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1. Introduction

Quasi-categories, also called oo-categories, were introduced by J. Michael Boardman
and Rainer Vogt under the name “weak Kan complexes” in their book [2]. Their aim was
to describe the weak composition structure enjoyed by homotopy coherent natural trans-
formations between homotopy coherent diagrams. Other examples of quasi-categories
include ordinary categories (via the nerve functor) and topological spaces (via the total
singular complex functor), which are Kan complexes: quasi-categories in which every
1-morphism is invertible. Topological and simplicial (model) categories also have asso-
ciated quasi-categories (via the homotopy coherent nerve). Quasi-categories provide a
convenient model for (oo, 1)-categories: categories weakly enriched in oco-groupoids or
topological spaces. Following the program of Boardman and Vogt, many homotopy co-
herent structures naturally organise themselves into a quasi-category.

For this reason, it is desirable to extend the definitions and theorems of ordinary
category theory into the (oo, 1)-categorical and specifically into the quasi-categorical
context. As categories form a full subcategory of quasi-categories, a principle guiding the
quasi-categorical definitions is that these should restrict to the classically understood
categorical concepts on this full subcategory. In this way, we think of quasi-category
theory as an extension of category theory—and indeed use the same notion for a category
and the quasi-category formed by its nerve.
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There has been significant work (particularly if measured by page count) towards the
development of the category theory of quasi-categories, the most well-known being the
articles and unpublished manuscripts of André Joyal [9,11,10] and the books of Jacob
Lurie [15,16]. Other early work includes the PhD thesis of Joshua Nichols-Barrer [19].
More recent foundational developments are contained in work of David Gepner and Rune
Haugseng [6], partially joint with Thomas Nikolaus [7]. Applications of quasi-category
theory, for instance to derived algebraic geometry, are already too numerous to mention
individually.

Our project is to provide a second generation, formal category theory of quasi-
categories, developed from the ground up. Each definition given here is equivalent to
the established one, but we find our development to be more intuitive and the proofs to
be simpler. Our hope is that this self-contained account will be more approachable to
the outsider hoping to better understand the foundations of the quasi-category theory
he or she may wish to use.

In this paper, we use 2-category theory to develop the category theory of quasi-
categories. The starting point is a (strict) 2-category of quasi-categories qCat,, defined
as a quotient of the simplicially enriched category of quasi-categories qCat_, . The under-
lying category of both enriched categories is the usual category of quasi-categories and
simplicial maps, here called simply “functors”. We translate simplicial universal proper-
ties into 2-categorical ones: for instance, the simplicially enriched universal properties of
finite products and the hom-spaces between quasi-categories imply that the 2-category
qCat, is cartesian closed. Importantly, equivalences in the 2-category qCat, are precisely
the (weak) equivalences of quasi-categories introduced by Joyal, which means that this
2-category appropriately captures the homotopy theory of quasi-categories.

Aside from finite products, gCat, admits few strict 2-limits. However, it admits several
important weak 2-limits of a sufficiently strict variety with which to develop formal
category theory. Weak 2-limits in gCat, are not unique up to isomorphism; rather their
universal properties characterise these objects up to equivalence, exactly as one would
expect in the (oo, 1)-categorical context. We show that gCat, admits weak cotensors
by categories freely generated by a graph (including, in particular, the walking arrow)
and weak comma objects, which we use to encode the universal properties associated to
limits, colimits, adjunctions, and so forth.

A complementary paper [24] will showcase a corresponding “internal” approach to this
theory. The basic observation is that the simplicial category of quasi-categories qCat.
is closed under the formation of weighted limits whose weights are projectively cofibrant
simplicial functors. Examples include Bousfield-Kan style homotopy limits and a variety
of weighted limits relating to homotopy coherent adjunctions.

In [24], we show that any adjunction of quasi-categories can be extended to a ho-
motopy coherent adjunction, by which we mean a simplicial functor whose domain is a
particular cofibrant simplicial category that we describe in great detail. Unlike previous
renditions of coherent adjunction data, our formulation is symmetric: in particular, a ho-
motopy coherent adjunction restricts to a homotopy coherent monad and to a homotopy



552 E. Riehl, D. Verity / Advances in Mathematics 280 (2015) 549-642

coherent comonad on the two quasi-categories under consideration. As a consequence of
its cofibrancy, various weights extracted from the free homotopy coherent adjunction are
projectively cofibrant simplicial functors. We use these to define the quasi-category of
algebras associated to a homotopy coherent monad and provide a formal proof of the
monadicity theorem of Jon Beck. More details can be found there.

1.1. A generalisation

In hopes that our proofs would be more readily absorbed in familiar language, we
have neglected to state our results in their most general setting, referencing only the
simplicially enriched full subcategory of quasi-categories qCat., . Nonetheless, a key mo-
tivation for our project is that our proofs apply to more general settings which are also
of interest.

Consider a Quillen model category that is enriched as a model category relative to the
Joyal model structure on simplicial sets and in which every fibrant object is also cofibrant.
Then its full simplicial subcategory of fibrant objects is what we call an oco-cosmos; a
simple list of axioms, weaker than the model category axioms, will be described in a
future paper. Weak equivalences and fibrations between fibrant objects will play the
role of the equivalences and isofibrations here. Examples of Quillen model categories
which satisfy these conditions include Joyal’s model category of quasi-categories and
any model category of complete Segal spaces in a suitably well behaved model category.
The canonical example [11,21] is certainly included under this heading but we have in
mind more general “Rezk spaces” as well. Given a well-behaved model category M, the
localisation of the Reedy model structure on the category M2”” whose fibrant objects are
complete Segal objects is enriched as a model category over the Joyal model structure on
simplicial sets. All of the definitions that are stated and theorems that are proven here
apply representably to any co-cosmos, being a simplicial category whose hom-spaces are
quasi-categories and whose quotient 2-category admits the same weak 2-limits utilised
here.

1.2. Outline

Our approach to the foundations of quasi-category theory is independent of the ex-
isting developments with one exception: we accept as previously proven the Joyal model
structure for quasi-categories on simplicial sets and the model structure for naturally
marked quasi-categories on marked simplicial sets. So that a reader can begin his or her
acquaintance with the subject by reading this paper, we begin with a comprehensive
background review in Section 2, where we also establish our notational conventions.

In Section 3, we introduce the 2-category of quasi-categories gCat, and investigate
its basic properties. Of primary importance is the particular notion of weak 2-limit
introduced here. Following [12], a strict 2-limit can be defined representably: the hom-
categories mapping into the 2-limit are required to be naturally isomorphic to the
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corresponding 2-limit of hom-categories formed in Cat. In our context, there is a canon-
ical functor from the former category to the latter but it is not an isomorphism. Rather
it is what we term a smothering functor: surjective on objects, full, and conservative.
We develop the basic theory of these weak 2-limits and prove that qCat, admits certain
weak cotensors, weak 2-pullbacks, and weak comma objects.

In Section 4, we begin to develop the formal category theory of quasi-categories by
introducing adjunctions between quasi-categories, which are defined simply to be ad-
junctions in the 2-category gCat,; this definition was first considered by Joyal. It follows
immediately that adjunctions are preserved by pre- and post-composition, since these
define 2-functors on gCat,. Any equivalence of quasi-categories extends to an adjoint
equivalence, and that any adjunction between Kan complexes is automatically an adjoint
equivalence. We describe an alternate form of the universal property of an adjunction
which will be a key ingredient in the proof of the main existence theorem of [24]. Finally,
we show that many of our adjunctions are in fact fibred, meaning that they are also
adjunctions in the 2-category obtained as a quotient of the simplicial category of isofi-
brations over a fixed quasi-category. Any map between the base quasi-categories defines
a pullback 2-functor, which then preserves fibred equivalences, fibred adjunctions, and
so forth.

In Section 5, we define limits and colimits in a quasi-category in terms of absolute
right and left lifting diagrams in qCat,. A key technical theorem provides an equivalent
definition as a fibred equivalence of comma quasi-categories. We prove the expected
results relating limits and colimits to adjunctions: that right adjoints preserve limits,
that limits of a fixed shape can be encoded as adjoints to constant diagram functors
provided these exist, that limits and limit cones assemble into right Kan extensions
along the join functor, and so on. As an application of these general results, we give a
quick proof that any quasi-category admitting pullbacks, pushouts, and a zero object
has a “loops—suspension” adjunction. This forms the basis for the notion of a stable
quasi-category.

We conclude Section 5 with an example particularly well suited to our 2-categorical
approach that will reappear in the proof of the monadicity theorem in [24]: generalising
a classical result from simplicial homotopy theory, we show that if a simplicial object in a
quasi-category admits an augmentation and “extra degeneracies”, then the augmentation
is its quasi-categorical colimit and also encodes the canonical colimit cone. OQur proof is
entirely 2-categorical. There exists an absolute left extension diagram in Cat involving A
and related categories and furthermore this 2-universal property is witnessed equationally
by various adjunctions. Such universal properties are preserved by any 2-functor—for
instance, homming into a quasi-category—and the result follows immediately.

Having established the importance of absolute lifting diagrams, which characterise
limits, colimits, and adjunctions in the quasi-categorical context, it is important to de-
velop tools which can be used to show that such diagrams exist in qCat,. This is the
aim of Section 6. In this section, we show that a cospan B Ty A& © admits an abso-
lute right lifting of g along f if and only if for each object ¢ € C, the slice (or comma)
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quasi-category from f down to gc has a terminal object. In practice, this “pointwise”
universal property is much easier to check than the global one encoded by the absolute
lifting diagram.

To illustrate, we use this theorem to show that any simplicial Quillen adjunction be-
tween simplicial model categories defines an adjunction of quasi-categories. The proof
of this result is more subtle than one might suppose. The quasi-category associated to
a simplicial model category is defined by applying the homotopy coherent nerve to the
subcategory of fibrant—cofibrant objects—in general, the mapping spaces between arbi-
trary objects need not have the “correct” homotopy type. On account of this restriction,
the point-set level left and right adjoints do not directly descend to functors between
these quasi-categories so the quasi-categorical adjunction must be defined in some other
way.

We conclude this paper with a technical appendix proving that the comma quasi-
categories used here are equivalent to the slice quasi-categories introduced by Joyal [9].
It follows that the categorical definitions introduced in this paper coincide with the
definitions found in the existing literature.

2. Background on quasi-categories

We start by reviewing some basic concepts and notations.

2.0.1. Observation (Size). In this paper matters of size will not be of great importance.
However, for definiteness we shall adopt the usual conceit of assuming that we have fixed
an inaccessible cardinal which then determines a corresponding Grothendieck universe,
members of which will be called sets; we refer to everything else as classes. A category
is small if it has sets of objects and arrows; a category is locally small if each of its
hom-sets is small. We shall write Set to denote the large and locally small category of
all sets and functions between them.

When discussing the existence of limits and colimits we shall implicitly assume that
these are indexed by small categories. Correspondingly, completeness and cocompletess
properties will implicitly reference the existence of small limits and small colimits.

2.1. Some standard simplicial notation

2.1.1. Notation (Simplicial operators). As usual, we let A, denote the algebraists’ (skele-
tal) category of all finite ordinals and order preserving maps between them and let A
denote the topologists’ full subcategory of non-zero ordinals. Following tradition, we
write [n] for the ordinal n+ 1 as an object of Ay and refer to arrows of Ay as simplicial
operators. We will generally use lower case Greek letters «, 3,7:[m] — [n] to denote
simplicial operators. We will also use the following standard notation and nomenclature
throughout:
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o The injective maps in A, are called face operators. For each j € [n], 67: [n—1] — [n]
denotes the elementary face operator distinguished by the fact that its image does
not contain the integer j.

o The surjective maps in A, are called degeneracy operators. For each j € [n], we write
ol:[n+ 1] — [n] to denote the elementary degeneracy operator determined by the
property that two integers in its domain map to the integer j in its codomain.

Unless doing so would introduce an ambiguity, we tend to reduce notational clutter by
dropping the subscripts of these elementary operators.

2.1.2. Notation ((Augmented) simplicial sets). Let sSet denote the functor category
Set®””, the category of all simplicial sets and simplicial maps between them.

If X is a simplicial set then X,, will denote its value at the object [n] € A, called its
set of n-simplices, and if f: X — Y is a simplicial map then f,: X,, — Y, denotes its
component at [n] € A.

It is common to think of simplicial sets as being right A-sets and use the (right) action
notation x - a to denote the element of X,, obtained by applying the image under X of
a simplicial operator a: [n] — [m] to an element = € X,,,. Exploiting this notation, the
functoriality of a simplicial set X may be expressed in terms of the familiar action axioms
(z-a)-B==x-(aof) and x -id = = and the naturality of a simplicial map f: X — Y
corresponds to the action preservation identity f(z - o) = f(x) - a.

A subset Y C X of a simplicial set X is said to be a simplicial subset of X if it is
closed under right action by all simplicial operators. If S is a subset of X then there is a
smallest simplicial subset of X containing S, the simplicial subset of X generated by S.

We adopt the same notational conventions for augmented simplicial sets, objects of
the functor category Set®? | which we denote by sSet, .

2.1.3. Recall (Augmentation). There is a canonical forgetful functor sSet, — sSet con-
structed by pre-composition with the inclusion functor A < A, . Rather than give this
functor a name, we prefer instead to allow context to determine whether an augmented
simplicial set should be regarded as being a simplicial set by forgetting its augmentation.

Left and right Kan extension along A — A, provides left and right adjoints to this
forgetful functor, both of which are fully faithful. The left adjoint gives a simplicial set X
the initial augmentation X — moX by its set of path components. The right adjoint gives
X the terminal augmentation X — x by the singleton set. We say that an augmented
simplicial set is initially (resp. terminally) augmented if the counit (resp. unit) of the
appropriate adjunction is an isomorphism.

Each (—1)-simplex z in an augmented simplicial set X is associated with a terminally
augmented sub-simplicial set consisting of those simplices whose (—1)-face is x. These
components are mutually disjoint and their disjoint union is the whole of X, providing
a canonical decomposition of X as a disjoint union of terminally augmented simplicial
sets.
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2.1.4. Notation (Some important (augmented) simplicial sets). We fix notation for some
important (augmented) simplicial sets.

e The standard n-simplex A™ is defined to be the contravariant representable on the
ordinal [n] € A;. In other words, A", is the set of simplicial operators a: [m] — [n]
which are acted upon by pre-composition.

e The boundary of the standard n-simplex 0A™ is defined to be the simplicial subset
of A™ consisting of those simplicial operators which are not degeneracy operators.
This is the simplicial subset of A™ generated by the set of its (n — 1)-dimensional
faces.

e The (n,k)-horn A™* (for n € N and 0 < k < n) is the simplicial subset of A"
generated by the set {0% | 0 <i < n and i # k} of (n — 1)-dimensional faces. Alter-
natively, we can describe A™* as the simplicial subset of those simplicial operators
a:[m] — [n] for which im(a) U {k} # [n].

o We say that A™* is an inner horn if 0 < k < n; if k = 0 or k = n, it is an outer
horn.

We have overloaded our notation above to refer interchangeably to objects of sSet or
sSet . There is no ambiguity since in each case the underlying simplicial set of one of
these objects in sSet, is the corresponding object in sSet. As an augmented simplicial
set each of the objects above is terminally augmented.

When a:[n] — [m] is a simplicial operator we use the same symbol to denote the
corresponding simplicial map a: A™ — A™ which acts by post-composing with «. In
particular, 67: A1 — A" gl AnHL 5 A" ¢ A" — AY and ¢, : A7 — A" denote
the simplicial maps corresponding to the simplicial operators introduced in Notation 2.1.1
above.

2.1.5. Notation (Faces of A™). Tt is useful to identify a non-degenerate simplex
in the standard m-simplex A™ simply by naming its vertices. We use the notation
{vo,v1,v2,...,Um} to denote the simplicial operator [m] — [n] which maps i € [m]
to v; € [n]. Let Afvovivm} denote the smallest simplicial subset of A™ which contains
the face {vg,v1,...,Um}-

2.1.6. Notation (Internal hom). Like any presheaf category, the category of simplicial
sets is cartesian closed. We write Y X for the exponential, equivalently the internal hom
or simply hom-space, from X to Y. By the defining adjunction and the Yoneda lemma,
an n-simplex in YX is a simplicial map X x A™ — Y. Its faces and degeneracies are
computed by pre-composing with the appropriate maps between the representables.

2.2. Quasi-categories

2.2.1. Definition (Quasi-categories). A quasi-category is a simplicial set A which possesses
the right lifting property with respect to all inner horn inclusions A™*F — A" (n > 2,
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0 < k <n). A simplicial map between quasi-categories will be called a functor. We write
qCat for the full subcategory of sSet consisting of the quasi-categories and functors.

2.2.2. Recall (The homotopy category). Let Cat denote the category of all small categories
and functors between them. There is an adjunction

h
Cat . — | sSet
V

N

given by the nerve construction and its left adjoint. Since the nerve construction is fully
faithful, we typically regard Cat as being a full subcategory of sSet and elide explicit
mention of the functor N. The nerve of any category is a quasi-category, so we may
equally well regard Cat as being a reflective full subcategory of qCat.

When A is a quasi-category, hA is sensibly called its homotopy category; it has:

e objects the 0-simplices of A,

e arrows equivalence classes of 1-simplices of A which share the same boundaries, and

e composition determined by the property that k = ¢gf in hA if and only if there exists
a 2-simplex a in A witha-6°=g¢,a-6>= fanda-6' =k.

See, e.g., [15, §1.2.3]. To emphasise the analogy with categories, we draw a 1-simplex
f of A as an arrow with domain f - 6' and codomain f - §°. With these conventions, a
2-simplex a of A witnessing the identity k = gf in hA takes the form:

f g
a
. % .
k
Identity arrows in hA are represented by degenerate 1-simplices. Hence, the com-
position axiom defines what it means for a parallel pair of 1-simplices f, f:z — y to

represent the same morphism in hA: this is the case if and only if there exist 2-simplices
of each of (equivalently, any one of) the following forms

Yy Y X xr
7\ \y;{ao 7 \y:ro 1.7 \]‘J gmy\ X
f f
(2.2.3)

In this case, we say that f and f’ are homotopic relative to their boundary.
Both of the functors h and N are cartesian, preserving all finite products; see [10,
B.0.15] or [23, 18.1.1].
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2.2.4. Notation. Let 1, 2, or 3 denote the one-point [e], generic arrow [@ — o], and generic
composed pair categories respectively. Under our identification of categories
with their nerves, these categories are identified with the standard simplices A°, A, and
A? respectively.

The terms model category and model structure refer to closed model structures in the
sense of Quillen [20].

2.2.5. Recall (The model category of quasi-categories). The quasi-categories are precisely
the fibrant—cofibrant objects in a combinatorial model structure on simplicial sets due
to Joyal, a proof of which can be found in [33, §6.5]. For our purposes here, it will be
enough to recall that Joyal’s model structure is completely determined by the fact that
it has:

o weak equivalences, which are those simplicial maps w: X — Y for which each functor
h(A™): h(AY) — h(AX) is an equivalence of categories for all quasi-categories A,

e cofibrations, which are simply the injective simplicial maps. In particular all objects
are cofibrant in this model structure, and

e fibrations between fibrant objects, which are those functors of quasi-categories which
possess the right lifting property with respect to:
— all inner horn inclusions A™* < A™ (n > 2,0 < k < n), and
— (either one of) the monomorphisms A® < I, where I denotes the generic isomor-

phism category e = e.

To emphasise the analogy with 1-category theory, we call the fibrations between
fibrant objects isofibrations.

The Joyal model structure for quasi-categories is cartesian, the meaning of which
requires the following construction.

2.2.6. Recall (Leibniz constructions). If we are given a bifunctor ®: K x £ — M whose
codomain possesses all pushouts, then the Leibniz construction provides us with a bi-
functor ®: K2 x £2 — M? between arrow categories, which carries a pair of objects
f € K? and g € £? to an object f ® g € M? defined to be the map induced by the
universal property of the pushout in the following diagram:

QL
KoL — % . ker

wor| - |

KoL — (K'®L)Uggr (K® L)

(2.2.7)
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The action of this functor on the arrows of X% and £? is the canonical one induced by
the functoriality of ® and the universal property of the pushout in the diagram above.
In the case where the bifunctor @ defines a monoidal product, the Leibniz bifunctor & is
frequently called the pushout product. In the context of a bifunctor hom: P x £ — M,
the dual construction, defined using pullbacks in M, is preferred. We refer the reader to
[26, §4] for a full account of this construction and its properties.

2.2.8. Recall (Cartesian model categories). The cartesianness of the Joyal model structure
may be formulated in the following equivalent forms:

(1) If i: X — Y and j: U — V are both cofibrations (monomorphisms) then so is their
Leibniz product i X j: (Y x U) Uxxu (X x V) < (Y x V). Furthermore, if i or j is a
trivial cofibration then so is i X j.

(2) If i: X — Y is a cofibration (monomorphism) and p: A - B is a fibration then their
Leibniz hom @(i,p): AY » BY xpx AX is also a fibration. Furthermore, if 7 is a
trivial cofibration or p is a trivial fibration then h/ozl(i, p) is also a trivial fibration.

In particular, if A is a quasi-category then we may apply the second of these formulations
to the unique isofibration !: A — 1 and monomorphisms ) < X and i: X < Y to show
that AX is again a quasi-category and that the pre-composition functor A*: AY - AX
is an isofibration.

2.2.9. Observation (Closure properties of isofibrations). As a consequence of Recalls 2.2.5
and 2.2.8, the isofibrations enjoy the following closure properties:

e The isofibrations are closed under products, pullbacks, retracts, and transfinite limits
of towers (as fibrations between fibrant objects).

o The isofibrations are also closed under the Leibniz hom };)I\n(i7 —) for any monomor-
phism 7 and, in particular, under exponentiation (—)* for any simplicial set X (as
fibrations between fibrant objects in a cartesian model category).

2.3. Isomorphisms and marked simplicial sets

2.3.1. Definition (Isomorphisms in quasi-categories). When A is a quasi-category, we say
that a 1-simplex a € A; is an isomorphism if and only if the corresponding arrow of its
homotopy category hA is an isomorphism in the usual sense.

Others use the term “equivalences” for the isomorphisms in a quasi-category, but we
believe our terminology is less ambiguous: no stricter notion of isomorphism exists.

When working with isomorphisms in quasi-categories, it will sometimes be convenient
to work in the category of marked simplicial sets as defined by Lurie [15].
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2.3.2. Definition (Marked simplicial sets). A marked simplicial set X is a simplicial
set equipped with a specified subset of marked 1-simplices mX C X; containing all the
degenerate 1-simplices. A map of marked simplicial sets is a map of underlying simplicial
sets that carries marked 1-simplices to marked 1-simplices. While the category msSet of
marked simplicial sets is not quite as well behaved as sSet it is nevertheless a quasitopos,
which implies that it is complete, cocomplete, and (locally) cartesian closed (see [33,
Observation 11] and [31]).

