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Abstract

We study the Plateau Problem of finding an area minimizing disk bounding a given
Jordan curve in a certain class of Alexandrov spaces. These are complete metric
spaces with a lower curvature bound given in terms of triangle comparison along
with an additional condition that is satisfied by all Alexandrov spaces according to
a conjecture of Perel’'man. The key is to develop a harmonic map theory from two
dimensional domains into these spaces. In particular, we show that the solution to
the Dirichlet problem from a disk is Holder continuous in the interior and continuous
up to the boundary.
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Chapter 1

Introduction

The Plateau Problem is the problem of finding a surface minimizing the area amongst
all surfaces which are images of a map from a disk and spanning a given Jordan curve
I' in a space X. If X is the Euclidean space R", we can formulate this problem more

precisely as follows. If D is the unit disk in R?, the area of a map v : D — R™ is

(1.1) A(u) :/D\/ - (8“ @)2 dzdy.

or dy
The Plateau Problem in R". Given a Jordan curve I' C R", let

2

Ou

du
oxr| |0y

F={v:D—R":veW"¥(D)nC"D) and v|6D monotonically parameterizes I'}.

Find uw € F so that A(u) < A(v) for allv e F.

The mathematical problem of proving the existence of an area minimizing surface
spanning a given contour was raised by J. Lagrange in the mid-eighteenth century, but
the problem is named after the Belgian physicist J. Plateau who studied soap films. It
was not until the 1930’s that J. Douglas [D] and T. Rado [R1] [R2] properly formulated
and independently solved this problem. In the 1950’s, C.B. Morrey [Mo] generalized

the problem by replacing the ambient Euclidean space by a space belonging to a



very general class of Riemannian manifolds (that includes all compact ones). Further
generalization is due to I. Nikolaev [N] who replaced the Riemannian manifold by a
complete metric space with the curvature bounded above in the sense of Alexandrov.
Our interest here is to extend the generalization to the case when the ambient space
is an Alexandrov space, i.e. when the curvature is bounded from below.

An important ingredient for the Plateau Problem (and minimal surface theory in
general) is the theory of harmonic maps from a domain of dimension 2. In fact, the
solution of the Plateau Problem in Euclidean space and Riemannian manifolds can be
given by a map that is harmonic and conformal. With the assumption of non-positive
curvature, the harmonic map theory into a singular target space (with the domain
assumed to be a Riemannian domain of arbitrary dimension) was first considered in
the foundational paper of M. Gromov and R. Schoen [GS] and further generalized
by N. Korevaar and R. Schoen [KS1], [KS2]. This theory was also developed inde-
pendently by J. Jost (see [J] and references therein). A generalization to the case
when the curvature is bounded from above by an arbitrary constant was given by T.
Serbinowski [S1]. The aspect that makes the harmonic map theory tractable in this
setting is the strong convexity property of the energy functional under the assump-
tion of an upper curvature bound. The regularity theory for the Dirichlet problem
(i.e. the problem of finding a map of least energy amongst all maps with a given
boundary condition) states that the Dirichlet solution is Lipschitz continuous in the
interior [KS1] and Holder continuous up to the boundary if given a Holder continuous
boundary condition [S2]. Recall also that there often exists a heavy reliance on the
upper sectional curvature bound when one studies harmonic maps into Riemannian
manifolds (see for example [ES]). The harmonic map approach to the Plateau Prob-
lem in metric spaces of curvature bounded from above is discussed by the first author

in [Mel], [Me2], [Me3]. (This differs substantially from the approach pursued in [N].)



To tackle the Plateau Problem when the ambient space has a lower curvature
bound, we will develop the relevant two-dimensional harmonic map theory. More
specifically, we study the Dirichlet problem for maps into an Alexandrov space X.
The difficulty here is that we do not have the nice convexity properties of the energy
functional. Hence, we cannot mimic the techniques developed for maps into spaces
with an upper curvature bound. In fact, for higher dimensional domains, we do not
expect that the solution of the Dirichlet problem to be even continuous in general.
On the other hand, we will show that, assuming an additional condition on X which
we describe below, we can develop a two-dimensional theory suitable for the harmonic

map approach to the Plateau Problem in X. In particular, we prove the following:

Regularity Theorem (cf. Theorem 3.1.1, Theorem 3.2.1) Let X be an Alexan-
drov space satisfying Perel’man’s conjecture. A Dirichlet solution v : D — X s

Hoélder continuous in the interior of D and continuous up to 0D.

Using the theorem above, we solve the Plateau Problem by using the Dirichlet so-
lution as a means to obtain an area minimizing disk. One fundamental point we need
to clarify is the notion of area associated to a map into an Alexandrov space. Note
that the area functional given by (1.1) for maps into Euclidean space is the integral of
the area element of the pull-back metric. The notion of the pull-back metric for maps
into non-positively curved metric spaces was given in [KS1] and for metric spaces of
general upper curvature bound in [Me2]. We prove that this notion also makes sense
for maps into Alexandrov spaces (cf. Theorem 4.1.1). Using the pull-back metric,
we define the area functional for maps into X and formulate the Plateau Problem
analogously to the statement of the Plateau problem in Euclidean space. The proof of

the existence of the solution of the Plateau Problem parallels a well-known argument



for the Euclidean case [L]. Combined with the regularity theorem for the Dirichlet

problem, this gives us:

Theorem (cf. Theorem 4.2.1 and Theorem 4.2.6) Let X be a Alexandrov space
satisfying Perel’man’s conjecture and I' C X be a Jordan curve. Suppose there exists
a continuous map ug : D — X of finite energy whose restriction to 0D monotonically
parameterizes I'. Then there exists a continuous map v : D — X which minimizes
area amongst all other continuous maps whose restriction of 0D monotonically param-
eterizes I'.  Furthermore, u is conformal, energy minimizing and Hélder continuous

in the interior of D.

We now discuss the space X in the theorems above in more detail. Recall that an
Alexandrov space with curvature bounded above by « is one in which geodesic trian-
gles are thicker than comparison triangles in the two-dimensional simply connected
surface of constant curvature x. This notion of curvature bounds in metric space
seems to be due to A. Wald [W] in the 1930’s and was developed by a Russian school
of mathematicians led by A.D. Alexandrov starting in the 1940’s. More recently,
Alexandrov spaces re-emerged into prominence as they are the limiting spaces of a
sequence of certain Riemannian manifolds under the Gromov-Hausdorff convergence.
Perel'man’s Stability Theorem [P] states that if two Alexandrov spaces of the same
dimension are sufficiently close in the Gromov-Hausdorff distance, they are actually
homeomorphic. In fact, Perel'man asserts something more - the homeomorphism
between the two spaces can be chosen to be bi-Lipschitz. The proof of Perel’'man’s
claim in its full generality is not yet available to our knowledge. For a good discussion
on the Stability Theorem and related issues, we refer to Kapovitch [K1]. We note

the following two properties of an Alexandrov space; first, the tangent cone TpX



at a point of an n-dimensional Alexandrov space X is a cone C(Ilp) over the space
of directions IIp at P which is itself an (n — 1) Alexandrov space, and second, the
Hausdorff-Gromov distance between a neighborhood around P in X and a neigh-
borhood around the vertex of C(Ilp) at this point can be made arbitrarily small by
taking the neighborhoods sufficiently small. Thus, Perel'man’s claim implies that if
X is an n-dimensional Alexandrov space, then X satisfies the property that X is
locally bi-Lipschitz equivalent to a cone over a (n — 1)-dimensional Alexandrov space.
Furthermore, this (n — 1)-dimensional Alexandrov space is locally bi-Lipschitz equiv-
alent to a cone over an (n — 2)-dimensional Alexandrov space and so forth. This
motivates us to say that an Alexandrov space X satisfies the Perel’man conjecture if
it has this property.

The outline of this dissertation is as follows. In chapter 2, we give definitions of
Alexandrov spaces and other related concepts. We also recall Korevaar and Schoen’s
Sobolev space theory into metric spaces. Chapter 3 contains the two dimensional
harmonic map theory. In particular, we discuss the existence of the solution to the
Dirichlet problem and prove its interior and boundary regularity. In chapter 4, the
solution of the Plateau Problem is shown. Finally, chapter ?7? contains the proof of
the existence of the pull-back inner product that allows us to make sense of the area
functional.

