THE METHOD OF THE VARIATION OF PARAMETERS

1. THE FORMULAS
Assume we are trying to find all the solutions to the compleet equation
y' +ay' +by = é(x)
where a, b are real numbers (constants) and ¢(x) is a given function. We know that
the general solution can be written as
y(@) = yp(z) + Crua (z) + Cous(x)
where

e ui(x),us(x) are the fundamental solutions of the reduced equation
y' +ay +by=0

e (1,Cy are arbitrary coefficients

e y, is a particular solution of the complete equation
So the most important part is to determine a particular solution y,. In case the
guessing game doesn’t work (for example when ¢(z) is so complicated that you
cannot guess the general form of a function "related” to it), a sure way of finding
a particular solution is given by the following formula

yp(x) = z1(x)ua (2) + 22(2)us(2)

where

Wi =det (12 ) = @)uhle) ~ (o)

_ uz(z)P(x)
. u1(z)p(z)
af) = [ R0 s

2. EXAMPLE
Problem. Find a particular solution to the equation

y' +2y +y=e "In(z)

Answer. The characteristic equation
r’4+2r+1=0

has roots 71 = ro = —1, so the fundamental solutions of the reduced equation are

up(z) =e %, ug(x)=ze”
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Compute the Wronskian.
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Compute z;(z).
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Compute zz(z).
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Note. We used integration by parts to compute the integrals [z In(z)dz and
J In(z)
Final answer. The particular solution to our complete equation is

yp(x) = 21 (x)ur (2) + za(x)uz(x)

2 22
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Note. It would be hard to find this particular solution through the method of
undetermined coefficients, since it is not clear (by looking at the answer) what
should be a general form of y, that we should try.