The functor msSet — sSet which forgets markings has both a left and a right adjoint.

This left adjoint, dubbed flat by Lurie, makes a simplicial set X into a marked simplicial
set X° by giving it the minimal marking in which only the degenerate 1-simplices are
marked. Conversely, this right adjoint, which Lurie calls sharp, makes X into a marked
simplicial set X* by giving it the maximal marking in which all 1-simplices are marked.
If X is already a marked simplicial set then we will use the notation X” and X* for the
marked simplicial sets obtained by applying the flat or sharp construction (respectively)
to the underlying simplicial set of X.

In general, we will identify simplicial sets with their minimally marked variants, al-
lowing us to extend the notation introduced above to the marked context. Any variation
to this rule will be commented upon as we go along.

2.3.3. Remark (Stratified simplicial sets). Earlier authors, including Roberts [29],
Street [30], and Verity [32,33], have studied a more general notion of stratification.
A stratified simplicial set is again a simplicial set X equipped with a specified subset of
simplices which, in that context, are said to be thin. A stratification may contain simplices
of arbitrary dimension and it must again contain all degenerate simplices. Stratifications
are used to build structures called complicial sets, which model homotopy coherent higher
categories in much the way that quasi-categories model homotopy coherent categories.

2.3.4. Recall (Products and exponentiation). The product in msSet of marked simplicial
sets X and Y is formed by taking the product of underlying simplicial sets and marking
those 1-simplices (z,y) € X x Y which have z marked in X and y marked in Y.

An exponential (internal hom) YX in marked simplicial sets has n-simplices which
correspond to maps k: X x A™ — Y of marked simplicial sets and has marked 1-simplices
those k which extend along the canonical inclusion X x Al < X x (AN¥ to give a
(uniquely determined) map &’

XxA Ly

| 2

X x (AY)f

That is, a marked 1-simplex in YX is a map &": X x (A1)¥ — Y of marked simplicial sets;
see [15, §3.1.3]. The only 1-simplices which are not marked in X x A® but are marked
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in X x (A')? are pairs of the form (z,id};)) in which « is marked in X. It follows that a
marked simplicial map k: X x A! — Y extends along X x Al < X x (A% and thus
represents a marked l-simplex in Y, if and only if for all marked 1-simplices 2 in X
the 1-simplex k(x,id[y)) is marked in Y.

2.3.5. Recall (Isomorphisms and markings). A quasi-category A becomes a marked sim-
plicial set A" with the natural marking, under which a 1-simplex is marked if and only if
it is an isomorphism. When we regard an object as being a quasi-category in the marked
setting we will always assume that it carries the natural marking without comment.
A functor f: A — B between quasi-categories automatically preserves natural markings
simply because the corresponding functor h(f): hA — hB preserves isomorphisms.

2.3.6. Notation. In this context it is useful to adopt the special marking convention for
horns (n > 1, 0 < k < n) under which we

o write A™* for the marked simplicial set obtained from the standard minimally
marked simplex A™ by also marking the edge {0, 1} in the case k = 0 and marking
the edge {n — 1,n} in the case k = n,

o inherit the marking of the horn A™* from that of A™* and

o use A™* < A™* o denote the marked inclusion of this horn into its corresponding
specially marked simplex.

Using these conventions we may recast Joyal’s “special horn filler” result [9, 1.3] simply
as follows.

2.3.7. Proposition (Joyal). A naturally marked quasi-category has the right lifting prop-
erty with respect to all marked horn inclusions A™* < A™* forn >1 and 0 < k < n.

An important corollary is that a Kan complex is precisely a quasi-category in which
every l-simplex is an isomorphism [9, 1.4].

2.3.8. Recall (The model structure of naturally marked quasi-categories). There is a model
structure on the category of marked simplicial sets whose fibrant—cofibrant objects are
precisely the naturally marked quasi-categories (see Lurie [15, §3.1] or Verity [33, §6.5]).
This model category is combinatorial and cartesian and is completely characterised by
the fact that it has:

o weak equivalences which are those maps w: X — Y of marked simplicial sets for which
h(A™): h(AY) — h(AX) is an equivalence of categories for all (naturally marked)
quasi-categories A,

e cofibrations which are simply the injective maps of marked simplicial sets, and

e fibrations between fibrant objects which are the isofibrations of naturally marked
quasi-categories.
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Here, the exponential AX is the internal hom in the category of marked simplicial sets
msSet. The functor h: msSet — Cat is the left adjoint to the nerve functor N:Cat —
msSet which carries a category C to the marked simplicial set whose underlying simplicial
set is the usual nerve and in which a 1-simplex is marked if and only if it is an isomorphism
in C = hC. The left adjoint h sends a marked simplicial set X to the localisation
of its homotopy category hX at the set of marked edges. Note that in the case of a
naturally marked quasi-category A%, h(A") = hA, the usual homotopy category of the
quasi-category.

By [11, 7.14], a cofibration is a weak equivalence if and only if it has the left lifting
property with respect to the fibrations between fibrant objects. In particular, in this
model structure all of the special marked horn inclusions Ak oy ATR (n>1,0<
k < n) and the inclusion (A')* < I of the marked 1-simplex into the naturally marked
isomorphism category are trivial cofibrations (see [5, B.10, B.15]). This proves that an
isomorphism A' — A in a quasi-category may always be extended to a functor I — A
[9, 1.6].

2.3.9. Observation (Natural markings, internal homs, and products). The product of
two naturally marked quasi-categories is again a naturally marked quasi-category. By
cartesianness of the marked model structure, if A is a naturally marked quasi-category
and X is any marked simplicial set then the exponential A¥ is again a naturally marked
quasi-category. In summary, the fully faithful natural marking functor f: gCat — msSet
is a cartesian closed functor, in the sense that it preserves products and internal homs.

The content of Observation 2.3.9 is more profound than one might initially suspect. It
might be summarised by the slogan “a natural transformation of functors is an isomor-
phism if and only if it is a pointwise isomorphism”. The precise meaning of this slogan
is encoded in the following result.

2.3.10. Lemma (Pointwise isomorphisms are isomorphisms). Let X be a marked simpli-
cial set and let A be a naturally marked quasi-category. A 1-simplez k: X x A — A is
marked in AX if and only if for all 0-simplices x in X the 1-simplex k(x - 0°, idpy) s

marked in A.

Here is the intuition for this result. The component of a map k: X x A — A at a
I-simplex f:a — bin X is a diagram A! x Al — A

k(a,id[l] )
_

E(f,6Y) | k(Fidpy) | k(F,69) (2.3.11)
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If f is marked and k is a marked map, then the verticals are marked in A. If A is
a naturally marked quasi-category, then if the horizontals, the “components” of k, are
marked, then so is the diagonal edge, simply because isomorphisms compose. If this is
the case for all marked 1-simplices f, then k is marked in AX by the definition of the
internal hom in msSet.

Proof. As recalled in Recall 2.3.4, k is a marked 1-simplex in A% if and only if k(f, idpy)
is marked in A for all marked edges f of X. In particular, the edges k(x - 0°,idp}) are
necessarily marked in A if k is marked in AX. We show that this condition is sufficient
to detect the marked edges k € (A%);.

The 2-simplex (f - 0%, 0') of X x A! can be drawn as follows:

(f-6%)-0° f idp) o°
£.60 7 ol
. % . . % .

Applying k, the 2-simplex k(f - 0°,0') of A witnesses the fact that k(f,id[y)) is a com-
posite of k(f, %) and k((f - 6') - 0°,idpy)).

Now when f is marked in X, the edge (f,0") is marked in X x Al so it follows
that k(f,0”) is marked in A. By assumption the 1-simplex k((f - é') - 0°,idp)) is also
marked in A. The isomorphisms, that is to say naturally marked 1-simplices, compose in
A simply because isomorphisms compose in the category hA, so it follows that k(f,idp)
is marked in A. O

Recall that the marked edges in a naturally marked quasi-category are precisely the
isomorphisms. Reinterpetting Lemma 2.3.10 in the unmarked context, we have proven:

2.3.12. Corollary. For any quasi-category A and simplicial set X, an edge k € (AX)y is
an isomorphism if and only if each of its components k(x) € Ay, defined by evaluating
at each vertex x € X, are isomorphisms.

2.3.13. Observation. If A is a naturally marked quasi-category then pre-composition by
the inclusion Al < (A!)? gives rise to an inclusion A" < AA" of naturally marked
quasi-categories. Taking transposes, we see that Lemma 2.3.10 may be recast as saying
that a marked simplicial map k: X — A2 has a (necessarily unique) lift as the dotted
arrow in

ANF

A
Ve
Ve

4 1
X — Al
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if and only if k¥ maps each 0-simplex & € X to an object k(z) € AA" which corresponds to
a marked arrow of A. In other words, the map ABDF <y 42 5 5 fully faithful inclusion
which identifies A®D* with the full sub-quasi-category of A2 whose objects are the
isomorphisms in A.

2.4. Join and slice

Particularly to facilitate comparisons between our development of the theory of quasi-
categories, using the enriched category theories of 2-categories and simplicial categories,
and the more traditional accounts following Joyal and Lurie, we review Joyal’s slice and
join constructions, introduced in [9]. Unlike in the classical treatments, these technical
combinatorial details will be of secondary importance for us, and for that reason, we
encourage the reader to skip this section upon first reading, referring back only as nec-
essary. A more leisurely account of the combinatorial work reviewed here can be found
in an earlier version of this paper [27, §A].

2.4.1. Definition (Joins and décalage). The algebraists’ skeletal category A of all finite
ordinals and order preserving maps supports a canonical strict (non-symmetric) monoidal
structure (A4, ®,[—1]) in which @ denotes the ordinal sum given

o for objects [n], [m] € Ay by [n] ® [m] :=[n+m + 1],
o for arrows a: [n] — [n'], B:[m] = [m/] by a® B:[n+ m+ 1] = [0’ +m’ + 1] defined
by

_ a(i) if i <n,

@ @B = {B(z —n—1)+n"+1 otherwise.
By Day convolution, this bifunctor extends to a (non-symmetric) monoidal closed struc-
ture (sSiet_s_,*,Afl,decl,decT) on the category of augmented simplicial sets. Here the
monoidal operation * is known as the simplicial join and its closures dec; and dec, are
known as the left and right décalage constructions, respectively. To fix handedness, we de-
clare that for each augmented simplicial set X the functor dec;(X, —) (resp. dec, (X, —))
is right adjoint to X x — (resp. — x X).

The join X xY of augmented simplicial sets X and Y may be described explicitly as
follows:

o it has simplices pairs (z,y) € (X *Y),4541 with z € X,., y € Y5,

o if (z,y) is a simplex of X xY with x € X, and y € Yy and a:[n] = [r +s+ 1] is a
simplicial operator in A, then o may be uniquely decomposed as o = oy * g with
aq:[n1] = [r] and ag: [ne] — [s], and we define (z,y) - a:= (z - a1,y - @2).

If f: X — X’ and g:Y — Y’ are simplicial maps then the simplicial map f*g: X xY —
X' x Y’ carries the simplex (z,y) € X Y to the simplex (f(z),g(y)) € X' xY".
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2.4.2. Definition (Décalage and slices). The décalage functors can be used to define
Joyal’s slice construction for a map f: X — A of simplicial. Fixing a simplicial set X
and identifying the category sSet of simplicial sets with the full subcategory of terminally
augmented simplicial sets in sSet |, we define a functor

— x X:sSet — X/sSet (resp. X x —:sSet — X/sSet)

which carries a simplicial set Y € sSet to the object *x X: X 2 A7l x X — Y % X (resp.
Xxx:X =2 X*xA™! - X «Y) induced by the map *: A~! — Y corresponding to the
unique (—1)-simplex of Y. This functor preserves all colimits, and thus admits a right
adjoint that we now describe explicitly.

Observe that the (—1)-dimensional simplices of dec, (X, A) (resp. dec;(X, A)) are in
bijective correspondence with simplicial maps f: X — A. So if we are given such a sim-
plicial map we may, by recollection 2.1.3, extract the component of dec,(X, A) (resp.
dec; (X, A)) consisting of those simplices whose (—1)-face is f, which we denote by A,
(resp. f/A) and call the slice of A over (resp. under) f. Now it is a matter of an easy cal-
culation to demonstrate directly that A, (resp. f /A) has the universal property required
of the right adjoint to —xX (resp. X*—) at the object f: X — A of X/sSet.

In other words, these décalages admit the following canonical decompositions as dis-
joint unions of (terminally augmented) slices:

dec,. (X, A) = |_| (Ag) dec; (X, A) = |_| (F/4)
[ X—A f:X—A

We think of the slice //A as being the simplicial set of cones under the diagram f and
we think of the dual slice A/, as being the simplicial set of cones over the diagram f.

2.4.3. Observation (Slices of quasi-categories). A direct computation from the explicit
description of the join construction given above demonstrates that the Leibniz join (see
recollection 2.2.6) of a horn and a boundary (A™F < A")% (JA™ < A™) is again
isomorphic to a single horn A"+m+1L.F <y An+m+1 Dyally the Leibniz join (A" < A™)%
(A™* < A™) is isomorphic to the single horn Antm+intktl oy Antm+l

Combining these computations with the properties of the Leibniz construction devel-
oped in [26, §4], we may show that an augmented simplicial set A has the right lifting
property with respect to all (inner) horn inclusions then so do the left and right décalages
dec;(X, A) and dec, (X, A) for any augmented simplicial set X. In particular, this tells
us that if f: X — A is any map of simplicial sets and A is a quasi-category then the
slices /A and A /s are also quasi-categories.

Working in the marked context, we may extend this result to Leibniz joins with spe-
cially marked outer horns. That then allows us to prove that if p: A — B is an isofibration
of quasi-categories and f: X — A is any simplicial map then the induced simplicial maps
p:Asp — By and p: f/4 — PI/B are also isofibrations of quasi-categories.
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A variant of the join and slice constructions, also due to Joyal, is more closely related
to the enriched categorical comma constructions that we will use here.

2.4.4. Definition (Fat join). We define the fat join of two simplicial sets X and Y to be
the simplicial set X ¢ Y constructed by means of the following pushout:

Tx Uy

(XxY)U(XxY) — X UY
(X><61><Y,X><6°><Y)l r l (2.4.5)

XXA'XY ——— 5 XoY

We may extend this construction to simplicial maps in the obvious way to give us a
bifunctor ¢:sSet x sSet — sSet, and it is clear that this preserves connected colimits in
each variable. It does not preserve all colimits because the coproduct bifunctor U (as used
in the top right hand corner of the defining pushout above) fails to preserve coproducts
in each variable (while it does preserve connected colimits). In particular, a fat join of
a simplicial set X with the empty simplicial set, rather than being empty, is isomorphic
to X itself.

The fat join of two non-empty simplicial sets X and Y may be described more con-
cretely as the simplicial set obtained by taking the quotient of X x A! x Y under the
simplicial congruence relating the pairs of r-simplices

(,0,9) ~ (z,0,y') and (x,1,y) ~ (z/,1,9) (2.4.6)

where 0 and 1 denote the constant operators [r] — [1]. We use square bracketed triples
[z, B, y]~ to denote equivalence classes under ~.

2.4.7. Definition (Fut slice). Replaying Joyal’s slice construction of Definition 2.4.2, if X
is a simplicial set, we may use the fat join to construct a functor

— o X:sSet — X/sSet (resp. X & —:sSet —» X/sSet)

which carries a simplicial set Y € sSet to the object o X: X 2 A™1o X — Y o X (resp.
XoxX=2XoA"! = XoY). These functors admit right adjoints whose value at an
object f: X — A of X/sSet is denoted A,y (resp. f1A) and is called the fat slice of A
over (resp. under) f.

2.4.8. Observation (Comparing join constructions). When S:[n] — [1] is a simplicial
operator let g denote the largest integer in the set {—1} U {i € [n] | B(i) = 0} and let
fg = n — 1 — fg. Define an associated pair f: [fig] — [n] and §: [fs] — [n] of simplicial
face operators in A, by (i) =i for all i € [fig] and 5(j) = j + A + 1 for all j € [fg).
Now if X and Y are (terminally augmented) simplicial sets we may define a map %Y

which carries an n-simplex (z, 3,y) of X x A' x Y to the n-simplex (z - B,y- B) of XxY.
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A straightforward calculation demonstrates that this map commutes with the simplicial
actions on these sets and is thus a simplicial map. Furthermore, the family of simplicial
maps 55Y: X x Al xY - X xY is natural in X and Y.

Of course, since X and Y are terminally augmented, we also have canonical maps
Y. X2 X+A™' 5 X«Y and 5V Y 2 A~14Y — X xY and we may assemble all
these maps together into a commutative square

(X xY)U(X xY) 5 xuy
<X><61><Y,X><5“><Y)J/ J/<lx,y’rx,y> (2.4.9)

XxAle%X*Y

5%

whose maps are all natural in X and Y. Using the defining universal property of fat join,
as given in (2.4.5), these squares induce maps sXV: X oY — X xY which are again
natural in X and Y. Should we so wish, we may now take suitable coproducts of these
maps to canonically extend this family of simplicial maps to a natural transformation
between the extended fat join and join bifunctors on augmented simplicial sets.

More explicitly, if n,m > 0, then 5™ A" x Al x A™ — A"+ is the unique
simplicial map determined by the (order preserving) action on vertices given by:

i if j =0, and

2.4.1
k+n+1 ifj=1. ( 0)

"(id.0) = {

This takes simplices related under the congruence defined in (2.4.5) of Definition 2.4.4
to the same simplex and thus induces a unique map s™": A™ o A™ — A™ x A™ on the
quotient simplicial set.

2.4.11. Proposition. For all simplicial sets X and Y, the map s5Y: X oY — X %Y isa
weak equivalence in the Joyal model structure.

Proof. For proof see [15, 4.2.1.2] or [27, A.4.11]. O

2.4.12. Lemma. For any simplicial set X, the slice and fat slice adjunctions

X*x— —xX

XjsSet = L St xysgep i 1 st
Xo— —oX

XfsSet & T St yySep e 1 s sSet

of Definitions 2.4.2 and 2.4.7 are Quillen adjunctions with respect to the Joyal model
structure on sSet and the corresponding sliced model structure on X /sSet.
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Proof. By [11, 7.15] it is enough to check that in each of these adjunctions the left adjoint
preserves cofibrations and the right adjoint preserves fibrations between fibrant objects.
From the explicit descriptions of the join and fat join, it is not difficult to see that the left
adjoints preserve monomorphisms of simplicial sets. Observations 2.4.3 tells us that if
p: A — B is an isofibration of quasi-categories and f: X — A is any simplicial map, then
the induced simplicial maps p: A,y — B/, and p: f/A — PI/B are also isofibrations of
quasi-categories. The corresponding result for fat slices is a special case of Lemma 3.3.17
below. O

Finally, we arrive at the advertised comparison result relating the slice and fat slice
constructions.

2.4.13. Proposition (Slices and fat slices of a quasi-category are equivalent). Suppose that
X is any simplicial set, that sSet carries the Joyal model structure, and that X /sSet car-
ries the associated sliced model structure. Then the comparison maps sX¥ : XoY — XY
furnish us with natural transformations s~ : Xo— — X*— and s7%: —3X — —%X
which are pointwise weak equivalences. Furthermore, these induce natural transforma-
tions on corresponding right adjoints, whose components elf: flA = 114 and el Ay —
Ays at an object f: X — A of X/sSet are equivalences of quasi-categories whenever A
1S a quasi-category.

Proof. The assertions involving left adjoints were proven in Proposition 2.4.11. The
Quillen adjunctions established in Lemma 2.4.12 allow us to apply the standard result
in model category theory [8, 1.4.4] that a natural transformation between left Quillen
functors has components which are weak equivalences at each cofibrant object (which fact
we have already established) if and only if the induced natural transformation between
the corresponding right Quillen functors has components which are weak equivalences
at each fibrant object. Now simply observe that an object f: X — A is fibrant in X/sSet
if and only if A is a quasi-category. O

2.4.14. Remark. Suppose that f:B — A and ¢g:C — A are two simplicial maps. We
generalise our slice and fat slice notation by using g,/f, g/, flg and /g to denote the
objects constructed in the following pullback diagrams

915 — Asg 9p5 — Ays Mg —— 1/A Mg —— 714

N R N

C— A C— C— A C— A
(2.4.15)

in which the maps labelled 7w denote the various canonical projection maps. We call
these the slices and fat slices of g over and under f respectively. We have isomorphisms

9o = (7/9)°P and g7, = (/g)°P.
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When A is a quasi-category the projection maps 7 are all isofibrations that commute
with the comparison equivalences e]://A — /A and ef :Ajy — Ayy of Proposi-
tion 2.4.11. These maps are equivalences of fibrant objects in the sliced Joyal model
structure on sSet/A. Pullback along any map in a model category is always a right
Quillen functor of sliced model structures, so Ken Brown’s lemma tells us that the pull-
backs are again equivalences.

3. The 2-category of quasi-categories

The full subcategory qCat of quasi-categories and functors is closed in sSet under
products and internal homs. It follows that qCat is cartesian closed and that it be-
comes a full simplicial sub-category of sSet under its usual self enrichment. We denote
this self-enriched category of quasi-categories, whose simplicial hom-spaces are given by
exponentiation, by qCat_.

In this section, we study a corresponding (strict) 2-category of quasi-categories gCats,
first introduced by Joyal [10]. This should be thought of as being a kind of quotient of
qCat_, whose 2-cells (1-arrows in the hom-spaces) are replaced by homotopy classes of
such and in which higher dimensional information in the hom-spaces is discarded. At
first blush, it might seem that such a process would destroy far too much information
to be of any great use. However, much of this paper is devoted to showing, perhaps
quite surprisingly, that we may develop a great deal of the elementary category theory of
quasi-categories within the 2-category qCat, alone. Our first step in this direction will be
to recognise that much of this category theory may be encoded in the weak 2-universal
properties of certain constructions in this 2-category.

In this section, we introduce the 2-category gCat, of quasi-categories and establish a
few of its basic properties. In particular, we define a particular notion of weak 2-limit ap-
propriate to this context and show that gCat, admits certain weak 2-limit constructions.
In later sections, we use the structures introduced here to transport classical categorical
proofs into the quasi-categorical context.

3.1. Relating 2-categories and simplicially enriched categories

3.1.1. Notation (Simplicial categories and 2-categories). The category of simplicial sets
sSet is complete, cocomplete, and cartesian closed, so in particular it supports a well
developed enriched category theory. We refer to sSet-enriched categories simply as sim-
plicial categories and the enriched functors between them as simplicial functors.

