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The geometries of J. Tits

Reference: J. Tits (1956) “Sur les analogues algébriques des groupes
semi-simples complexes”

( . . .
geometric axiomatic

Motivations:

geometric interpretation of the
\algebraic theory of Chevalley groups

classical: A,, B,, C,, Dy,
Simple complex Lie groups:

exceptional: Go, Fa, FEe, E7, Eg

Over a field K: Jordan(1870), Dickson(1901), Dieudonné(1948)

but partial and ‘ad hoc' constructions

C. Chevalley (1955): algebraic structure theorems for
semi-simple complex Lie algebras g and Lie groups to
transfer simultaneously their ‘heart-structure’ over any

field K
Reference: C. Chevalley (1955) “Sur certains groupes simples”

Main tool: definition of an integral model gz

(integral version of the structure theorem)
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g complex, (semi)simple Lie algebra,

h Cg Cartan algebra

P = roots set

®>5r:h—-C; 0# X, cgrootelt (H,X,]=r(H)X,, HEbh)

Theorem (Chevalley) Ifr,s,r+s € &, the roots elements

can be chosen so that

[erX—r] =n, c h; [XT,XS] — NT,SXT—I-S) Nr,s € 7

g has an integral basis: ny,n, ...

7

-~
co-roots €h

Xr, Xrgy oo

e the structure of gz as Lie algebra depends only on g

H:=<n, eh|red>Ch, r(n,) =2
choose a basis: ni,...,ny; X1,..., Xy € g7
gx ‘= K ®z g, bk = KQH=<n;=1n,, >

gK:[)KEB<X;:1®X';j:1,...,I/>

Hom(L, K*) — $ C Aut(gg)

L=7--® lattice|, rk L=/¢=rk g

X — h(x)

h(x)(nf) =n},  h(X)(X)) = x(r) X}



red o¢r:SL(2,K)— Aut(gx) group hom
t O O 1
o (o t—1> =h(xr),  xe(s) =005 ¢ (—1 0> -

or(} 9) =@ on(g §) =i

(z.(t) = expt(adX,), teC)

X, ={zi(t) :t € K} C Aut(gg)

G =< 9H,Xr . red> CHEVALLEY GROUP

®° = {aj,...,ap} C P fundamental (simple) roots

Theorem (Chevalley)

G =<9H,X+q:a € P°>



Abstract Root System: (L, d,n,;r e d)

L = lattice  (group of weights)

& C L finite set (lin. indep); n,: L —7Z (r co-root)

axl. L®Q is generated by & and N,.cpKer(n;)
ax2. ny(r) =2, Vreod
ax3. red,arecd,acQ, = a==+1

ax4. r,sed, = ws(r) :=r—ns(r)sed

ws: L = L, ws(x) =x—ns(z)s reflection w.r.t s

bs (_01 é) (1) =ws(r) = ws(r) (w2 =1)

(ws € AUt(gr), ws(X)) =£X7 ), ws(nf) =ny

automorphism corresponding to the symmetry w;)
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Theorem (Chevalley, Grothendieck/Demazure)

(L, ®,n;) ~ & =06(L,P,n,) reductive group scheme;
G(K) =Gk

e 7 C® maximal split torus, 7T(K)=29
o N =Ng(7T), normalizer of 7 in &

N/T ~W (M) Coxeter/Weyl group

W(M) :=<r,€ ®° (rirj))™=1> ~ <w,:L>L>

M = (mZ]) = (mﬂ) (mm = 1) Coxeter matrix

2mz‘j — #{’f’ edb . r=cqgr; + CjTj, TiyTj e P°; Ci, Cj -~ Z}

e U =<X,redt>C®, X :=Im(z,:Gyy— &)
oeweW(M), dy,={rcodt:wlk)ecd}
Uy (=< X, :1r € Dy >

Theorem (Chevalley) If K is a field

6(K) = [] uE)T(E)ynuth(K)
weWw
<Hwrir€EdDP>dn, EN(K) » N(K)/T(K) wr— wy
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Geometries of the Chevalley groups (Tits)