Because the interior regularity proven in 3 is central to this paper and because
of the technical nature of its proof, we conclude this introduction by illustrating the
ideas behind this argument. The main step of the proof is to establish that, for
any D,.(zg) C D, we have a good bound on the energy of a map u in terms

Dr(xO)

of the energy of u| ODx (o This in turn implies an energy decay estimate which, by

)
Morrey’s Energy Decay Lemma, implies the Holder continuity. If the image I'g C X

of the boundary map u’ Dy (z0) is long, then its energy is large and thus we restrict our



attention to the case when I'y is short. Hence, we can assume that I'y is contained
in a neighborhood that is bi-Lipshitz equivalent to a neighborhood of the vertex of
the cone C(Ilp) for some P € X. Since the ratio of the energy of a given map and
the energy of this map composed with a bi-Lipschitz map is bounded from above and
below by a constant depending on the bi-Lipschitz constant, we can further assume
for the sake of simplicity that u} Dy(zg) APS into this cone. We now consider the
following two cases: (1) the length of I'y is short relative to its distance from the
vertex V' of the cone and (2) the length of Iy is long relative to its distance from the
vertex. In case (1), we extend the map u|sp,(z,) to a map ¢ defined on D,(xq) by
setting ¢(x¢) = V and linearly mapping the radial ray from x to a point £ € 9D, (zy)
to a ray from V to u(§). By the construction, the energy of ¢ is bounded in terms
of the energy of u’ ODw (zo

. The main step follows immediately since u‘ D (o is energy

) )
minimizing and has the same boundary values as ¢. In case (2), Iy is contained in
a neighborhood U far away from the vertex and hence U is bi-Lipschitz equivalent
to product of Ilp x I for some interval I C R. We construct a map ¢ by separately
considering the Dirchlet problem in IIp and in I. Therefore, if we have a good energy
bound for the Dirichlet problem in IIp, then we are done. Since the dimension of

I1p is one less than that of X, we are able to prove the main step by an inductive

argument on the dimension of X.



Chapter 2

Definitions and Background

Material

2.1 Alexandrov Spaces

Definition 2.1.1. We say a complete metric space (X,d) (or more simply X ) is an
Alezandrov space of curvature bounded from below by rk if it satisfies the following

conditions:

(1) X is a length space; i.e. for any two points P,QQ € X, there exists a curve

vpqo between P and () with length equal to d(P, Q).

(2) Let S, be a simply connected surface of constant curvature k. Denote the dis-
tance function of S, by d and the geodesic between P,Q € S, by PQ. Given a triple
P,Q,R € X, let A(PQR) be a geodesic triangle. Then there exists a geodesic triangle
A(PQR) in S, such that d(P,Q) = d(P,Q) , d(P,R) = d(PR) , d(R,Q) = d(R,Q)
and if we take two points S € PQ and T € PR with d(P,S) = d(P,S) , d(P,T) =



d(P,T), then d(S,T) > d(T,S). The triangle AN(PQR) C S, will be called a com-

parison triangle of A(PQR) C X.

For simplicity, will say that X is an Alexandrov space if there exists some k0 so
that X is an Alexandrov space of curvature bounded from below by x. In this paper,
it is not important whether s is positive, zero or negative; we only use the fact that
there exists some lower bound on curvature. Hence, we may as well assume s < 0.

Let a(s) : [0,a] — X and B(t) : [0,b] — X be arclength parameterizations of
two geodesics emanating from a point P € X and let (¢, s) be the angle at P of a

comparison triangle Aa(t)P3(s) in S,. In particular, if X is an Alexandrov space of

curvature bounded from below by k = —1 then 0(¢, s) € [0, 7] is given by the equality
coshd(a(t), 3(s)) = cosht cosh s — sinh ¢ sinh s cos §(t, 5).

Condition (2) implies that t — 6(t,s) and s — 0(t, s) are monotone non-increasing.
The angle between geodesics a and 3 is defined to be
Lla, B) = tlimOO(t, s).

We will need the following geometric fact:

Lemma 2.1.2. Let X be an Alezandrov space. For any p > 0, there ezists § = 6(p)
sufficiently small so that if
(i) P,R,T € X with P # R, dpr < ¢ and
1 2 1 2
(2.1) |§dPR —dpr| < 0%dpr , |§dPR — dgr| < 0°dpg,
(ii) yrr is a geodesic from T to R and R’ € vyrg with

(22) dRR’ = 5dpR



(11i) ypr is a geodesic from P to R with T' as its midpoint,

then
(23) dTT’ < pdpR.

Remark . The idea behind Lemma 2.1.2 is as follows. One of the distinguishing
features of a space X with a lower curvature bound is the non-uniqueness of geodesics
between two given points. Related to this non-uniqueness statement is the following
fact: given two points P, R € X, any point T" whose distances to P and to R are both
approximately half of dpr as in (i) may be far away from the midpoint of a geodesic
vYpr. For example, let P be the north pole and R be the south pole on the standard
2-sphere and T be a point on the equator; There exists a geodesic ypr from P and R
whose midpoint is the antipodal point of T'. In a smooth Riemannian manifold, the
point T satisfying (i) is close to the midpoint of ypr if P and R are contained in a
sufficiently small neighborhood, but in an Alexandrov space, such a neighborhood does
not generally exist. On the other hand, Lemma 2.1.2 says that we can choose a point

R’ close to R as in (ii) so that T is close to a midpoint T" of a geodesic ypp.

Proof. We assume that X is an Alexandrov space of curvature bounded from below
by —1. (Given an Alexandrov space of curvature bounded from below by x < 0, we
can rescale the distance function by a factor of |—,1{| to construct an Alexandrov space
of curvature bounded from below by —1. Since the assumption and the conclusion of
the lemma is scale invariant, the condition that the curvature is bounded from below
by —1 is without a loss of generality.) Fix 6 > 0 and let P, R, T, vrr, R, vpr,T"
satisfy (i), (i7) and (ii7) above. Since

1
drr = drr — dpr, drr = §dPR’> dpr — drr < dpr < dpr + dpp,



(2.1) and (2.2) imply
(2.4) A oy — (% + o<5)> dpn.
Define a by setting

cosh dprpr = cosh drp cosh dr g — sinh dr g sinh dp g/ cos a.
Using Taylor expansion, we obtain

dyp = drp + dpvp — 2drpdyg cosa + O(dbp)

= (drp — dpg)? + 2drpdrr (1 —cosa) + O(dby).

Furthermore, apply (2.4) to obtain

dgpr = O(6%)dpp + (% + 0(5))2 (1 —cosa)dpp + O(dby).

Thus, if we can show that « can be made arbitrarily small by taking § (and there-
fore dpg) sufficiently small, then we obtain O(d) + (1 + O(8)) (1 — cosa) < % for
sufficiently small 9 and hence

P

d3p < 5

dpg + O(dpg) < p’dppg

for o sufficiently small. Thus, we are left to show that « is small if § is chosen to be
small. To see this, we let yrr C yrr be a geodesic from T to R’ and yrr C yrg be
a geodesic from R to R'. Next, let ag be the angle between ypr and yrg and 3y the

angle between vpr and ygrp . Lastly, let 5 be the angle defined by
coshdpr = coshdppr cosh drr — sinh dpg sinh drp: cos 3.

By construction, ag + 5y = 7, and by the monotonicity property of angles in Alexan-

drov space, ag > « and 3y > (3. Hence

coshdpr < coshdpg coshdgrpr — sinh dpg sinh dgp cos (5
= coshdpp coshdrp + sinh dppr sinh dpp cos g

< coshdpp cosh drpr + sinh dpg sinh dgrp cos a.

10



Expanding by Taylor series, we obtain

dbp < dbp + dip + 2dprdri cosa + O(dpby)

< (dpr + drr)* + 2dprdrr (cos a — 1) + O(dpp).
By the triangle inequality along with (2.1), we have

dpre < dpr+drr
= dpr+drg — drr

< dpr+28°dpr — drr.
Furthermore, the triangle inequality and (2.2) gives
dprr 2 dpr — drrr = (1 = 6)dpg.

Combining the last three inequalities, we obtain

dop < dbp(1+ 0(8)* + dpp(d — 6*)(cosa — 1) + O(dbp).
Dividing by d%; and § and rearranging terms, we get
(1—6)(1 —cosa) <45+ 46 + O(dpq).
Hence, we see that « is small if § is sufficiently small. ]

Definition 2.1.3. The space of directions Xp at P € X 1s the closure of the set of
equivalence classes of geodesics emanating from P endowed with the distance function

ds, ([o, [6]) = ZL(a, B). Here, av is said to be equivalent to (3 if and only if Z(«, 5) = 0.

Definition 2.1.4. The tangent cone Tp is defined to be the set

Sp x [0,00)/ ~

11



where ~ identifies all element of the form ([a],0) along with a distance function dr,

defined by

dr,, (), 5), ([0], 1)) = s* + 1% — 2st cos dx, ([1], [0]).

The equivalence class of ([, 0) will be called the vertex of Tp .