In a simplicial category C, we call the n-simplices of one of its simplicial hom-spaces
C(A, B) its n-arrows from A to B. The composition operation of C restricts to make
the graph of the objects and n-arrows of C into a category which we shall call C,,, for
which C,, (A, B) = C(A, B),,. Furthermore, if a: [n] — [m] is a simplicial operator then
its action on arrows gives rise to an identity-on-objects functor C,, — C,.
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The category of all (small) categories Cat is also complete, cocomplete, and cartesian
closed, so it too supports an enriched category theory. We refer to Cat-enriched categories
as 2-categories and the enriched functors between then as 2-functors. In a 2-category C,
we follow convention and refer to its objects as 0-cells, the objects in its hom-categories
as I-cells, and the arrows in its hom-categories as 2-cells.

We refer the reader to Kelly’s canonical tome [13] for the standard exposition of the
yoga of enriched category theory. We also strongly recommend Kelly and Street [14]
and Kelly [12] as elementary introductions to 2-categories and their attendant 2-limit
notions. In particular, we encourage the reader to familiarise him- or herself with the
rubric of pasting composition discussed in [14].

Recollection 2.2.2 reminds us that Cat may be regarded as a reflective subcategory
of sSet, or indeed gCat, via the adjunction h 4 N: the natural map X — hX is an
isomorphism if and only if X is (the nerve of) a category. The fact that h:sSet — Cat
preserves binary products implies, and in fact is equivalent to, the observation that if
C is a category and X is a simplicial set then their internal hom C¥X in sSet is again a
category. The proof in [10, B.0.16] is as follows: there is a canonical map of simplicial
sets C"X — CX. Fixing X and varying C these maps define the components of a natural
transformation between two right adjoints Cat — sSet. This map is invertible because
the transposed natural transformation h(X x Y) — hX x hY is an isomorphism.

Recollection 2.2.8 tells us the corresponding result for quasi-categories, this being that
internal homs whose target objects are quasi-categories are themselves quasi-categories.
In particular, it follows that each of the categories Cat, qCat, and sSet is cartesian closed
and that the various inclusions of one into another preserve finite products and internal
homs. In particular, we may regard the self-enriched categories Cat and qCat as being
full simplicial subcategories of sSet under its self enrichment. We write Cat, for this
2-category of categories, regarded as a full subcategory of gCat .
3.1.2. Observation. Using the fact that h and N both preserve finite products, we may
construct an induced adjunction

h
2Cat & 1 T sSet-Cat

N.

between the categories of 2-categories and simplicial categories respectively. The functors
in this adjunction are obtained by applying N and h to the hom-objects of an enriched
category on one side of this adjunction to obtain a corresponding enriched category
on the other side. Here again N, is fully faithful, so it is natural to regard 2-Cat as
being a reflective full subcategory both of sSet—Cat and of its full subcategory gCat—Cat
of categories enriched in quasi-categories. Indeed, for our purposes here it suffices to
consider the restricted adjunction
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B
2-Cat & 1 5 4aCat-Cat
db \_/\(
N.

Given a quasi-categorically enriched category C, the 2-category h.C is a quotient of
sorts. The underlying unenriched categories of C and h.C coincide, but 2-cells in h,C are
homotopy classes of 1-arrows in C. These homotopy classes are defined using relations
witnessed by the 2-arrows. All higher dimensional cells are discarded. On regarding h,C
as a simplicially enriched category we see that the unit of the adjunction h, - N, provides
us with a canonical simplicial quotient functor C — h.C.

Our identification of categories with their nerves also leads us to regard 2-categories
as certain special kinds of simplicial categories. Under this identification, a 1-cell (resp.
2-cell) in a 2-category can equally well be regarded as being a 0-arrow (resp. l-arrow) in
the corresponding simplicial category.

3.2. The 2-category of quasi-categories

3.2.1. Definition (The 2-category of quasi-categories). In particular, applying the func-
tor h, to the quasi-categorically enriched category qCat.,, we obtain an associated
2-category gCat, := h,qCat., whose hom-categories are given by

hom’(A, B) := h(B%). (3.2.2)

Using the description of h given in Recall 2.2.2, we find that the objects of qCat, are
quasi-categories; the 1-cells are maps of quasi-categories, which we have agreed to call
functors; and the 2-cells, which we shall call natural transformations, are certain homo-
topy classes of 1-simplices in the internal hom B#.

More explicitly, a 2-cell f = g between parallel functors f, g: A = B is an equivalence
class represented by a simplicial map a: A x A! = B making the following diagram

Ax AP~ A

| N

Ax Al —2 3B

7

Ax A=A

commute. The displayed map « is a 1-simplex in B4 from the vertex f to the vertex g.
Two such 1-simplices represent the same 2-cell if and only if they are connected by a
homotopy (in the sense of (2.2.3)) which fixes their common domain f and codomain g.
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We adopt common 2-categorical notation, writing a: f = ¢ to denote a 2-cell of
gCat, which is represented by a simplicial map a: A x Al — B. So if o, 3: f = g are
two such represented 2-cells then when we write « = 8 we will not mean that any two
particular representing maps a, 5: A x Al — B are literally equal but instead that they
are appropriately homotopic.

The 2-category gCat, and the simplicial category qCat., both have the same under-
lying ordinary category qCat. Furthermore, we know that if A and B are both categories
regarded as quasi-categories (via the nerve functor) then B4 € gCat is also a category
and so BA = h(B*4). This in turn implies that the full sub-2-category of qCat, spanned
by the categories is itself equivalent to Cat,; we shall identify these from here on.

The fact that the homotopy category functor h preserves finite products allows us to
canonically enrich it to a simplicial functor h: qCat_ — Cat,. Specifically we take its
action on the hom-space B4 to be the map obtained as the adjoint transpose of the

composite h(B4) x h(A) = h(BA x A) ey h(B).

3.2.3. Observation (Pointwise isomorphisms are isomorphisms (reprise)). We say that
a 2-cell a:f = g:A — B of gCat, is a pointwise isomorphism if and only if for all
functors a: A° — A (objects of A) the whiskered composite 2-cell aa: fa = ga: A° — B
is an isomorphism in hom’(A° B) = hB. Using this notion, Corollary 2.3.12 may be
recast to posit that « is a pointwise isomorphism in gCat, if and only if it is a genuine
isomorphism in hom’(A, B) = h(B*4).

Since gCat . is the self enrichment of gCat under its cartesian product, it is cartesian
closed as a quasi-categorically enriched category. We now show that the 2-category gCat,
inherits the corresponding property:

3.2.4. Proposition. qCat, is cartesian closed as a 2-category.

Proof. We show that the terminal object, binary products, and internal hom of the quasi-
categorically enriched category qCat_, possess the corresponding 2-categorical universal
properties. Specifically, we need to demonstrate the existence of canonical isomorphisms

hom'(A, A% =1
hom’(A, B x C') 2 hom'(A, B) x hom’(4, C)
hom’ (A, C?) = hom’(A x B, )
of categories which are natural in all variables.
To establish each of these we simply apply the homotopy category functor h to

translate the corresponding gCat-enriched universal properties to Cat-enriched ones,
as expressed in terms of the hom-categories defined in (3.2.2).
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Because AY is a terminal object in the simplicially enriched sense, i.e., because
(A4 = A9 it is also terminal in the 2-categorical sense: applying h, the canonical
isomorphism

hom' (A4, A%) = h((A")4) = h(A%) = 1

asserts that the hom-category from A to A® is the terminal category.

In a similar fashion, since qCat_ is cartesian closed we know that B x C is a simpli-
cially enriched product, as expressed by the canonical isomorphisms (BxC)4 & BAx(C4.
Applying h we get:

hom’(A, B x C) = h((B x C)*) = h(B* x C*)
h(B*) x h(C*) = hom'(A, B) x hom’(4, C).

Il

Finally, the cartesian closure of qCat__ gives rise to isomorphisms (CB)4 = CAxB

)

to which we may apply the homotopy category functor h to obtain the isomorphism
hom’(A x B,C) = h(CA*B) = h((CP)?) = hom'(4, CP)

which says that C” defines an internal hom for the 2-category qCat,. O

op o

As for any cartesian closed 2-category, the exponential defines a 2-functor gCat,
qCat, — qCats,.

3.2.5. Definition (The 2-category of all simplicial sets). The category sSet of all simpli-
cial sets is cartesian closed, so we can apply the functor h,:sSet—Cat — 2-Cat to its
self-enrichment. This provides us with a 2-category sSet, := h.sSet of all simplicial sets,
which has gCat, as a full sub-2-category. On occasion, we make slightly implicit use of
this larger 2-category. However, we generally choose not to distinguish it notationally
from gCat,, leaving whatever disambiguation is required to the context.

3.2.6. Remark. Exponentiation in the cartesian closed simplicial category sSet restricts
to a simplicial cotensor functor sSet°® x qCat., — qCat_.

Proposition 3.2.4 extends immediately to show that the 2-category of all simplicial sets
is again cartesian closed as a 2-category. Applying h., we obtain a 2-functor sSeto” x
qCat, — gCat,. In particular, it follows that exponentiation by any simplicial set X
defines a 2-functor (—)*X:qCat, — qCat,.

3.2.7. Definition (Equivalences in 2-categories). A 1-cell u: A — B in a 2-category C is
an equivalence if and only if there exists a 1-cell v: B — A, called its equivalence inverse,
and a pair of 2-isomorphisms uv = idg and vu = id 4.
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The equivalences of a 2-category C are preserved by all 2-functors since they are
defined by 2-equational conditions. Consequently, if u: A — B is an equivalence in C then,
applying the representable 2-functor C(X, —), the functor C(X,u):C(X, A) — C(X, B) is
an equivalence of hom-categories. A basic 2-categorical fact, whose proof is left to the
reader, is that these representably-defined equivalences are necessarily equivalences in C.

3.2.8. Lemma. A I-cell u: A — B in a 2-category C is an equivalence if and only if
C(X,u):C(X,A) — C(X, B) is an equivalence of hom-categories for all objects X € C.

Our central thesis is that the category theory of quasi-categories developed by Joyal,
Lurie, and others is captured by gCat,. For this, it is essential that the standard notion
of equivalence of quasi-categories—weak equivalence in the Joyal model structure—is
encoded in the 2-category.

To that end, observe that the description of the weak equivalences given in Recall 2.2.5
may be recast in our 2-categorical framework: by definition, a simplicial map u: X — Y
is a weak equivalence in Joyal’s model structure if and only if for all quasi-categories A
the functor hom’(u, A): hom'(Y, A) — hom’(X, A) is an equivalence of hom-categories.

Combining this description with Proposition 3.2.4 and Lemma 3.2.8 we obtain the
following straightforward results:

3.2.9. Proposition. A functor between quasi-categories is a weak equivalence in the Joyal
model structure if and only if it is an equivalence in the 2-category qCat,.

Proof. The weak equivalences between quasi-categories are the representably defined
equivalences in the dual 2-category gCato”. Equivalence in a 2-category is a self dual
notion, so these coincide with the equivalences in gCat,. O

3.2.10. Proposition. A simplicial map u: X — Y is a weak equivalence in the Joyal
model structure if and only if for all quasi-categories A the pre-composition functor
A AY — AX is an equivalence in the 2-category qCat,.

Proof. By Lemma 3.2.8, A“:AY — AX is an equivalence in gCat, if and only
if for all quasi-categories B the functor hom’(B, A%):hom’(B,AY) — hom'(B, AX)
is an equivalence of hom-categories. Taking duals, hom’(B, A%) is isomorphic to
hom’(u, A®):hom’(Y, A®) — hom’(X, AP). Hence, it suffices to show that u: X — Y
is a weak equivalence in Joyal’s model structure if and only if hom'(u, A?) is an equiva-
lence of hom-categories for all quasi-categories A and B, which is the case because B4
is again a quasi-category. 0O

3.3. Weak 2-limits

Finite products aside, the 2-category qCat, has few 2-limits. However, we shall soon
discover that it has a number of important weak 2-limits whose universal properties will
be repeatedly exploited in the remainder of this paper.
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3.3.1. Definition (Smothering functors). A functor between categories is smothering if
and only if it is surjective on objects, full, and conservative (reflects isomorphisms).
Equivalently, a functor is smothering if and only if it possesses the right lifting property
with respect to the set of functors

LT

Consequently, the class of smothering functors contains all surjective equivalences and is
closed under composition, retract, and pullback along arbitrary functors. By composing
lifting problems, we see that all smothering functors are isofibrations, in the sense that
they have the right lifting property with respect to either inclusion 1 < 1. It is easily
checked that if f is a functor which is surjective on objects and arrows, as is true for a
smothering functor, and a composite gf is smothering, then so is the functor g.

The following very simple lemma will be of significant utility later on.

3.3.2. Lemma (Fibres of smothering functors). Each fibre of a smothering functor is a
non-empty connected groupoid.

Proof. Suppose that f: A — B is a smothering functor. The fact that it is surjective on
objects implies immediately that its fibres are non-empty. Furthermore, if @ and o’ are
both objects of A in the fibre of f over some object b in B, then the fullness of f implies
that we may find an arrow 7:a — o’ in A with f(7) = idp, thus demonstrating that the
fibres are connected. Finally, if 7:a — o’ is an arrow of A which lies in the fibre of f
over b, in other words if f(7) = idp, then by conservativity of f we know that 7 is an
isomorphism. Hence, these fibres are groupoids. O

We have chosen the term smothering here to evoke the image that these are surjective
covering functors in quite a strong sense. Of course, we have placed our tongues firmly
in our cheeks while introducing this nomenclature. Smothering functors can fruitfully be
thought of as being a certain variety of weak surjective equivalences.

We weaken the standard theory of weighted 2-limits (see e.g., [12]) as follows.

3.3.3. Definition (Weak 2-limits in a 2-category). Suppose that A is a small 2-category,
that D: A — C is a diagram in a 2-category C, and that W: A — Cat, is a 2-functor,
which we shall refer to as a weight. If P is an object in C then a cone with summit P
over D weighted by W is a 2-natural transformation ¢: W = C(P, D(-)).

For each object K of C, composition with such a cone induces a functor

cx:C(EK, P) — lim(W,C(K, D(—))) = / C(K, D(a))V @ (3.3.4)
acA
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where the expression on the right denotes the usual category of 2-natural transformations
from W to the 2-functor C(K, D(—)), the 2-limit of C(K, D(—)) weighted by W. The
family of maps (3.3.4) is 2-natural in K.

We say that the cone ¢ displays P as a weak 2-limit of D weighted by W if and only
if the map in (3.3.4) is a smothering functor for all objects K € C.

While we feel obliged to give the last definition in its full, slightly unsightly, generality.
However, the reader need not become an expert in the technology of weighted 2-limits
in order to read the rest of the paper. We shall only work with certain simple varieties
of weak 2-limits in qCat,, whose weak 2-universal properties we shall describe explicitly.

The fact that the fibres of a smothering functor are connected groupoids is the key
ingredient in the proof of the following lemma.

3.3.5. Lemma. Weak 2-limits are unique up to equivalence: the summits of any two weak
2-limit over a common diagram with a fixed weight are equivalent via an equivalence that
commutes with the legs of the limit cones.

Proof. Given a pair of cones c: W = C(P,D(—)) and ¢: W = C(P’, D(—)) that display
P and P’ as weak 2-limits of D weighted by W, then for each K € C we have a pair of
smothering functors:

’

C(K,P) =5 lim(W,C(K, D(-))) << ¢(K, P')

Taking K = P, consider the identity 1-cell idp, an object in the hom-category C(P, P).
Since ¢ is surjective on objects, there is a 1-cell u: P — P’, an object in C(P, P’), such
that ¢»(u) = cp(idp). Exchanging the role of P and P’, we also find a 1-cell v': P" — P
such that cps(u') = ¢/ (idpr). These definitions ensure that « and v/ commute with the
legs of the limit cones.

Now we can apply the 2-naturality properties of the functors cx and ¢ to show that

cp(uw'u) = Um(W,C(u, D(=)))(epr (u)) naturality of family cx
= lim(W,C(u, D(—)))(cp/(idpr))  definition of v’
= cp(u) naturality of family ¢

= cp(idp) definition of u.

In other words, u'u and idp are both in the same fibre of cp, and so they are isomorphic
in that fibre since cp is a smothering functor. Dually, uu’ and idps are both in the same
fibre of ¢/, from which it follows that they too are isomorphic in that fibre. It follows
that w: P — P’ and u': P’ — P are equivalence inverses. O

The only diagrams we will consider are indexed by small 1-categories A. Because
qCat, and gCat  have the same underlying category, a diagram D: A — qCat is equally
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a 2-functor D: A — gCat, and a simplicial functor D: A — gCat_ . A weight W: A —
Cat for a 2-limit can be regarded as a weight for a simplicial limit by composing with
the subcategory inclusion Cat < sSet. Our general strategy will be to show that the
simplicial weighted limit lim(W, D) exists in gCat_, and that it has the weak 2-universal
property expected of the weak 2-limit of D in qCat,. The following lemma allows us to
considerably simplify the class of functors (3.3.4) that we will need to consider.

3.3.6. Lemma. Fiz a small 1-category A and a weight W: A — Cat. Suppose D is a class
of diagrams D: A — qCat that is closed under exponentiation by quasi-categories, in the
sense that if D is in the class D then so is D(—)X for any quasi-category X . Then qCat,
admits weak W -weighted 2-limits of this class of diagrams if and only if, for all D € D,
the canonical functor

h(lim(W, D)) — lim(W, h(D(-)))
is smothering.

Proof. By Definition 3.3.3, to show that the simplicial weighted limit lim(W, D) defines
a weak 2-limit of a diagram D: A — gCat in the class D, we must show that for each
quasi-category X the canonical comparison map

hom' (X, lim(W, D)) — lim(W, hom’ (X, D(-))) (3.3.7)

is a smothering functor. Recall that hom’(X, —) = h((—)X). The right adjoint simplicial
functor (—)%:qCat., — qCat., preserves all simplicial weighted limits; in other words,
the canonical comparison map lim(W, D)X — lim(W, D(—)%) is an isomorphism. Thus,
the comparison functor (3.3.7) is isomorphic to the functor:

h(lim(W, D(=)™)) — Lim(W, h(D(-)™)).

By hypothesis, the diagram D(—)X is in D. Thus, to prove that gqCat, admits weak
2-limits of the diagrams in D, it suffices to show that for all diagrams D € D the
comparison map

h(lim(W, D)) — lim(W, h(D(=)))
is smothering. O

3.3.8. Observation (Cones whose summits are not quasi-categories). The classes of dia-
grams D we will consider are in fact closed under exponentiation by all simplicial sets.
The proof of Lemma 3.3.6 can then be used to extend the 2-universal properties of the
weak 2-limits of qCat, constructed here to cones whose summits are arbitrary simpli-
cial sets. Abstractly speaking, this tells us that the inclusion 2-functor gCat, < sSet,



578 E. Riehl, D. Verity / Advances in Mathematics 280 (2015) 549-642

preserves the weak 2-limits of diagrams in D. In order to avoid repeated remarks of this
kind throughout the remainder of this paper, our notation will tacitly signal when this
is so by use of the letter “X” for the object of qCat, or gCat., that could equally be
replaced by any simplicial set. By contrast, the letters “A”, “B” and “C” refer only to
quasi-categories.

As our first example of a weak 2-limit in gCat, we examine cotensors with the generic
arrow 2. Recall we write A? for the quasi-category AN using our convention that cat-
egories are identified with their nerves. We invite the reader to verify that the natural
functor h(A?) — (hA)? is not an isomorphism: it is neither injective on objects nor
faithful. However, it is a smothering functor. In other words:

3.3.9. Proposition. The exponential A% is a weak cotensor of A by 2 in qCat,.

Proof. By Lemma 3.3.6, it suffices to prove that for any quasi-category A, the canonical
functor

h(A?) — (hA)?

is a smothering functor. Certainly this map is surjective on objects, simply because every
arrow in hA is represented by a 1-simplex in the quasi-category A.

To prove fullness, suppose given a commutative square in hA and choose arbitrary
1-simplices representing each morphism and their common composite

fl\k\lg (3.3.10)

Because A is a quasi-category, any relation between morphisms in hA is witnessed by a
2-simplex with any choice of representative 1-simplices as its boundary. Hence, we may
choose 2-simplices witnessing the fact that k is a composite of a with g and of f with b
as displayed.

flw\k\mg (3.3.11)

These two 2-simplices define a map Al — A = A2, which represents an arrow in the
category h(A?) whose image is the specified commutative square.
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To prove conservativity, suppose given a map in h(A?) represented by a diagram
(3.3.11) whose image (3.3.10) is an isomorphism in (hA)?, meaning that a and b are
isomorphisms in hA, in which case a and b are isomorphisms in the quasi-category A.
Lemma 2.3.10 tells us immediately that this diagram is an isomorphism in A?%; compare
with (2.3.11). O

3.3.12. Remark. A generalisation of this argument shows that if C is a free category
and A is a quasi-category then the exponential A€ is the weak cotensor of A by C
in gCat,. Conservativity of the canonical comparison h(A€) — (hA)C follows from
Lemma 2.3.10. Its surjectivity on objects makes use of the fact that the inclusion of the
spine of an n-simplex, the simplicial subset spanned by the edges {i,7 + 1} in A", is a
trivial cofibration for all n > 1. Fullness is similar.

One should note, however, that this result does not hold for exponentiation by ar-
bitrary categories C. For example, A*? is not the weak cotensor of A by the product
category 2 x 2 in gCat,.

3.3.13. Proposition. The exponential A" is a weak cotensor of A by the generic isomor-
phism I in gCat,.

Proof. By Lemma 3.3.6, it suffices to show that
h(AD — h(A)

is a smothering functor. This is easiest to do by arguing in the marked context.

By Observation 2.3.9, AT may equally well be regarded as an internal hom of naturally
marked quasi-categories in msSet. Recollection 2.3.8 tells us that the inclusion 2f < I is
a trivial cofibration in the marked model structure. Because the marked model structure
is cartesian closed, the restriction functor A! — A% is a trivial fibration. Immediately
from their defining lifting properties, trivial fibrations of quasi-categories are carried by
h to functors which are surjective on objects and fully faithful, the so-called surjective
equivalences, so it follows that h(A') — h(Azn) is a surjective equivalence. Furthermore,
in the case where A is an actual category, the functor AT — A% is an isomorphism. So
we obtain a commutative square

h(AY) —— h(A)

Lk

h(A%") —— h(A)*

of functors between categories in which the left hand vertical is a surjective equivalence.
By the composition and cancellation results described in Definition 3.3.1, the upper
horizontal map in this square is a smothering functor if and only if the lower horizontal
map is smothering.
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The smothering functors are stable under pullback, so to complete our proof, we will
show that for any naturally marked quasi-category A the square

h(A%) —— h(A)%

-
h(A?) — R(A)?

is a pullback; we know from Proposition 3.3.9 that the lower horizontal map is a smoth-
ering functor. This follows from the definition of the natural marking: a 1-simplex in A
is marked if and only if it is an isomorphism, which is the case if and only if it represents
an isomorphism in hA. O

3.3.14. Proposition. The 2-category qCat, admits weak 2-pullbacks along isofibrations: if
the square

Bx,C -5 ¢

BﬁA

is a pullback in simplicial sets for which B, A, and C are quasi-categories and g is an
isofibration, then B x 4 C is a quasi-category and it is a weak 2-pullback of g along f in
the 2-category qCat,.