® Chevalley group scheme/y

‘
®° = {ar,... ar}, A= {re®ir =3 cja; ¢ €L}

Jj=1
JFi

B(K) ~ G(G4,...,Gy) =T (G, G;) collection of index ¢
Gi i =<U(K), 9D, X ,recAi> T(GG)=T(E Fiu A)
E=UFi, Fi=G/Gi, A~G/,eq:9 'Gig

MNG;G;) ~ X = {r(j) = r(Gj;GiﬂGj,’i#j),j = 15}

complete system of geometries of type (G, G;)
Y(Gg)={r¥,j=1...4} ~ S(Ggk) “scheme”

Example: &(K)=Gxg = PGLy;+1(K)

> (Gg) = ¢-dim. projective geometry over K

S(Gk) = Coxeter (Witt-Dynkin) diagram A,

The definition of I'(G; G;) depends on K

(Tits) The scheme S(Gg) is universal!!




Witt-Dynkin schemes

O— O == - O—0
O—0----5--- 0—0==0
O—0----g--- 0—0=<0
S e s N

®

(Tits) There are 4 elementary types: geometries
over K are entirely characterized by those corre-
sponding to:

A1 x Ay (no link), As (o—o0), By (o=0), G (o=o0)
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Chevalley groups over [,

& =&(L,P,n.) Chevalley group scheme

&(C) =G
K any field:
G(K)| = ) [UK)T(K)nwlw(K)
weW
= [UDIIT(K)| ) |Uw(K)]
weW
= [AN(K)||Gm (K| Y |ANe(K)]
weW

¢=rk g, N=#®t, N, =#>,, 2N+ ¢=dim g

If K=TFg [|6(Fy)|=(qg— 1)V ¢
w

1 qdi 1

Thm (R. Bott) S M =T]
weW i—=1 41

d; € Z>o exponents of the Weyl group

‘
BF)| = ¢V ] (¢% - 1)
i=1



0
(Tits)  Py(q) := [] (¢%-1), |Gk|=q"Py(q)
=1

E(g) = {d;} determined by the action of
W(M) on L
associated to the Witt-Dynkin scheme of G
(W(M)| = ]]d;
1

@(K) = GK ~> G(Gl,...,Gn) = I‘(G;Gi)

(G;G;) =T(&,F;,t,Gg) associated geometry

FACT || = |Gk/Gil = -1y = Qi (@)

(¢g—1)¢ Qg,i(Q)

E(g;) = {d;;} (i < F;) associated to the
Witt-Dynkin scheme: S(Gg) \ {i}
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Chevalley groups over [

Main Fact Qg;(1) =

Tits interprets Qg ;(1) as the number of ele-

ments of the family F¥ (F; e F¥) belonging
to a limiting geometric structure over [y

M, (6, Fit, G) =5 T (€%, F7, 5, W (M)

e W (M) is the group of symmetries of the lim-
iting geometry
e W(M) is the skeleton of G

Mg, (€, Ff, 5, W) “compositum” of the lim-
iting version of the 4 “elementary” geome-
tries:

I.e. union of polygons with 2,3,4 and 6
sides
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Graded gadgets over [y

Tits' construction produces a notion of a ‘ge-
ometry” over [y
M, (E% FF 05 W(M))

associated to any Chevalley group scheme Q‘B/Z

Example: G = PGLy41(C), W(M) = Sp4+1

E* =P, finite set of £+ 1 points
FrC & setof i+ 1 points

Question: Can (’5/2 be obtained by base-change
from a variety G defined over [fq

6 /7 = G Xspec(F,) Spec(Z) 7

Goal: Algebraic-geometric definition of G (over
1) compatible with Tits’ geometry g, (&%, FF, ", W)
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X =(X,Xc,ex) (graded) gadget over [Fq

o X = (Ilx>0 X&)y F . — Sets covariant funct

F.p, = (finite) abelian groups

e X algebraic variety over C
o cy : X — Hom(Spec(C[—], X¢) natural transf

¢ = (¢,¢c) : X =Y morphism of gadgets

e . X —Y natural transformation

e 9 : Xc— Yo morphism of algebraic varieties
e the following diagram commutes V D € F

