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Abstract

We prove a formula for the expected euler characteristic of excursion sets of random
sections of powers of an ample bundle (L,h), where h is a Hermitian metric, over a
Kéhler manifold (M, w). We then prove that the critical radius of the Kodaira embedding
dy : M — CP" given by an orthonormal basis of H°(M, L") is bounded below when
N — oo. This result also gives conditions about when the preceding formula is valid.

READERS: Bernard Shiffman(Advisor), Vyacheslav Shokurov.
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Chapter 1

Introduction

Random complex geometry, as a branch of mathematics, can be considered as a sub-
branch of two different fields. On one hand, it is a branch of random real geometry.
Because complex structure is much more subtle, in the setting of complex manifolds, we
can expect finer or more explicit formulas or conclusions. On the other hand, it is a
branch of complex geometry that adopts ideas from statistics. With ideas, we can get
new invariants or characterizations of complex manifolds or complex vector bundles.

Let M be a Kahler manifold of dimension m. And let L — M be an ample line
bundle with positively curved metric h. Take the induced Kahler form w = %@h on M.
We denote by LY the Nth tensor power L®Y of L. Take the induced metric on LV,
by abuse of notation, also denoted by h. This induces a Hermitian inner product in

H°(M, L") which denotes the space of holomorphic sections of L, given by

1
< 01,09 >= —/ h(al,ag)wm
m! Sy

In particular, the L? norm of a section in s € H°(M, L") is given by

1
2 . _— 2, m
st = o | Is(a)le



We consider random sections in the unit sphere S¥ in H°(M, L") with probability mea-
sure given by the spherical volume normalized so that Vol(SY) = 1. For s € S¥, the
zero locus Zg = {z € M|s(z) = 0} is very well studied in [12, 13, 14, 16]. It is also
interesting to understand the excursion sets {z € M||s(z)|, > u}. In particular, what is
Ex(|s(2)|n > u) fsN 2)|n > u)ds, the expected Euler characteristic of the excur-
sion sets, and what is the probability that the excursion set is non-empty? Here and in
the following we denote by x(5) the Euler characteristic of a topological space S.

It turned out that it is more natural to normalize the excursion sets to be of the form

{\)Li > u}, where Ily(z, 2) is the Szegd kernel of H(M, L). The Szego kernel is in

N (2,2)

general not constant but of the form

m

y(z,2) = (14 O()

([5, 18, 19]), . By the definition of IIy(z,z), we always have \/l% < 1. In fact
supyy, 1 [5(2)7 = Tn(z, 2)( [4] ). Therefore when u > 1, the excursion sets are empty.
In this paper, we will mainly prove two theorems.

The first theorem is interesting in itself. Also it shows that in order to have a nice

formula for the expected Euler characteristic we do not need to make u too close to 1.

Theorem 1.0.1. Let &y : M — CP" be an embedding given by an orthonormal basis of
HO(M, LN). Let vy be the critical radius of ®x(M) considered as a submanifold of CP".
Then there exists a constant po(L,h) > 0 such that ry > po(L, h) for all positive integer
N.

The proof of this theorem depends mainly on the approximation of the normalized
Szego kernel defined and proved in [12]. The idea is based on the sense that the information

of the embedding ¢y : M — CP" is totally contained in the normalized Szego kernel.

The second one is to answer the question about expected Euler characteristic of the
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normalized excursion set.

Theorem 1.0.2. Let &y : M — CP" be an embedding given by an orthonormal basis of
HO(M,LY). Then there exists py > 0 independent of N, such that for 0 < p < py, the set

{z € M|\/‘% > cos p} is either empty or contractible, therefore
N(z,z

[s(2)[n

> cos p) = Prob.{sup ————=—= > cosp}

[Iy(22) zeM /[ n(2, 2)

Hence the following formula

(1.1) Ex(% > cosp) = /M c(M)(1 — Nei(L)) A (Ney (L) cos® p + sin® p)™

Where ¢1(L) is the first Chern class of L and ¢(M)(1 — Ne¢y(L)) is the Chern polynomial

evaluated at 1 — Ney (L)

When M is a Riemann surface, we have a more explicit formula

Theorem 1.0.3. Let M be a Riemann surface. Then, with the notations above, there
exists po > 0 such that for uw > cospy and a random section s(z) € H(M,L") the

expected Fuler characteristic

(1.2) Ex(& >u) = (1—u?)""D[N?(deg L)*u?