Proof. The statement only applies to pullbacks of those diagrams of shape B ANy W Ao
for which the map g is an isofibration. However, Observation 2.2.9 tells us that any
exponentiated isofibration ¢gX:CX — AX is again an isofibration, and so we are in a
position to apply Lemma 3.3.6.

It remains to show that the canonical comparison functor

W(B x4 C) — hB x4 hC

is smothering. This functor is actually bijective on objects, since in both categories an
object consists simply of a pair (b, ¢) of O-simplices b € B and ¢ € C with f(b) = g(c).
For fullness, suppose we are given two such pairs (b, ¢) and (¥, ¢’). An arrow between
these objects in hB Xp4 hC consists of a pair of equivalence classes represented by
1-simplices B:b — V' and v:¢ — ¢’ which both map to the same equivalence class in
hA under f and g respectively. This latter condition simply posits that f(3) and g(y)
are homotopic relative to their endpoints in A; such a homotopy is represented by a
2-simplex with 2nd face g(7), 1st face f(53), and Oth face degenerate. This information
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provides us with a lifting problem between A%! — A? and ¢, which we may solve because
g is an isofibration. The resulting filler supplies us with a 1-simplex v': ¢ — ¢’ for which
g(v") = f(B) and a homotopy of 7' and v (relative to their endpoints) which shows
these represent the same arrow in hC. In other words, (3,7) is a 1-simplex in B x 4 C
that represents an arrow of h(B x 4 C) from (b, ¢) to (b/,¢’) and this arrow maps to the
originally chosen arrow in hB x4 hC.

The proof of conservativity is simplified by arguing in the marked model structure.
Giving our quasi-categories A, B, and C the natural marking, the isofibration g becomes
a fibration in the marked model structure. It follows that the pullback is a fibrant object
and hence naturally marked. Consequently, a 1-simplex (3,7) of B x4 C represents an
isomorphism in h(B x 4 C) if and only if it is marked, and this is the case if and only if
[ is marked in B and ~ is marked in C. Now, this latter condition holds if and only if g3
is invertible in hB and 7 is invertible in hC and these conditions together are equivalent
to the pair (3,~) being invertible as an arrow in the category hB X4 hC. 0O

3.3.15. Definition (Comma objects). Given a pair of functors B Ly A & C between
quasi-categories, we define the comma object f | g to be the simplicial set constructed
by forming the following pullback:

flg——— A

17

CxB—AxA
gxf

The right-hand vertical is defined by restricting along the boundary inclusion A° LI
A® =2 9A! < Al and then composing with the symmetry isomorphism A x 4 = A x A.
In a subsequent paper, we will think of the comma object f | g as a module, with C'
acting on the left and with B acting on the right, which is the reason for our conven-
tion.

3.3.16. Lemma. The simplicial set f | g is a quasi-category and the projection functors
po:=mpop:flg—> B andpy:=mcop:flg—>C areisofibrations.

Proof. The right hand vertical in the pullback square above is isomorphic to the sim-
plicial map AN 5 A%A and s thus, by Recall 2.2.8, an isofibration whenever A
is a quasi-category. Consequently, since the product C' x B is again a quasi-category,
p: fl g — C x B is an isofibration and f | g is a quasi-category. The projection func-
tors mc:C x B - C and wg: C x B - B are both isofibrations because B and C are
fibrant, so it follows that the domain and codomain projection maps pg: f | g - B and
p1: fJ g > C are also isofibrations. O
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3.3.17. Lemma (Maps induced between comma objects). A commutative diagram
f g
H %

q

W
D ——
Q\«TQ

—— A</
f g

in qCat in which the vertical maps are (trivial) fibrations in the Joyal model structure,
induces a (trivial) fibration r LysifLg—> [lg between comma quasi-categories.
Proof. Consider the commutative diagram

CxB T aa T g

\ L
SXTl qqu/ ‘PL ZJ/qZ
N\

CxB—— s AxA¢+— A?
gx (p1,po0)

hy

in which P denotes the pullback of the maps ¢ x ¢ and (p1,po) and [ is the unique map
induced into it by the right hand square. The pullbacks of the two horizontal lines are
the comma objects f | g and f | g respectively. So this diagram induces a unique map
rlysiflg— f 1 g of comma objects which makes the manifest cube commute.

The (trivial) fibrations of any model category are closed under product, so the map
sXris a (trivial) fibration in the Joyal model structure. The induced map ! is isomorphic
to the Leibniz hom };)?n(aAl < Al q: A » A); a recalled in Recall 2.2.8, cartesianness
of the Joyal model structure implies that [ is a (trivial) fibration. The induced map
rdgsiflg > f 1 g is again a (trivial) fibration because it factors as a composite of
pullbacks of the (trivial) fibrations s x r and {. O

3.3.18. Proposition. For any functors B Ry W AN, of quasi-categories, the comma
quasi-category f | g is a weak comma object in qCats.

Proof. Again, Lemma 3.3.6 applies, so it suffices to show that the canonical comparison

h(fdg) — h(f) 1 hig) (3.3.19)

is a smothering functor. Here the target category is just the usual comma category
constructed in Cat. By definition, f | g = (C' x B) X(axa) A? and consequently we find
that we may express the functor in (3.3.19) as a composite:

h((C x B) X (axa) A%) — h(C X B) Xp(axay M(A%) — h(C x B) Xp(axay h(A)?

The first of these maps is the canonical comparison functor studied in Proposition 3.3.14,
so we know that it is smothering. The second of these maps is a pullback of the canonical
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comparison functor discussed in Proposition 3.3.9; since smothering functors are stable
under pullback, it too is a smothering functor. We obtain the required result from the
fact that smothering functors compose. O

3.3.20. Observation (Unpacking the universal property of weak comma objects). The
smothering functors

hom’(X, f | g) — hom/(X, f) | hom’(X, g) (3.3.21)

which express the weak 2-universal property of the quasi-category f | g are induced by
composition with a cone:

:legpo

1
LN
P

C (3.3.22)

The data displayed in (3.3.22) is the image of the identity 1-cell under (3.3.21) in the
case X = f | g. The weak universal property of this comma cone has three aspects,
corresponding to the surjectivity on objects, fullness, and conservativity of the smoth-
ering functor (3.3.21), which we refer to as 1-cell induction, 2-cell induction, and 2-cell
conservativity.

Surjectivity on objects of the functor (3.3.21) simply says that for any comma cone

X b
N
C = B
N

(3.3.23)

over our diagram there exists a map a: X — f | g which factors b: X — Band c: X — C
through po: f | g — B and p;: f | ¢ — C respectively and which whiskers with the 2-cell
¥: fpg = gp1 to give the 2-cell a: fb = gc; diagrammatically speaking, 1-cell induction
produces a functor a: X — f | g from a 2-cell a: fb = gc so that:

c & B = P Po (3.3.24)

N /f c/}i
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Fullness of (3.3.21) tells us that if we are given a pair of functors a,a’: X — f ] g and
a pair of 2-cells

X X

TN TN
flg <= flg and flg <« flyg (3.3.25)
N D

with the property that

X X
N N
flg <= flg o o flg <= flg
O SN AR (3.3.26)
C 2 B c L B

P P
A A

then there exists a 2-cell 7:a = a’, defined by 2-cell induction, satisfying the equalities

X X
, X a’ <<2> a , X a’ <<‘;> a
N N
flg <= flg = flg and flg <= flg = flg
ZJN /PO lpo pN /p1 Jpl
B C

Finally, conservativity of (3.3.21) tells us that if we are given a 2-cell T:a = a’: X —
flg then if the whiskered composites poT and p;7, as shown in the previous diagram, are
isomorphisms in hom’(X, B) and hom’(X, C) respectively, then 7 is also an isomorphism
in hom'(X, f | g); this is 2-cell conservativity.

3.3.27. Lemma (1-cell induction is unique up to isomorphism). Any two 1-cells a,a’: X —
f 4 g over a weak comma object (3.3.22) that are induced by the same comma cone
a: fb = gc are isomorphic over C X B.

Proof. This follows from Lemma 3.3.2, which demonstrates that fibres of smothering
functors are connected groupoids, or can be proven directly. From the defining property
of induced 1-cells displayed in (3.3.24) it follows that poa = poa’, pra = pia’, and
Ya = a’. We can regard the first two of these equalities as being identity 2-cells of
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the form displayed in (3.3.25). Then the third of these equalities may be re-interpreted
as positing the compatibility property displayed in (3.3.26) for those identity 2-cells.
So we may apply the 2-cell induction property of f | g to obtain a 2-cell 7:a = a’
whose whiskered composites with py and p; are the identity 2-cells corresponding to
the equalities poa = ppa’ and p1a = pia’ respectively. This then allows us to apply the
2-cell conservativity property of our weak comma object to show that 7:a = a’ is an
isomorphism. 0O

3.4. Slices of the category of quasi-categories

3.4.1. Definition (Enriching the slices of qCat). For a quasi-category A, we will write
qCat/A for the full subcategory of the usual slice category whose objects are isofibrations
E - A. Where not otherwise stated, we shall restrict our attention to these subcate-
gories of isofibrations: these are the subcategories of fibrant objects in slices of Joyal’s
model structure and so are better behaved when viewed from the perspective of formal
quasi-category theory than the slice categories of all maps with fixed codomain.

The category gCat/A has two enrichments of interest to us here. Let gCat,/A and
qCat /A denote the 2-category and simplicial category (respectively) whose objects are
the isofibrations with codomain A and whose hom-category and simplicial hom-space
(respectively) between p: E - A and ¢: F' - A are defined by the pullbacks

hom’, (p, ¢) —— hom'(E, F) homa(p,q) —— F¥
_ _
J lhom'w,q) l lq’f (3.4.2)
1 ﬁ hOmI(E,A) AO T AE

The objects of hom’, (p, ¢) and the vertices of hom 4(p, q) are exactly the morphisms from
p to g in qCat/A. The morphisms in hom’s(p, ¢), 2-cells in the 2-category qCat, /A, are
natural transformations between functors £ — F' in qCat, whose whiskered composite
with g is the identity 2-cell on p. Since ¢: F - A is an isofibration we know that ¢¥: F¥ —
AF is also an isofibration as is its pullback hom(p,q) - A?; hence, hom4(p,q) is a
quasi-category. In other words, qCat__/A is enriched in quasi-categories.

3.4.3. Observation (Pushforward). If f: B - A is an isofibration of quasi-categories then
post-composition defines a simplicial functor f.:qCat. /B — gCat . /A and a 2-functor

f«:qCat, /B — gCat,/A.

One reason for our particular interest in the simplicial categories gCat__ /A has to do
with the following observation. Simplicially enriched limits are defined up to isomorphism
and thus assemble into a simplicial functor. The universal property defining weak 2-limits,
however, lacks a uniqueness statement of sufficient strength to make them assemble into
a (strict) 2-functor. In particular:
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3.4.4. Observation (Pullback). Consider any functor f: B — A between quasi-categories.
Pullback along f defines a functor f*:qCat/A — gCat/B, but it cannot be extended
to a 2-functor between slice 2-categories qCat,/A and qCat,/B in any canonical way.
On the other hand, pullback is a genuine simplicial limit in qCat_, and so it does define
a simplicial functor f*:qCat. /A — gCat_ /B, which in turn gives rise to a 2-functor
f*:hi(qCat  /A) — h.(qCat__ /B) on application of h,:sSet-Cat — 2-Cat. The remarks
apply equally to the larger slice categories of all maps with fixed codomain.

3.4.5. Observation (Comparing the 2-categories qCat,/A and h.(qCat. /A)). The
2-categories gCats,/A to h.(qCat. /A) have the same 0-cells and 1-cells; however it
is not the case that their 2-cells coincide. If we are given a parallel pair of 1-cells

a 2-cell from f to g in

qCat,/A: is a homotopy class of 1-simplices f — g in F'¥ that whisker with ¢ to the
homotopy class of the degenerate 1-simplex on p.

h«(aCat_. /A): is a homotopy class represented by a 1-simplex f — ¢ in the fibre of
qP: F¥ — AF over the vertex p € A under homotopies which are also con-
strained to that fibre.

Note here that the notion of homotopy involved in the description of 2-cells in
h«(aCat_,/A) is more refined (identifies fewer simplices) than that given for 2-cells in
qCat,/A. Each homotopy class representing a 2-cell in qCat, /A may actually split into
a number of distinct homotopy classes representing 2-cells in h.(qCat__/A).

Consequently, it is not the case that these two enrichments of gCat/A to a 2-category
are identical. However, they are related by a 2-functor whose properties we now enumer-
ate.

3.4.6. Definition (Smothering 2-functor). A 2-functor F': C — D is said to be a smothering
2-functor if it is surjective on O-cells and locally smothering, i.e., if for all 0-cells K and
K' in C the action F:C(K,K') - D(FK,FK') of F on the hom-category from K to K’
is a smothering functor.

Note that smothering 2-functors are also conservative at the level of 1-cells in the
sense appropriate to 2-category theory; that is to say if k: K — K’ is a 1-cell in C for
which F'k is an equivalence in D then k is an equivalence in C.
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3.4.7. Proposition. There exists a canonical 2-functor h.(qCat,, /A) — gCaty/A which
acts identically on 0-cells and 1-cells and is a smothering 2-functor.

Proof. To construct the required 2-functor, apply the homotopy category functor A to
the defining pullback square for homy(p,q) in (3.4.2) to obtain a square which then
induces a functor h(homa(p,q)) — hom’,(p, q) by the pullback property of the defining
square for hom’y (p, ¢). It is a routine matter now to check that we may assemble these
actions on hom-categories together to give a 2-functor which acts as the identity on the
common underlying category qCat/A of these 2-categories.

To show that this 2-functor is smothering, we already know that it acts bijectively
on 0-cells, so all that remains is to show that each h(homa(p,q)) — hom’,(p,q) is a
smothering functor. This fact follows by direct application of Proposition 3.3.14 to the
defining pullbacks (3.4.2). O

Our next aim is to develop a useful principle by which to recognise those 1-cells of
h«(qCat_,/A) which are equivalences in there. To achieve this, we must first explore the
2-categorical properties of the isofibrations between quasi-categories.

3.4.8. Definition (Representably defined isofibrations in 2-categories). A 1-cell p: B — A
in a 2-category C is said to be a representably defined isofibration (or just an isofibration)
if and only if for each object X € C the functor C(X,p):C(X,B) — C(X,A) is an
isofibration of categories (has the right lifting property with respect to the inclusion
1 < I). In more explicit terms, this means that for any diagram

B B
el &
P ~ B P
A — A

X —

L%

X

a

consisting of 1-cells @ and b and a 2-isomorphism «: pb = a, there exists a 1-cell z and
2-isomorphism (3:b = x so that pf = « and px = a.

3.4.9. Lemma. If p: B - A is an isofibration between quasi-categories, then p is a repre-
sentably defined isofibration in gCat,.

Proof. For any simplicial set X, pX: BX — AX is also an isofibration and in particu-
lar has the right lifting property with respect to 1 — I. Using the standard homotopy
coherence result, recalled in Recall 2.3.8, that an isomorphism in the homotopy cate-
gory of a quasi-category can be extended to a functor with domain I, it follows that
hom’(X, p): hom’(X, B) — hom'(X, A) also has the right lifting property with respect to
1 < I. Thus hom'(X, p) is an isofibration of categories, which shows that the isofibrations
of quasi-categories are representably defined in the 2-category qCat,. 0O
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The following lemma, stated here in the special case of qCat,, applies equally to any
slice 2-category whose objects are isofibrations.

3.4.10. Lemma. The canonical projection 2-functor qCat,/A — qCat, is conservative on
1-cells in the appropriate 2-categorical sense: if

E—" L F
\ / (3.4.11)
A

is a 1-cell in gCaty/A for which w: E — F admits an equivalence inverse w': F — E in
aCat,, then w is an equivalence in the slice 2-category qCaty/A.

Proof. By a standard 2-categorical argument, we may choose 2-isomorphisms a: w'w =
idg and B:idrp = ww’ which display w’ as a left adjoint equivalence inverse to w in
aCat,. As p is an isofibration in gCat,, the isomorphism ¢f3:¢ = quw’ = pw’ can be
lifted along p to give a 1-cell w: F — E with pw = ¢ and a 2-isomorphism v:w = w’
with py = ¢f. The first of these equations tells us that w is a 1-cell in gCat,/A. Using
the second of these equations and the triangle identities relating o and 3, we see that

L. Bridp = ww are 2-cells in gCat, /A:

the isomorphisms « - yw: ww = idg and wy~
pla-yw) = pa - pyw = qua - gfw = qidy

1

g(wy™" - B) =quy - gB=py! B =id,.

These isomorphisms display w as an equivalence inverse to w in gCats/A. O

3.4.12. Corollary. The 1-cell depicted in (3.4.11) is an equivalence in h.(qCat, /A) if
and only if w: E — F is an equivalence in gCat,.

Proof. By Proposition 3.4.7 and Lemma 3.4.10, the canonical 2-functors h,.(qCat_ /A) —
qCat,/A and gCat,/A — qCat, are both conservative on 1-cells, so their composite is
also conservative on 1-cells. The result follows immediately. 0O

3.4.13. Definition (Fibred equivalence). A functor w: E — F between quasi-categories
equipped with specified isofibrations p: £ - A and ¢: F - A is an equivalence fibred
over A, or just a fibred equivalence, if it is an equivalence in h,(gqCat_ /A). By Corol-
lary 3.4.12, any equivalence in gCat, which commutes with the maps down to A is
a fibred equivalence. Unpacking the definition, a fibred equivalence admits an equiva-
lence inverse w’: ' — E over A together with isomorphisms a:w'w = idg € E¥ and
B:idp =2 ww' € FF represented by 1-simplices that compose with p and ¢ to degenerate
1-simplices.
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Corollary 3.4.12 allows us to lift equivalences in gCat, /A to fibred equivalences, which
can be pulled back along a functor f: B — A as described in Observation 3.4.4. The lifting
arguments developed here relied upon the assumption that the simplicial categories in
which we work have hom-spaces which are quasi-categories, which is why our default is to
assume that the objects of our slice categories qCat,/A and gCat_._ /A are isofibrations.

3.5. A strongly universal characterisation of weak comma objects

We may use properties of the 2-categorical slice qCat,/(C' x B) to characterise the
weak comma objects of gCat, in terms of a strict 1-categorical universal property. We
present this technical result here and then use it to good effect in Section 5, where we
demonstrate how to characterise limits and colimits that exist in a quasi-category in
purely 2-categorical terms.

For this subsection we shall assume, contrary to our notational convention elsewhere,
that qCat,/(C x B) denotes the unrestricted slice 2-category whose objects are all func-
tors with codomain C x B.

3.5.1. Observation (Uniqueness of 1-cell induction revisited). Any l-cell a: X — fl g
induced by the comma cone (3.3.23) may be regarded as a 1-cell

X —5——flyg

(C»b)\& A1 ,Po)

CxB

in gCat,/(C x B). If we are given a second 1-cell a’: X — f | g which is also induced by
the same comma cone then the argument of Lemma 3.3.27 delivers us a 2-cell

— . =
X T flyg

/ 3.5.2
(0»5W1 ,P0) ( )

CxB

in gCat,/(C x B), which is moreover an isomorphism; this is what we meant by the
assertion that any pair of functors defined by 1-cell induction over the same comma
cone are isomorphic over C' x B. Conversely, by 2-cell conservativity of the comma
quasi-category f | g, any 2-cell of qCat,/(C x B) of the form depicted in (3.5.2) is
an isomorphism. Thus, the hom-category homg., ((c,b), (p1,p0)) is a groupoid, whose
connected components comprise those 1-cells induced by a common cone (3.3.23).

3.5.3. Observation. For each object (¢,b): X — C x B of qCat/(C x B) we have a set
sq,,7(c,b) of 2-cells as depicted in (3.3.23). This construction may be extended immedi-
ately to a contravariant functor sq, ;: (qCat/(C x B))°? — Set, which carries a morphism
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X —* sy
(c,b)\ x/(é,i_))

CxB

of gCat/(C x B) to the function sq, ;(u) which maps a 2-cell 3 of sq, ,(c, b) to the
whiskered 2-cell Su in sq (¢, b).

3.5.4. Observation. There is a product-preserving functor 7J: Cat — Set that sends a
category to the set of connected components of its sub-groupoid of isomorphisms. We
may apply 7§ to the hom-categories of a 2-category C to construct a category (7J).C. Any
isomorphism K 2 L in the category (7{).C can be lifted to a corresponding equivalence
in C by picking representatives w: K — L and w’: L — K in C for the isomorphism and

~

its inverse. The 2-isomorphisms o:w'w = idg and S8: ww

/!

id;, which witness these
as equivalence inverses in C arise by choosing 2-cells which witness the mutual inverse
identities w'w = idg and ww’ = idy, in (7f).C.

3.5.5. Lemma. The functorsq, ; factorises through the quotient functor qCat/(C x B) —
(78)«(aCaty/(C x B)) to define a functor

.7 (78) (aCaty /(C x B))P — Set. (3.5.6)

Proof. If we are given a 2-cell

X yr Y
(abN v (@h)
CxB

in gCat,/(C' x B) and a 2-cell 3 € sq, ¢(c, b) then the middle four interchange rule for
the horizontal composite of the 2-cells 5 and 7 provides us with a commutative square

_ Bu _
fou = gcu
fBT\U/ \U/QéT
fou' = geu’
Bu’
whose vertical arrows are the identities on fb and gc respectively. Hence, Su = Su’, and

we conclude that if w and u’ are 1-cells in the same connected component of the category
homg, 5((c,b), (¢,b)) then the functions sq, ((u) and sq, (u’) are identical. 0O

This functor allows us to expose another aspect of the weak 2-universal prop-
erty of weak comma objects: namely that the comma cone formed from the cospan
Blsaé ¢ represents the functor (3.5.6).
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3.5.7. Lemma. The weakly universal comma cone

p1 fi,g Po
/g\‘
c B
T

(3.5.8)

provides us with an element ¢ € sqg7f(p1,p0) which is universal, in the usual sense, for
the functor sq, ;: (7§)«(aCaty/(C x B))°? — Set. Furthermore, any comma cone

q1 Q q0
<N
c ¢ B (3.5.9)
ARG
A

for which the 2-cell ¢ € sqg’f(ql, qo) is a universal element of the functor 8qg,¢ displays
Q@ as a weak comma object in qCat,.

Proof. For each object (c,b): X — C x B of gCat, /(C x B) the element ¢ € sq, ;(p1,po)
induces a function

ﬂ—g(hom/CxB((cv b), (p1,p0))) — SqQ,f(Ca b)

which carries a functor a: X — f | g representing an element of the set on the left to
the whiskered composite a on the right. The element ¢ € sq, f(pl7 po) is universal for
sqg, ¢ if and only if each of those functions is a bijection. Surjectivity follows directly
from the 1-cell induction property of f| g, and injectivity follows from the reformulation
of Lemma 3.3.2 discussed in Observation 3.5.1.

