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“My own belief is that we know it already, though no one
will believe me—that whatever can be said about
non-Abelian class field theory follows from what we know
now, since it depends on the behavior of the broad field
over the intermediate fields—and there are sufficiently
many Abelian cases.”

-E. Artin, 1946.

Part of the point of this talk is to argue that this belief of Artin’s
holds true in the context of stable homotopy: computation of the
vn-periodic stable homotopy groups of spheres reduces to the
computation of stable homotopy “of height 1 over a larger
intermediate field extension”...and, to the extent that local
Langlands correspondences can be described purely using stable
homotopy, Artin’s belief (about nonabelian local class field theory)
also holds true.



“My own belief is that we know it already, though no one
will believe me—that whatever can be said about
non-Abelian class field theory follows from what we know
now, since it depends on the behavior of the broad field
over the intermediate fields—and there are sufficiently
many Abelian cases.”

-E. Artin, 1946.

Part of the point of this talk is to argue that this belief of Artin’s
holds true in the context of stable homotopy: computation of the
vn-periodic stable homotopy groups of spheres reduces to the
computation of stable homotopy “of height 1 over a larger
intermediate field extension”...

and, to the extent that local
Langlands correspondences can be described purely using stable
homotopy, Artin’s belief (about nonabelian local class field theory)
also holds true.



“My own belief is that we know it already, though no one
will believe me—that whatever can be said about
non-Abelian class field theory follows from what we know
now, since it depends on the behavior of the broad field
over the intermediate fields—and there are sufficiently
many Abelian cases.”

-E. Artin, 1946.

Part of the point of this talk is to argue that this belief of Artin’s
holds true in the context of stable homotopy: computation of the
vn-periodic stable homotopy groups of spheres reduces to the
computation of stable homotopy “of height 1 over a larger
intermediate field extension”...and, to the extent that local
Langlands correspondences can be described purely using stable
homotopy, Artin’s belief (about nonabelian local class field theory)
also holds true.



Outline

A quote from Emil Artin.

The Adams-Novikov spectral sequence.

Formal modules and their moduli.

Local cohomology.

Generalized Morava-Miller-Ravenel changes-of-rings, and their
uses.

Consequences for computation.



The Adams-Novikov E2.

Let’s compute the stable homotopy groups of spheres.

Fix a prime p. Then MU(p) splits as a wedge product of spectra
BP (BP depends on p but we suppress the choice of p from the
notation for BP.) We have

π∗(BP) ∼= Z(p)[v1, v2, . . . ],

and
π∗(BP ∧ BP) ∼= π∗(BP)[t1, t2, . . . ]

with |vi | = |ti | = 2(pi − 1).
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The Adams-Novikov spectral sequence satisfies:

E s,t
2
∼= Extsgraded π∗(BP∧BP)-comodules(Σ

tπ∗(BP), π∗(BP))

⇒ πt−s(S
0)(p).

When p > 2 it is our best tool for computing the p-local stable
homotopy of spheres. (The situation at p = 2 is slightly worse, but
salvageable.)
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Algebro-geometric interpretations.

The ANSS E2 also admits an interpretation by flat stack
cohomology. Write M for the Gm-equivariant fpqc stack
Mfg ×Spec Z Spec Z(p), the moduli stack of (comm., 1-dim’l)
formal groups over commutative Z(p)-algebras. Then:

Extsgraded π∗(BP∧BP)-comodules(Σ
tπ∗(BP), π∗(BP))

∼= H0(Gm;Hs
fl(M;OM)⊗OGm

Ω
t/2
Gm

).



Formal groups and p-height.
Let R be a commutative Z(p)-algebra. Then, recall that:

A commutative, one-dimensional formal group law (aka FGL) over
R is a power series F (X ,Y ) ∈ R[[X ,Y ]] satisfying:

I F (X ,F (Y ,Z )) = F (F (X ,Y ),Z )).
I F (X , 0) = X .
I there exists i(X ) ∈ R[[X ]] with F (i(X ),X ) = 0.
I F (X ,Y ) = F (Y ,X ).