— Ndeg L(gu* — 1 +u?) + (2 — 29)(1 — u?)]

for Ndeg(L) > 2g — 2, where n = Ndeg(L) — g
When M is higher dimensional, we get an estimate

Theorem 1.0.4. With the notations above, for m > 1 and for N big enough

Ex(& > ) = (1 +o(1))n™ (1 — u?)"™u>™



where

_ fM "(L)

n = dim H(M, LY) — 1
m)!

N™+O(N™ 1)
where the second equality follows from the asymptotic Riemann-Roch formula.

Our results are complementary to results on excursion probabilities for Gaussian fields
(see [17, 11] ) where the probability of large L? norms plays a role. Here, we consider only

sections with L2 norm 1.

s(z)
In(2,2)

nentially) as N goes to oco. It is helpful to compare this observation with the following

Notice that by our estimation, Ex( > u) decays to 0 very rapidly (expo-

theorem from [15], which we state using our notations

Theorem 1.0.5. (Theorem 1.1, [15])Let vy denote the measure on SY induced by the

metric ds. For any integer k, there exist constants C' > 0 depending on k, such that
1
vn{sy € SN : sujg |sn(2)|n > Cy/log N} < O(m)
zZe

Normalizing the above formula using /IIx(z, z), and by the estimation of y/IIx(z, 2),

we have

Cy/log N 1
vn{sy € SY : su [sn(2)lh > < O(—
N{ N L zGZE \/m Nm/2 } (Nk)

GVle N ig very small when N is big. But the estimation we made requires u

the term =37

close to 1, so in this sense our estimation is weaker, although it is more explicit.

It should be mentioned here that in the proof of Theorem 1.0.2, we make py small
enough so that the Euler characteristic of an excursion set is either 1 or 0. The proof of
Theorem 1.0.2 uses the volume of tubes formula of Gray ([8][9]), which does not hold past
the critical radius. For this case, one would need different methods. A related problem is
to find the expected Euler characteristic for excursion sets (of any height) for Gaussian

random holomorphic sections. Methods of Adler-Taylor ([17]) and [6][7] could be used for



this problem, but this requires extensive computations.

This thesis is organized as follows: first in chapter 2 we introduce the definition of
Szegd Kernel and state several results from [14],[12],and [19]. In chapter 3 we prove the
formula in theorem 1.0.2. In chapter 4 we will analyze the critical radius, by using the
results stated in chapter 2 first in the case of Riemann surfaces and then generalizing to

the higher dimensional case.



Chapter 2

Background

2.1 Szego Kernel

We will follow the notations and arguments in [12] and [14]
Let L — M be a positive line bundle over a compact Kéahler manifold M. The
associated principle sphere bundle is defined as follows. Let w : L* — M be the dual

bundle to L with dual metric 2*. And put X = {v € L* ;|| v ||p~= 1}. Let rpz = e¥z(x €

X) denote the S action on X. Now X is the boundary of a pseudoconvex domain. Anti-
holomorphic tangent vectors on X are the anti-holomorphic tangent vectors of L~! that
are tangent to X. Derivatives by vector fields with anti-holomorphic tangent vectors are
called CR-derivatives. A smooth function on X that vanishes under CR-derivatives is
called CR-holomorphic.

Now any section s € H(M, L") is lifted to an equivariant function § on the circle

bundle 7 : X — M with respect to h by the rule

5(N) = (AN 5(2), A € X,

where A®*Y = A®@---®@\. Notice that § satisfies 3(e??z) = eV?35(x). We denote by H3 (X)



the space of CR-~holomorphic functions satisfying this homogeneous property. The Szego
projector is the orthogonal projection L*(X) — H%(X). Let (s)) c H°(M,L") be an

orthonormal basis. The Szego kernel, which gives the Szego projector, is given by

y(z,y) = Z V(@8N (y)  (nyeX)

The normalized Szegd kernel is defined as

_ [TTy(z w)|
P L G P w7
where
(2.1) Iy (z,w)| :== In(z,y)|, z=n(z),w=mr(y) € M.

This is independent of the choice of z and y, since for different choices of preimages,
Iy (x,7y) would only be different by some €.

On the diagonal we have

On(z,2) =) IIs}(2) 7,z € M
=0

The following theorems were proved in [19]

Theorem 2.1.1 ([19]). Let M be a compact complex manifold of dimension m(over C)
and let (L,h) — M be a positive hermitian holomorphic line bundle. Let g be the Kdhler
metric on M corresponding to the Kdhler form w, = wRic(h). For each N € N, h
induces a hermitian metric hy on L®N. Let {Sy,---, S} } be any orthonormal basis
of H(M, L®N), with respect to the inner product < sy, sy >py= [3; hn(s1(2), s2(2))dV,.