If ¢ € sq, ;(q1,90) is another element which is universal for sq, ;, then by Yoneda’s
lemma the objects (p1,p0): f 19 = C x B and (q1,q0): Q — C x B are isomorphic in
the category (7§).(qCat,/(C x B)) via an isomorphism whose action under sq,, ; carries
Y € 8q, t(p1,po) to ¢ € sq, ¢(q1,q0). Proceeding as in Observation 3.5.4, we may pick
representatives of this isomorphism and its inverse to provide a pair of 1-cells

’

(O3 — Y]
(q1,90) (p1,p0)
Cx B

which are related by a pair of 2-isomorphisms a: w'w = idg and f:ww’ = ids)4 in the
slice 2-category qCat,/(C x B). The fact that this isomorphism carries ¢ to ¢ under the
action of sq, ; provides the 2-cellular equations Yw = ¢ and ¢w' = .
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To prove the 1-cell induction property for the comma cone (3.5.9) suppose that we
are given a comma cone (3.3.23). The 1-cell induction property of f | g provides us with
a l-cell a: X — f | g with the defining property that ppa = b, p1a = ¢, and ¥a = . The
functor w': f | ¢ — Q@ satisfies the equations gow’ = pg, g1w’ = p1, and Pw’ = 1), so we
have qow’a = poga = b, gw’a = p1a = ¢, and ¢pw’a = pa = «. This demonstrates that
w'a: X = Q is a 1-cell induced by the comma cone (3.3.23) with respect to the comma
cone (3.5.9).

To prove the 2-cell induction property for the comma cone (3.5.9) suppose that we
are given a pair of 1-cells a,a’: X — Q and a pair of 2-cells 79: goa = qoa’ and 71: q1a =
q1a’ satisfying the condition given in (3.3.26) with respect to the comma cone (3.5.9).
The 1-cells wa,wa’: X — f | g and the 2-cells m9: powa = goa = qoa’ = powa’ and
T:prwa = qra = q1a’ = pywa’ also satisfy the condition given in (3.3.26) with respect
to the comma cone (3.5.8). Hence, the 2-cell induction property of f | g ensures that
we have a 2-cell pu: wa = wa’ with the defining properties that pou = 79 and p1pu = 71.
Combining this with the invertible 2-cell a: w'w = idg, we may construct a 2-cell

a"la / w'p ’ / aa’ ’
T:=a w wa wwa ——/m——a

IR
IR

Because « is a 2-cell in the endo-hom-category in gCat,/(C' x B) on the object
(¢1,90): Q — C x B, goa = idg, and g1 = idg, . It follows that go7 = gow’p = pop = 10
and ¢17 = quw’'p = p1p = 71, which demonstrates that 7:a = a’ satisfies the defining
properties required of a 2-cell induced by the pair of 2-cells 7y and 7.

The proof of 2-cell conservativity is of a similar ilk and is left to the reader. O

4. Adjunctions of quasi-categories

We begin our 2-categorical development of quasi-category theory by introducing the
appropriate notion of adjunction, following Joyal. As observed in [14] and elsewhere,
adjunctions can be defined internally to any 2-category and the proofs of many of their
familiar properties can be internalised similarly.

4.0.1. Definition (Adjunction). An adjunction

f
A L =B

u

in a 2-category consists of objects A, B; 1-cells f: B — A, u: A — B; and unit and counit
2-cells n:idp = uf, e fu = id4 satisfying the triangle identities.
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B

Bf:B B — B ; B
VUG\M% :u(\l(iu/ju f\\lm/ulk\ :fgiiflf
A=——==A A A=——= A A

In particular, an adjunction between quasi-categories is an adjunction in the 2-category
qCat,. As always we identify the unit and counit 2-cells with the simplicial maps

1

B
|+
A

AN 4

B
l

BXAITB and A x Al
I E o
B A A

|-

i1

\

(1-simplices in BP and A“ respectively) representing the unit and counit respectively.
Because B# and AP are quasi-categories we know, from the description of the homotopy
category of a quasi-category given in Recollection 2.2.2, that for any choice of represen-
tatives of the unit and counit there exist maps

a:Ax A2 B and B:BxA? = A

(2-simplices in B4 and AP respectively) which witness the triangle identities in the sense
that their boundaries have the form

- ufu
Ue

e N

“ id,, wo f id; !

4.0.2. Example. On account of the fully-faithful inclusion Cat, < gCat,, any adjunction
of categories gives rise to an adjunction of quasi-categories with canonical representatives
for the unit and counit. Conversely, the 2-functor h: gCat, — Cat, carries any adjunction
of quasi-categories to an adjunction between their respective homotopy categories.

4.0.3. Example. The homotopy coherent nerve, introduced in [3] and studied in [4], de-
fines a 2-functor from the 2-category of topologically enriched categories, continuous
functors, and enriched natural transformations to gCat,. This 2-functor factors through
the 2-category of locally Kan simplicial categories, simplicial functors, and simplicial
natural transformations; the locally Kan simplicial categories are the cofibrant objects
in Berger’s model structure [1]. Hence, any enriched adjunction between topological or
fibrant simplicial categories gives rise to an adjunction of quasi-categories by passing to
homotopy coherent nerves. As in the unenriched case, there exist canonical representa-
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tives for the unit and counit defined by applying the homotopy coherent nerve to the
corresponding enriched natural transformations.

4.0.4. Example. Any simplicially enriched Quillen adjunction between simplicial model
categories descends to an adjunction between the associated quasi-categories, constructed
by restricting to the fibrant—cofibrant objects and then applying the homotopy coherent
nerve. This restriction is necessary to define the quasi-category associated to a simpli-
cial model category; the homotopy coherent nerve of a simplicial category might not
be a quasi-category if the simplicial category is not locally Kan. The subcategory of
fibrant—cofibrant objects of a simplicial model category is locally Kan, and furthermore
the hom-space bifunctor preserves weak equivalences in both variables; it is common to
say that only between fibrant—cofibrant objects are the simplicial hom-spaces guaranteed
to have the “correct” homotopy type.

In contrast with the topological case, some care is required to define the functors con-
stituting the adjunction; the point-set level functors will not do because neither adjoint
need land directly in the fibrant—cofibrant objects. We prove that a simplicial Quillen
adjunction descends to an adjunction of quasi-categories in Theorem 6.2.1.

Adjunctions can also be constructed internally to gqCat, using its weak 2-limits, as
we shall see in the next section. Later, we will also meet adjunctions constructions using
limits or colimits defined internally to a quasi-category.

4.1. Right adjoint right inverse adjunctions

We begin by studying an important class of adjunctions whose counit 2-cells are
isomorphisms.

4.1.1. Definition. A 1-cell f: B — A in a 2-category admits a right adjoint right inverse
(abbreviated RARI) if it admits a right adjoint u: A — B so that the counit of the
adjunction f - u is an isomorphism.

In the situation of Definition 4.1.1, f defines a left adjoint left inverse (abbreviated
LALI) to u. When the counit of f 4w is an isomorphism, the whiskered composites f7
and nu of the unit must also be isomorphisms. Indeed, to construct an adjunction of this
form it suffices to give 2-cells with these properties, as demonstrated by the following
2-categorical lemma.

4.1.2. Lemma. Suppose we are given a pair of 1-cells u:A — B and f: B — A and a
2-isomorphism fu = ida in a 2-category. If there exists a 2-cell n':idp = uf with the
property that fr' and n'u are 2-isomorphisms, then f is left adjoint to u. Furthermore,
in the special case where u is a section of f, then f is left adjoint to uw with the counit
of the adjunction an identity.
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Proof. Let e: fu = id4 be the isomorphism, taken to be the identity in the case where u
is a section of f. We will define an adjunction f 4« with counit € by modifying #':idg =
uf. The “triangle identity composite” 8 :=ue - n'u: u = u defines an automorphism of w.
Define

’ 9_1f
n:= idp — uf == uf.

Immediately, ue - nu = id,,, as is verified by the calculation:

n'u 0~ fu
U ufu ufu

X e e (4.1.3)

0

The other triangle identity composite ¢ :=¢€f - fn is an isomorphism, as a composite
of isomorphisms, and also an idempotent:

f=—1 fuf

) Fouf ) \

fuf —= fufuf — fuf (4.1.4)
ef\U/ “n \U/ef e \Uef
J o fuf ——

But any idempotent isomorphism is an identity: the isomorphism ¢ can be cancelled
from both sides of the idempotent equation ¢ - ¢ = ¢. Hence, €¢f - fn = id, proving the
second triangle identity. O

4.1.5. Remark (Idempotent isomorphisms). Because gCat, has many weak but few strict
2-limits, it is frequently easier to show that a 2-cell is an isomorphism than to show that
it is an identity. When we desire an identity and not merely an isomorphism, we will
make frequent use of the trick that any idempotent isomorphism is an identity.

We now show that for any functor ¢: C' — B, the codomain projection functor m1: B |
¢ — C admits a right adjoint right inverse, the “identity functor” i:C' — B | ¢ defined
below. Here the right adjoint ¢ defines a section to the left adjoint p;. Taking the counit
of i 47 to be an identity, as permitted by Lemma 4.1.2, the adjunction lifts to the slice
2-category qCat, /C.

4.1.6. Lemma. Suppose that {:C — B is a functor of quasi-categories and let i: C — B/
be any functor induced by the identity comma cone:
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C
7=\ / \ (4.1.7)
C ——— B 1 <:¢ “pq

Then i:C — B | £ is m’ght adjoint to the codomain projection functor p1: B € — C in
the slice 2-category qCat,/C

P1
C L 5Bl

N

C
and the counit may be chosen to be an identity 2-cell.

Proof. By construction, i is a section to the isofibration p; and, accordingly, we may
take the counit of the postulated adjunction to be the identity p1i = ide. Now a 2-cell
v:idpg ¢ = ip;1 provides us with a 2-cell in gCat,/C which satisfies the triangle identities
with respect to that counit if and only if p;v and vi are identity 2-cells.

We construct a suitable 2-cell v:idg}¢ = ip1 by applying the 2-cell induction property
of B |/ to the pair of 2-cells ¢:py = ¢p1 = poip1 and idy,:p1 = piip1; here, the
compatibility condition of (3.3.26) reduces to the trivial pasting identity

Bl
g _ P1 ) \ép{lz Po
/ @\ C/ ; NB

C%B

By construction, v:idg ¢ = ip; is a 2-cell satisfying pov = ¢ and pv = id,, .

To show that vi is an isomorphism, observe that povi = ¢i = id; and pivi =idp, i =
idp,; = idiq,,, so using the 2-cell conservativity property of B | £ we conclude that vi is
an isomorphism. By Lemma 4.1.2 this suffices; indeed, applying middle-four interchange
to vi - vi and the equation p;v = id,,, vi can be seen to be an idempotent isomorphism
and thus an identity. O

In general, if a (representable) isofibration f: B - A admits a right adjoint right
inverse u, then the counit of the RARI adjunction may be chosen to be an identity.
Lemma 3.4.9, which shows that an isofibration between quasi-categories defines a repre-
sentable isofibration in gqCat,, will allow us to make frequent use of this “strictification”

result.
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4.1.8. Lemma. If f: B - A is a representable isofibration in a 2-category C admitting a
right adjoint right inverse u': A — B, then there exists a 1-cell u: A — B that is right
adjoint right inverse to f with identity counit.

Proof. We construct the functor u: A — B and an isomorphism 3:u = u by applying
the universal property of the isofibration f: B - A to the counit ¢: fu’ = idy4.

B

B

u’ u’
/ lf ~ B lf
A A

N

! Bf
By construction fu = ids. The composite 1 := idB;Vu’f:>uf of the original
unit 7’ with the lifted isomorphism S defines a 2-cell that whiskers with f and u to
isomorphisms, permitting the application of Lemma 4.1.2 to conclude. 0O

4.2. Terminal objects as adjoint functors

A quasi-category A has a terminal object if and only if the projection functor !: A — A°
admits a right adjoint right inverse:

4.2.1. Definition (Terminal objects). An object t in a quasi-category A is terminal if there
is an adjunction

AT L T

t

Dually, of course, an object in A is initial just when it defines a left adjoint left inverse
tol: A — AY.

4.2.2. Example (Slices have terminal objects). For any object a of a quasi-category A,
there is an adjunction

!
T
whose right adjoint, defining the terminal object of A | a, is any vertex of A | a that

is isomorphic to the degenerate 1-simplex a - ¢°: @ — a. This functor whiskers with the
comma cone to an identity 2-cell:



598 E. Riehl, D. Verity / Advances in Mathematics 280 (2015) 549-642

AD
A° i .
/:\a = Ala
A A Ty

Thus, the adjunction ! 44 is a special case of Lemma 4.1.6.

Lemma 4.1.2 allows us to describe the minimal information required to display a
terminal object.

4.2.3. Lemma (Minimal information required to display a terminal object). To demon-
strate that an object t is terminal in A it is enough to provide a unit 2-cell n:idy = t!
for which the whiskered composite nt is an isomorphism.

When A is a category this presentation is neither more nor less than the well known
observation that an object ¢ is terminal in A if and only if there exists a cocone on the
identity diagram with vertex ¢ whose component at t is an isomorphism. The proof of
this lemma applies in any 2-category which possesses a 2-terminal object.

Proof. The categories hom’(A% A®) and hom’(A, A®) are both isomorphic to the ter-
minal category 1, so the counit is necessarily taken to be the identity and one of the
triangle identities arises trivially. By Lemma 4.1.2 it remains only to provide a unit
7:id 4 = t! for which the whiskered composition 7t is an isomorphism. Specialising the
proof of Lemma 4.1.2, it follows formally that nt:t = t is an idempotent isomorphism
and hence an identity, as required. O

The following straightforward 2-categorical lemma provides us with a useful “external”
characterisation of terminal objects in quasi-categories.

4.2.4. Lemma. Suppose we are given a pair of 1-cells u:A — B and f:B — A and a
2-cell e: fu = id4 in a 2-category C. Then f is left adjoint to u with counit € in C if
and only if for all O-cells X € C the functor C(X, f):C(X,B) — C(X, A) is left adjoint
to C(X,u):C(X,A) — C(X, B), in the usual sense, with counit C(X,¢€).

Proof. The only if direction is immediate on observing that C(X, —) is a 2-functor and
thus preserves adjunctions. For the converse, we observe that the family of units of the
adjunctions C(X, f) 4 C(X,u) is 2-natural in X and so the 2-categorical Yoneda lemma
provides us with a 2-cell n:idg = uf with the property that C(X,n) and C(X, €) are unit
and counit of the adjunction C(X, f) 4C(X,u). A further application of the 2-categorical
Yoneda lemma demonstrates that the triangle identities for n and e follow immediately
from those for C(X,n) and C(X,¢). O
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4.2.5. Proposition. A verter t in a quasi-category A is terminal if and only if for all X

the constant functor X L5 A® Ly A s terminal, in the usual sense, in the hom-category
hom'(X, A).

Proof. Apply Lemma 4.2.4 to the functors t: A — A and !: A — A® and the identity
natural transformation 't = idao. O

We conclude by comparing our definition of terminal object with its antecedent.

4.2.6. Example. Joyal defines a vertex t in a quasi-category A to be terminal if and only
if any sphere 0A™ — A whose final vertex is ¢ has a filler [9, 4.1]. In Proposition 4.4.7, we
will show that Joyal’s definition is equivalent to ours. For the moment, however, we shall
at least take some satisfaction in convincing ourselves directly that his notion implies
ours.

Supposing that ¢ € A is terminal in Joyal’s sense, then to define an adjunction ! -
t: A” — A we wish to define a unit n:id4 = t! for which nt is an identity. This unit is
represented by a map

A
io | \
A x Al - A
i1 T Tt
A— A
which we define as follows. For each a € Ay, use the universal property of ¢ to choose a
1-simplex na: A' — A from a to t. We take care to pick nt to be the degenerate 1-simplex
at t, thus ensuring that the 2-cell nt will be the identity at ¢ as required by Lemma 4.2.3.
To define n: A — AAY it suffices to inductively specify maps A" <+ A Ly AA
for each non-degenerate o € A, compatibly with taking faces of o. The map n(o x
ida1): A" x Al — A should be thought of as the component of 1 at o. The chosen
1-simplices na define the components at the vertices a € Aj.
For each non-degerate a::a — a’ € Ay, define a cylinder Al x A — A as follows. The
1-skeleton consists of the displayed 1-simplices.

a
(XJ/
a/

g\l /@/ F

One shuffle is defined by degenerating na. The other is chosen by applying the universal
property of ¢ to the sphere formed by «, na, and na’.
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Continuing inductively, suppose we have chosen, for each o € A,,, a cylinder A™ x
A' — A from o to the degenerate n-simplex at ¢ in such a way that these choices are
compatible with the face and degeneracy maps from the n-truncation sk, A of A. Given
a non-degenerate simplex 7 € A, 1, this simplex together with the (n + 1)-simplices
chosen for each of its n-dimensional faces 76° form an (n + 2)-sphere with final vertex t,
and we may choose a filler 7 € A, ;5. Define the requisite cylinder, the component of n
at 7, to be the composite

AT AN A2 L A

of 7 with the map induced by the functor ¢: [n + 1] x [1] — [n + 2] defined by ¢(i,0) = ¢
and q(i, 1) = n+2. By construction, 7§ = 761 for each 0 < i < n+1, that is, the ith face
of the sphere whose filler defines 7 is the (n+ 1)-simplex chosen to fill the corresponding
sphere for 76%; thus the cylinder for 7 is chosen compatibly with its faces.

This example will be generalised in Proposition 5.2.12 to limits of arbitrary shape.

4.3. Basic theory

A key advantage to our 2-categorical definition of adjunctions is that formal category
theory supplies easy proofs of a number of desired results.

4.3.1. Proposition. A pair of adjunctions f Hu: A — B and f' 44 : B — C ina
2-category compose to give an adjunction ff' - vw'u : A — C. In particular, we may
compose adjunctions of quasi-categories.

Proof. The unit and counit of the composite adjunction are

C C , C

,\N ' /, /l}s’\

" Be—nB ¢ B=——=18 , O
N ' w N

A A

Recall Proposition 3.2.9, which demonstrates that equivalences in qCat, are exactly
the weak equivalences between quasi-categories in the Joyal model structure. The fol-
lowing classical 2-categorical result allows us to promote any equivalence to an adjoint
equivalence (cf. [17, TV.4.1]):

4.3.2. Proposition. Any equivalence w: A — B in a 2-category may be promoted to an
adjoint equivalence in which w may be taken to be either the left or right adjoint. In
particular, we may promote equivalences of quasi-categories to adjoint equivalences.
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Proof. This is an immediate corollary of Lemma 4.1.2. O

4.3.3. Proposition. Suppose f 4w : A — B is an adjunction of quasi-categories. For any
simplicial set X and any quasi-category C,

X o
AXS 1T X and oA L P
uX cf

are adjunctions of quasi-categories.

Proof. By Proposition 3.2.4 and Remark 3.2.6, exponentiation defines 2-functors
(—)X:qCat, — qCaty and C(7): qCatsP — gCat,, which preserve adjunctions. O

As an easy corollary of the last few results, terminal objects are preserved by right
adjoints, initial objects are preserved by left adjoints, and they are both preserved by
equivalences.

4.3.4. Proposition. If u: A — B is a right adjoint or an equivalence of quasi-categories
and t is a terminal object of A, then ut is a terminal object in B.

Proof. By Proposition 4.3.2, if u is an equivalence then it may be promoted to a right
adjoint, which reduces preservation by equivalences to preservation by right adjoints.
Now Proposition 4.3.1 tells us that we may compose the adjunction in which u features
with that which displays ¢ as a terminal object in A to obtain an adjunction which
displays ut as a terminal object in B. O

4.4. The universal property of adjunctions

An essential point in the proof of the main existence theorem of [24] is that adjunc-
tions between quasi-categories, while defined equationally, satisfy a universal property.
In the terminology introduced there, any adjunction between quasi-categories extends
to a homotopy coherent adjunction. By contrast, a monad in gCat, need not underlie a
homotopy coherent monad. In this subsection, we provide several forms of the universal
property held by an adjunction.

Given an adjunction, we form the comma quasi-categories

flA—— A2 Blu—— B?
(p10) | l (a1.a0) | l (4.4.1)
AxB— AxA AxB— BxB

ida X f uXidp
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as in Definition 3.3.15. These quasi-categories are equipped with 2-cells

flA Blu

N e
A - B B A

satisfying the weak 2-universal properties detailed in Observation 3.3.20. Mimicking the
standard argument, we derive a fibred equivalence f| A ~ B |u from the unit and counit
of our adjunction.

4.4.2. Proposition. If f 4u: A — B is an adjunction of quasi-categories, then there is
a fibred equivalence between the objects (p1,po): f4 A > A X B and (q1,9): B | u -
A x B.

Proof. The composite 2-cells displayed on the left of the equalities below give rise to
functors w: B lu — f | Aand w': f | A — B | u by 1-cell induction:

Blu Blu flA flA
/‘:5\ lw /‘:“\ lw’
= Blu

\Q/ / ca\ \ﬁ"/ LN,

By these defining pasting identities, the induced functors provide us with 1-cells

’
w

¢A©B¢u

in the slice 2-category gCat,/(A x B) commuting with the canonical isofibrations to
A x B. These identities give rise to the following sequence of pasting identities
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flA flA flA fla
|+ RN
Blu Blu = ATt "p A«——7——7B
lw _ f/ ‘tﬁw xﬁn / |
flA A—2 B e B

pP1 Po \<:€
E=1e1% f f

Ae——?——fB A A

in which the last step is an application of one of the triangle identities of the adjunction
f - w. This tells us that the endo-1-cells ww’ and idf; 4 on the object (p1,po): f1 A -
A x B in qCat,y/(A x B) both map to the same 2-cell & under the whiskering operation.
Applying Lemma 3.3.27 (or Observation 3.5.1), we find that ww’ and id s 4 are connected
by a 2-isomorphism in gCat, /(A X B). A dual argument provides us with a 2-isomorphism
between the 1-cells w'w and id gy, in the groupoid of endo-cells on (g1, qo): Blu - Ax B.
This data provides us with an equivalence in the slice 2-category qCat, /(A x B), which we
may lift along the smothering 2-functor of Proposition 3.4.7 to give a fibred equivalence
over Ax B. O

Just as in ordinary category theory, Proposition 4.4.2 has a converse:

4.4.3. Proposition. Suppose we are given functors u: A — B and f: B — A between
quasi-categories. If there is a fibred equivalence between (p1,po): f1 A > A x B and
(q1,90): Blu - A X B, then f is left adjoint to u.