In this paper, we will usually assume an Alexandrov space X is of finite Hausdorff
dimension. In fact, under this condition, Hausdorff dimension can be shown to be
always integer-valued (cf. [B1]). The space of directions is also a compact Alexan-
drov space of curvature bounded below by 1 with diameter less than or equal to m
and dimension 1 less than that of X. The tangent cone, in turn, is an Alexandrov
space of curvature bounded below by 0 (cf. [B1]). Finally, we define the notion of an
Alexandrov spaces satisfying the Perel’'man conjecture given by the following induc-

tive definition.

Definition 2.1.5. Let X be a Alexandrov space. We say that a 1-dimensional Alexan-
drov space is said to satisfy the Perel’man conjecture if and only if it is a finite interval
or a circle. Assuming that we have given the definition an (n—1)-dimensional compact
Alezandrov space X satifying the Perel’'man conjecture, we say that an n-dimensional
compact Alexandrov space satisfies the Perel’man conjecture if every point P € X has
a neighborhood Up (hereafter referred to as a conic neighborhood) which is bi-Lipschitz
homeomorphic to a neighborhood of the vertex of a cone over an (n — 1)-dimensional

compact Alexandrov space which satisfies the Perel’man conjecture.

Let X be a n-dimensional compact Alexandrov space satisfying the Perel’'man
conjecture. For each P € X, let Up be a conic neighborhood of P. Because of
the assumption that X is compact, there exists a finite set of point F' C X so that

{Up}per is a covering of X. We will refer to {Up} as a finite cover of X by conic

12



neighborhoods. A number A > 0 is a Lebesgue number of a finite cover {Up}pep if
A C Up for some P € F whenever the diameter of A is < A.

Perel’'man Stability Theorem is the following:

Theorem (cf. [P], [K1]) Let X be a compact n-dimensional Alexandrov space of
curvature bounded from below by k. There exists € = €(X) > 0 so that if Y is
an n-dimensional Alexandrov space of curvature bounded from below by k with the
Hausdorff-Gromov distance between X and Y less than €, then there exists a homeo-

morphism between X and Y .

Perel’'man asserts that there actually exists a bi-Lipschitz homeomorphism be-
tween X and Y above. A consequence of Perel’'man’s claim is that the condition
that an n-dimensional Alexandrov space satisfies Perel’'man’s conjecture is actually
redundant. This follows immediately from the fact that, for any point P in a n-
dimensional Alexandrov space X, the pointed Hausdorff limit of the scaling (AX; P)
of X is isometric to (Tp(X); V). In other words, a small neighborhood around P is
close in Hausdorff-Gromov distance to a small neighborhood around V' in Tp which

is a cone over a (n — 1)-dimensional space of directions.

2.2 Sobolev Space W?(Q), X)

We summarize Korevaar and Schoen’s Sobolev space theory of [KS1]. Let Q be a
compact Riemannian domain and (X, d) a complete metric space. A Borel measurable

map u :  — X is said to be in L*(Q, X) if for P € X,

/ d*(u(z), P)dy < oc.
Q

13



This condition is independent of P € X by the triangle inequality. For ¢ > 0, set
Qe = {x € Q: dist(z,00) > €} and let S(z, €) denote the sphere of radius € centered

at x in Q. Construct the e-approximate energy function e.(z) : . — R by

e(z) = + d(u(x), u(y)) do
(z) / y

Wy, 62 6nfl

where w,, is the volume of the unit sphere in R". Let v be any Borel measure on the

interval (0, 2) satisfying
2
v>1,v(0,2)) = 1,/ A 2dv()) < oo.
0

Consider an averaged approximate energy density function defined by

2
/ exe(x)dv(N)  for x € Qg
0

0 for v € Q — Qq..

vee(r) =

Since ,e.(z) € L*(2), we can define a functional E* : C.(2) — R by setting

E(f) = / F(@)en ()

We will say that u is a finite energy map or u € W12(Q, X) if

E" = sup limsup EY(f) < oc.
feC(Q),0<f<1  €—0

If u € WH2(Q, X), the measures ,e.(z)du converge weakly independently of the choice
of v to a measure which is absolutely continuous with respect to the Lebesgue measure
(cf. Theorems 1.5.1 and 1.10 of [KS1]). Hence, there exists a function |Vu|?, called
the energy density, so that e.dy — |Vu|*du.

Let T'(TS2) be the set of Lipschitz tangent vector fields on Q. The directional

energy density |u.(Z)|? for Z € T(TRQ) is defined similarly. We denote x + ¢Z to be

14



the flow along Z at time e with initial point z. Define

P d*(u(z), u(z + eZ))'

€2

e(x) =

If u e W2(Q, X), then Ze.dp — |u.(Z)*dp (cf. Theorems 1.8.1 and 1.9.6 of [KS1]).

We set
|us(Z)] = V/]u(2)]?.
and note that this notation is justified by Theorem 1.9.6 of [KS1]. For almost every

x € (),

Vil (@) = — [ ) Pir(e)

Wn

where S"~! C T, is the unit sphere (cf. (1.10v) of [KS1]). Lastly,
[ (hZ)]* = |hf|u(Z)|*

for h € C%Y(Q) (cf. Theorem 1.11 of [KS1]).

If 2 is a Lipschitz domain and u € W?(Q, X), then there exists a well-defined
notion of a trace of u, denoted Tr(u), which is an element of L?*(99, X). Two
maps u,v € Wh2(Q, X) have the same trace (i.e. Tr(u) = Tr(v)) if and only if
d(u(zx),v(z)) € Wy*(Q) (cf. Theorem 1.12.2 of [KS1]).

We will also need the following lemmas. For notational simplicity, we set

D.(ZW) = d(u(x + €Z),u(z + eW))’ ZW e T(TD)

€

Lemma 2.2.1. Let V € I'(TQ) and f € C.(Q), f > 0. Then \/fD.(0,V) converges

to v/ flu.(V)| pointwise almost everywhere, in L* and in L*-norm, i.e.

fDX0,V) = flu.(V)]* a.e.,
(2.5) /Qf(De(o, V) — Jun(V)])? — 0

15



and

(2.6) /Qfo(o,V)ﬁ/Qﬂu*(V)F.

Proof. The convergence in L?*norm follows from Theorem 1.8.1 of [KS1]. To see
the pointwise a.e. convergence, first observe that (1.9 xix) of [KS1| implies that
|us (V)| = 0 almost everywhere on {z : V(z) = 0}. Since D.(0,V) = 0 on this set,
we only need to verify the convergence on {z : V(x) # 0}. After applying a C1!
change of coordinates from the initial coordinate chart, we can assume that 7 is a
coordinate direction. Thus Lemma 1.9.5 of [KS1] implies that D?(0,V) — |u.(V)]?
almost everywhere. The fact that v/fD.(0,V) converges to v/f|u.(V)| in L? follows

immediately from the other two convergence statements. O]

Lemma 2.2.2. Let V,U € T(TQ) and f € C.(Q), f > 0. Then as € — 0, we have

(2.7) / f(Dﬁ(O, V) — DE(U, U+ V))2 — 0,
2.8) /Q FDU,U + V)dp — /Q Floaa (V) g
and

(2.9) fDXU, U+ V) — [u.(V)]?* a.e.

Proof. For this proof, we set D, = D(0,V), D = |u.(V)| and T.p(z) = p(z+€U) for
any function ¢ : Q@ — R. To see why (2.7) is true, first note that 7.D, = D.(U,U+V)

and

\/?TeDe = TE(T—e\/?)TeDe
= T.VI =~ (V] =T-VI)T.D.
= T.(\D) + (T = V)T.D..

16



Thus, denoting the L? norm by || - ||2, we obtain

IWFTDe =/ Dl < |TA(V/ D) =V FDello + [T/ f =/ F)TDco.

Furthermore, several application of the the triangle inequality yields

IVFT.De = /D2
< TV FD) = VIDla + IV FD = VFDl2 + T/ f = VHTDl2
< TV FD) = TV D)o + 1TV FD) = V£ Dll»
HIVID =V IDells + T/ f =/ F)TDe 5
< TV FD) =V FDll2 + 2V FD = /[ Dl + T/ = v/ F)TDe.
As € — 0, the first term on the right hand side converges to 0 since /fD € L*(Q),

the second term by Lemma 2.2.1 and the third term since T./f — +/f uniformly.
Thus, we have established (2.7).