Here, dV, = %w;" 15 the volume form of g. Then there exists a complete asymptotic



ETPANSION:

dn
D ISN(E) Iy~ aoN™ 4+ ar(z) N - -
=0

for certain smooth coefficients a;(z) with ag = # More precisely, for any k

dn
I 1SN hy =D ai(@)N™|ox < CraN™ "
i=0 j<R
At a point zy € M, we choose a neighborhood U of zj, a local normal coordinate chart

p:U zg — C™ 0 centered at 2y, and a preferred local frame at z;, which was defined in

[14] to be a local frame ey, such that
ler(2)ln =1—=1/2[p(2)]" + - .

The following theorem was proved in [12]

Theorem 2.1.2 ([12], Proposition 2.7). Let (L,h) — (M,w) be a positive Hermitian
holomorphic line bundle over a compact m-dimensional Kdahler manifold M. We give
HO(M, LN) the Hermitian Gaussian measure induced by h and the Kdhler form w = %@h.

And let Py(z,w) be the normalized Szegé kernel for H°(M,LY) and let 2y € M For

b,e > 0,5 >0, there is a constant C; = C;(M, e,b), independent of the point z, such that

v v
VN VN
| 77 Ry (u,v)| < C;NVHE for  |u| + |v] < by/logN

(2.2) Py (z0 + 20+ ——) = e 2" P + Ry(u,v)]

As a corollary we have



Theorem 2.1.3 ([12], Proposition 2.8). The remainder Ry in the above theorem satisfies

C
(23)  [Ry(uv)| < Flu— o N2, |9 Ry(u,0)| < Cofu— o N2,

for |u| + |v] < by/logN.

Theorem 2.1.4 ([12], Proposition 2.6). With the notations above, for b > +/j + 2k,

7,k >0, we have

, log N
V' Py(z,w) = O(N7F) uniformly for dist(z,w) >b OA%V :

Remark: This theorem implies that the distance between the images of any two points
in M that are not very close to each other is close to 7/2. Therefore, when estimating
the critical radius of the Kodaira embedding ®y : M — CP¥ we need only to consider

only points that are very close to each other.

2.2 Geometry of complex projective spaces

For any integer n > 0, the complex projective space CIP" is the space consisting of all
complex lines in C"*! passing through the origin. Points in CP" can be described in
homogeneous coordinates [Zo, Z1, -+ , Zy) with (Zy, Zy,-++ , Z,) € C**1\{0}. Colinear

vectors correspond to a same point, namely for 0 # A € C

[207217 e 7Zn] - [)\ZO7>\Zlu e 7>\Zn]



Consider the unit sphere S?**1 ¢ C"*!. The unit circle S' C C acts naturally as rotations

on S?"*! by multiplication. Then CP" is identified as the quotient space
CP" = S2n+1/sl

The well-known Fubini-Study metric dpg on CP" is the Riemannian metric ds%4 induced
as the quotient metric of the natural round metric on S***! the sphere of radius 1/2.
Considering C'P" as a complex manifold, the Fubini-Study metric ds%4 is the real part

of a Hermitian metric, which in local coordinates has the form

h=>" hgdz © dz;

2,j=1

where
o A4 [2*)0y — =i
T TR

The fundamental form w of A is a Kahler form with

w = i001og | Z|?

where |Z]* =37 |Z;]? in homogeneous coordinates.
In CP" a subset is called a linear subspace if it is the image of a linear subspace of

C"*! passing through the origin under the projection

7 : C""\ {0} — CP"

It is obvious that a linear subspace of CP" can be naturally identified with CP* for some
0 < k < n. Now it is clear that for any two points p,q € CP", there exists an unique

linear subspace CP!, denoted by 1, connecting these two points.
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Lemma 2.2.1. Given two distinct points p,q € CP" the geodesic connecting both points

lies in L.

Proof. Since the distance of p and ¢ in [, is the same as that in CP". O

Remark: With CP! identified with the unit sphere S? with round metric, the pictures
of geodesics are very clear. In particular, for each point a € CP! there exists an unique

“opposite” point b such that dpg(a,b) = /2

Recall a submanifold M in a Riemannian manifold N is called geodesic if for every

two points p,q € M the geodesic in N connecting p and ¢ is contained in M
Corollary 2.2.2. All linear subspaces in CP™ are geodesic.

Corollary 2.2.3. Let p,q € CP" be two points with homogeneous coordinates
p:[Z(]?Zh'”aZn]a q:[Z[/)7Zi77Z;L]
with
Z - (ZO7 217 e 7Z’n,)7 Z, = (Z(l)7 Z{? o 7Z':7,) € Cn+1\{0}
Then their distance under the Fubini-Study metric has the following form

Z - Z'|
cosdps(p,q) = W

where Z - Z' denotes the Hermitian inner product in C"!