Schematically the proof of this result proceeds by observing that the image of the
identity morphism at f under the equivalence f | A ~ B | u defines a candidate unit
for the desired adjunction. This can then be shown to have the appropriate universal
property; the proof, however is slightly subtle. We delay it to the next section, where it
will appear as a special case of a more general result needed there.

4.4.4. Observation (The hom-spaces of a quasi-category). One model for the hom-space
between a pair of objects @ and a’ in a quasi-category A is the comma quasi-category
a | o', denoted by Homy(a,a’) in [15]. Proposition 3.3.18 tells us that the canonical
comparison h(a | a’) — h(a) ] h(a’) from the homotopy category of this hom-space is a
smothering functor. Its codomain h(a) | h(a') is a comma category of arrows between
a fixed pair of objects in the category hA, so it is simply the discrete category whose
objects are the arrows from a to a’ in hA. It follows from conservativity of the smothering
functor that all arrows in h(a | a’) and thus also a | o’ are isomorphisms; hence, a | @’ is
a Kan complex by Joyal’s result [9, 1.4].



604 E. Riehl, D. Verity / Advances in Mathematics 280 (2015) 549-642

By Observation 3.4.4, the fibred equivalence of Proposition 4.4.2 may be pulled back
along the functor (a,b): A® — A x B associated with any pair of vertices a € A and
b € B to give an equivalence fb] a ~ b ] ua of hom-spaces. This should be thought
of as a quasi-categorical analog of the usual adjoint correspondence defined for arrows
between a fixed pair of objects b € B and a € A.

4.4.5. Remark. Observation 4.4.4 demonstrates that the 2-categorical definition of an
adjunction implies the definition of adjunction given by Lurie in [15, 5.2.2.8]. As his
definition has a more complicated form, we prefer not to recall it here. It is in fact
precisely equivalent to Joyal’s 2-categorical Definition 4.0.1. Our preferred proof that
Lurie’s definition implies Joyal’s makes use of the fact that the domain and codomain
projections from comma quasi-categories are, respectively, cartesian and cocartesian fi-
brations. A proof will appear in [28], which gives new 2-categorical definitions of these
notions, which, when interpreted in gCat,, recapture precisely the (co)cartesian fibra-
tions of [15].

We may apply Proposition 4.4.2 to give a converse to Example 4.2.6, proving that
our notion of terminal objects is equivalent to Joyal’s. The proof requires one combina-
torial lemma, which relates certain comma quasi-categories with Joyal’s slices, which are
recalled in Definition 2.4.2 and Remark 2.4.14.

4.4.6. Lemma. For any vertex a in a quasi-category A, there is an equivalence

Ajy —— Ala

N7
A
over A, which pulls back along any f: B — A to define an equivalence f,, >~ fla over B.

Proof. The result follows from an isomorphism A]a = A/, between the comma and the
fat slice construction reviewed in Definition 2.4.7. The map A/, — A a and the equiva-
lence over A are then special cases of Proposition 2.4.13. To establish the isomorphism,
it suffices to show that A ] a has the universal property that defines A /,. By adjunction,
amap X — A, corresponds to a commutative square, as displayed on the left:

mx []! k 1
XHX—JLXHAO X —— A%

NI

X><A1T>A AOXAWAXA
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which transposes to the commutative square displayed on the right. The data of the
right-hand square is precisely that of a map X — A | a by the universal property of the
pullback Definition 3.3.15 defining the comma quasi-category.

The isomorphism A | a = A, pulls back to define an isomorphism f | a = f/,. The
map f,, — [ ] ais then an equivalence over B by Remark 2.4.14. O

4.4.7. Proposition. A vertext € A is terminal in the sense of Joyal’s [9, 4.1] if and only
if

R
t

s an adjunction of quasi-categories.

Proof. The “if” direction is Example 4.2.6. For the converse implication, an adjunction
! 4t gives rise to an equivalence between ! | A® = A and At over A by Proposition 4.4.2.
Hence, by the 2-of-3 property of equivalences, the isofibration A |t - A is a trivial
fibration. Lemma 4.4.6 supplies an equivalence

Ay ——— Alt

W
A

between our comma quasi-category and Joyal’s slice quasi-category; see Definition 2.4.2
for a definition. Applying the 2-of-3 property again, it follows that the isofibration
Ay - Ais a trivial fibration; the right lifting property against the boundary inclusions
OA™ — A™ says precisely that ¢ € A is terminal in Joyal’s sense. O

One reason for our particular interest in terminal objects is to show that the units and
counits of adjunctions have universal properties which may be expressed “pointwise” in
terms of certain outer horn filler conditions.

4.4.8. Proposition (The pointwise universal property of an adjunction). Suppose that we
are given an adjunction

f
A" L 5B

of quasi-categories with unit n:idp = uf and counit €: fu = ida. Then for each a € A
the (fat) slice quasi-category f | a =~ f,q has terminal object ea: fua — a, namely the
component of the counit € at a.
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Proof. From Proposition 4.4.2, the adjunction f - u gives rise to the equivalence f| A ~
B | u fibred over A x B. By Observation 3.4.4, for each a € A, the fibred equivalence
pulls back along the functor (a,idp): B — A X B to give a fibred equivalence

’
w

flaz— " Blua

\ v / (4.4.9)
B

0

over B.

By Example 4.2.2, we know that B | ua has the identity map ua - ¢”:ua — ua as
its terminal object, and by Proposition 4.3.4 we know that terminal objects transport
along equivalences, so it follows that f | a also has terminal object w’(ua - ). It is
now easily checked, from the definition of w’ given in Proposition 4.4.2, that w’(ua - o°)
is isomorphic to ea: fua — a. The desired result follows on transporting this terminal
object along the equivalence between f | a and f,, provided by the geometry result of

Lemma 4.4.6. O

Of course, the unit of an adjunction of quasi-categories satisfies a dual universal
property.

4.4.10. Observation (Unpacking this pointwise universal property of an adjunction).
Unpacking the definitions in Remark 2.4.14 and Definition 2.4.2 we see that a map
X — f/q corresponds to a pair of maps b: X — B and a: X * A® = A which make the
diagram

x 1
|

X« A0 %
I

A

B
It
A

AO

commute.

By Proposition 4.4.7, we know that ea: fua — a is terminal in f/, is terminal if and
only if every sphere OA™ ™1 — f /o Whose last vertex is ea may be filled to a simplex.
Applying our description of maps into f/, and observing that A1 % A? = A™ and
OA™ 1« A0 =2 A™" we see that ea being terminal means that if we are given

e a horn A™™ — A, with n > 2 together with

o asphere JA""! — B whose composite with f is the boundary of the missing face of
the horn, with the property that

o the final edge of the horn is ea



E. Riehl, D. Verity / Advances in Mathematics 280 (2015) 549-642 607

then there is

o a simplex A" — A filling the given horn and

o asimplex A""! — B filling the given sphere, with the property that

e the nth face of the filling n-simplex in B is the simplex obtained by applying f to
the filling (n — 1)-simplex in A.

For n = 2, this situation is summarised by the following schematic:

fua
\\6 be By ~ fﬂ/ \ o€ Ay, B:b—ua € By

fo————a fo————a

4.4.11. Observation (The relative universal property of an adjunction). For any quasi-
category X the 2-functor hom’(X, —):qCat, — Cat carries an adjunction f < u: A4 —
B of quasi-categories to an adjunction hom’(X,f) - hom’(X,u):hom’(X,4) —
hom'(X, B) of categories. Extending Lemma 4.2.4, a standard and easily established
fact of 2-category theory is that f: B — A has a right adjoint in gCat, if and only if for
each quasi-category X the functor hom’(X, f):hom’(X, B) — hom’(X, A) has a right
adjoint. We might call this observation the external universal property of an adjunction.

There is a closely related internal or relative universal property of adjunctions in
qCat,, which arises instead from Remark 3.2.6 that the cotensor (—)X:qCat, — gCat,
is also a 2-functor. Applying this cotensor 2-functor to the adjunction f 4 u we obtain its
relative universal property simply as the pointwise universal property of the adjunction
fX 4uX: AX — BX as derived in Proposition 4.4.8 and expressed explicitly in Observa-
tion 4.4.10. The relative universal property of adjunctions will become a key tool in the
proof that any adjoint functor between quasi-categories extends to a homotopy coherent
adjunction; see [24].

Another application of Proposition 4.4.2 allows us to show that an isofibration between
quasi-categories admits a right adjoint right inverse if and only if the following lifting
property holds.

4.4.12. Lemma (Right adjoint right inverse as a lifting property). An isofibration
f:B > A of quasi-categories admits a Tight adjoint right inverse if and only if for all
a € Ag there exists ua € By with fua = a and so that any lifting problem with n > 1

AT 9A" B
fnd ,”l (4.4.13)
R
Ve

A" — A

has a solution.
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Proof. If u is the right adjoint right inverse, then fu = id 4 and there is a trivial fibration
Blu > flfu= flAover Ax B defined by applying f (Lemma 3.3.17 proves that this
map is an isofibration and Proposition 4.4.2 shows that it is an equivalence). This trivial
fibration pulls back over any vertex a € A to define a trivial fibration Blua — fla. The
domain and codomain are equivalent to Joyal’s slices by Lemma 4.4.6, so the isofibration
Bua = f/a is also a trivial fibration:

oan—t — B/ua

P
-
~
~
~
~
~

An—>f/agBXAA/a

In adjoint form, this is the lifting property of (4.4.13).

Conversely, the lifting property (4.4.13) can be used to inductively define a section
u: A — B of f extending the choices ua € By for a € Ag. The inclusion skg A < A can
be expressed as a countable composite of pushouts of coproducts of maps 0A™ — A"
with n > 1, and each intermediate lifting problem required to define a lift

Iy

P
L
Al A

will have the form of (4.4.13). To show that u is a right adjoint right inverse to f, it
suffices, by Lemma 4.1.2 to define a 2-cell n:idg = uf that whiskers with u and with f
to isomorphisms. We construct a representative for n by solving the lifting problem

id uf
syl

ﬁA
BXAlﬁBHA

By construction fn = id;.

To show that nu is an isomorphism it suffices, by Corollary 2.3.12, to check that its
components nu(a): ua — ufua = ua are isomorphisms in A. Inverse isomorphisms can
be found by elementary applications of the lifting property (4.4.13), whose details we
leave to the reader. 0O
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4.5. Fibred adjunctions

Fibred equivalences over A, i.e., equivalences in h,(qCat__/A), are preferable to equiv-
alences in the slice 2-category gCat,/A because the former can be pulled back along
arbitrary maps f: B — A; see Observation 3.4.4. Precisely the same kind of reasoning
applies to adjunctions in gCat,/A.

4.5.1. Definition (Fibred adjunctions). We refer to adjunctions in h.(qCat. /A) as ad-
junctions fibred over A or simply fibred adjunctions.

Our aim in this section is to show that any adjunction in gCat,/A can be lifted to an
adjunction fibred over A, i.e., to an adjunction in h.(qCat_ /A). In particular, such a
result will allow us to prove that any adjunction in gCat,/A may be pulled back along
any functor f: B — A. We shall use this result to define a loops—suspension adjunction
on any quasi-category with appropriate finite limits and colimits (cf. Proposition 5.2.27).

Recall from Proposition 3.4.7 that the canonical 2-functor h,(qCat_ /A) — gCat,/A
is a smothering 2-functor. Consequently, the following 2-categorical lemma is key:

4.5.2. Lemma. Suppose F:C — D is a smothering 2-functor. Then any adjunction in D
can be lifted to an adjunction in C. Furthermore, if we have previously specified a lift of
the objects, 1-cells, and either the unit or counit of the adjunction in D, then there is a
lift of the remaining 2-cell that combines with the previously specified data to define an
adjunction in C.

Proof. We use surjectivity on objects and local surjectivity on arrows to define u: A — B
and f: B — A in C lifting the objects and 1-cells of the downstairs adjunction. Then we
use local fullness to define lifts e: fu = id4 and 1':idg = uf of the downstairs counit
and unit. If desired, we can regard A, B, f, u and € as “previously specified”. We will
show that f - u by modifying the 2-cell ’. The details are similar to the proof of
Lemma 4.1.2.

We define a 2-cell #:u = u as the “triangle identity composite” 0 := ue - n’u and
observe that F'0 = idp,. Applying the local conservativity of the action of F' on 2-cells,
we conclude that 6 is an isomorphism. Define the 2-cell 77:idg = uf to be the composite
n:=0"1f.n'. Because F is an identity, F'n and Fn’ lift the same downstairs 2-cell. We
claim that this data forms an adjunction in C.

The diagram (4.1.3) demonstrates that ue - nu = id,,. The diagram (4.1.4) demon-
strates that the other triangle identity composite ¢ :=€f - fn is an idempotent. Finally
observe that the component parts we’ve composed to make ¢ all map by F' to the corre-
sponding components of the original adjunction in L. It follows that F'¢ is equal to the
corresponding triangle identity composite in £ and so is an identity. Consequently, ap-
plying the local conservativity of F' on 2-cells we find that ¢ is an isomorphism. Because
all idempotent isomorphisms are identities, it follows that ef - fn = id; as required. O
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4.5.3. Corollary. Every adjunction in qCat,/A lifts to an adjunction fibred over A.
Proof. Combine Proposition 3.4.7 and Lemma 4.5.2. 0O

4.5.4. Example. Corollary 4.5.3 allows us to lift the adjunction p; 44 : C — Bl £ of
Lemma 4.1.6 to a fibred adjunction over C' whose counit is an identity.

4.5.5. Example (Fibred isofibration RARIs). Lemma 4.1.8 demonstrates that any right
adjoint right inverse to an isofibration f: B -» A can be modified to produce a RARI
f - u with an identity counit. This latter adjunction provides us with an adjunction in
qCat, /A which we may lift into h,(qCat, /A) to give an adjunction

!

AL =B

\ w &/f (4.5.6)

A

which is fibred over A. In essence, this latter fibred adjunction expresses the fact that
each of the fibres of the isofibration f: B - A has a terminal object.

4.5.7. Observation. Applying the 2-functor hom’,(p, —) represented by an isofibration
p: B - A to the fibred adjunction in (4.5.6) we obtain an adjunction

fo-
hom/y(p,ida) £ L 5 hom/,(p, f)

uo—

of hom-categories. Now the identity functor id 4 is the 2-terminal object of the 2-category
qCat, /A, so it follows that hom’ (p,id4) = 1. Hence, the displayed adjunction amounts
simply to the assertion that up is a terminal object of the category hom/s(p, f). Conse-
quently, applying Lemma 4.2.4, we discover that there exists a fibred adjunction of the
form displayed in (4.5.6) if and only if for all isofibrations p: E - A the composite map
up: E — B is a terminal object of the hom-category hom’, (p, f).

A final example of a fibred adjunction describes the “composition” functor AN 5 p2
that fills a (2,1)-horn and then restricts to the missing face as the right and left adjoint,
respectively, to the pair of functors that extend a 1-simplex into a composable pair by
using the identities at its domain and codomain.

4.5.8. Example. There exists a pair of adjunctions
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of ordered sets, whose units and counits arise as the equalities ¢%6! = o'6' = ida:
and the inequalities §'c® < idp) < d'ol. Now if A is a quasi-category, we may apply
Proposition 4.3.3 to construct the associated pair of adjunctions

P YN

Here the upper adjunction has identity unit and the lower adjunction has identity counit.
So it follows from Example 4.5.5 that this is a pair of adjunctions fibred over A2 with
respect to the projections A" AD? 5 AAT and id ja1: AR 5 AT

Because the horn inclusion A%! — A? is a trivial cofibration in Joyal’s model
structure, the associated restriction isofibration p: AAY 5 AN s an equivalence of
quasi-categories fibred over AN By Proposition 4.3.2 (applied to qCat, /AAz’l) and
Corollary 4.5.3, the fibred equivalence formed by p and a chosen inverse p’ can be pro-
moted to a pair of adjoint equivalences p - p’ - p fibred over AN On account of the
pushout diagram defining the (2, 1)-horn, AN g isomorphic to the pullback:

o

A21 5 Al AA2=1 A2
54 - Té“ l - ipl
Al ¢ A A A

51

Now we may take the pushforward of the fibred adjunctions of the last two paragraphs
along the isofibrations (A1}, A{0}): 42" » A x A and (A2, A101): 42" & A x A
respectively to obtain adjunctions fibred over A x A. Composing these we obtain a pair
of adjunctions

AN > p2 5, A2 <i“\ A? (4.5.9)

i1

which are fibred over A x A with respect to the projections (pi,po): A2 - A x A and
(plm,powo):AAz’l - A x A. Here the upper adjunction has isomorphic unit and the
lower adjunction has isomorphic counit. The functors iy and i; degenerate the domain
and codomain respectively of a given 1-simplex to form a (2,1)-horn. The map m is a
“composition” functor.
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5. Limits and colimits

In this section, we demonstrate that limits and colimits of individual diagrams in a
quasi-category can be encoded as absolute right and left liftings in the 2-category gCat,.
The proof that this definition is equivalent to the standard one makes use of the fact that
absolute lifting diagrams in gCat, can be detected by an equivalence of suitably defined
comma quasi-categories. This observation, combined with Example 5.0.4, also supplies
the proof of Proposition 4.4.3, completing the unfinished business from the previous
section.

We begin with a general definition:

5.0.1. Definition. In a 2-category, an absolute right lifting diagram consists of the data

B
% lf (5.0.2)
—

c A

g9

with the universal property that if we are given any 2-cell x of the form depicted to the
left of the following equality

XxX-"4B X
1y

j I lf _ J Z

C —— A C

g

t\w}

N

B
lf (5.0.3)
A

|

then it admits a unique factorisation of the form displayed to the right of that equality.
When this condition holds for the diagram in (5.0.2) we say that it displays £ as an
absolute right lifting of g through f.

5.0.4. Example. The counit of an adjunction f 4 u : A — B defines an absolute right
lifting diagram

B
Je

/ f (5.0.5)

A—— A
ida

and, conversely, if this diagram displays u as an absolute right lifting of the identity on
its domain through f then f is left adjoint to u with counit 2-cell e.
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Proof. This is a standard 2-categorical result. The 2-functor represented by X carries
an adjunction f 4 wu to an adjunction whose counit has the universal property described
in (5.0.3) for the 2-cell (5.0.5).

Conversely, given an absolute right lifting diagram (5.0.5), we take this 2-cell to be
the counit and define the unit by applying the universal property of this absolute right
lifting to the identity 2-cell:

idB idB

B—— B B—— B
v
fl o Vidy | f = F u f (5.0.6)
/o de
A—— A A—— A
idA idA

This defining equation establishes one of the triangle identities. The other is obtained
by pasting € on the left of both of the 2-cells of (5.0.6) and applying the uniqueness
statement in the universal property of the absolute right lifting:

idB idB idB
B— B B—— B B —— B
/l l u J In fl “ u l o
f| didy f = f U o~ Yid,, = f u
Ye Ye e u Ye ya
A—A— A A——sA— A A A—— A
ida ida ida ida id 4

5.1. Absolute liftings and comma objects

We now specialise to the 2-category gCat,. Our aim is to use its weak comma objects
to re-express the universal property of absolute lifting diagrams and describe various
procedures through which they may be detected.

Given any diagram in gCat, of the form displayed in (5.0.2) in gCat, we may form
comma objects B | £ and f | g with canonical comma cones:

Bl B flg—2,B

(%3
pll/ qll Yy Jf (5.1.1)
C C——4

Pasting the canonical cone associated with B | ¢ onto the triangle (5.0.2) we obtain a
comma cone which induces a functor w: B | ¢ — f | g by the 1-cell induction property
of f | g. Recall this means that w makes the following pasting equality hold
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Bl/
B/ Jw
TN Ay
¢ ——> B = / \ (5.1.2)
X q1 q0
g\/‘ /f C < B
A %A/f

and in particular may be regarded as being a 1-cell in the slice 2-category gCat,/(C x B)
from (p1,po): f1 g C x Bto (q1,9): Bl ¢ > C x B.

Po

C

5.1.3. Proposition. The data of (5.0.2) defines an absolute right lifting in qCat, if and
only if the induced map w: Bl — fl g of (5.1.2) is an equivalence.

Proof. For each pair of functors b: X — B and X — C as in (5.0.3) observe that
sq,,7(c,b) (cf. Observation 3.5.3) is simply the set of those 2-cells of the form depicted
in the square on the left of the equality in (5.0.3) and that sq, p(c,b) is the set of those
2-cells which inhabit the upper left triangle of the diagram to the right of that same
equality. Define

L)
SQZ,B(Cv b) ng,f(C: b)

to be the function which takes each triangle in its domain and pastes it onto our candidate
lifting diagram (5.0.2) to obtain a corresponding square as depicted in (5.0.3). This family
of functions is natural in (¢,b): X — C x B in the sense that they are the components
of a natural transformation &* between the functors

Sde, B
—_—

(r8). (aCat,/(C x B))*® 4k Set
Sdg, 5

of Lemma 3.5.5. By construction, the triangle in (5.0.2) is an absolute right lifting if and
only if k*: Sdg,p = 44,5 18 a natural isomorphism.
Now consider a commutative square of natural transformations

ﬂ-g(hom/CxB(_’ (pl’po))) —7> ﬂ—g(hom/CxB(_v (ql’ QO)))
Sde,B . SAg, f

between presheaves on (7f).(qCat,/(C x B)), in which the vertical isomorphisms
are those induced by the weakly universal comma cones of (5.1.1) as discussed in
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Lemma 3.5.7. Applying Yoneda’s lemma and the definition of (7§).(gCat,/(C x B)),
this square provides us with a canonical bijection between the set of natural transforma-
tions k:sq, g = sq, ; and the set of isomorphism classes of 1-cells

Blt ——— flyg

(p1 ,po)\a Al ,q0) (5.1.4)

CxB

in gCat,/(C' x B). By the Yoneda lemma, k:sq, 5 = sq, ; is a natural isomorphism if
and only if the corresponding u: B¢ — fg is an isomorphism in (7). (qCat,/(C x B)).
By Observation 3.5.4, this holds if and only if w is an equivalence in gCat,/(C x B). By
Lemma 3.4.10, this is the case if and only if v is an equivalence in gCat,.

In particular, the natural transformation k*: sqyp = sq, ¢ constructed from the
2-cell (5.0.2) corresponds to the isomorphism class of those induced 1-cells w: BL¢ — flg
over C' x B which satisfy the pasting identity displayed in (5.1.2). We have just shown
that the triangle in (5.0.2) is an absolute lifting diagram if and only if k*:sq, p = sq, ;
is a natural isomorphism, which is the case if and only if w: B | ¢ — f | g is an equiva-
lence. O

5.1.5. Remark. There is nothing in the proof of Proposition 5.1.3, or in those of the results
upon which it relies, which depends upon the vertex X in (5.0.3) being a quasi-category.
The essential point here is that the space of maps out of any simplicial set X taking
values in a quasi-category is still a quasi-category. Consequently, we find that absolute
lifting diagrams in gCat, possess the factorisation property displayed in (5.0.3) for 2-cells
whose O-cellular domains X are general simplicial sets.

