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THESIS If futureundergraduates foundational understandingofmathematical proof
werebased on HemotopyTypetheory Hot thenwecouldteachthem
categorytheory muchas weteachtoday's undergraduates

abstractalgebra

ACTI undergraduatelevelinformalHot ACTI categorytheoryforundergraduates

ACT undergraduatelevelinformalHOTT

Dependenttypetheoryis aformalsystemofinferencerulesthat
combinetoformderivations

Therearefourkindsof wellformedformulascalledjudgments including

Ti Atype Hisatype
Ti a A aisatermoftypeA

Here t is a contextwhichdeclaresthetypesofanyvariablesthatappear eg
T.xc.AT3Lx type afamilyoftypesoverA n lNt1Rntype
T Ai 6k BH afamilyofterms n Nlt 0 lRh

Therearefourkindsofrules inplaceofaxiomsthatcanbeusedin derivations

41 formationrulesformnewtypes Ti

AtypettBtypetformationgiventypesAandBthereisaproducttype AB IT AxBtype
Iii introductionrulesintroducenewterms

Xintroductiongiventerms a Aand 6 B Tta ATt6B_
thereisatermlate AxB F Laid AxB

iii eliminationrules usethenewterms

givenatermpiAxB Ti p AxB Ti p AxBelimination
therearetermsprilp AandPHP B ftp.lpjAT przlp B

Civcomputationrulesrelatelii and liii



Functiontypes are governedbytherules
formation giventypesAandBthereis atype A B T X A t 641 B
introduction if inthecontextofanytermx Athereis a
term6k Bthenthereis atermTx by B Tt Tx 6 x A B

eliminationgiventerms f A Band a A thereis atermflat B
twocomputationrules

Apropositionisprovenbyconstructingaterminthetypethatencodesitsstatement

Proposition ForanytypesPandQthereis atermmodusponens PHPSQ Q
ProofBy introduction we mustexplainhowtouse atermx PNP Q toproduce
atermoftypeQ By elimination from wegettermsprix Pandprix P sQ

By eliminationthenRHDLprHDQ Ie modusponens Xx prexDCprKD D

Propositions concerningmathematicalequalityaregoverned6gPerMartinL'ofs identitytypes
formation givenatypeAandtwoterms x y A thereis atype x y
introduction givenatermx A thereis atermreft Fax

Theeliminationrulefortheidentitytypecanbepackagedintotheprincipalofpath
induction

Pathinduction GivenanytypefamilyTixgiltp X y t BlXyp type toproduceaterm
oftypeBKyp itsufficestoassumey is X andp is refix
Lemma Foranyxy A ay ly
ProofBy introduction wemayassume p X y andmustproduce atermoftype
5Ax Bypathinductionto

inhabitthetypefamilyBKyp y x it sufficesto

assumey is X andp is refix
inwhichcaseby introduction wehavereflx X D

Lemma Foranyx y A Kay fly Haz
ProofBy introduction wemayassumep X yand q yEat

andseektoinhabit X 2

Bypathinduction on pandthenonq wemayassumey
and Z are Xandpandq are

refix inwhichcaseby introduction wehaverefl X X D



Thenamepathinductionderivesfromthehomotopicalinterpretationofdependenttypetheory

atypeA a space A

E P

Fromthispointofviewsymmetryandtransitityofequalitybecomesreversalandcomposition
ofpaths andofhomotopies andofhigherhomotopiesassummarizedby a theoremof
LumsdaineandVandenBayGarner typesinheritthestructureofan x groupoid