Now fix a point w = [Wy, Wy, --- ,W,] € CP", the points whose distances to w are

7/2 form a hyperplane H(w) which is defined by the equation

1=0

11



The projection from w to H(w) defines a holomorphic map O,, from CP"\w to H(w),
which geometrically is as follows: For any z € CP™\w, the complex line [,,, intersects
H(w) at one unique point, which is just the image O, (z) .

Recall that two submanifolds are said to be orthogonal to each other at their inter-
sections if their tangent spaces, considered as subspace of the tangent space of CP" are
orthogonal to each other at those points. Since two general linear subspaces of compli-
mentary dimensions intersect at exactly one point, we say that they are orthogonal to

each other if they are orthogonal at that intersection.

Proposition 2.2.4. For any point z € CP"\w, the line L, is orthogonal to H(w). Con-

versely, any line that is orthogonal to H(w) passes through w

Proof. One just needs to consider the special case when w = [1,0,---,0 and z =

[0,1,0,---,0], since the actions of U(n + 1) fixing w is transitive on H(w) O

Now we consider a general submanifold. By a germ of a submanifold at a point zg
we will mean a complex submanifold in a neighborhood of z; in CP". Let (M, zy) be a
germ of submanifold of dimension m, let F': (C™,0) — (M, zo) be a local parameter. In

homogeneous coordinates,

F(x) = [Fo(x)vFl(x)f" ’Fn(x)]

A first observation is that there exists an unique linear subspace 77, of CP" of dimension
m such that the tangent spaces at zy of M and T, are identical considered as subspace
of the tangent space of CP™ at zy. We call T}, the tangent subspace of (M, z).

Recall that the span of a set of finite points in CPP" is the smallest linear subspace of

CP™ that contains all these points.

12



Proposition 2.2.5. T is spanned by zy and

dFy dFy dF,

for 1 <1 < m, where x; is the i—th coordinate in C™

Proof. By considering one coordinate at a time, it is clear that we need only to show the
1-dimensional case.

Without lose of generality, we assume F'(0) # 0. Then in the affine open set Uy =

{Zy#0}, Fis

(Fl F Fn)

Fy,  Fy’ " Fy
Then the complex line in Uy that is tangent to M at zy = (%(O), %(0), s %(0)) is of
the form

F Fy F, d Fy d Fy d F,
L), Z2(0). - ~00 — L) =22 S
(O F ), FO) + - F 0) T 0), - 2 (0)
fort e C
: d F () — F0)  Fi(0)F(0) F{(0) F3(0) F(0)y - -
Since - 7(0) = R R0 We eet that <F:§(0)’ O F(lg(o)) is on this complex
line by letting ¢t = 52% . Switching to homogeneous coordinates, we get the conclusion. [J

13



Chapter 3

Expected Euler Characteristic

Let s € HO(M,LM),0 < j < n, where n + 1 = dim(H°(M, L")) be an orthonormal
basis. By the Kodaira embedding theorem, for N big enough this gives an embedding
dy : M — CPV, locally given by ®y(z) = [f9(z), fi(z), -, f2(x)], where s, = fleV

with ey a local frame of L. For a random section with norm 1,

N N
s = Zcisg, Z | e |IP=1
i=0 i=0

Let |s(2)|n denote the norm of s at z € M under the metric induced by h. Let C' = (¢;)
and fy(2) = (fi (). Then 3270 [siv(2) [ = |/ (2)*lec(2) 7Y

s =10 Iv(llecl™ = 1527

By definition IIx(z,2) = Y i, |si(2)[7 is just the Szego kernel for H°(M, L") on the
diagonal.

Therefore we have
[s(2)ln € Pn(2)]
Mn(z,2) [Cl|®n(2)]

By identifying CP* with the sphere in R? of radius 1/2, one sees that with the Fubini-

14



Study metric on CP",

cosdps(C, Pn(Z)) = %
So we get
[5(2)|n_ _ cos
My(z,2) o€ )

Lemma 3.0.6. Let M be a compact submanifold of (A, g), where (A, g) is a C* Reman-
nian manifold, let B,(P)denote the ball centered at P € A with radius p, then for p > 0

small enough, B,(P) N M is contractible if not empty.

Proof. Consider the normal bundle of 7 : N — M in A and the exponential map exp :
N — A. Since M is compact, there exists p; > 0 such that restricted to the open
neighborhood Oy (p1) = {(p,v)| || v ||< p1} C N, the exponential map is injective. Now
we claim that any p < p; satisfies the requirement of the lemma.