To see why (2.8) is true, one can use the change of coordinates method outlined
in the proof of Lemma 2.3.1 of [KS1]. The convergence of (2.9) follows immediately
from (2.7) and (2.8). O

Lemma 2.2.3. Let V,U € T(TQ) and f € C.(Q), f > 0. Then for all n > 0 there

exists €9, 0 > 0 such that for all @ C Q with p(Q) < § and € < €y, we have
(2.10) [ f(z)D?(0,V)dx < n and / f(x)D*(U,U + V)dz < 7.
0 0

Proof. We use the notation of the proof of Lemma 2.2.2. Since fD? is a non-negative

integrable function on €2, there exists ¢ > 0 such that if x(2) < § then

2/fD2<Q.
o 2

By Lemma 2.2.1, there exists ¢y > 0 such that if € < ¢, then

2/@(\/?& — VD)2 < 2/51(\/?1)6 —/fD)? < g

17



Thus, the first inequality of (2.10) follows by observing that

frp2= [iw D <2 [ spee [(ip- Vipr

The second inequality follows from

/QfDETEDE
_ /Q D% 4 /Q fDAT.D. - D,)

< o (o) (fpao o)

and the observation that the second term converges to 0 as € — 0 by Lemma 2.2.2.
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Chapter 3

The Dirichlet Problem

We let D be a unit disk in the plane. The Dirichlet Problem for an Alexandrov space

X is formulated as follows:

The Dirichlet Problem Let ¢ € W'“*(D, X) and define W,* = {v € W"*(D, X) :
Tr(v) =Tr(¢)}. Let Ey = inf{E" : v € W,*}. Find u € W;? such that E* = E.

If u e Wh(D, X) has the property that E* < EV for any v € W'?(D, X) with
Tr(v) = Tr(u), then u will be referred to as a Dirichlet solution (for the boundary

data T'r(u)). We first establish the following existence result:

Theorem 3.0.4. Given any ¢p € W2(D, X), there exists a Dirichlet solution u €

W,(D, X).

Proof. The proof is an easy application of the results of Chapter 1 in [KS1]. We take
a sequence of maps {ux} C W$’2(D,X ) such that E"* converges to Ey. Since our

spaces are compact, there exists C' > 0 so that

/D P (uy(z), Q)dp(x) + E" < C.
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By the precompactness theorem (Theorem 1.13 of [KS1]), there exists a subsequence
{ug,} that converges in L*(D, X) to u € W'?(D, X). By the lower semicontinuity
of energy (Theorem 1.6.1 of [KS1]) and the trace theory (Theorem 1.12.2 of [KS1]),

E" = Ey and Tr(u) = Tr(y). O

The rest of this section is devoted to the regularity issues of the Dirichlet solution.

3.1 The Interior Holder Continuity

The goal of this subsection is to prove:

Theorem 3.1.1. Let X be a finite dimensional compact Alexandrov space satisfying
the Perel’'man conjecture. Let u € W2(D, X) be a Dirichlet solution. Then for each

R € (0,1), there ezists C' and o dependent only on R, E* and X so that
d(u(z1),u(z2)) < Clz1 — 29|%, V21,29 € Dg(0).

Here, Dp(z) C R? is the disk of radius R centered at zy. In particular, D;(0) = D.
Before we prove Theorem 3.1.1, we will need several preliminary lemmas. In the
following, let IT be a compact Alexandrov space. We define two metric spaces P(II)
and C(II) associated with II. The first is the product of II with R; more precisely,
P(II) is the set

IxR={(Pt): Pe X, teR}

endowed with the distance function dp defined by

A ((P,1),(Q,5)) = d*(P,Q) + (t — ).
For any 71,79 € [0,00) with r; < ry, we define the truncated product space as

P 7y, o) ={(Pt) e P(II) : ry <t <ra}.
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The second space is the cone over IT; more precisely, C(II) is the set
II x [0,00)/ ~ where (P,0) ~ (Q,0)
endowed with the distance function d¢ defined by
d2((P,t),(Q,s)) = t* + s* — 2tscos d(P, Q).

The vertex of C(II) (i.e. any point of the form (P,0)) will be denoted O. For any

r1,79 € [0,00) with r; < ry, we define the truncated cone as
C<H,T1,7’2) - {(P, t) € C(H) < t < 7'2}.

Given a map u € WH2(D,P(II)) (resp.u € W'?*(D,C(I))) we will denote energy,
energy density function and directional energy function by E%. |[Vul% and |u.(V)|%
(resp. EY¥, |Vul% and |u.(V)]2) to avoid confusion.

If 0 < r; <ry < oo, thenu e WH2(D, P(IT)) if and only if u € WH2(D,C(II)). In

fact, a simple computation shows that there exists
(31) L= L(Tl, 7”2)

so that

Ldp(P, Q) <de(P,Q) < \/ZdP(P> Q)

_

and hence

1 U U u

Lemma 3.1.2. Given a finite dimensional compact Alexandrov space X satisfying
Perel’man’s conjecture, a finite cover of X by conic neighborhoods and X the Lebesque
number of this cover, there exists k depending only on X so that if u € WH(D, X)
is a Dirichlet solution, Tr(u) =~y € W1?(0D, X) and

2

9. A
(32 | rtgpias < o2,
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then

0
3.3 E“gn/ (=) |2d6.
(3.3) | ()l

Proof. We prove this by an induction on the dimension of X. We first verify the in-
ductive step. Assume Lemma 3.1.2 is true whenever the dimension is n and suppose
that the dimension of X is n+ 1. Let {U,},er be a finite cover of X by conic neigh-
borhoods and A be its Lebesgue number. By the definition of conic neighborhoods,

for each p € I, there exists a bi-Lipshitz map
ep : Up = p(Up) C C(1L,)

where we refer to II, by an abuse of notation as the space of directions at p of X.
For each p € F, let {VP}4er, be a finite cover II, by conic neighborhoods and A, be

its Lebesgue number. Let
gy s UL = gh(Vy) © ()

be a bi-Lipschitz map where III is the space of directions at ¢ of II,. Let K,n be

sufficiently large so that for all p € F' and P, Q) € U,,

1

(3.4) TP Q) < de(on(P), 0(Q)) < VKA(P,Q)
and

% . T 1
(3.5) L(l——%) < min A, and p <1

where L = L(3,3) as in (3.1). The assumption (3.2) implies

] Vo a5\
— < — < A\
[ hegas < Ve ([ pigpra) <

Therefore, the image of +y is contained in U, for some p € F' and we can let

og=p,07:0D — ¢,(U,) C C(IL,).
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We will write o = (01, 02) where 1 : 9D — I, and 0 : 9D — R are the natural

projection maps. We consider two cases:

CASE 1. 30y € 0D such that

(3.6) P(0(60),0) <1 / ) 0.2

Let (r,6) be the polar coordinates of D and define ¢ = (¢1,%9) : D — C(II) by

setting
W(r,0) := (01(0),r02(0)).

It is clear by construction that v € W2?(D,C(IT)) and Tr(¢)) = o. Furthermore, we

have

(3.7) de (¢ (r1,0),1)(r2,0)) = [r1 — ra2*de(o(6), O)
and

(3:8) de((r,01),0(r,02)) = r*dg(o(61), 0(02))

by the definition of 1) and the definition of the distance function d¢. If we divide (3.7)
by |r1 — 72|* and (3.8) by |6; — 6,]* and take the limit as r; — 7y, 6; — 65, we obtain
(cf. section 1.9 of [KS1])

(3.9)
)

0.V B(0) = d(0(6), 0) and o2, (S5)3(1.0) = 1o, (S)3(6) for ae. (r,0).
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From the triangle inequality and (3.6), we see that

de(0(0),0)

IN

(de(0(bo), O) + de(a(8), 0 (60)))”

2 (dc(a(00), O) + dc(a(0), 7(60)))

) <n | lotzan / loul §9>rcde)2>

2 +2m) [ ol

IN

IN

IN

Thus, (3.9) along with the above inequality gives us

B = /8D/1 (W*(Q)I?: 3154 )|c)rdrd9
B /aD/ ( +|0*(89)I%(9)) rdrdf

2

C

0
< Ox(— 2
< o[ gk

for some constant A dependent only on 7.