For certain applications, it will be important to have a strengthened version of Propo-
sition 5.1.3 which says that from any equivalence B | ¢ ~ f | g fibred over C x B we
may construct a 2-cell which displays ¢ as an absolute right lifting of g through f. This
result, Proposition 5.1.8 below, proceeds directly from the following technical lemma:

5.1.6. Lemma. For all natural transformations k:sq, p = sq, ¢ there exists a unique
2-cell \ of the form depicted in (5.0.2) such that k is equal to the natural transformation
kN defined by pasting a 2-cell in a triangle over € with X to form a 2-cell in a square over

f and g.

Proof. A 2-cell in the triangle (5.0.2) is simply an element of sqg’f(C, £), so we may
construct our candidate 2-cell A from the natural transformation k:sq, g = sq, ¢ by
applying it to the identity 2-cell in sq, 5(C, f); that is, we take X := k(¢ ) (ids).

Lemma 3.5.7 reveals that sq, p is a representable functor whose universal element
is the 2-cell ¢ € sq, p(p1,po) of the weakly universal cone (5.1.1) displaying B | . So
Yoneda’s lemma tells us that in order to show that our original natural transformation
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k is equal to k* it is enough to check that they both map ¢ to the same element of
ng,f(pl,]?o)'

To do this, first observe that the functor i: C — B | £ defined in Lemma 4.1.6 can be
regarded as a morphism in (7f).(gCat,/(C x B)). Its defining property, that ¢i = id,,
may then be re-expressed as the equality sq, 5(i)(¢) = ide relating id, € sq, 5(C,£) and
¢ € s g(p1,po). By naturality of k, this then allows us to obtain a similar relationship
between the 2-cell A and the image p := k(,, p,)(¢) of ¢ under k, as given by the fol-
lowing computation: sq, ¢(i)(k(p,,po)(9)) = k(c,0) (590, 5(1)(9)) = k(c,p)(ide) = A. By the
definition of the map sq, (i), this relationship may be expressed as a pasting equality:

C
¢, ///li ,
7 N Bt
C «x B = / (5.1.7)
l/pl P(J\‘
g\‘A/f C <pu B
N

By definition, k* acts on ¢ by pasting it to the 2-cell A as depicted in the diagram on
the left hand side of the following computation:

B/ Bl

P1 pP1 )
/]

// /

B =¢ Vi
¢

/ H ¢ C¢/V/’ BlY
/767\ij|f0:: //yli U ///ﬂj/// U Ci>/¢ B

=]
=]

N/

“w
c” o' s ////BM\ ///Bu\ N
e ) A
Q\A/f c pcupo B c pcupo B
N T N T

To elaborate, the first step in this calculation is simply an application of the equality
given in (5.1.7). Its second step follows from the first of the defining properties of the unit
v:idpye = ip1 of the adjunction p; - ¢ of Lemma 4.1.6, those being that pov = ¢ and
p1v = idp, . The third of these equalities follows on observing that the pasting depicted on
its left is simply the horizontal composite of the 2-cells p and v, which may be expressed
as the vertical composite gpiv - 1 in which the second factor is an identity by the second
defining property of v.

In other words, this calculation demonstrates that k()‘pl o)

equal to k,, »0)(¢), by definition. Consequently, Yoneda’s lemma tells us that k = kA

(¢) = p which is in turn

as required. Finally, the fact that A is the unique 2-cell with the property that k = &
follows immediately from the patent fact that A = kf\c, p(ide). O
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As an immediate corollary, we have the following important result:

5.1.8. Proposition. Suppose we are given functors f: B — A, g:C — A, and £:C — B of
quasi-categories. Then the construction depicted in (5.1.2) provides us with a bijection
between 2-cells of the form

B
¢ Jf

A (5.1.9)

C — A

and isomorphism classes of 1-cells
Blt————flyg
(PLPO)\/» Al,qo) (5110)
CxB

in gCat,/(C x B). Furthermore, this 2-cell A displays ¢ as an absolute right lifting of g
through f if and only if any representative w of the corresponding isomorphism class of
functors is an equivalence.

Proof. Lemma 5.1.6 provides a canonical bijection between 2-cells (5.1.9) and natural
transformations sq, 5 = sq, ;. The proof of Proposition 5.1.3 establishes a canonical
bijection between natural transformations sq, 5 = sq, ; and isomorphism classes of
1-cells (5.1.10). Proposition 5.1.3 then concludes that A displays ¢ as an absolute right
lifting of g through f if and only if any representative w of the corresponding isomorphism
class of functors is an equivalence. 0O

As a special case, if f | A and B | u are equivalent over A x B, then f is left adjoint
to u.

Proof of Proposition 4.4.3. If f | A and B | u are equivalent over A x B, then Propo-
sition 5.1.8 provides us with a corresponding 2-cell e: fu = id 4, which displays v as an
absolute right lifting of id 4 through f. By Example 5.0.4, this provides us with enough
information to conclude that f is left adjoint to w with counit e. O

A second characterisation of absolute right liftings in qCat, relates them to the posses-
sion of terminal objects by the fibres of ¢1: f | g - C. To explain this relationship, start
by applying Observation 3.5.1 to show that arbitrary pairs (¢, \) as depicted in (5.1.9)
correspond to isomorphism classes of functors
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C——flg

(C,0) Cx B (q1,90)

over C' x B defined by 1-cell induction

C
\Lt 4 C Y
flg 7 N
)/ql \ - C <A B (5.1.11)

q0

ol R N
f

AN

A J

The following proposition relates the universal properties of pairs (¢, ) and correspond-
ing functors t.

5.1.12. Proposition. The 2-cell A shown in (5.1.9) displays € as an absolute right lifting
of the functor g through f if and only if the induced functor t:C — f | g of (5.1.11)
features in a fibred adjunction:

Cet S Tie (5.1.13)

that is, if and only if t defines a right adjoint right inverse to the isofibration q.

Proof. First assume that the triangle in (5.1.9) is an absolute right lifting diagram and
apply Proposition 5.1.3 to show that the associated functor w: Bl £ — f | g is a fibred
equivalence with equivalence inverse w’. Applying Proposition 4.3.2 in gCat,/(C x B)
and Corollary 4.5.3, this may be promoted to a fibred adjoint equivalence w’ - w over
C x B. Its pushforward along the projection C' x B - C' is an adjoint equivalence fibred
over C.

FExample 4.5.4 provides us with an adjunction p; 4 :C — B | £ also fibred over
C. Composing these, we obtain an adjunction pyw’ 4 wi:C — f | g again fibred over
C. From the defining properties of w and i, as described in (5.1.2) and (4.1.7), it is
clear that wi is a 1-cell induced over ¥ by the comma cone A, and so we may infer, by
Observation 3.5.1, that it is isomorphic to ¢ over C. Furthermore, w’ is fibred over C x B
so prw’ = g1, and the fibred adjunction p;w’ < wi reduces to a fibred adjunction g; = ¢
as required.

For the converse, assume that we have a fibred adjunction of the form given in (5.1.13).
We must show that for any 2-cell p



E. Riehl, D. Verity / Advances in Mathematics 280 (2015) 549-642 619

Y — B Y — B
| w |r = cl“a/“é@lf (5.1.14)
C - A C - A

there exits a unique 2-cell 7 which makes this pasting equation hold.
To do this, start by applying the 1-cell induction property of f| g to the comma cone
u to give a functor m: Y — f | g so that

flg = C <. B (5.1.15)

A 2-cell 7:b = (e satisfying (5.1.14) gives rise to a 2-cell v from m:Y — f | ¢ to the
composite functor tc: Y — f | g over C' by 2-cell induction: notice that the fact that we
require v to be a 2-cell over C means that the equation ¢;v = id,, must hold, which tells
us that the second 2-cell of its inducing pair must be id,, . The compatibility condition
expressed in (3.3.26) for the pair (7,id,,) reduces to the pasting equality (5.1.14) by
direct application of the defining properties for m and ¢ given in (5.1.15) and (5.1.11).
Conversely, if v:m = tc is any 2-cell over C then the whiskered 2-cell 7:= qov:b = fc
satisfies (5.1.14).

Extending Definition 3.4.1, the map ¢ defines a 2-functor homy(c, —): qCat,/C —
Cat,. As in Observation 4.5.7, this 2-functor carries the postulated fibred adjunction
q1 1t to a terminal object tc:Y — f | g in the hom-category homg(c, q1). It follows
that there exists a unique 2-cell v: m = tc over C; hence, the 2-cell gov: b = fc provides
us with a solution to (5.1.14). Furthermore if 7:b = {c is any other 2-cell which solves
that pasting equality then the 2-cell it induces must necessarily be the unique such
v:m = tc, and consequently we have the equality 7 = qov. This demonstrates that the
solution to (5.1.14) is unique. O

5.1.16. Observation. The upshot of Proposition 5.1.12 is that if the projection ¢;: f ] g -
C has a fibred right adjoint (5.1.13), then we may compose it with the weakly universal
cone associated with f | g to obtain an absolute right lifting of g through f.

This characterisation of absolute right liftings leads to the following generalisation of
a classical result:
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5.1.17. Proposition. There exists an absolute right lifting

B

% lf (5.1.18)

C —5 A
if and only if there exists an absolute right lifting

flA

% lm (5.1.19)

Furthermore, the 2-cell \ is necessarily an isomorphism and 1 may be chosen so as to
make it an identity.

Proof. Write (r1,79):p1 4 g > C x f | A for the projection defined by the comma
quasi-category construction Definition 3.3.15. Directly from this definition, there exists
a canonical isomorphism p; | g £ Al g X4 f ] A commuting with the projections to
C x fl A. Applying Proposition 5.1.12, our aim is to use a fibred right adjoint to g; to
construct a fibred right adjoint to r; and vice versa.

q1 T1
C 1 S flyg CT 1 Smlg (5.1.20)

\/ N\ e

To that end, pull back the “composition—identity” fibred adjunctions (4.5.9) along the
functor g x p1:C' x f | A — A x A to obtain a pair of adjunctions

T ——
\i// flg (5.1.21)

i1

pdg=AlgxaflA

fibred over C' x f| A. Pushing forward along the projection C'x f| A - C, we may regard
the adjunctions (5.1.21) as fibred over C' with respect to the isofibrations r1:p; | g > C
and q1: flg > C.

With this adjunction in our armoury our result is essentially immediate. If we are
given the left-hand fibred adjunction (5.1.20) witnessing the existence of the absolute
right lifting of g through f then we may compose it with the lower fibred adjunction
of (5.1.21) to obtain the right-hand fibred adjunction (5.1.20), providing us with an
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absolute right lifting of g through p;. Conversely, we may go back in the other direction by
composing the right-hand fibred adjunction with the upper fibred adjunction of (5.1.21)
to obtain an adjunction of the type on the left of (5.1.20).

All that remains is to check the final clause of the proposition. To that end, Obser-
vation 5.1.16 tells us that we may construct an absolute right lifting of g through p; by
composing the right adjoint functor

C—sflg—splyg

where ¢ is the fibred right adjoint of (5.1.20), with the comma cone that displays p1 | g
as a weak comma object. By construction, the 2-cell of that cone is the restriction

Po
plg——Alg—— A 4 3A
p1

of the 2-cell which displays A° as a weak cotensor. Hence, the 2-cell \ constructed by
Proposition 5.1.12 is equal to

. Po
C—flg—s A2 a2, 222 L =4
pP1

and, consulting the definition of i1 given in Example 4.5.8, it is straightforward to ver-
ify that the composite of the last three cells above is equal to the identity 2-cell on
p1: A2 - A. Consequently, the 2-cell in our absolute right lifting is also an identity as
required. O

5.2. Limits and colimits as absolute lifting diagrams

A diagram in a quasi-category A is just a map d: X — A of simplicial sets. In partic-
ular, when X is the nerve of a small category and A is the homotopy coherent nerve of
a locally Kan simplicial category, a diagram is precisely a homotopy coherent diagram in
the sense of Cordier, Porter, Vogt, and others [4].

5.2.1. Notation. From here on we use c: A — AX to denote the constant diagram map:
the adjoint transpose of the projection map m4: A x X — A. Furthermore, we shall
notationally identify functors f: X — A and natural transformations a: f = ¢: X — A
with their adjoint transposes f: A% — AX and a: f = g: A — AX respectively.
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5.2.2. Definition. We say that an absolute right lifting diagram

A

% l (5.2.3)

AOTAX

displays the vertex £ € A as the limit of the diagram d: X — A. The 2-cell A, which we
may equally regard as going from the constant diagram X - A? £5 A to d, is called
the limiting cone. Dually, we say that an absolute left lifting diagram

A

% l (5.2.4)

AOT>AX

displays the vertex £ € A as the colimit of the diagram d: X — A. Here again the 2-cell
A, from d to the constant diagram X - A? £5 A is called the colimiting cone.

5.2.5. Remark. For the most part in what follows, we shall present our results in terms of
limits and absolute right liftings only. Of course, these arguments all admit the obvious
duals which apply to colimits and absolute left liftings. Indeed the results of this section
and the last are almost exclusively matters of formal 2-category theory. Their duals follow
by re-interpreting these arguments in the dual 2-category qCat$® obtained by reversing
the direction of all 2-cells.

A special case of Proposition 5.1.12 gives an alternative definition of limits and colimits
in a quasi-category.

5.2.6. Proposition. A limit of d: X — A is a terminal object in the quasi-category c | d,
and conversely a terminal object defines a limit.

Proof. A limiting cone defines a vertex in the comma quasi-category c¢|.d by 1-cell induc-
tion; Lemma 3.3.27 and Proposition 5.1.12 tell us this vertex is unique up to isomorphism
and terminal. Conversely, Proposition 5.1.12 implies that the data of a terminal object in
cl d defines a limit object £ € A and a limiting cone A in the sense of Definition 5.2.2. O

An important corollary of Proposition 5.2.6 is that our definition of limit agrees with
the existing ones in the literature. As discussed in Section 2.4 and seen already in the
proof of Proposition 4.4.7, this proof makes use of an equivalence between Joyal’s slice
construction and our comma construction. In this case we show that the quasi-category
of cones ¢ | d over a diagram d: X — A is equivalent to Joyal’s quasi-category of cones
A g, recalled in Definition 2.4.2.
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5.2.7. Lemma. For any diagram d: X — A in a quasi-category A, there is an equivalence

Ay —=— s cld

of quasi-categories over A.

Proof. As in the proof of Lemma 4.4.6, we will demonstrate an isomorphism c|d = A /4
over A between the quasi-category of cones and the fat slice construction on d: X — A
defined in Definition 2.4.7. Via this isomorphism, the equivalence 4,4 ~ c] d is a special
case of the equivalence of Proposition 2.4.13.

To establish the isomorphism, it suffices to show that ¢ | d has the universal property
that defines A /4. By adjunction, a map Y — A /4 corresponds to a commutative square,
as displayed on the left:

Y x X)U(Y x X) " yux y — s ax)s
l l(ﬁd) s (ml l
Y XAl X ————— A A0 x A ———— A% % AX
Xc

which transposes to the commutative square displayed on the right. The data of the
right-hand square is precisely that of a map Y — ¢ | d by the universal property of the
pullback Definition 3.3.15 defining the comma quasi-category. O

Joyal defines a limit of a diagram d: X — A to be a terminal vertex ¢ in the slice
quasi-category A4, thought of as the “quasi-category of cones” over d. If m: 4,3 » A
denotes the canonical projection then such a limiting cone displays £:=mt as a limit of d.

5.2.8. Proposition. The notion of limit and limit cone introduced in Definition 5.2.2 is
equivalent to the notion of limit and limit cone introduced by Joyal in [9, 4.5].

Proof. By Proposition 5.2.6 tells us that our definition can be recast in a corresponding
form: as a terminal vertex ¢ in the comma quasi-category c | d. Our “quasi-category of
cones” is equipped with a projection gg:c ] d — A, and by Proposition 5.1.12 such a
limiting cone displays ¢ := got as a limit of d.

Lemma 5.2.7 supplies an equivalence over A between the quasi-category of cones and
Joyal’s slice quasi-category A, 4. Applying Proposition 4.3.4, our preservation result for
terminal objects, we see that this equivalence maps a limit cone in Joyal’s sense to a
limit cone in our sense and vice versa. Furthermore, since this is an equivalence over A,
it follows that these corresponding cones display the same vertex ¢ as the limit of d. O
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5.2.9. Definition. A family k of diagrams of shape X in a quasi-category A is simply
a functor k: K — AX. In many cases, K will be the full sub-quasi-category of AX
determined by some set of diagrams and k& will be the inclusion K < AX.

We say that A admits limits of the family of diagrams k: K — AX if there exists an
absolute right lifting diagram:

A

lim
- J (5.2.10)
K — AX

Furthermore, we shall simply say that A admits all limits of shape X if it admits limits
of the family of all diagrams AX.

A diagram d: X — A is said to be a member of the family k& if it is a vertex in the
image of k, that is to say if there is a vertex d € K such that d = kd. It is trivially
verified, directly from the universal property of absolute right liftings, that if A admits
limits of the family of diagrams k and d is a member of the family k then the restricted
triangle

A

lilT%' J/
C
UIAd

A — AX
is again an absolute right lifting, thus providing us with a limit of individual diagram d.
Our use of the adjective “absolute” here coincides with its usual meaning: absolute lifting
diagrams are preserved by pre-composition by all functors.

This result has the following converse, whose proof we delay to Section 6:

5.2.11. Proposition. If A admits the limit of each individual diagram d: X — A in the
family k: K — AX then it admits limits of the family of diagrams k.

As a special case of Example 5.0.4:

5.2.12. Proposition. A quasi-category A has all limits of shape X if and only if there
exists an adjunction



E. Riehl, D. Verity / Advances in Mathematics 280 (2015) 549-642 625

A key advantage of our 2-categorical definition of (co)limits in any quasi-category is
that it permits us to use standard 2-categorical arguments to give easy proofs of the
expected categorical theorems.

5.2.13. Proposition. Right adjoints preserve limits.

Our proof will closely follow the classical one. Given a diagram d: X — A and a
right adjoint u: A — B to some functor f, a cone with summit b over ud transposes to
a cone with summit fb over d, which factorises uniquely through the limit cone. This
factorisation transposes back across the adjunction to show that the image of the limit
cone under u defines a limit over ud.

Proof. Suppose that A admits limits of a family of diagrams k: K — AX as witnessed
by an absolute right lifting diagram (5.2.10). Given an adjunction f - «, and hence by
Proposition 4.3.3 an adjunction fX - u%X, we must show that

A—>B
lim lc lc
YA

KT>AX*X>BX

is an absolute right lifting diagram. Given a square

B

Y
GJ Ux JC
K —— AX — BX

k u

we first transpose across the adjunction, by composing with f and the counit.

b f
Y B A y2.p_—t .4
| N
a Ux c ¢ = 4 ¢
uX X lim A
K AX BX AX g M x
b \UE—X// i

Applying the universal property of the absolute right lifting diagram (5.2.10) produces a
factorisation ¢, which may then be transposed back across the adjunction by composing
with v and the unit.
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b B/@\\

Y A B
f u
_ l . l l l
K AX A BX
k GX x
v “
b //\ b

Y Y
= ‘ll Ux l"’ J Ux JC
X Unx
K K

HAXLBX fX%AXHBX %AX%BX

\\M_// u¥

Here the second equality is immediate from the definition of X and the third is by the
triangle identity defining the adjunction fX 4 «¥. The pasted composite of ¢ and 7 is
the desired factorisation of x through A.

The proof that this factorisation is unique, which again parallels the classical argu-
ment, is left to the reader: the essential point is that the transposes are unique. O

5.2.14. Corollary. Fquivalences preserve limits and colimits.
Proof. This follows immediately from Propositions 5.2.13 and 4.3.2. O

5.2.15. Observation. Under the 2-adjunction — x Y 4 (—)Y triangles of the form

B
% lf (5.2.16)
A

KXYT>

correspond to transposed diagrams:

i
i lfy (5.2.17)

Furthermore, if the first of these triangles is an absolute right lifting then so is the second
one. To prove this, we must show that we can uniquely factorise the 2-cell in a square

7z 2 BY

J o ny

K —— AY
J
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through the 2-cell A in (5.2.17). Transposing that square under the 2-adjunction, we
obtain the square on the left of the following diagram:

ZxY — B ZxY — B
E[ID
ﬁl la lf ﬂl/lf
¢ A
KXYT>A KXYTA

The unique factorisation on the right arises from the universal property of the absolute
lifting diagram (5.2.16), and its transpose provides the desired unique factorisation of «.

5.2.18. Proposition (Pointwise limits in functor quasi-categories). If a quasi-category
A admits limits of the family of diagrams k: K — AX of shape X then the functor
quasi-category AY admits limits of the corresponding family of diagrams kY :KY —
(AX)Y = (AY)X of shape X .

Proof. On precomposing the absolute right lifting that displays the limits of the family
k:K — AX (5.2.10) by the evaluation map ev: K¥ x Y — K, we obtain an absolute
right lifting diagram whose adjoint transpose under the 2-adjunction — x Y = (—)Y is
the triangle

AY

lim¥ oY
Y

KY o (AX)Y

By the last observation, this is again an absolute right lifting diagram which, on compo-
sition with the canonical isomorphism (AX)Y 2 (A4Y)X, displays lim” as the family of
limits required in the statement. O

Proposition 5.2.12 tells us that if A has all limits of shape X, then there is a functor
lim: AX — A that is right adjoint to the constant functor c: A — AX. In ordinary
category theory we often deploy another adjunction related to the existence of limits of
shape X, this being the restriction—right Kan extension adjunction between diagrams
of shape X and diagrams whose shape is that of a cone over X.

The shape of a cone over a diagram of shape X is given by the simplicial set A% x X,
defined using Joyal’s join construction of Definition 2.4.1.

5.2.19. Proposition. A quasi-category A admits limits of the family of diagrams k: K —
AX of shape X if and only if there exists an absolute right lifting diagram
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AAU*X

ran
res
U

KTAX

in which res is the restriction isofibration given by pre-composition with the inclusion
X — A x X. Furthermore, when these equivalent conditions hold X is necessarily an
isomorphism and, indeed, we may choose ran so that \ is an identity.