Now suppose B,(P) N M is not empty, then P € exp(On(p1)) and P = exp(p,v)
with (p,v) € Oun(p1). Consider d(P,—) as a smooth function on B,(P) N M, then by
assumption p is the only critical point of d(P, —), since the geodesic that connects p and
a critical point of B,(P) N M is orthogonal to M. Let r = d(P,p), then B,(P) N M = p.

So by Morse theory B,(P) N M is contractible.

Remark: The proof of the lemma above implies that above a high level a section can

have at most one critical point.

Corollary 3.0.7. Let ry be the critical radius of the embedding ® (M) C CP", then for

- |s(2)|n S -
p < ry, the excursion set {z € M\\/= > cos p} is either contractible or empty.
II 2

N(2:2)
By theorem 1.0.1(which will be proved in the next section), ry is bounded below by

po > 0. Therefore as a corollary, taking into account that the Fubini-Study metric on CP"

15



is the quotient of the ”"round metric” under the fibration S* — S?"*! — CP" we have

Vol(T(®n (M), p))

[5(2) _
> cos p) = Prob.{sup ————= > cos p} = Vol(CP?)

Hn(z,2) zeM \/m

for p < po
First we calculate the volume V(T'(®y (M), p)). We use theorems and formulas from

[9](Theorem 7.20)(see also [8]).

Theorem 3.0.8. Let M™ be an embedded complex submanifold of (CP", wps), and let N
be the normal bundle of M in CP" suppose that exp : {(p,v) € N| || v ||<r} — T(M,r)

s a diffeomorphism. Then

o / H (1— @ + 24) A (msin®(r) + cos?(r)wpg)"

Where x, is defined formally in the factorization of the Chern polynomial c¢(M)(t) =

Hznzl (t + xa)

As a corollary of this theorem and by plugging in &% (wrs) = Nmcy(L),and dividing

by the Fubini-Study volume 7" /n! of CP", we get theorem 1.0.2

When M is a Riemann surface, m = 1, so 1 = ¢1(M), the first Chern class of M. So

Vi(r) = ;1 /M(l - % + ¢ (M) A [(msin®(r))" + n(msin®(r))" ! cos? (r)wrs]

therefore

1

] /M[(W sin®(r))" (e (M) — %) + n(msin?(r))" ! cos?(r)wrs]

VM(’I“) =

We know by the Gauss-Bonnet formula [,, ¢1(M) = x(M) = 2 — 2g and since ®x(N)

is of degree N deg(L) in CP", [, wps = N deg(L)r. Now we can write out the explicit

16



formula for V(T'(®y(M), p)), that is

V(T(@x(M), ) = [(msin®())" (x(M) ~ N deg(L) + 0 des(L)r(msin’ (p))"" cos*(p)]

= ﬂ—'(sinz(”_l) p)[N?(deg L)? cos® p — N deg L(g cos® p — sin® p) + (2 — 2g) sin® p]
n!

where x(M) = 2—2g and by the Riemann-Roch formula n = N deg(L)—g for N deg(L) >
2g — 2

To summarize, we have the following theorem

Theorem 3.0.9. Let M be a Riemann surface. Then, with the notations above, there
exists pg > 0 such that for p < po, NdegL > 2g — 2 and a random section s(z) €

HO(M, L"), the expected Euler characteristic is given by

s(2)
HN(Z7 Z)
= (sin®™=Y p)[N%(deg L)? cos? p — N deg L(g cos® p — sin? p) + (2 — 2g) sin? ]

Ex( > cos p)

If we write v = cos p and plug in sin? p = 1 — u?, we get theorem 1.0.3

Note that when m > 1, the expansion of Ex( ) > cos p) is complicated and the
’ v 1IN (2,2)

author can not get a more intuitive formula. We can calculate the leading term to have
an estimation of formula 1.1.

Observe that the leading term in the expansion should be

1
-z (j;) (e sin? p)"" (cos? puops)™
M

Let O,(1) denote the hyperplane bundle on CP". Then wpg is a multiple of the first

Chern class of O,(1), that is wps = mc1(0,(1)). Also the pull back ®%(c1(0,(1))) =

17



Ne¢y(L). Therefore we have

/w?S:WmNm/ (L)
M M

which is independent of the metric on L.