atypefamily x Ai Bk type as afibrationoverA
AND

thedependentsumtype aBk as thetotalspaceofafibration

thedependentfunctiontype aBlx as thespace
ofsections fIhB

Thehomotopicalinterpretationinspiredthefollowingdefinitions Bea

defnThereexistsauniquetermoftypeAjustwhenthetype A

aµT a ax is
inhabited ie justwhenthespace A is contractible

a

Pathinductionexpressesthecontractibilityof
basedpathspaces

defn TypesAandB are equivalentjustwhen

a E i sina.at III
Bytheeliminationrulesfordependentgunsand

functions atermin A B givesterms

f A Band gh B Atogetherwith
homotopies x attglflat a andPt.IM6D613

Bycomposingtheseone canshowthatftp.gl6 Bhl6 But
there's a goodreasontodefine

an equivalencetobe afunction f A B equippedwithapriori
distinctleftandrightinverses

givenany y T.gg taT glflaDAa x T.gg fTpsflhl6DB6 then y

whilethetype g flat a ftp.flgl6D 6 mighthavedistinctterms



ACTI categorytheoryforundergrads jointwithMikeShulman

Weworkin anextensionof Holt in whichtypes areallowedtodepend on polytopeswithin
directedcubes productsofadirectedinterval2 whichhas0,12and xy21 X ly

t
In Lt tn 2h1the tt a IiD

LT cat 22ktstrikeout us 4 1
N Ls.tt22Hes nLlt o7vlS D so.o tho

Givenpolytopes Io NIand a function f Io 1A wemayform an extensiontype

gig
A whoseterms are9 IothgatroffIII semantics in

Reedyfibrantbisimplicialsets

defn Given xyA homalx.gl is thetype of arrows in A
fromx to y

defh AtypeA is an oogroupoid if pathto arr X ay homalay is anequivalence

ref1 1 7 idy
defnAtypeA is a pre ocategory if everycomposablepairof

arrowshasauniquecomposite

forall f homalay andg homalyE thetype
A is contractible

Notation

Denitenafffaffigiff m
zX 7

In anyprea category H i gof

LemmaEachx AhasanidentityarrowtoxhowAtxx sothatforall f homplayandallkihomalw
foid f and idyoK K

ProofTheconstantfunctiondefinesaterm if It x homacxx 1
A

Thetype
H is inhabitedbyAsat fIt LB A proving fo idy f

X fi
st D

X Yf



Lemma Compositionis associative forall f homalxy g homalyz and h hoMACZ W

kogotf thog of
Proof If H is a pre category so is a sH sothecomposablepair
or

i
o

defnAn arrow f homalxy in a pre category is an isomorphism if it has
leftandrightcompositioninverses

an Inane ptnomaaiiiHNEnaaifiY Exercise

p
thenthat g h

Recall atypeA is an D groupsid if forall y A pathto arr X ay homalay is anequivalence

refl I idy

defi AtypeA is an D category if

everycomposablepairofarrowshasauniquecomposite ie
A is contractible

isomorphisms are equivalentto identities

forall x y H pathto iso ay y is
an equivalence

ref1 1 3 id
theorem A is an a groupoid iff k is an categoryandallofitsarrowsareisomorphisms

pathtoarr
Proof In thediagram xray 7homalxy theinclusionisan

equivalenceTff

pathto isol ayT itssurjective
ie iffallarrowsare isomorphisms

If this an a categoryandallofits arrows areisosthese
equivalencescompose If H is

an D groupoidpathto arr is surjective soFay homalxy is an equivalence
sopathtoiso

istoo O



EPILOGUEAbetterYonedalemma

Pathinduction GivenanytypefamilyTix jithp X y t BlXyp type toproduceaterm
oftypeBKyp itsufficestoassumey is X andp is refix acategoricalfibration

ArrowinductionGivenapre categoryAandacovariantlyfunctorialtypefamily

Tix jith f homfxgt Blxyf type to
produce atermof gpeBkyf it sufficestoassume

y is X and f is idx
Fcovariantin yandf

YonedaLemma Givenapre categoryA aterma Aandacovariantlyfunctorialtypefamil

T x A BCNtype thefunction ev ida Ta Haida Komalax BKD Bla
is anequivalence

Corollary Foranyaand6 in a pre o categoryA if T homalaxthomal6
x than a 6

and if A is an a categorythen a 6
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