CASE 2. V0 € 0D,
E0(0).0)> 10 [ |o. (5l

Integrating over # € 0D, we obtain

1

0
— d> de (==)|%d0
- | 0w [ ek

or
1 / d 1
o.(=)|5db < —.
L [, d%(0,0)do 6D| <ae)|c n

If we define 6 = (61,62) : 0D — C(I1,) by

- ~ 1
310).5:0) = (0), T 5m0))
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then we have

1 - B
(3.10) o aDd (5(6),0) =1
and

0 1
3.11 / F.(=—)|2dh < =.
(3.11) | 105 led0 <

Now note that & is continuous; indeed, for any 6,6’ € 9D,

0/

~ ~ / ~ a ~ 6 1/2 / ]‘ /
(o050 < [ 1agpleas < ([ o.plean) 10— < —pp—g)7

0
Thus, (3.10) implies there exists 8’ € 0D so that d¢(6(0'), O) = 1. Furthermore, that

fact that |# — 0’| < 7 implies that

by choice of 1 in (3.5). Thus,

1= de(5(6),0)] = |de(5(0') — de(5(0), O)] < de(5(6),5(6)) <

N |

which implies
1

3
— < de(a(0 < =,
Let vy : D — II, be the Dirichlet solution with Tr(v;) = 61 and v, : D — R be the

Dirichlet solution with 7'r(vy) = d3. Since the dimension of II, is n, the inductive

hypothesis implies that exists constant ' so that

0
EUISK’/ 1) (=) % db
T ICAXCAT

where we have used the subscript to denote quantities associated to the metric space
IL,. If we let v = (v, v2) € P(II,), then the definition of a product space immediately

implies that
) )
Eb < (W +1) / EABATNT

oD
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which in turn implies that
v 20,1 ~ 9 2
By < 12+ 1) [ [ () 2de.
op 00
If we define w = (wy,ws) = (v1, 5= [, de(o,0)db - vy), then Tr(w) = o and

0
EY < L*(K + 1)/ |0*(—)|(23d6’.
oD 00
Finally, using the definition of K, we see that

2

2
).

B S E;ipOw S KZLQ(H/‘i‘l)/ h/*(
oD

By letting x = max{A, K2L?(x’ + 1)}, we have verified the inductive step.
Now assume that that the dimension of X is 2. Then the space of direction at
any point of X is either an interval or a circle and we can follow the proof of the

inductive step to prove the base case of the inductive argument. O

To summarize, we have demonstrated that if « is an energy minimizing map with
Sobolev trace map ~ which is small in energy, then we have an estimate of the energy
of u in terms of its trace. We use this fact along with the Morrey’s Energy Decay
Lemma for maps into X to prove Holder continuity. We let Dg(z) denote the disk

of radius R centered at zo and E*[D,(29)] the energy of u in the disk D, (zp).

Lemma 3.1.3 (Morrey). Let u € Wh2(D, X) satisfy
(3.12) E'[D, ()] < Car**0<r<1-R

for each zy € Dgr(0) C D where Cg is a constant depending on R. Then there exists

a constant K so that for every zi, zo € Dg(0),
d(u(z1),u(z2)) < KCg|z1 — 29"

Proof. Using the Sobolev theory of maps into metric space targets developed in Chap-

ter 1 of [KS1], the assertion of the lemma follows from Morrey’s argument in [Mo]. [
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ProOF oF THEOREM 3.1.1. Fix a finite cover of X by conic neighborhood and
let A be its Lebesgue number. Let R € (0,1) and let zg € Dg. By [KS1] Section 1.9, u
restricted to 9D, (zy) is absolutely continuous and W2 for almost every choice of such
r € (0,1 —R). Let s be the arclength parameter of 9D, (z) and @ be the composition
of w with the dilation and translation of the plane which takes D, (z9) to D. If
JoD1(z0) lu.(2)[?ds < 2, then change of variables s = rf gives [, |4.(%)[*d§ < X\. By

Lemma 3.1.2 and invariance of the energy under conformal transformation, we obtain

X 0 0 d
EYD,(z :E“SH/ ﬂ*—2d«9§w€/ us(=)|?ds = r— E“[D,(20)].
[D:(20)] [ () s Pds = D, o)
If
0\ A
Uy (=) |*ds > —,
/BDT(Zo)‘ (as)| r
then
B 0
E“[D <r— (=) [%d6.
Dl v [ )

Thus, for almost every r € (0,1 — R),
EY Evd
E"[D,(z0)] < max{r, 7}7" /BDT(ZO) ]u*(%)ﬁ(n 0)df = max{x, T}r%E“[DT(:zO)].

Integrating the differential inequality and letting C% = max{x, %} gives us the esti-

mate needed to employ Lemma 3.1.3. Q.E.D.

3.2 Boundary Regularity

The goal of this section is to prove:

Theorem 3.2.1. Let v € C°(OD, X) be a continuous map and v € WH2(D, X) be

its Dirichlet solution. Then u is continuous in D.
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To prove the boundary regularity, we need the following lemma which gives a
lower bound on the energy of a harmonic map if a point is mapped sufficiently away

from the boundary values.

Lemma 3.2.2. Let ¢, M > 0. There exists n = n(e, M) > 0 so that for any ¢ €
C°(0D, X) and its Dirichlet solution v € W12(D, X) with d(v(0), p(0D)) > € and
EY < M, we have

B[ (Be(v(0)))] = 1.

Proof. We prove this theorem by way of contradiction. Suppose that the statement
is false. Then there exists a sequence of Dirichlet solutions v; € W?(D, X) with

@i = Tr(v;) satisfying d(v;(0), p;(0D)) > € and
(3.13) B v; (B (v:(0)))] — 0.

Since X is compact, we may assume that v;(0) — p € X by taking a subsequence

€

if necessary. Suppose x € D has the property that d(vi(z),p) < §. The triangle
inequality d(v;(z),v;(0)) < d(v;(x), p) + d(v;(0), p) implies that d(v;(z),v;(0)) < € for

sufficietly large 7. Therefore, v[l(B§ (p)) C v; '(Bc(v;(0))) which implies

(3.14) E" [0 (Bs (p))] < E™[v; " (Be(wi(0)))].

Since £V < M for all i, we can apply the precompactness theorem and the
trace theory (cf. [KS1] Theorem 1.13 and Theorem 1.12.2) to obtain a subsequence
(which we denote {v;} by an abuse of notation) so that v; — v in L*(D,X) and
0; = Tr(v;) — ¢ = Tr(v) in L*(0D, X). Fix 6 € (0,1) and let D; s be a disk of

radius 1 — ¢ centered at the origin. By Theorem 3.1.1, v; is Holder continuous;

‘D1—5

more specifically,

d(’l]z'(21>,1}l‘(22>) S C(X, 6) | 21 — 29 |a(X,6) s Vzl,ZQ & D1—6-
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Note that the modulus of continuity depends only on the geometry of the target

and on the arbitrary constant J. Hence, {v; 5} form an equicontinuous family

[,
and converge uniformly to a Hélder continuous map according to the Arzela-Ascoli
Theorem. The limit map must be the restriction of v constructed above to the smaller
disk D;_s. Consequently, v(0) = p and, since § is arbitrary, v is continuous in D.
In particular, this implies v_l(Bi (p)) is an open set. By the triangle inequality,
d(vi(2),p) < d(vi(2),v(2)) + d(v(2),p), and hence if z € D;_; and d(v(z),p) < §
then d(v;(z),p) < § for sufficiently large i depending only on €, X and ¢ and not

on the chosen z since the convergence of v; to v is uniform in D;_s. Therefore,

v (B:(p)) N D15 C v;l(Bé (p)) N Dy for sufficiently large i and

[

By the lower semicontinuity of the energy functional (cf. [KS1] Theorem 1.6.1), (3.13)

Vol dns [ | Vi [2 dj < B o (B ()

(P))ND1_s vfl(Bg (p))ND1_5

PO

and (3.14), we conclude that

/ | Vo |2 du = 0.
v H(Be (p))ND1-5

Therefore,

Bl (By(p)] = 0

by the Lebesgue Dominated Convergence Theorem which in turn implies that v must
be constant on each connected component of v™"(Be(p)). In particular, it must be
identically equal to p on the component K of v~ (B<(p)) containing 0. The continuity
of v implies that v~!(p) is closed and hence K is closed. Since K is both open and
closed, K = D. Therefore, v and hence ¢ is identically equal to p.

On the other hand, the triangle inequality says

(i, p) < 2d%(i, ) + 2d% (0, p)
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and hence
2me < 2/ d* (i, )db + 2/ d*(p,p)db.
oD oD

Letting ¢« — 0, we obtain

2me < 2/ d*(p,p)dd = 0,
oD

a contradiction. O

The proof of boundary regularity is now an easy application of Lemma 3.2.2.

PrROOF OF THEOREM 3.2.1. Suppose a Dirichlet solution v : D — X with a
continuous trace v : 0D — X is not continuous at some point zy € D. There exists

€ >0 and x; — zo with
(3.15) d(u(z;),v(z0)) > 2e.