So formula 3 becomes

" (sin? g (cos? gy N / (L)

m M

By the asymptotic Riemann-Roch formula (ref. Theorem 1.1.22[10])for N big enough
(L
n = chl ( )Nm_i_O(Nmfl)
m)!
So the leading term is
nm+1(sin2 p)n—m(COSQ p)m
Therefore we have the following theorem

Theorem 3.0.10. With the notations above, for m > 1 and for N big enough

s(z)

m > COos p) - (1 + O(l))nm'H (Sin2 p)n_m(COS2 p)m

Ex(

Again, plugging in u = cos p, we get theorem 1.0.4

Let r,, = sup{p, that satisfies the requirement of theorem 1.0.3}. we are going to show

that although r,, might get smaller as n grows, there is a positive lower bound.

18



Chapter 4

Critical Radius

We will first analyze the case of Riemann surfaces, then generalize the results to that of

higher dimensional smooth projective variety.

4.1 Riemann Surfaces

Let X be a compact Riemann Surface, and let (L, h) be a positive Hermitian holomorphic
line bundle over X. The curvature of (L, h) induces a Kéhler metric on X with Kéhler
form w = %@h. Let sg, 81, , 8, be an orthonormal basis of H°(X, L"). Here we write n
instead of n(N) for short. This gives an embedding ®y : X — CP" for N big enough by
Kodaira. If we choose a holomorphic local frame epof L, then s; = f;el¥ with f; holomor-
phic functions. So @y is locally given by ®n(z) = [fo(2), f1(2), -, fu(2)]. We denote the
vector (fo(2), f1(2), -+, fu(2)) € C"™ by F(2), and the vector (f(2), f1(2),- -+, f.(2)) by
F’'(z). At each point ®y(z), the holomorphic tangent line is given by [F(z) 4+ tF'(2)],t €
C U {oo}. By [v] for v € C""!| we mean the image under the projection 7 : C**1 — CP".
Consider the normal bundle N C TCP"|¢, (x). At any point p € ®n(X), exp(NV,) is the

hyperplane H, passing p which is orthogonal to T, ®n(X) at p. We define T,(2) as the
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only point on the tangent line through ®y(2) with distance 7/2 to ®x(z) in CPV. Then

< F(2),F(2) >

T =) = =5 Fioy >

F(z)]

We denote by O, () the projection of CP" from T,,(z) to its orthogonal hyperplane, which

is just H,. In particular we have

Also by dn(,) we mean the distance in CP™ induced by the Fubini-Study metric.

Lemma 4.1.1. Let H.n, denote the intersection of the normal hyperplanes H., H,, of

Oy (X) through ®n(2) and Oy (w) respectively, then

SiHQ(dN((I)N<Z), Hzﬁw)) = COSQ(dN((I)N(Z)a Oz<TOO(w))))

Proof. By unitary change of coordinates, we can assume that ®x(z) = [0,---,0,1],and
that To(2) = [0,---,0,1,0]. For any ¢ € H,qy, let ¢ = [vo, v1, -+, v,) with Y7 Jui[* = 1.
Then cos(dy(Pn(2),q)) = |val. So cos*(dn(Pn(2), Horw)) = maz|v,]?. Let Too(w) =

[co,c1,- -+, cn]. So the v;’s satisfies the following equations

n
Upn—1 = O, E CU; = 0
=0

So the maximum |v,| is
|ca|?

Zi;«én—l |ci]?

’Un|2 =1-
On the other hand it is clear that

|Cn‘2

cos®(dn(Pn(2), 0,(Tos(w)))) = m
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Combining the equations, we get the conclusion. O]

Therefore, by switching z and w, we have the following equation

o < F(w),04(To(2)) > |2
sin(dy (Pn(w), Hy o)) = () ?]0u(To ()2

where by abuse of notation, we consider the homogeneous coordinate of a point in CP"
as a vector in C"1,

Before we go on calculating the right side of the equation, we recall the normalized
Szegd kernels in [12] is defined as

My (2, w)|

Py ) = e Ty (w, ) 7

Since |s;|2 = | fi|*h", we have

| < F(2), F(w) > |
< F(z),F(z) >12< F(w), F(w) >1/2

PN<Z, w) =

Now we let F(z,w) = P%(z,w), then

< F(z), F(w) >< F(w), F(z) >

Bz w) = < F(z),F(z) >< F(w), F(w) >
Therefore
o w :<F(w),F(z)> ' w < F(z), F(w) > ' B
9: ") = TRGpE@p < T 2 g < PO
and

From now on we use the following convention, by D f(x, *), where D is some differen-

tial, we always mean the the value of Df at (x, )
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aza;wE(z’w) - <|Fiiﬂ|£(@i))|2>[< F) Flw) >
_ < F‘;Ugu)]; W ), Fw) > —= F,Ef();)];(w) < F'(2),F(z) >
e
We denote 2 E(z,w) and 52— E(z,w) considered as functions of (2,w) by E,(z,w) and

E.&(z,w) respectively. So in particular

< F'(), F(2) > |2]
[F'(2)]?

