dim irrep
frog
cg,ps=G→: Tl : spot , Fz) → GLACE)

• Let L=
ter? The new coordinates

parametrize ng AIG) are L
- linear

combinations of the coordinates

parametrizeng AIG) .

This suggests that we try
to find Tf- isotypical component inside L
because for any G- irrep IT, we have

④Eiko = oiqtslfggfgomp.io TD
"



Lucky coincidences-
I . If C :

y
-

= xstaoctbxtcxtd is a

curve of genus 2 sit . Jack)G3 =P ,
then Shioda's work on Nordell -Weil lattices

gives a polynomial
Pz Gc) = 2240+15120 axZZ8t 2620800 BERI . . .

whose roots generate a copy of The L .

2 .
IT and IT

"

extend to complex reflection

representations of spliffs) x 743 .

This is good because invariant theory of
complex reflection groups is very nice .
If Cair) is a complex reflection group ,
then

symcv)G is a polynomial . algebra and

Sigma)/symwjG = KEG] .
Invariant ⇒

The copies of Tv inside SymGi)
theory are in degrees 1,7 , 13,19 .



Mile) - moduli space of curves C of genus2
with a Weierstrass point and
a symplectic isomorphism P - Jack)G]

Thmc.ca/egari-C-Roberts)LetC:y2--x5tax3tbx2tcx to be a

smooth genus 2 curve over
.
Let f-Jack)G].

Then Mice ) = Proj QG.t.u.BY?aIs.Idi
a discriminant
locus

Furthermore
,
there are explicit polynomials

A
,
B
,

C
,
D E [a.bird , s, t, um] homogenous

of degrees 12,18 , 24,30 in the variables Stu,v

parametrize ng all such curves giving rise to

isomorphic 3-torsion representation .

§ : t : u : v)→ Crew : yZxstAxtBxtCxtD
.

in

110349)



Remarks .

-

1. This describes the universal curve overMike)
.

2 .
When Git : u : v) = G :O :O :o) , Chew = C

.

3. The polynomials are homogenous of weight
zero wrt the weight assignment
(12,18 , 24,30, -1 ,-7,-13 ,-19) to Ca,b,4d ,Stu,v) .

4. The polynomials are huge :

• they have 14604 , 112763,515354 and 1727097
terms respectively .

• largest absolute value of all numerators
is T 1045

.

• the coefficient are in 2/[1/5]
.

Corollary-

Together with Cooker - Calegari -Gee-Pittoni] , this
Glows us to produce infinitely many examples

of modular abelian surfaces with End,EZ

"



Party :

Times : Let g 32 and Gsb 't Gid,Gid , 2) .

Then there exists P : G@TGSpC2g.Fp) with Xsi:P -Xp,
not arising from any abelian variety .

Proofsketch: Steph : Inertial condition
.

A - g dim abelian variety IQ .

P = PA ,p .
l # p is a prime .

semistableneductiontheorems.aeA attains semi stable reduction at l
over (Acm]) for m 72 and l Xm .

* If A has semistable reduction at l
over the field K

,
then

Ik,
acts uni potently on ACP]

In particular, tea,pCIk
,

e) / is a power offs .

So
, prime-to-p must divide krspczgtfq) ) for all
part of primes
I PCIe ) / q>2,

qtl .
So
, prime

-top

paprtgffe, , must
divide Kg=9q¥.mg/GspC2gtFqH



Lemmy : All the primes dividing kg are
less than or equal to 2Gt I .

Strategy :

step 2 : Construct small subgrps GCGSpkg.FI
with some large prime q dividing IGI .

2gtD

Step3 : Realize G as

Gt Gal CK I ) with

like I = q for some prime h .



Step 2 l = Fpzg k=Fpg l - ktok as

K - vector spaces.

A : lxl = K2 x K2→ k Fp
(ab ) , l 'd) '→ ad - be

induces an inclusion SLG , k) cspkg.lt) .

Non-split Cartan :

l
"

c. GLG, K)
u

C=l×Nm.se#xcG44k)dezeifpxCGSpC2glFp) .

U U U

tinny, I C SLG, K) C Sp (2g , Fp )

C is cyclic of order e - Cp't ' ) (p - l) .

N -- Normalizer (c) = ⇐ y l zg÷zy4y{g- I
, yxyt- xD

④ o→[N,NJ=2qg+,→N→Nab=¥,XZ/zg→o



Since Gspczg , Ep ) o Gsp Gd , Fp) for Kd Gg,
we actually have groups N of order

(pdt ) Cp -Dzd for each IED Eg .

Zsigmondy 's thm says that each number in

the sequence pti , PII , p3ti , . . . , p9tl
has a new prime factor (except for p= 2

3,5,9,17, 33, . . . )

If g > 6 ,
then IT (2Gt 1) Lg .

So
,
one of these pdtl has a prime factor

q > 2Gt I , and we proceed to Steps
with the corresponding group N of order

(pdt Dcp -D2d .



Step3 We want P : G → N sit .

o→*.→n:÷÷:.
and sit

. I PCIe) ) - q .

Embeddingproblemi
¥9 s.t.ttGal

,

Given
•→ A→ G→T→o

does there exist LIK s .t
.

Gallet or

te

Galcha) it ?

If yes , OT is called a solution
.

If Gallet - G, OT is called a proper solution.



Generalapproach-itoembeddingproblems.TK
Ses corresponds to a class GE HTT, A) .

• A solution exists if and only if
4*5=0 E H

-

CG , A) .

r . Choose a cyclic number field F of deg 2

S.t. lo : G → Gal G-Gp) IQ) - 214-1×21/2g

J

z .
Choose F so that all local obstructions

rese (4*5) E H'(Gee , A) are zero
.

3 .

Show Hasse principle holds
.

Ker (HEA ,A) → Tel H
-

Cape , A)) = 0 .
• Solution space is a homogenous space over
H' (Gop , A) .

So
,
we twist using classes in

H
'
CG

,A) to try to obtain a propersolution
.

Choose appropriate local classes H'Cora
,
A) so that

twisting - gets us properness, and also PCIe)f=q
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