Proof. By Proposition 2.4.11, the canonical comparison A? ¢ X — A®« X is a weak
equivalence in Joyal’s model structure. So if A is a quasi-category, it follows, by Propo-
sition 3.2.10, that the associated pre-composition functor AATX _y gA%0X
lence of quasi-categories. Now the contravariant exponential functor A(—): sSet°? — qCat
carries colimits to limits so it is immediate, from Definition 2.4.5, that we have a pullback

is an equiva-

AA°<>X AXxAl

|- |

A x AX gAAOLIX AXUX o pgX o pX

from which we see that A2"°X ig isomorphic to the comma quasi-category ¢ | AX. It is
now easily checked that a triangle of the form given in the statement is an absolute right
lifting if and only if the following rearranged triangle

cl AX AAX | AX
ran lpl — ran res
U U P1

has that property; now the current result is merely a special case of Proposi-
tion 5.1.17. O

5.2.20. Corollary. A quasi-category A admits all limits of shape X if and only if the
restriction functor associated with the inclusion X — A% X has a fibred right adjoint

res

R PO

\ ran
res

AX
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Proof. Since the restriction functor A2*X — AX is an isofibration, we may follow
Example 4.5.5 and pick its right adjoint so that the counit of the adjunction res - ran is
an identity. By Corollary 4.5.3, this adjunction lifts to an adjunction fibred over AX. O

As an application of some significant classical interest, we may use Proposition 5.2.19
to construct a loops—suspension adjunction in any pointed quasi-category admitting cer-
tain pullbacks and pushouts.

5.2.21. Definition (Pointed quasi-categories). A zero object in a quasi-category is an object
in there that is both initial and terminal. We say that a quasi-category A is pointed if
it has a zero object and write x € A for that object. We call the counit p: ! = ids of
the adjunction * 4! : A — A9 the family of points of the objects of A and call the unit
&:id4 = #! of the adjunction ! 4 % : A — A9 the family of co-points of the objects of A.

5.2.22. Notation (Pushout and pullback diagrams). We shall adopt the following notation
for certain important diagram shapes which arise naturally as simplicial subsets of the
square Al x Al:

« _ will denote the simplicial subset (A! x Aty U (AHF x A1), and
« r will denote the simplicial subset (A! x AL0}) U (A0} x A1),

Of course, 1 and = are the shapes of pullback and pushout diagrams, isomorphic to the
horns A%? and A%Y respectively. The joins A? x 1 and r x A® are each isomorphic to
the square A x A'. These isomorphisms identify the canonical inclusions of those joins
with the corresponding subset inclusions 1 < A! x Al and = < A! x A respectively.

5.2.23. Definition (Pushouts and pullbacks in quasi-categories). A pullback in a quasi-
category is a limit of a diagram of shape 1. Dually a pushout in a quasi-category is a
colimit of a diagram of shape .

5.2.24. Observation. The family of points of a pointed quasi-category A may be rep-
resented by a simplicial map p: A — A?. Now the pullback diagram shape _ may be
represented as a glueing of two copies of 2 identified at their initial vertex, so it fol-
lows that A~ may be constructed as a pullback of two copies of A% along the projection
p1: A% - A. Consequently, two copies of p give rise to a functor p: A — A-~. This functor
maps each object a of A to a pushout diagram with outer vertices *, inner vertex a,
and maps two copies of the component of p at a. Dually we may define a corresponding
functor &: A — A" using two copies of the family of co-points.

5.2.25. Definition (Loop spaces and suspensions). We say that a pointed quasi-category
A admits the construction of loop spaces if it admits limits of the family of diagrams
p: A — A-. Dually, we say that A admits the construction of suspensions if it admits
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colimits of the family of diagrams &: A — A". These constructions, when they exist, are
displayed by absolute right and left liftings

A A
A
4 i
A—— A A—— A"
P 3

in which Q is called the loop space functor and ¥ is called the suspension functor. Of
course, if A admits all pullbacks (resp. pushouts) then, as a special case, it admits the
construction of loop spaces (resp. suspensions).

5.2.26. Example. In the quasi-category of spaces, which we construct by applying the ho-
motopy coherent nerve to the simplicially enriched category of Kan complexes, pushouts
and pullbacks are constructed by taking classical homotopy pushouts and pullbacks. The
quasi-category of pointed spaces is simply the slice under A® and its pushouts and pull-
backs may be computed as in the quasi-category of spaces. It follows, therefore, that the
loop space and suspension constructions in this quasi-category coincide with the usual
notions in classical homotopy theory.

The following proposition promotes our classical intuition about the relationship be-
tween loop and suspension constructions to a genuine adjunction of quasi-categories.
To keep our proof as simple and transparent as possible, we choose to assume that
the quasi-category here admits all pushouts and pullbacks, leaving it to the reader to
generalise this result to one in which we only assume the existence of loop spaces and
suspensions.

5.2.27. Proposition. Suppose that A is a pointed quasi-category which admits all pushouts
and pullbacks. Then A has a loops—suspension adjunction

AT L T54
Q

Proof. By Corollary 5.2.20 and the ruminations of Notation 5.2.22, the hypothesis that
A has pullbacks and pushouts implies that there are adjunctions

res lan
Y T - (5:2:25)

which are fibred over A~ and A", respectively. Now the inclusion of A°LJA® into A x Al
which picks out the vertices (1,0) and (0,1) factorises through each of the subsets _
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and r and therefore induces restriction isofibrations A - A x A and A" - A x A.
So we may push forward our fibred adjunctions along these isofibrations to obtain a
composable pair of adjunctions fibred over A x A. Composing these and pulling back
along (,%): A’ — A x A, we obtain an adjunction

s
A 1L AL (5.2.29)

2

where A7 C A- and A, C A" are the sub-quasi-categories of pullback and pushout
diagrams whose outer vertices are pinned at the zero object .

The family of points p: A — A2 discussed in Observation 5.2.24 factorises through the
sub-quasi-category * | A C A?; hence, the family of diagrams p: A — A~ for the loop
space construction also factorises through A7 C A-. Furthermore, it is clear that the
pullback expressing A~ in terms of two copies of A restricts to the pullback expressing
A7 in terms of two copies of % | A in the following diagram:

We claim that each functor in this diagram is an equivalence. To show this start
by observing that the initiality of * in A implies that the isofibration p; is an equiva-
lence, as is its right inverse p by the 2-of-3 property. Trivial fibrations are stable under
pullback, so the two projections from Aj are equivalences, as is p by the 2-of-3 prop-
erty. Observe also that the functor which restricts each pullback diagram to its inner
vertex is an isofibration left inverse to p and so, by the 2-of-3 property, it too is an
equivalence. The dual argument shows that the family of diagrams &: A — A" for the sus-
pension construction also factorises through A7 C A" to give an equivalence &: A — A7
with left inverse the isofibration that restricts each pullback diagram to its inner ver-
tex.

Now we may promote the equivalences p and £ to adjoint equivalences and compose
them with the adjunction (5.2.29). The right adjoint in this composite adjunction is equal
to the composite A Ly A- xan, JATXAT xes A in which the last map is the restriction
functor associated with the inclusion of AY as the vertex (0,0) of Al x Al. The composite
of these last two functors is the pullback functor lim: A" — A, so pre-composing it with
p: A — A- produces a functor which picks out limits of the diagrams in the family p. This
must therefore be isomorphic to the loop space functor Q by Definition 5.2.25. A dual
argument demonstrates that the left adjoint in the composite adjunction is isomorphic
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to the suspension functor ¥, thus completing the verification that the adjunction we
have constructed is the one asked for in the statement. O

5.83. Geometric realisations of simplicial objects

A classical result from simplicial homotopy theory states that if a simplicial object
admits an augmentation together with a splitting, also called a contracting homotopy
or simply “extra degeneracies”, then the augmentation is homotopy equivalent to its
geometric realisation. More precisely, the augmented simplicial object, a diagram of
shape Ai_p, defines a colimit cone over the restriction of this diagram to A°P.

In this section, we import these ideas into the quasi-categorical context, proving that
if a simplicial object in a quasi-category admits an augmentation and a splitting then
the augmentation is its quasi-categorical colimit. Again, the result is not new (cf. [15,
6.1.3.16]), but our proof closely mirrors the classical one (see, e.g., [18]). Specifically, we
show that the structure of the contracting homotopies define an absolute left extension
diagram in Cat. Furthermore, this universal property is witnessed equationally and so
is preserved by any 2-functor. Dual remarks apply to cosimplicial objects admitting a
coaugmentation and a splitting.

The first step is to describe the shape of a split simplicial object. There are two choices,
distinguished by whether we choose a “forwards” or “backwards” contracting homotopy.
The corresponding categories are opposites. Let A, and A_., denote the subcategories
of A consisting of those maps that preserve the top or bottom element respectively in
each ordinal. There is an inclusion [0] @ —: Ay < A_, which freely adjoins a bottom
element. Note the degree shift: this functor sends the initial object [—1] € A4 to the zero
object [0] € A_w.

A simplicial object is augmented if it admits an extension to AS” and split if it admits
a further extension to A = A% . Evaluating at [0] € A yields the augmentation.
Restriction along the inclusion A°? < AS” < A, yields the original diagram. We will
prove:

5.3.1. Theorem. For any quasi-category B, the canonical diagram

evp J
(&
TT

Bbe — BT
res

is an absolute left lifting diagram. Hence, given any simplicial object admitting an aug-
mentation and a splitting, the augmented simplicial object defines a colimit cone over
the original simplicial object. Furthermore, such colimits are preserved by any functor.

Our proof uses a 2-categorical lemma.
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5.3.2. Lemma. Suppose given an adjunction in a slice 2-category C/C

(e}

N
A

e

ay
e
B

~

[
b

<

If b admits a left adjoint ¢ in C with unit v, then the 2-cell fi: f = fbc = ac exhibits ¢
as an absolute left lifting of f through a.

Proof. Let v be the counit of ¢ 4 b, and write n and e for the unit and counit of the
adjunction f - wu; because this adjunction is under C' we have ea = id, and nb = idy.
Any 2-cell x of the form displayed below factorises through f: as follows

x2s¢ xL.¢ x4 x2s¢ C
l x J xl ™ laa{ ™ al\b fol x QJNW/J“
! ! WY f u e
B— A B—— A B—A—2B B A B A
! \ﬂn\ S~ St
T e
BTA

using a triangle identity for each adjunction and the fact that ea = id,. Such factori-
sations are unique because the 2-cell { can be recovered from the pasted composite
with fu:

xyc c x$c c = x$c c X$c
l \ / lfm/i\ b T Jfrc/}w lfrc
;TL u /ﬂz, \ /m € ¢
B A B = B BHA B B B = B
ﬂn SNt P
O

Proof of Theorem 5.3.1. The inclusion A°? — A,, admits a left adjoint. One way to
define it is to present A°P via the “interval representation”: after employing a degree
shift [n] — [n + 1], A°P is the subcategory of Ay consisting of ordinals with distinct top
and bottom elements and maps that preserve these. Most generally, we might think of
the interval representation as the diagonal composite functor in the pullback diagram
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P —— Do

]
A_oo—— Ay

The arrows A_o, < A’ — A extend the category indexing augmented simplicial
objects by introducing extra maps that define “extra degeneracies” either on the left or
on the right. The restricted functor A°® — A, is the inclusion described above. It has
a left adjoint: a map «a: [k] = [n+ 1] in Ay is given by a map [n] — [k] in A that sends
i € [n], thought of as a “gap” between adjacent elements in [n+ 1], to the minimal j € [k]
so that a(j) =i+ 1.

For any quasi-category B, the 2-functor B(_):%gp — gCat, carries the adjoint
functors

to an adjunction in the slice 2-category B/qCat,

B
evg
¢ res
S e ——

The 2-cell defined by whiskering res with the unit of evy - ¢ is the 2-cell res = ¢ - evg
obtained by applying the 2-functor B~ to the unique 2-cell

AP
Y
! [0]
1

that exists because [0] € Ay is terminal. The result now follows from Lemma 5.3.2.
It remains only to prove the last statement. Given any functor f: B — A, the diagrams

f
B—— A B
evo J/ J/ B evo J/c
o B i
op op A A AP
B~ — b . Ab Bbe — 5 At 5 A

N
res AOP oo
f I
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coincide by bifunctoriality of the internal hom 2-functor in gCat,. In particular, the
left-hand side inherits the universal property of the right-hand side. O

5.3.3. Example. Theorem 5.3.1 can be used to prove that any object in the quasi-category
of algebras associated to a coherent monad is a homotopy colimit of a canonical simplicial
object of free algebras. See [24] and [25].

6. Pointwise universal properties

We have seen that limits and adjunctions can be encoded as absolute lifting diagrams
in gCat,. In this section, we prove a theorem that allows such diagrams to be identified
in practice: we show that absolute left or right lifting diagrams can be defined “point-
wise” by specifying initial or terminal objects, respectively, in the appropriate comma or
slice quasi-categories; the definition of Joyal’s slice quasi-categories is recalled in Defini-
tion 2.4.2.

We conclude by proving a corollary of this result: that simplicial Quillen adjunctions
between simplicial model categories are adjunctions of quasi-categories. Adjunctions in
homotopical contexts are commonly presented as Quillen adjunctions, which can be
replaced by adjunctions of this type in good set-theoretical cases [22]. This result implies
that such adjunctions can be imported into the quasi-categorical context.

6.1. Pointwise absolute lifting

Immediately from Definition 5.2.9, absolute lifting diagrams are preserved by pre-
composition by all functors and, in particular, under evaluation at a vertex in the domain
quasi-category.

6.1.1. Definition (Pointwise universal property of absoluting lifting diagrams). If the left-
hand diagram

B B

| el
4 ! ~ e L (6.1.2)

C—A A —— A

is an absolute lifting diagram and c is an object of C' then pre-composition by the functor
c: A" — C gives a 2-cell Ac: flc = gc which displays fc: A — B as an absolute right
lifting of gc: A — A through f: B — A. The family of absolute lifting diagrams as
displayed on the right encode the pointwise universal property of the absolute lifting
diagram displayed on the left.

A special case of Proposition 5.1.12 provides an alternate characterisation of a point-
wise absolute lifting property:
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6.1.3. Lemma. Given functors g:C — A and f: B — A the data of a pointwise absolute
right lifting diagram at a vertex ¢ € C is equally the data of a terminal object in the
comma or slice quasi-categories [l gc == f,g..

Lemma 4.4.6 supplies an equivalence f | gc >~ f,4. along which we may transport
terminal objects. Lemma 6.1.3 demonstrates that if g admits an absolute right lifting
through f, then f|gc~ f,,. has a terminal object, for each vertex ¢ in the domain of g.
In fact, these terminal objects suffice to demonstrate the existence of an absolute right
lifting:

6.1.4. Theorem. The functor g: C — A admits an absolute right lifting through the functor
f:B — A if and only if for all objects c of C' the quasi-category f | gc =~ f/4. has a
terminal object.

Proof of Theorem 6.1.4. Suppose each f/,. has a terminal object A.:fb — gc, ie.,
suppose we can fill any sphere 0A™ — f, . with n > 1 whose final vertex is A.. Unpacking
the definition, we have assumed that we can solve any lifting problem

OA™ B
n \/ e - B ’ \lf
OA™ —— f/gc AntLntl - A
A P P
.7 o e 7 (6.1.5)
Ve
An pe
An P P
N
An+1

in gCat? for which the {n,n + 1} edge of the A"™1"T1 horn in A is A..
It follows that we can solve any extension problem

dA™ x A0} 3 B
\ - - \
DA™ x ALUA™ x Al 2 A
e _ -7 (6.1.6)
A" x AL} -
A" x Al

for which the image of the edge between the vertices (n,0) and (n,1) is A.: The filler is
constructed by inductively choosing images for the shuffles of A™ x A! starting from the
filled end of the specified cylinder. The images for all but the last shuffle are defined by
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filling the obvious inner horns in A. The final shuffle is attached by filling a A»*%"*1_horn
in A precisely of the form (6.1.5).

We are interested in extension problems (6.1.6) where the n-simplex in A given as one
end of the cylinder is in the image of some specified n-simplex of C' under g; these are
precisely the data specified by a lifting problem

Ae
A0 ?am flg
J e lql (6.1.7)
Ve

A" —— C

in which case the extension of (6.1.6) provides a solution. We have just shown that any
lifting problem (6.1.7) in which the final vertex of the sphere maps to a terminal object
Ac € f/gc has a solution. By Lemma 4.4.12, this tells us that ¢;: f | g — C admits a right
adjoint right inverse t: C — f | g, which by Proposition 5.1.12 encodes the data of an
absolute right lifting diagram, as displayed on the bottom right.

C

1\, c o,

flg C/ \B _
/ - <=
N

A

Theorem 6.1.4 provides a useful criterion for the existence of absolute lifting diagrams.
The following corollary supplies the corresponding detection result, identifying when a
candidate lifting diagram has the desired universal property. The lifting property implies
that each of its fibres admit terminal objects, a definition that will be introduced in the
next section.

6.1.8. Corollary. A triangle

B
UA

L

CT>A

displays £ as an absolute right lifting of g through f if and only if it has that property
pointwise.
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Proof. Necessity of the pointwise absolute lifting property of Definition 6.1.1 is immedi-
ate. Conversely, the assumed pointwise lifting tells us, in particular, that for each object
c in C' the slice quasi-category f | gc ~ f,,. has a terminal object. Consequently, we
may apply Theorem 6.1.4 to construct a functor ¢: C — A and 2-cell X': f¢’ = g which
displays ¢’ as an absolute right lifting of g through f.

The universal property of (¢, )\) applied to the triangle (¢, \) provides us with a
unique 2-cell 7:¢ = ¢’ with the defining property that A - fr = A. Now both of the
2-cells A and )\ possess the pointwise lifting property, the first by assumption and the
second by construction. In other words, for all objects ¢ in C the 2-cell Ae: flc = gc
(respectively Ne: f¢'c = gc) displays e (respectively £'c) as an absolute right lifting of
gc through f for all objects ¢ of C. Furthermore, the defining property of 7 whiskers to
tell us that Mec- f(r¢) = Ac, so since Ac and N¢ both possess the absolute right lifting
property it follows that 7c is an isomorphism. Applying Observation 3.2.3, we find that
7:4 = (' is an isomorphism and thus that the given triangle is isomorphic to the absolute
right lifting that we constructed and is thus itself an absolute right lifting. O

Proposition 5.2.11, which states that a quasi-category admits limits of a family of
diagrams of a fixed shape if and only if it admits limits of each individual diagram in
the family, is a special case of Theorem 6.1.4.

Proof of Proposition 5.2.11. If A admits limits of each diagram in a family k: K — AX,
then Proposition 5.2.8 implies that for each vertex d € K, C/ka has a terminal object.
By Theorem 6.1.4, it follows that k& admits an absolute right lifting along c¢: A — AX,
i.e., A admits limits of the family of diagrams k: K — AX. 0O

6.2. Simplicial Quillen adjunctions are adjunctions of quasi-categories

Now we use Theorem 6.1.4 to prove the assertions made in Example 4.0.4: namely
that any simplicial Quillen adjunction between simplicial model categories descends to
an adjunction of quasi-categories. Another proof of this result is given in [15, 5.2.4.6].

Recall that the quasi-category associated to a simplicial model category A is defined
by restricting to the full simplicial subcategory A.¢ of fibrant—cofibrant objects and then
applying the homotopy coherent nerve N:sSet-Cat — sSet.

6.2.1. Theorem. A simplicial Quillen adjunction
f
— |
Y —-

between simplicial model categories gives rise to an adjunction between the quasi-
categories NAqr and NB.y.
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Proof. We introduce a pair of simplicial categories coll(f,.4) and coll(B,u), with B and
A as full subcategories that are jointly surjective on objects. Declare the hom-spaces
from a € A to b € B to be empty and define

coll(f, A)(b,a) := A(fb,a) coll(B,u)(b, a) := B(b, ua).

The simplicial adjunction f - w is encoded in the proposition that the simplicial cate-
gories coll(f,.A) and coll(B,u) are isomorphic under B]] A.

Now write coll(f,A)qr = coll(B,u).s for the full simplicial sub-categories spanned by
the fibrant—cofibrant objects of A and B. Via these restrictions, we obtain a diagram

Bes — coll(f, A)cs = coll(B,u)cr <= Acy

of locally Kan simplicial categories. Applying the homotopy coherent nerve, we have a
pair of isomorphic cospans in gCat,:

N.Acf NB('f
f _ P a />{
_ J -7 us JZ
NBqy —— Ncoll(f, A)cs NA:; — N coll(B,u).f
j

Our objective is to define an absolute left lifting (f,)) and an absolute right lifting
(@, B). Proposition 5.1.8 and its dual then provides a fibred equivalence

f\LN.Acf ENBCfiﬂ

over NA.; x NB.s, which by Proposition 4.4.3 implies that f 4 @ : NA.; — NB.s is
an adjunction of quasi-categories.

The arguments building the absolute right lifting diagram (@, 3) and the absolute left
lifting diagram (f,) are entirely dual. Interpreting the statement of Theorem 6.1.4 in
this context, we are asked to produce, for each fibrant—cofibrant object a € A, a terminal
object in i,;,, defined to be the pullback of the slice quasi-category (N coll(B,u)cf)/a
along the natural inclusion i: NB.y — N coll(B,u).s. To that end, choose a cofibrant
replacement g: ¢t — ua in the model category B such that the map ¢ is a trivial fibration.
It follows that whenever b € B is cofibrant, the natural map g¢.: B(b,t) — B(b,ua) is a
trivial fibration between Kan complexes. We claim that ¢ is terminal in 7 /jq.

Let € denote the left adjoint to the homotopy coherent nerve. Unpacking the definition,

an n-simplex in i/;, is
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A" NBy CA» B
5“*& l 5"+1l Jz
A" x AV = At N coll(B,u).s o CA™E —— coll(B, u).y
T / ‘“J /
Afnt1} 1

The vertex ¢ € N coll(B,u).s is terminal if and only if we can extend any diagram of
simplicial functors

COA™ B

N\ TN

Q:An+1,n+1/ - coll(B, )¢y
P >

P - (6.2.2)

- -~
- -

CA™ -

-
-
snt1 Phd

@A"'H

in which the unique vertex in the hom-space between the objects n and n + 1 in the
simplicial category €A"T1"+1 is mapped to ¢ € B(t, ua).

The simplicial categories €A T1"+1 and €A1 have objects 0, ...,n + 1 and all but
two of the same hom-spaces, the only exceptions being the hom-spaces from 0 to n
and to n + 1. We have €A™1(0,n) = (AY)"~! and €A™1(0,n + 1) = (AY)", while
CAPTHLHL (0, n) 2 9(AL)" 1 and €A™ HL(0,n + 1) is the open box B < (Al)" with
the interior of the n-cube and one face removed [15, 1.1.5.10] and [23, 16.4.10]. In this
way, writing b € B for the image of the object 0, the extension problem (6.2.2) in the
category of simplicial categories reduces to an extension problem

a(ALy»1 B(b, 1)
~ >{ 9
\ - N
B — - (b, ua)
~ - P2 o
(Al)nfl ) - -
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in the category of simplicial sets. For the reader’s convenience, we have used the standard
decorations to mark cofibrations, fibrations, and weak equivalences in Quillen’s model
structure on simplicial sets.

The extension (6.2.2) may be achieved by first extending along the map B < (A!)" in
the Kan complex B(b, ua). This chooses an image under the map g, for the (n — 1)-cube
missing from the box B. An (n — 1)-cube in B(b,t) with this image can be found by
lifting the cofibration (A1)"~! — (A1)"~! against the trivial fibration ¢.. O
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