A morphism F
f−→ G of FGLs over R is a power series

f (X ) ∈ R[[X ]] with

f (F (X ,Y )) = G (f (X ), f (Y )).

Every FGL F automatically has an injective ring-homomorphism of
Z into its endomorphism ring:

Z ρ−→ End(F )

by letting (ρ(2))(X ) = F (X ,X ), and (ρ(3))(X ) = F (X ,F (X ,X )),
etc.



Formal groups and p-height.
Let R be a commutative Z(p)-algebra. Then, recall that:

A commutative, one-dimensional formal group law (aka FGL) over
R is a power series F (X ,Y ) ∈ R[[X ,Y ]] satisfying:

I F (X ,F (Y ,Z )) = F (F (X ,Y ),Z )).
I F (X , 0) = X .
I there exists i(X ) ∈ R[[X ]] with F (i(X ),X ) = 0.
I F (X ,Y ) = F (Y ,X ).

A morphism F
f−→ G of FGLs over R is a power series

f (X ) ∈ R[[X ]] with

f (F (X ,Y )) = G (f (X ), f (Y )).

Every FGL F automatically has an injective ring-homomorphism of
Z into its endomorphism ring:

Z ρ−→ End(F )

by letting (ρ(2))(X ) = F (X ,X ), and (ρ(3))(X ) = F (X ,F (X ,X )),
etc.



Formal groups and p-height.
Let R be a commutative Z(p)-algebra. Then, recall that:

A commutative, one-dimensional formal group law (aka FGL) over
R is a power series F (X ,Y ) ∈ R[[X ,Y ]] satisfying:

I F (X ,F (Y ,Z )) = F (F (X ,Y ),Z )).
I F (X , 0) = X .
I there exists i(X ) ∈ R[[X ]] with F (i(X ),X ) = 0.
I F (X ,Y ) = F (Y ,X ).

A morphism F
f−→ G of FGLs over R is a power series

f (X ) ∈ R[[X ]] with

f (F (X ,Y )) = G (f (X ), f (Y )).

Every FGL F automatically has an injective ring-homomorphism of
Z into its endomorphism ring:

Z ρ−→ End(F )

by letting (ρ(2))(X ) = F (X ,X ), and (ρ(3))(X ) = F (X ,F (X ,X )),
etc.



Let A be a commutative ring, R a commutative A-algebra. An
FGL F over R together with an extension of Z ρ−→ End(F ) to an
injective map

A
ρ−→ End(F )

satisfying
ρ(a) ≡ aX mod X 2

is called a (1-dimensional) formal A-module law.

(Commutative
formal group laws are the same as formal Z-module laws.)

Let F be an FGL over R. If p is invertible in R, then we say that F
has p-height 0. Otherwise, if char R = p, then

(ρ(p))(X ) = Σi≥1aiX
pi

and we define the p-height of F as the least integer i with ai

nonzero.
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Formal A-modules and their moduli.

Let A be the ring of integers in a finite extension K (A) of Qp.
Then a moduli prestack for formal A-module laws exists in the
fpqc topology (and with an appropriate Gm-action); it is “formally
algebraic” (i.e., admits a representable, separated, formally smooth
fpqc cover by an affine scheme) and has affine diagonal. We will
write MfmA for this stack.

(Since formal A-modules are really only defined over commutative
A-algebras, and A is a topological ring, the stack MfmA is really a
category fibered in groupoids over formal schemes with ideal of
definition (π). You might call this a “formal stack” if you wanted
to induce a state of total bewilderment due to the completely
different uses of the word “formal” floating around here.)
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Let F be a formal A-module law over R, let π be a uniformizer for
A, and let q be the cardinality of the residue field of A. If π is
invertible in R, then we say that F has A-height 0. Otherwise, if
char R = p, then

(ρ(π))(X ) = Σi≥1aiX
qi

and we define the A-height of F as the least integer i with ai

nonzero.