E.o(z,2) = [< F'(2), F'(z) >

|F'(2)[?

Now we calculate sin?(dy (®x(w), Harw))-

First we have

| < Tx(2), To(w) >
| Too (w) |2

Ow(TOO(Z)) = TOO(Z) TOO(w)

since Oy, (T (2)) is orthogonal to T (w) we have

< T (2), T (w) > P
| Too (w)]?

0w (T (2))* = [T (2)]

and since F'(w) is also orthogonal to T (w) we also have

| < F(w), 0u(T(2)) > [P = | < F(w), T (2) > |

Since
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We get the following equation

Lemma 4.1.2. With the notations above

< F(w),F(z) >
- FE)PIF(w)]?

E.(z,w) < Two(2), F(w) >

Moreover,
| <F(2),F(z) > |?
|F(2)?

Too(2)]? =< F'(2), F'(2) >
and

< F(w), F'(w) >

(4.1) < Too(2), To(w) > = < F'(2), F'(w) > — < F'(2), F(w) >

| F(w)[?
(4.2) _ =F (‘2’(’5)"‘(21”) 7 < F(2),F(2) >
(4.3) . =F (Z)ﬁg‘gi);}fxf W > ), F2) >
Therefore we have
Ba(:2) = ol T ()P

and
< F(w),F(z) >
FEPIF ()

E.s(z,w) < Too(2), Too(w) >

Combining these equations we have

sin2(dN(<I>N(w),Hzmw))
_ (IFE)PIF W) )2 B (2, w)
o [F () 2F(w)22 B (2w 2
| < F(w), F(2) > P|F(w)|*{|F(2)|?E.o(z, 2) — \F(w)|2Ez1;,(w,w)\<F(w)(,F(,)z)>\2}
|E.(2,w)?

E(z,w)[E.q(2,2) — M]

E(zw)E.g(w,w)

So we have the following theorem
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Theorem 4.1.3. With the notations above we have the equation

‘EZ(Z,ZU)P

E.g5(z,w)|?
E(Z’ w>EZﬁ’<Z’ Z)[]' - Ezﬂ!(z,z)(EZm)(‘w,w) E(zl,w)]

Sin2(dN(¢)N(w), Hzﬂw)) =

As in the last section, we choose local coordinates such zg = 0. Then

E(z,w) = P3(z,w) = e " [1 + Ry (u,v)]?,

where u = vV/Nz,v = vVNuw. So

(4.4) %E (z,w) = W%G_“_”Q[l + Ry (u,v))?
= VNe " P(5— a)[1 + Ry(u,v)]?
+ 67‘“*”‘22(1 + Ry (u, v))%RN(u, v)]
When z =0
B(0,w) = e NP [1 4 O(NV2e|w?)]?
(4.5) %E(O, w) = VNe M (1 £ 0NV N + O(N|w]))

= (1+40(1))Ne NPy

where we make € < 1/2 and use the estimation that

0
|%RN(U, U)u:()‘ S C’2|U|]\771/2+6
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Furthermore we can calculate

52
0z0w

E(z,w) = N(%{\/N[e"“_”'z(v — @)1 + Ry(u,v)]’

) 0
b1 () 2 Ry)

2 B,
= Ne Py —v)[(o —a)(1+ Ry)?) +2(1 + Ry) 7R
2 B,
+ Ne "1+ Ry)*+ (7 - a)%(l + Ry)?
o 0 5?2

(4.6) + 25 Ry Ry + 21+ Ry) 5o

Ry}

Therefore

(4.7) E.s(w,w) = N[(1+ Ry)*+ Q%RN%RN](U, v)

Ry (v,v))

2

Oudv

= N(1+2

and

E.p(0,w) = NeM{(1+O(N"2*[w|*)*(1 = N|w]?)
+ 2(14+ O(N'**[w]*))O(NV?*|w]?)
+ O(NY2|w|*)(1+ O(N'?*|w]?))
+ O(N%=|w|?) 4 2(1 + O(NY?*2|w|*))0udv Ry (0,v))}

2

2 0
— —N|w| . 2
Ne [1—(1+0(1))N|w| +28u817

Rn(0,)]

With the notations above we have the following theorem

Theorem 4.1.4. There exist (L, h) > 0, which is independent of N, such that

sinz(dN(CDN(w), Hgmw)) > T(L, h)
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for |w| < \/%—N

Proof. Before applying theorem 4.1.3, we need the following estimations

0? 0? _ —1/24¢|,,2

5= Rn(0,0) = 5 R(0,0) = A() + O(N /2 Juf?)