By the Courant-Lebesgue lemma and the continuity of v, we may choose 9; — 0 such

that u restricted to 0D, (z9) N D is continuous and the length of the curve
I'; == u(0Ds,(z9) N D) U~(Ds,(x9) NOD)

converges to 0 as ¢ — co. This combined with (3.15) implies that

(3.16) d(T;,u(z;)) > €

for sufficiently large ¢. By choosing subsequence if necessary, assume that z; €
Ds,(zo)ND. By the Riemann Mapping Theorem, there exists a conformal map ; from
Ds,(x0)ND to D which sends z; to 0. Let v; = uot; ' : D — X and ¢; = Tr(v;). Note
that v;(0) = w;(z;), the image of ¢; is I'; and (3.16) implies that d(v;(0), ¢(0D)) > e.
Thus, Lemma 3.2.2 says there exists n > 0 such that EV[v;*(B.(v;(0)))] > n for

all . By conformal invariance of energy, E"[Ds,(xo) N D] > n. However, since
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u € W3(D,X), we see that E*[Ds,(x9) N D] — 0 as i — oo and we arrive at

our contradiction. Q.E.D.
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Chapter 4

The Plateau Problem

4.1 The area functional

Before we can properly state the Plateau Problem for an Alexandrov space, we must
formulate a notion of area. Our definition is analogous to the usual definition of
the area functional for a map from a surface into a Riemannian manifold; in other
words, it is obtained by integrating the area element of the pull-back metric. Thus,
we first need to generalize the notion of the pull-back metric in this setting. This is
accomplished by (4.1) and Theorem 4.1.1 below.

Let Q be a Riemannian domain and X an Alexandrov space. (Note that we do
not need to assume X is finite dimensional or satisfies Perel’'man’s conjecture in this

subsection.) For Z,W € T(TQ) (i.e. Z,W are Lipschitz vector fields on ), we define

1 1
(4.1) (2,W) = J|u(Z + W) = J[u(Z = W)
If (2, g) has local coordinates (z!, 22, ..., 2") and corresponding tangent basis {91, s, . . .
we write

T = W(ai, 6])

We show in Theorem 4.1.1 below that 7 generalizes the notion of the pull-back
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metric. The analogous result for the case when X is a NPC (non-positively curved)
space is proven in [KS1] and the case when the curvature of X is bounded from above

is proven in [Me2].
Theorem 4.1.1. The operator w defined abowve,
7 :T(TQ) x T(TQ) — L'Y(Q, R)
is continuous, symmetric, bilinear, non-negative and tensorial; more specifically

©(Z2,2) = |u.(Z)]
T(Z,W) = n(W,Z2)

©(Z,hV + W) = hn(Z,V)+7(Z,W) for any h € C**(Q).
For Z = Z'0; and W = W'0;, we have
7T(Z, W) = WijZin.

If ¢ - Q1 — Qs a CY' map, then writing v = u o Yand 7, for the corresponding

operator, we have the formula

Ol ™

= My —— —.
" Oxt O

(4'2) (ﬂv)ij

Proof. Assuming Proposition 4.1.2 below, we can follow the proof of Theorem 2.3.2

of [KS1] to prove Theorem 4.1.1. O

Proposition 4.1.2. Let Q) be a Riemannian domain and let X be an Alerandrov

space. If u € WH2(Q, X), then for any Z,W € T(TQ) the parallelogram identity
(4.3) w(Z + W) + [u(Z = W) = 2u(Z)]* + 2|u. (W)

holds.
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PROOF OF PROPOSITION 4.1.2. Recall that for any Z, W € I'(TQ)), we denote

by x + €Z the flow along V with initial point x € ) at time € and

D(ZW) = du(z + eZ),u(z + eW))

€

Now fix f € C.(Q), f > 0 and Z, W € I(Q). Let
0 = {w € 5ptf : [ (Z)P, [ (WP e Z + )P, un(Z = WP £ 0},
1 N
Oy = €50t + 50 < (D, Jua (WP, (2 + W), un(Z = W) < T},

Z+W Z+W

F(z,¢) = 2D?*(Z, )+ 2D*(W, )+ DX0,Z +W)

~D?*(0,7) — DX(Z,Z +W) — D*(W,Z +W) — D?(0,W).

We claim the following:
Claim 1 p(Qt\Qy) — 0 as N — oo.

Claim 2 Fix N. For any p > 0, let d(p) be as in Lemma 2.1.2. Then there
exists a function G ,(z, €) so that if the following three inequalities:
(4.4)

1
= < D0, Z+W), D.(0,2), D(0,W), DU Z, W), D(Z, Z+W), D(W, Z+W) < N

1 A
(45) 50:0.2+ W)~ D0, 2 < 5(p7D.(0. 2 + W)
1 YA
@6) 5002+ W)~ Dz + W, 2 ) < (02D (0, 2+ W)

are satisfied for € > 0 and = € QQy, then

(4.7) F(x,e) > Gy(x,¢).
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Furthermore, there exists a function G,(z) so that

(4.8) lim [ f@IG,w0ldi = [ F(&)Gyfe)ldu+ O
and
(4.9) tim [ f(a)1G{a)ldp =0,

Claim 3 For z € Q — Q7| the parallelogram identity (4.3) holds.

Assuming the validity of the three claims, we prove the parallelogram identity as
follows. Fix n > 0. By Lemma 2.2.3, there exists €y, > 0 so that for any Q with

1(Q) < 6 and € < €, we have
| 17> -
Q
By Lemmas 2.2.1 and 2.2.2,
Dc(0,Z2+W) = [u.(Z+W)|, De(0,2) = [uu(Z)], De(0, W) = |u. (W)

DAZW) = [u(Z — W)|, DA(Z.Z + W) — |u(W)|, D(W,Z + W) — |u.(Z)]

pointwise almost everywhere. By Egoroftf’s Theorem, there exists set a A so that
u(A) < g and these convergences are uniform on €2 — A. By Claim 1, there exists N

sufficiently large so that (Q"\Qx) < $. Hence,

/ f(2)F(z,e) > —n.
(QH\Qn)UA

For p > 0, the uniform convergence implies that there exists ¢y > 0 sufficiently small

so that (4.4), (4.5) and (4.6) hold for for all € < ¢y and all x € Qn\A. Thus, by Claim
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2 (4.7),

| t@reom - | f@F@.du+ [ fa)F.ods
O+ (Q+79N)UA QN\A
> o+t / F(2)Gy(, )du
an\A
> - [ J@IGw ol
an\A
Take € — 0 and apply Lemma 2.2.1, Lemma 2.2.2 and Claim 2 (4.8) to obtain

/mf(lu*(Z+W)I2+Iu*(Z—W)|2—QIU*(Z)I2—2IU*(W)I2)CZ# > —n—Af(x)le($)|-

Now by taking p — 0, applying Claim 2 (4.9) and noting that n can be made arbi-

trarily small, we obtain
/m F(udZ + W) + [ud(Z = W) = 2un(Z2)[* = 2|u(W)[*)dp > 0.
Combined with Claim 3,
/Qf(lu*(Z + W)+ udZ = WP = 2{ud2)]* = 2fu.(W)[*)dpe

- /Q * /Q_m Fllud(Z + WP + ud(Z = W) = 2lun(Z2)* = 2[u (W) [*)dp

> 0.

Replacing Z and W by £ J;W and Z _QW respectively in the above argument, we obtain
/ FQludZ)]? + 2u(W)|* = [ Z + W) = [us(Z = W)[*)dp = 0.
Q

Finally, since the choice of f is arbitrary, we obtain the parallelogram identity. Q.E.D.
We are now left to prove the three claims.

Proor or Cramm 1. If

1 1
Q=~ = {x € sptf : one of |u(2)]?, |u.(W)|?, [u(Z + W)|?, [u.(Z — W)|* is < N
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and
>N 2 2 2 2 N
Q=" ={z esptf: one of |u.(Z)]", [u(W)I", [u(Z + W), [u(Z = W) is 27},
then Q\Qy = Q5% U Q=Y. Since
Q<F € Q<Y and N2, Q<% NQT =,

we have that u(Q<¥) — 0 as N — 0. Furthermore,

N
S @) < /Q>N [ (2)] + [ (W) + [un(Z + W) + [un(Z = W) < o0.

which implies u(Q>") — 0 as N — 0. Q.E.D.

PrROOF OF CrLAIM 2. For x € 2 and € > 0, assume (4.4), (4.5) and (4.6) are
satisfied and let
(4.10)

P=u(z),Q=u(z+eZ),R = u(z+e(Z+W)),S = u(z+eW),T = U(a:+e(Z ; W)).

The inequalities (4.5) and (4.6) imply
1 2 1 2
‘édPR —dpr| < 6*(p)dpr , |§dPR —dgr| < 6°(p)dpr.