Now F has an underlying formal group law, and the p-height of F
is precisely the A-height of F times [K (A) : Qp].
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The map between moduli of formal modules.

(The remainder of the results in this talk are due to S.)
Since every formal A-module law has an underlying formal group
law, we have a map of moduli stacks:

MfmA →Mfg ×Spec Z Spf Ẑp.

This map is Gm-equivariant and a homotopy colimit of equivariant
affine maps, but not flat unless K (A)/Qp is unramified.

If A = Ẑp,
then the above map is an fpqc homotopy equivalence; hence it is
also an isomorphism in flat cohomology, and we can compute the
Adams-Novikov E2-term by computing the cohomology of the
moduli stack of formal Ẑp-modules.
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The height stratification.

For every positive integer n, we have the closed substack
M≥n

fmA ↪→MfmA classifying formal A-module laws of A-height ≥ n.
This gives the height stratification of the moduli stack of formal
A-modules:

· · · ⊆ M≥2
fmA ⊆M

≥1
fmA ⊆M

≥0
fmA = MfmA.

For n > 0, the closed substack M≥n+1
fmA ⊆M≥n

fmA generates the

Picard group of M≥n
fmA.

(This is the analogue, after applying Spec , of the sequence of
quotients

(π∗(BP), π∗(BP ∧ BP)) → (π∗(BP)/(p), π∗(BP ∧ BP)/(p))

→ (π∗(BP)/(p, v1), π∗(BP ∧ BP)/(p, v1)) → . . .

of the Hopf algebroid (BP∗,BP∗BP) by its invariant prime ideals.)
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Local cohomology on the moduli stack of formal
A-modules.

For each positive integer n, let M≥n
fmA

in−→MfmA be the (closed)

inclusion, and let HA(n)
jn−→M≥n

fmA be the (open) inclusion of the

complement of M≥n+1
fmA in M≥n

fmA. The stack HA(n) has a single
geometric point.

We are going to use a special case of local cohomology on relative
stacks, a broad generalization of the methods and results of SGA2;
in this case our relative stacks look fpqc locally like Gm-equivariant
affine formal Spf A-schemes with ideal of definition (π). (All of
chromatic theory “goes through,” in great generality, to geometric
relative stacks, giving us a way to compute flat stack cohomology
by computing the group cohomology of the stabilizer group over
each geometric point of the stack.)
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Now we have the local cohomology triangle

(in)∗i
!
nM → M → (jn)∗j

∗
nM → Σ(in)∗i

!
nM

for any Gm-equivariant OMfg
-module M.

If n = 1, the first map above—the Grothendieck trace map—is
zero, and we have the short exact sequence

0 → M → (j1)∗(j1)
∗M → R1((i1)∗i

!
1)M → 0.

Analogous to:

0 → π∗(BP) → π∗(BP)⊗Z Q → π∗(BP)/p∞ → 0.
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Building the Cousin complex.

Now consider the triangle

(i2)∗i
!
2R
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∗
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Again the Grothendieck trace is zero, and we get a short exact
sequence:
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!
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∗
2R1((i1)∗i

!
1)M

→ R1((i2)∗i
!
2)R
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!
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0 → π∗(BP)/p∞ → v−1
1 π∗(BP)/p∞ → π∗(BP)/(p∞, v∞1 ) → 0.
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Continuing to build the Cousin complex.

And so on. Splice together all these short exact sequences to get
the Cousin complex:

0 → M → (j1)∗(j1)
∗M → (j2)∗j

∗
2R1((i1)∗i

!
1)M

→ (j3)∗j
∗
3R1((i2)∗i

!
2)R

1((i1)∗i
!
1)M → . . .