82 8 _ —1/2+4¢ 2
8U8@RN(U7U) — mRN(O, O) = A(U) + A(U) + O(N |’U| )

where A(v) = O(N~V*=|y|) .

Note first that Ry (u,v) is a real analytic function, so we can write Ry (u,v) as power
series in (u,u,v,v). So the first equation follows directly from the theorem in [12]. Now
we prove the second equation.

We denote by g(u,v) the homogeneous part of degree 3 in the power series, since
this is the part that contribute terms of degree 1 in the second derivatives. Notice that

9us(0,0) = 0,we need to show that
guﬁ(oa .T) _'_ guT)(Ov (E’) - gufz(x7 Z’)

for all z € C.

Since g(u,v) is real, gu5(0,2) = goa(0,2). We write p(z) = gus(z, ) — gus(0, ) —
Gva(0, ). So p(z) is linear in (z,Z) and p(0) = 0. To show that p(z) = 0, we just need to
show that 2p(z) = 0 and Zp(z) = 0. But

0
%p(l’) = gum—)(xvx) + gvm')(xwr) - gvu6(07 I) - gvvﬁ(oa JI) =0

where the second equation follows from the fact that all terms in the middle are constant

and that g is symmetic with respect to v and v. So we have proved the second equation.

We let a = 522 Ry (0,0), then a = O(N~Y/%**) and a is real. So
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(4.8) E.o(0,0) = N(1+ 2a)
(4.9) E.5(0,w) = Ne NP1 — (14 0(1)N|w|? + 2a + 24(v) + O(N~V/**[y?)]

(4.10)E.o(w,w) = N[1+2a+2A(v) + 24A(v) + O(N~Y2+¢|u)?)]

Plug in these estimations together with the ones about E,(0,w) and E(0,w) to the
expression of sin?(dy(®x(w), Hynyw)) in the last theorem, and use the Taylor series of

e NP hoth the numerator and denominator is bounded by positive multiples of N lw|?,

then it is easy to see that there is a constant r > 0 independent of N and w for w < \/+7N
such that sin®(dy(®y(w), Honw)) > 7. Also since the constant in the approximation of

the normalized Szego kernel is independent of the point z, r» can be chosen independent

of z. 0
As a corollary, we have the following theorem

Theorem 4.1.5. Let ry be the critical radius of ®n(X) considered as a submanifold of

CP™. There exists a constant c¢(X,h) > 0, such that ry > ¢(X, h)

Proof. We still use the preferred coordinates chosen centered at z
Let N,(b) = {v € Ny(®n(X)), | v ||< b} Notice that by theorem 2.1.2 and 2.1.3, for
w > \/%TW and for N big enough, dy(®n(2), Py (2 +w)) > cos™ (1 + o(1))e /4]
Combining this fact and theorem 4.1.4, there exists a constant ¢ > 0, which is inde-

pendent of z such that for any point ¢ € ¢y (X),

eXPay () (Nay () (¢)) Nexp, (Ny(c)) = 0

This implies that the critical radius is bounded below, namely ry > ¢(X, h) O
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4.2 Higher Dimension

Actually the argument for Riemann surfaces carries directly to high dimensional Kahler

manifolds. Now use the notations in section 3, we have the following theorem

Theorem 4.2.1. Let ry be the critical radius of ®x(M) considered as a submanifold of

CP". There ezists a constant ¢(M,h) > 0, such that ry > c¢(M,h)

Proof. We just need a high dimensional version of theorem 4.1.4.

We still choose a preferred coordinates centered at z, and let w < \/%—N

In order to apply theorem 4.1.3, we let X be the complex line in the coordinates chart
connecting 0 and w, and restrict ®5 to an open set V' C X. Then all the estimations we
used in proving theorem 4.1.4 hold for V. So theorem 4.1.4 can be applied to V. Notice
that the lower bounds we can get come from the approximation of the normalized Szego
kernel of (L, h) — M, hence is independent of w

Notice that the normal space of M at ®y(z) is contained in the normal hyperplane of
Oy (V) at Pn(z), the same is true for @ (z + w). Therefore the intersection of the two
normal spaces Nonw = Noy(2) (M) N Ny (24w) (M) of M is contained in the intersection of
the two normal hyperplanes. Therefore the distance from ®y(z) to the intersection Nyny,
is also bounded below independent of z, w and N.

Now use the same argument as in theorem 4.1.5, we get the expected conclusion. [
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