X(D) #D), Y(D)
lex(D) leY(D)

Hom(Spec(C[D]), Xo) & Hom(Spec(C[D]), )
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. X =Y iImmersion of gadgets
e o(D) : X(D)—Y(D) injective VD € F,

e ¢oc embedding

Example (gadget) V; = Spec(A) defines a
gadget:

X=G6(V)=(X,Xc,ex)
X(D) =Hom(A,Z[D]), VD e Fy

X@ZV@IV@)C

ex(D) : Hom(A, Z[D]) — Hom(Spec(C[D]), V¢)

ex(D)(f: A— Z[D]) = Spec(f ® 1¢)
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Affine varieties over [y

X = (X, X¢,ex) finite, graded gadget
e 1 X, affine variety

e Ji: X — G(Xy) Iimmersion of gadgets
such that:

V Vy = Spec(A) and
Vo: X —G(Vyz) morphism of gadgets

N oy X, —Vy st

1 g )
X < ox) Y% g(vy) o =Gpy) 0
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Guiding principles

(for a meaningful definition of a graded gadget)

o X =1I1>0 XK : Fppy — Sets
ought to contain enough points, so that
together with X¢, it characterizes X

o | X(Fin)| = N(n) (polynomial) function s.t.
N(q) = |Xz(Fg)|, fn=gqg-1

(Soulé) Fi. @p Z := Z[T]/(T" — 1)

N(q) = Yrar(qg—1)k,  a €Z (Taylor exp)
ar(q—DF = [xM(D), ¢-—1=|D|

Examples

Gm(Fg)| = N(q) =q—1
AYFq)| = N(q) = ¢°
&(Fq)| = N(q) = ¢V TTf_1 (g% — 1)

PAF)|=N(@) =14+q+---+¢°
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T he multiplicative group Gy,

N(@)=q¢q—1=0+(@—-1), q=p"
Gm:(G_maC*aem)

Gm =[] MO Faup — Sets

k>0

G (D)(k)z O ifkeZ>o\{1}
= D ifk=1.

Example:

0 ikaZzo\{l}

G, (F1)F) =
Gon(F2) {Z/nZ if k=1.

em(D) : G (D) — Hom(Spec C[D], C*)

em(D)(g) =x(g9), x:C[D]—-C, geD

(Gm)z = Spec(Z[T*1])
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The affine space A?

N@=q¢'=(@—-1)+dlg—1D) 1+ +d(g—1)+1
Al = (A9, CY ey)

Ad — H (Ad)(k) : j:ab —— Sets

k>0
O |
Y c{1,...,d}
Y=k
Example:
({O} if k=20
2/nZ 1] 7Z/nZ ifk=1
2 k) _
B E)™ =N (2/nz) 12 = (@/nz)?  if k=2
U if k>3

|A%2(F1.)|=n?+2n+1

eq(D) : AY(D) — Hom(Spec C[D],C%)

A ;
ea(D)((gj)jev) = (§jefr,ay, & = {g(gj) :fj ; 3{

A4 = Spec(Z[T])
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The projective space P? (as graded functor)

Ed — H (Ed)(k) : }_ab —— Sets
k>0

Pd(D)k) = I DY /D
Yc{1,2,..,d+1}
Y |=k+1

the right action of D is the diagonal action

PA(F1n)(® = {1,2,...,d+ 1}
P(F1n) O] =d+1
P4(Fqn) coincides in degree zero with the d+1

points of the set P; on which Tits' defines a
projective geometry of dimension d over [

PUF)| = N(g) = 1+q+--- ¢ =2 [PUF10) O]
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Extended Coxeter & Weyl groups

Abstract Root System: (L, ®,np;r € P)

®° c dt  fundamental roots
N={1,...4}, |0] = |P°
M = (m;;) Coxeter matrix m;; = Myj;

W(M) ~ <r;e®% (rrj))"=1>

Coxeter group

B(M) =< q; : (g;9;)™ = (qjq;)"; 4,5 € N >
Braid group of M

X(M)=Ker(B(M) -»W(M)) gq;+— r;