Let vrr be a geodesic from R to T and R’ be a point on gy so that

(411) dRR’ = (S(p)dpR

Let vpr be a geodesic from P to R’ and T be its midpoint. By Lemma 2.1.2, we

have

drr < pdpg.
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Define 7 to be the curve which is the sum of geodesics from @ = u(x +€Z) to T" and
from 7" to S = u(x + €W ). Let d be the distance function in the hyperbolic plane H?
and construct points P, Q, R', S € H? with the property that
(4.12) dpo = dpg, dor = dor, drws = dps, dsp =dgp, dpp = dpp
and so that geodesic triangles APQR' and APSR' intersect only along the geodesic
Apg from P to R'. If T" is the midpoint of px,
(4.13) dor < dor dpg < dpis
by the property of an Alexandrov space. Hence
los < dop + dpg < dor + dps.
Therefore, if
E(w,€) = dbg + dppy — dpg = dop — dps — dps,
then
E(z,e) < L*(y)+d*u(z),R) — d®(u(z),u(z + eZ)) — (R, u(z + €Z))
—d®(R ,u(z + W) — d*(u(z), u(x + eW)).
Dividing by €2, we obtain
Hrd o (L0

. 22 - po.2) - 20w

€2

2 B 2 - 2

+(d?(u(a:),R) (R, u(z + eW)) dQ(R,u(a:+6Z)))

€ € €

(4.14) = (I)+ ).
Hence, by the triangle inequality, we have,

L(v) = dor+dps

IA

dor + drg + 2drr

IA

dQT + de + 2,0dpR
Z+W

= d(u(x+eZ),u(r+e ) + d(u(z + eW), u(z + eZ i W)) + 2pd(u(zx), u(z + (eZ + W))
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If we square this inequality, divide by €? and assume that p << 1, we have

Z+W Z+W

5 )
)> +4pD2(0,Z + W)

D:(Z,

IN

) + DZ(W, )+ 2D2(Z, )DZ(W,

7 +W 7+ W
) s,

Z+W

Z+W Z+W
2 2

+@Q®J+WUOMZ

2+ W

< 222, ) + 2D2(W,

)
Z+W

) + DX(W,

Z+W
+8p (Dz(o, Z + W)+ D¥(Z, J; ))

which immediately implies

Z+W

Z+W
(1) < 20%(Z, )+ 2D2(W, =) = DX(0,2) — DX(0, W)

Z+W Z—I—W))

(4.15) +8p (Df(o, Z+ W)+ D2, ) + D*(W,

Furthermore, assuming p << 1, we also obtain

dbp < (dpr+ drr)® = (14 6(p))*dpr < (1+38(p))dpp
dop > (dor—drr)® = (dor—0(p)dpr)* > dgr—26(p)dordpr > (1—0(p))dgr—0(p)dpy
dip > (dsp—drr)* = (dsr—6(p)dpr)* > dp—20(p)dsrdpr > (1=0(p))dir—d(p)dp g,

which immediately implies

& (u(z), R)
Pu(x —;eZ),R') < —(1=08(p))DXZ,Z + W)+ 8(p)D(0,Z + W)
_Plulz+e2), R) —(1—38(p))DA(W, Z + W)) + 6(p)D2(0, Z + W).

€2 -

< (1+38(p)D?(0,Z +W)

These combine to give

(II) < DX*0,Z+W)—-DXZ,Z+W)—D*W,Z+W)

(4.16) +50(p)(D?(0,Z + W)+ D*(Z,Z + W) + DX(W, Z + W)).
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Combining (4.14), (4.15) and (4.16), we obtain

E(x,¢€) Z+W

2

Z+W
< 2D(Z, 5 ) + 2DA(W, )+ D2(0,Z + W)

€
~D?(0,Z) — DX(0,W) — DX(Z,Z + W) — D*(W, Z + W)
Z+W Z+W))

D2
s w2

+56(p) (D0, Z + W)+ D*(Z,Z + W) + DX (W, Z + W))

Z+W Z+W
2 )

+8p (Df(o, Z+ W)+ DZ,

) + DZ(W,

IN

F(x,¢€) +8p (Df(o, Z+ W)+ D2,

+50(p)(D?(0, Z + W)+ DX(Z, Z + W) + DX (W, Z + W)).

Let

Z+W Z—i—W)
2 2

—50(p)(D*(0,Z + W) — D*(Z, Z + W) — DX (W, Z + W))

Gi(z,e) = —8p(D(0,Z+W)+D;(Z, ) + D (W,

Inequality (4.4) implies that

€

v < dpg,dgr,drs,dps, dpr, dgs < Ne.

By also using the fact that dgr = 0(p)dpr < pNe, we can apply Lemma 4.3.1 of the

Appendix to obtain,

< Cn (|[DX(V,V +W) — D*(0,W)| + | D3(0,V) — DXW,V + W)

2

‘E(;E, )

€

F[D(V.V + W) = D(0,W)[ + [D(V.V + W) — D(0, W)])
+K1p2 + K2€
for some constants K7, K5 sufficiently large. Define G(x, €) to be the right hand side
of the inequality above. Thus, (4.7) holds if we set G, (z,€) = Gi(x,€) — Gao(z,€).
Furthermore, set
1
Gplz) = =8p(ju(Z+ W) + S|u(Z = W)])

=50(p)us(Z + W) + [ (W)I* + [u.(2) ") + O(p?).
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Then (4.8) and (4.9) hold by Lemmas 2.2.1 and 2.2.2. Q.E.D
PrROOF OF CLAIM 3. Let €y denote the set of all points in € so that |u.(Z +
W)?=0. If P,Q,R,T be as in (4.10). Then
dor — dpg = (dor — dpo)(dor + dpq) < dpr(dor + dpq).

Thus, for any f € C.(Qp) , 0 < f <1,

[ 1022, 2 - D20 2))an
< fangw3@uzzzw3+amz0
Qo

20, 240 27, 24 W ) 12
< <%ﬂu 2 ) (/ﬂ? S [ ante.s)

Qo

We take the limit as € goes to 0 to obtain

LJO%FE;EW—MMW>

B 1/2
< mu””%ﬁ (waPiiKW+MM+WW)

I
)

2

—Z+W

1/2
S 2+ WP

1/2
ﬂmZ+Wﬂ) (Qﬂm(

4 Ja,

Thus we arrive at

-Ww
s ( )P < |u(2)? ae. € Q.

Similarly, using
dpg — diyr = (dpg — dor)(dpg + dor) < dpr(dpg + dor),

we obtain the opposite inequality. Hence, we conclude

Z—VV)|2
2

[ ( = [u (Z2)]* ae. x €.
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Interchanging Z and W in the argument above, we also obtain

)P = [u.(W)* ae. x €.

(5

Therefore,

7 -W
s (ZAW) P+ (Z W) |2 = 04-4|u.( )7 = 2|un(2) P +2|u (W) ace. z € Q.

2

Similar arguments apply when we examine points of €2 where the other directional

energy measures vanish. Q.E.D

4.2 The Plateau Problem

We can define the area functional for v € WH2(D, X) by

Au) = / Vdet 7 datda? = / \/ T1iTee — T3y datda?.
D D

The Plateau Problem for a compact Alexandrov spaces satisfying Perel’'man’s conjec-
ture is formulated as:
The Plateau Problem Let I' be a closed Jordan curve in X, let

Fr={ue WD, X)NC"D, X) : ulsp parametrizes T' monotonically}.
Find u € Fr so that A(u) = inf{A(v) : v € Fr}.

The main result of this section is that we can solve the Plateau Problem if there ex-

ists at least one continuous finite energy map whose trace monotonically parametrizes

L.

Theorem 4.2.1. If Fr # (), there exsits u € Fr so that A(u) = inf{A(v) : v € Fr}.
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We separate the proof of Theorem 4.2.1 into two claims. The first claim is that

there exists a map which minimizes the energy functional in Fr. The second claim is

that an energy minimizing map is also an area minimizer. These claims are proved

by an extending the arguments used for the Euclidean case (cf. [L]).

In order to prove the first claim, we need Lemma 4.2.2 and 4.2.3 below.

Lemma 4.2.2. The energy functional is invariant under conformal reparametriza-

tions of the disk.

Proof. This follows by adapting a well-known computation in the smooth setting

to the current situation. This can be justified by the change of variables formula

(4.2).
Lemma 4.2.3. Fiz x1,2x9,23 € 0D and P, P, Py € I'. If

Fr={u€Fr:u(z;) =P for i=1,2,3 and E* <2 inf E(u)},

ueFr
then

F={ulpp:u€ Fp, E* <2 inf F(u)}
uEFr
forms an equicontinuous family of maps.

Proof. This follows from the same argument given in Proposition 6 of [L].

We now prove the first claim:

Claim 1 There exists u € Fr so that £ = inf,,c 7. E".

]

Proof. For any v € Fr, there exists a Mobius transformation so that v o ¢ (x;) = P;.

Furthermore, E°¥ = E° by Lemma 4.2.2. Therefore,

inf £“= inf E".

u€FT ueff
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which implies

inf £ = inf E,.
uEFr (be}—ll“

where

Ey=inf{E":v e W;*(D,X)}.

