
WEEK 10- NOV 8: OUTLINE OF LECTURES

This week material: convergence tests forpositive series.

Definition: a positive series is a series
∑

an whose terms are positive,an ≥ 0,∀n ≥ 1.

The convergence tests that we use for positive series are based on the following simple
observation: the partial sums of a positive series form a monotone (increasing) sequence,
therefore convergence is synonymous (in the case of positive series) with the boundedness
of the sequence of partial sums [recall that a monotone sequence is convergent if and only
if it is bounded]. ∑∞

n=1 an general series
partial sums−−−−−−→ sn =

∑n
k=1 ak∑

an positive series −−−−→ {sn} monotoney y
convergent

iff−−−−→ sn bounded

(1) Integral test: use it to determine the nature of thep-series
∑∞

n=1
1

np .
[Recall: thep-integral is convergent whenp > 1 and divergent otherwise.]
Other examples that can be settled with this test are

∑∞
n=2

1
n(ln n) ,

∑∞
n=2

1
n(ln n)2 .

(2) Comparison test: use it to determine the nature of a variety of series based on our
prior knowledge of thep-series and geometric series.
Example: the series

∑∞
n=1

1√
n3+1

is convergent by comparison to
∑∞

n=1
1

n3/2 .

To justify the comparison,limn→∞
1√

n3+1
: 1

n3/2 = limn→∞
n3/2
√

n3+1
= 1.

Remark.There are two versions of the comparison theorem:
• a) limn→∞

an

bn
= L 6= 0⇒

∑
an ∼

∑
bn.

• b) 0 ≤ an ≤ bn and
∑

bn is convergent⇒
∑

an is convergent.
• b) 0 ≤ an ≤ bn and

∑
an is divergent⇒

∑
bn is divergent.

(3) Root test: use it when the general term of the series contains exponentials.
Example: the series

∑∞
n=1

n3

2n is convergent by applying the root test. We find in
this particular caseρ = 1

2 .
(4) Ratio test: use it when the general term contains factorials.

Example: the series
∑∞

n=1
xn

n! (wherex is a fixed positive real number) is conver-
gent by applying the ratio test. We find in this case we findλ = 0.

1. REVIEW MATERIAL

Recall that a series
∑∞

n=1 an is convergent provided the sequence(sn)n≥1 of partial sums
is convergent, i.e.

lim
n→∞

sn = S (S = finite real number)

Divergent=not convergent. In other words, a series
∑

an can be divergent for two reasons:

• EITHER lim
n→∞

sn doesn’t exist

• OR lim
n→∞

sn = ±∞
1
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In any case, thesum of the seriesis always given by
∞∑

n=1

an = lim
n→∞

sn

provided the limit exists. Otherwise, the series has no sum.
Examples.
a) The series

∑∞
n=1(−1)n is divergent because the sequence(sn) has no limit.

b) On the other hand, the series
∑∞

n=1 1 is divergent since in this casesn = n → +∞.
Therefore we can say that

∑∞
n=1 1 = +∞.

The harmonic series.We have discussed two ways in which to prove that the series
∞∑

n=1

1
n

is divergent.

The first method is based on the integral test (this is how we settled all thep-series),
as f(x) = 1

x is positive decreasing on[1,∞), hence
∑∞

n=1
1
n ∼

∫∞
1

dx
x . The latter

improper integral can be evaluated explicitly to see that it is divergent. Therefore our
series is divergent.

The second method is based on the sequenceyn = 1 + 1
2 + · · · + 1

n − ln(n). We
proved in class that this is a convergent sequence (monotone and bounded), and the limit
is denoted byγ, Euler’s number:

lim
n→∞

yn = γ

(γ is a special number likee andπ.)
Writing 1 + 1

2 + · · · + 1
n = yn + ln(n), this simply means thatsn = yn + ln(n), where

sn is thenth partial sum of
∑∞

n=1
1
n . But yn → γ andln(n) →∞, thereforesn →∞. It

follows that
∞∑

n=1

1
n

= lim
n→∞

sn = +∞

which shows that the series is divergent.

If the series
∑∞

n=1 an is convergent, then:

• Main terman → 0 (basic divergence test)
• Partial sumsn → S (finite limit)
•

∑∞
n=1 an = S

If the series
∑∞

n=1 an is divergent, then:

• Main terman → (don’t know)
• Partial sums:(sn)n≥1 is a divergent sequence, so eitherlim sn = ±∞ or simply

lim sn does not exist.
•

∑∞
n=1 an = either infinite, or no sum.

If the series
∑∞

n=1 an is positive and divergent, then:

• Main terman ≥ 0 butan → (don’t know)
• Partial sums:sn → +∞ (monotone divergent sequence)
•

∑∞
n=1 an = +∞.

[A monotone increasing sequence is either convergent or it tends to+∞. In any case, it
always has a limit, be it finite or infinite.]