Analogous to the chromatic resolution:

0 → π∗(BP) → π∗(BP)⊗Z Q → v−1
1 π∗(BP)/p∞

→ v−1
2 π∗(BP)/(p∞, v∞1 ) → . . .



The chromatic/Cousin spectral sequence.

Now the Cousin complex, in this case, is an exact sequence of
Gm-equivariant OMfmA

-modules, but the modules in it aren’t
injective.

(So, in some appropriate sense, MfmA is
Cohen-Macaulay but not Gorenstein; see papers of R. Sharp for the
case of affine schemes.) So on taking global sections, we get a
spectral sequence:

E s,t,u
1

∼=

H0(Gm;Ht
fl(MfmA; (js+1)∗j

∗
s+1R

1((is)∗i
!
s) . . .R1((i1)∗i

!
1)M)⊗OGm

Ω
u/2
Gm

)

⇒ H0(Gm;Hs+t
fl (MfmA;M)⊗OGm

Ω
u/2
Gm

).

So we need to compute the cohomology of each module in the
Cousin complex.
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The Morava-Miller-Ravenel change-of-rings.

The cohomology of the nth module in the Cousin complex is
computable from

H∗fl(MfmA; (in)∗i
∗
nM),

(you have to pass through n Bockstein spectral sequences to go
between the two—in the case of Z(p)-modules, these spectral
sequences were computed at height 2 by Shimomura).

And there is an isomorphism (a generalization of the
Morava-Miller-Ravenel change-of-rings isomorphism):

H∗fl(MfmA; (in)∗i
∗
nM) ∼= H∗c (O×D 1

n ,K(A)
; Fq)⊗Fq Fq[(v

A
n )±1],

where D 1
n
,K(A) is the Brauer invariant 1

n division algebra with

center K (A). (The automorphism group scheme of an A-height n
formal A-module over Spec A/(π) is an etale twist of the profinite
group O×D 1

n ,K(A)
.)
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The Morava stabilizer groups.

When K (A) ∼= Qp, i.e., when the flat cohomology of MfmA is the
Adams-Novikov E2-term, then O×D 1

n ,K(A)
is the (“full”) height n

Morava stabilizer group.

The group cohomology H∗c (O×D 1
n ,Qp

; Fp) has only been computed at

all primes p for heights n = 1 and n = 2.

This is why we know so little about stable homotopy of spheres for
heights > 2.

The methods we now describe have allowed the first computations
of (parts of) the heights 3 and 4 layers in the chromatic SS.
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The May spectral sequences.
Filter the continuous Fq-linear dual of O×D 1

n ,K(A)
appropriately to

get a May spectral sequence converging to

H∗c (O×D 1
n ,K(A)

; Fq).

(This spectral sequence often collapses with no differentials.)

The input of the May spectral sequence is the cohomology of a
certain restricted Lie algebra: H∗(VL). One has a Lie-May spectral
sequence:

H∗(UL)⊗ P ⇒ H∗(VL)

where E is a certain polynomial algebra, and H∗(UL) is the
cohomology of a certain unrestricted Lie algebra.

H∗(UL) is the cohomology of a Koszul complex, so it is
computable after some finite amount of work.

In practice, the differentials in the Lie-May spectral sequence
present the worst obstacle to computations.
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Computing Lie-May differentials.

Recall that we have the stack map MfmB →MfmA for any finite
extension K (B)/K (A) of p-adic number fields.

When d = [K (B) : K (A)] divides n, we get a group homomorphism

O×D d
n ,K(B)

↪→ O×D 1
n ,K(A)

.

There is a formula for the Lie-May differentials for computing
H∗c (O×D 1

n ,K(A)
; Fq); this formula uses the restriction map induced by

the group homomorphism above, for every totally ramified
extension K (B)/K (A) with [K (B) : K (A)] dividing n.
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A method for computing π∗(S
0).