Let {v,,} C F| be a sequence so that lim,, . F,, = inf,cx E". By the equicon-

tinuity of F', there exists a subsequence {v,,} so that {v,,

op) converges uniformly
to a continuous map ¢ : 0D — I'. By the uniform convergence, we are guaranteed to
have ¢(p;) = ¢; for 1 = 1,2,3. Let u,, be the solution to the Dirichlet Problem for
boundary data v,,. From the precompactness theorem (cf. Theorem 1.13 of [KS1]),
we may choose a subsequence which converges in L*(D, X) to u € W12(D, X). By

the lower semicontinuity of the energy functional (cf. Theorem 1.6.1 of [KS1]),

(4.17) E* <liminf £ <liminf £, , = inf E"

m’—oo m/—oo veFr
Since the trace functions converge in L? distance (cf. Theorem 1.12.2 in [KS1]), we
have Tr(u) = ¢ and hence u € F. C Fr and inf,cr. E* < E* which combined with

(4.17) implies BV = inf,c 7. E*. O

We now claim that u obtained above not only minimizes energy in Fr, but also

minimizes the area functional. We need the following two lemmas.

Lemma 4.2.4. If u € Fr satisfies E* = infuefé E", then u is weakly conformal; in

other words, u satisfies the conformality relation m, = mas and w2 = 0.

Proof. This follows by adapting a well-known computation in the smooth setting

to the current situation. This can be justified by the change of variables formula

(4.2). O

Lemma 4.2.5. For any v € Fr and d > 0, there exists a continuous map F : D — D

monotonically taking dD to dD such that 3E(vo F) < A(v) 4 6.

44



Proof. Consider the disk D as a subset of the complex plane C and let X x C be the

metric space equipped with the distance function

A((P,2), (Q,w)) = V& (P,Q) + |z — w|?
for P,Q € X and z,w € C. For v € W'?(D, X), consider v. : D — X x C,
ve(2) = (v(2),€2).
For V € I(TD) and ae. z € D,

OV = lim ) vz 1Y)

k—0 K2
. A (ve(2),ve(z + KV)) + ez — e(z + KV) ]2
- fleli% K2

= () (V) + V"

Hence, letting 7. = m,_, we have

€2 €2

(me)11 = (mo)11 + 1 ()22 = ()22 + 1 (Te)12 = ()12

We now choose ¢y such that

A(ve,) < A(v) + 0.

We mollify functions (7, )i; to obtain the metric (77;) defined on Dy , = {2z € D :
|z] < 1—0}. For sufficiently small o, we have 77,75, — (755)? > ;—é Hence, there exist

C* conformal diffeomorphisms F, : D, — (D,,7%) and

E<Fm7ﬁa DO’) = QA(Faa TJ, DU) = QA(DWTU) = QA(D77T60) + O(U)

= 2A(ve,) + O(0) = 2A(v) + 26 + O(0).

45



For sufficiently small o,

€2 €2

(7'0)11 = (771;)11 + g ) (70)22 = (Wv)22 + g

Therefore E(F,,m,) < E(F,,77). Let o, = n+r1 Since E(F,,m,) is uniformly
bounded independently of o, the Courant-Lebesgue Lemma and Arzela-Ascoli Theo-
rem imply that there exists an increasing sequence of integers Sy such that {F,, }res,
converges uniformly to a continuous map Fj in D,,. Now inductively define a se-
quence S, C S,—1 such that {F},, }res, uniformly to a continuous map £, in D, .
Note that by the choice of S,,, we have that F,, = F,, in D, for m < n. Define
F:D— Dby

F(z)=F,(2) z € D,,,.

For any o, choose 0, < o, hence,

1 1
§E(F, o, Dy) < §E(Fn,7rU,Dan) < A(v) 4 6.

E(F,m) < A(w). O

Since the above is true for o arbitrarily small, s E(vo F) < 1

We now prove our second claim.

Claim 2 Ifu € Fr satisfies E* = inf,cz. EY, then A(u) = inf{A(v) : v € Fr}.

Proof. By the Cauchy-Schwarz lemma,

1
\/711722 — (m12)? < /m1mee < 5(7T11 + Ta2)
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with

1
\/7T117T22 — (m2)? = 5(7T11 + M) <= w1 = o and w2 = 0.

Since u satisfies the conformality equations by Lemma 4.2.4, we deduce that A(u) =
%E“. Furthermore, if § > 0, v € Fr and F are as in Lemma 4.2.5, then v o F' € Fr
and

E* < —E"F < A(u) + 6.

Since d can be chosen arbitrarily small, we are done. O
In establishing the above claims, we have also shown:

Theorem 4.2.6. The solution u of the Plateau Problem is a conformal, energy min-
imizing map. As such, u is Holder continuous in the interior of D and continuous

up to OD.

4.3 Appendix

We establish the following fact about quadrilaterals in hyperbolic plane. The purpose
is to estimate the difference between the sum of the lengths of the diagonals and the

sum of the lengths of the sides.

Lemma 4.3.1. If P,Q,R',S € H? so that

then

|65 + dprr = dpg — dom — dvs — disl
< Oy (|6%R/ — dpg| + |dbg — dhigl + e(ldgr — dps| + |dpg — JR/SD) +0(€)

where Cy is a constant dependent on N and O(€*) has the property that ?k(fkl) — 0 as

e— 0.
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Proof. Let
E =dgs +dpp — dpg — dgp — dpg — dps.
Define A, § € [0, 7] by
cosh dpp = cosh JQ 7 coshd, po — sinh JQ 7 sinhd PG COS A
cosh JQ g = cosh J@ 7 coshdp g — sinh JQ 7 sinh dpg cos d.
By Taylor series expansion, we obtain

d%}?’ = (%R’ + 67?5(2 — QJQR/d_pQ cos A\ + 0(63)
(%S — C%R’ + CZ%’S’ — 2CZQR/CZR/S' cos O + 0(63)
We have then

E = C%R’ — J%S‘ — ZCZQR/CZPQ COS A — 2JQngR/§ cos § + O(€?)
- C%R' — d3s — 2dpp ((drg — dpg) cos§ + dpg(cos & + cos N)) + O(€).

and hence

E < |C%R, — d3g| 4+ 2Neldps — dop| + 2N?€*| cos § + cos A| + O(€®)
(4.18) < C’N(|C%R, — dyg| + €ldps — dgp| + €| cosd + cos A|) + O(€?).
We now estimate | cosd + cos A|. Let A be the area of AR'QP. Since the perimeter
of AR'QP is bounded by some constant times Ne, we have A = O(e?). Define
a,f € [0, ] by

cosh JQ 7 = coshdpp coshd. po — sinh dpp sinh d PO COS
(4.19) cosh dpg = cosh dpp cosh dg g — sinh dpg sinh dj g cos 3.
The interior angles of the triangle AR'QP are a, A and § — 3. Since A =7 —a — \—

(0 — [3), we see that

|cosd +cosA| < |cosd —cos(0+ (A+a—p))| <A+ |a— 8| =|a— G|+ O(H).
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where we used the Mean Value Theorem in the second inequality. The fact that the
ratios of any two pairwise distances of P, Q, R’ and S are bounded from below by #
and from above by N? implies that o and 3 are bounded away from 0 and 7. Thus,

la — B| < L|cosa — cos | for some constant dependent on N. Therefore, we obtain
| cosd + cos \| < L|cosa — cos 3] + O(€?)

which combined with (4.18) gives

(4.20) E< |C%R, — d5g| + 2Ne|ldps — dgp| + 2LN€*| cos a — cos 8] + O(€”).

By (4.19), we also have

sinh(dpp ) sinh(dgg) sinh(dpg)| cos a — cos |
= ’ sinh(dpg)(— cosh(dpg) + cosh(dpp) cosh(dpg))

— sinh(dp5)(— cosh(dgp) + cosh(dpg) cosh(dpg))|-
The right hand side can be estimated as
’JR@ (Cifﬁ@ +dpp — %R’) —dpg (dpp + dpys — Jés)‘ +0(€)
< dbgldivs — dpa| +dpg (dhg — dis) + dhp

+dpg (Ci?ss - C%R') +dpyg |dpg — drs| +O(€).

JR’S‘ — JpQ|

Furthermore,

63

N3 < CZIBR/CZR@JPQ < Sinh(dpR/) Sinh(gglg) sinh( 715@)'

Therefore, we obtain
Cn 7 7 72 ) 72 )
| cos a — cos 3] < — <e\d,§/5 —dpg| + (dpg — dg) + (dpg — dQR/)) :

Combining this with (4.20), we obtain the desired inequality. O
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