V(M) =B(M)/[X(M),X(M)]
extended Coxeter group
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Theorem (Tits) V(M) =B(M)/[X(M),X(M)]
is the ‘universal extension’ of W (M)

1 UM) — V(M) L wr) -1

UM) = X(M)/[X(M), X(M)]

free abelian group generated by a set of ele-
ments {g(s),s € S} in bijective correspondence
with the set S C W (M) of reflections

(S s e« rs€ T is conjugate to a r € d°)

The definition of the extended Weyl group is
implemented ‘over’ the construction of V(M)
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root system (L,®P,n,) e & =6&(L, D, n,)

7 C® maximal, split torus
N =Ng(7) normalizer of 7 in &
N/T ~W(M)=W Weyl (Coxeter) group

(D,e) D = abelian group, e€ D, e2=1

Proposition (Tits) (D,¢) - Np.=Np (L, P)

1 =T —Np(L®) LW -1

canonical extension of W by T' = Hom(L, D),
functorial in (D, ¢)

extended Weyl group

Nb. = (V(M) x T)/Graph(U(M) *“2=" 7y

hs(x) = e (@)
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A commutative ring with 1

Theorem (Tits) The group extension

1—>T(A)—>N(A)£>W—>l

IS canonically isomorphic to the group exten-
sion

1 — Hom(L, A*) — Ny« _1(L,®) B W — 1

U(A) =< zr(a),r € DT, a € A>
Up(a) =< zr(a),r € Py, a € A >

Theorem (Chevalley)

¥ AT DU, (), et — Tcqt @r(tr)

Yw » APY 5 Uy (A), (tr)resd, — llrew,, zr(tr)
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Chevalley schemes as graded gadgets

g(C DA (Lacba'n’?“) oA @ — ®(L7¢7n7’)
G =(G,86(0C),eq)
G = Ilx>o0 G .7:655) —— Sets

fég)S(D,e), eeD, e2=1

G(D,e) = A®T(D) x ] (o (w) x A®»(D))
weW

Np. (L, ®) 5 W — 1

eqa(D,e) : G — Hom(SpecC[D,¢],&(C))
eq(D,€)(a,n,b) = P(eq+(a)) enr(n) Yuwles,, (b))

AP (D) " P B 1(C), Np (L, @) X N(C)

APuw(D) “Sr cPu Y2 10 ()
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Chevalley schemes as graded varieties over Flz

Theorem Thegraded gadget G = (G, 6(C),eq)
defines a variety over IFlg.

Gy =6, G <— G(®) immersion of gadgets
(by construction)

The universal property in the definition of (graded)
affine varieties over IF;2 can be checked by ap-

plying

. o
Proposition (Chevalley) Uxp 1(wo)xU — &

O(u,n,v) = unv

Sl w0€W7w0(¢+):¢_, NBCUO|£>'LUO€W

0 open embedding onto 2 = Spec(0qg) C &
Oq = Ogld™1], d(we) =1
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Zeta function of some simple varieties over [

(Weil) If N(z) € Z[z]

200, ) = exp( Y N() )
r>1

d
(Soulg) N(z) = ajz' € Z[z], x:= N(1)
1=0

d
C}i_rplZ(q, g ) Hg—-1)X= [ (s—9)% =:¢(s) € Q)
i=0

o (p,(s5) =s, [Fi|=1

¢ (G, () =, |Gm(F1n)|=N(n)=n

o Gpals) =s—d, [AUF1)| = N(n) = n
o Gou(s) = s(s— 1)+ (s — d)

N(n) = |Pd(F1n)| —14n4+..-4+nd
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Zeta function of G = (G, 6(C),en) over Fq

Apply the general procedure to G:

¢
B(Fg)| = N(q) = qN.H (g% — 1) = ¢V Py(q)

=1
dim g i
Ca(s) = H (s — N — DJ)(_l) : s €R
i=N
14
D;j= ) dj, (+N=) d;, N=#>"
jed, Jc{1,..0} j=1

dim g = 2N + ¢
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