Suppose we want to know the 5-primary height 4 layer in the stable
homotopy of spheres; then we need to know H∗c (O×D 1

4 ,Q5

; F54).

For each quartic extension L/Q5, we already know H∗c (O×D1,L
; F54);

it is the tensor product of a certain polynomial algebra with a
certain exterior algebra, described by local class field theory.

We use this knowledge to compute H∗c (O×D 1
2 ,K

; F54) for every

quadratic extension K/Q5, using the formula for the Lie-May
differentials.

Then we use this knowledge to compute H∗c (O×D 1
4 ,Q5

; F54), using

the formula for the Lie-May differentials.
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The connection to ζ-functions.

The order of J(π4k−1(SO)) was computed by Adams (up to a
factor of two, later resolved) to be the denominator of

−ζ(1− k)

4
.



The p-component of the image of the J-homomorphism is
essentially the height 1 layer in the chromatic spectral sequence for
formal Z(p)-modules.

The Dedekind zeta-function of a number field K is given by

ζK (s) =
∏
p

1

1− (NK/Q(p))−s

with the product taken over all primes in the ring of integers of K .
The Riemann zeta function ζ(s) is the K = Q case of the
Dedekind zeta-function.

A formula analogous to Adams’ describes the A-height 1 layer in
the chromatic/Cousin spectral sequence for formal A-modules, in
terms of denominators of special values of the Dedekind
zeta-function of K (A) (up to problematic Γ-factors).



The p-component of the image of the J-homomorphism is
essentially the height 1 layer in the chromatic spectral sequence for
formal Z(p)-modules.

The Dedekind zeta-function of a number field K is given by

ζK (s) =
∏
p

1

1− (NK/Q(p))−s

with the product taken over all primes in the ring of integers of K .
The Riemann zeta function ζ(s) is the K = Q case of the
Dedekind zeta-function.

A formula analogous to Adams’ describes the A-height 1 layer in
the chromatic/Cousin spectral sequence for formal A-modules, in
terms of denominators of special values of the Dedekind
zeta-function of K (A) (up to problematic Γ-factors).



The p-component of the image of the J-homomorphism is
essentially the height 1 layer in the chromatic spectral sequence for
formal Z(p)-modules.

The Dedekind zeta-function of a number field K is given by

ζK (s) =
∏
p

1

1− (NK/Q(p))−s

with the product taken over all primes in the ring of integers of K .
The Riemann zeta function ζ(s) is the K = Q case of the
Dedekind zeta-function.

A formula analogous to Adams’ describes the A-height 1 layer in
the chromatic/Cousin spectral sequence for formal A-modules, in
terms of denominators of special values of the Dedekind
zeta-function of K (A) (up to problematic Γ-factors).



The connection to L-functions.
Given a continuous representation

GQ/K

ρ−→ GLn(C)

we have the Artin L-function

L(ρ, s) =
∏
p

1

det(1− ρ(Frp)Np−s)

and the formula
ζK (s) = ζ(s)

∏
ρ 6=1

L(ρ, s)

where the product is taken over all nontrivial irreducible
representations ρ of GK/Q.

Empirical observation shows that the orders of elements in the
A-height n layer of the chromatic/Cousin spectral sequence for
formal A-modules are describable by denominators of special values
of Artin L-functions of n-dimensional representations of GQ/K(A).
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“Conclusions.”

It’s too early for a conjecture at a formula that holds in general,
though.

My hope is that the formula

ζK (s) = ζ(s)
∏
ρ 6=1

L(ρ, s),

relating the Riemann ζ-function, Dedekind ζ-function, and Artin
L-functions, is described topologically in some way by the formula
for the Lie-May differentials, which relates the height 1 part of the
stable stems (describable by the Riemann ζ-function) to the
A-height 1 part of the cohomology of the moduli stacks of formal
A-modules (describable by the Dedekind ζ-functions) and the
height n part of the stable stems (conjecturally describable by the
Artin L-functions).
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