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ABSTRACT

We see the Poincaré series from a cohomological point of view and apply the

idea to a finite group G acting on any commutative ring R with unity. For a 1-

cocycle c of G on the unit group R×, we define a |G|-torsion module Mc/Pc, which

is independent of the choice of representatives of the cohomology class γ = [c]. We

are mostly interested in determining Mc/Pc where G is the Galois group of a finite

Galois extension K/k of algebraic number fields and R is the ring OK of integers

in K. We determine Mc/Pc and the index iγ(K/k) = [Mc : Pc] in terms of the

ramification index and the different DK/k. We will determine them explicitly for the

case of quadratic, biquadratic, cyclotomic extensions, and the maximal real subfields

of cyclotomic extensions over Q.
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1 Introduction

Let R be a commutative ring with unit 1R, G a finite group acting on R, and R× the

group of units of R. To each cocycle c ∈ Z1(G,R×), we set

Mc = {a ∈ R | cs
sa = a, s ∈ G}

and

Pc =

{
pc(a) | pc(a) =

∑
t∈G

ct
ta, a ∈ R

}
.

Then Mc, Pc are Z modules in R. As we will see in Chapter 3, we have Pc ⊂
Mc, and that Mc/Pc depends only on the cohomology class [c] ∈ H1(G,R×). In

other words, if c ∼ c′, then Mc/Pc = Mc′/Pc′ . If, in particular, c ∼ 1, then we

have Mc/Pc = RG/NG(R) = Ĥ0(G,R), where R means only its additive group R+

structure. Moreover, for any γ = [c] ∈ H1(G,R×), we can think of Mc/Pc as the

twisted cohomology Ĥ0(G,R)γ.

We are interested in studying the module Mc/Pc = Ĥ0(G,R)γ, mostly in the case

where G is the Galois group of a finite Galois field extension K/k of number fields

and R is the ring of integers OK .

This study originated from Poincaré series about automorphic functions. One

remarkable result given by Poincaré about modular forms is that the space of cusp

forms is generated by Poincaré series. As is in Section 2.2, we can see this in the

cohomological view: Let R be the ring of holomorphic functions on the upper half

plane and G be a modular group. The action of G on the ring R and on the group R×

of units allows us to consider the space Mc of modular forms belonging to a cocycle

c of the G-group R×. Poincaré constructed the subspace Pc of Poincaré series and

showed that Mc = Pc for many cases. From the result of Poincaré, it is natural

to hope that Ĥ0(G,R)γ = Mc/Pc = 0, in general. However, this is not true in

the case where G = Gal(K/k) for number fields K/k and R = OK . So we find it

meaningful to determine the index iγ(K/k) = [Mc : Pc] for each cohomology class

γ = [c] ∈ H1(G,O×
K), and to examine under what condition we have that Mc/Pc = 0.

For γ = 1, we have i1(K/k) = [Ok : TrK/kOK ]. For γ 6= 1, we view c as a cocycle

in Z1(G,K×). Then, by Hilbert theorem 90, c(s) = ξ−1 sξ, s ∈ G, where ξ may be
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chosen from OK .

In Chapter 4, we consider the local fields and the global fields separately. First,

in Section 4.1, local fields case, we obtain, using this ξ, that H1(G,O×
K) is a cyclic

group of order e = e(K/k) generated by the canonical class γK/k. We also obtain the

formula of the index iγ(K/k) with respect to the ramification index and the different

D = DK/k. From this formula, we achieve one important result that iγ(K/k) = 1 if

K/k is unramified or tamely ramified. Now that we have determination of the indices

for the local fields case, it is natural to think of the localization to treat the global

fields case. In Section 4.3, we consider the global fields. We use ambiguous ideals,

i.e., ideals in OK stable under the action of G, and localization to obtain the product

relation

iγ(K/k) =
∏

p

iγP
(KP/kp),

where for each p we choose one P lying over p. Thus the problem of indices for global

fields is entirely reduced to local computations.

In Chapter 5, as applications, we present indices for quadratic extensions and

biquadratic extensions explicitly. In this case, we find that 2 is the only wildly ramified

prime in Q. Denote by P the prime ideal in OK lying over 2. For each cohomology

class γ ∈ H1(G,O×
K), we can consider, by localization, the induced cohomology class

γP ∈ H1(GP,O×
KP

). Since H1(GP,O×
KP

) is cyclic, γP = (γKP/Q2)
m2 for some integer

m2, where γKP/Q2 is the canonical class. By examining the different DKP/Q2 , we

obtain

Theorem 5.1. Let K = Q(
√

m) where m is a square-free integer and G = Gal(K/Q)

the Galois group.

(a) If m ≡ 1 (mod 4), then iγ(K/Q) = 1 for all γ ∈ H1(G,O×
K).

(b) If m ≡ 2 (mod 4), then iγ(K/Q) = 2 for all γ ∈ H1(G,O×
K).

(c) If m ≡ 3 (mod 4), then

iγ(K/Q) =





1 if m2 is odd, i.e., γP 6= 1

2 if m2 is even, i.e., γP = 1.
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Theorem 5.3. Let K = Q(
√

m,
√

n) where m and n are two distinct square-free

integers and G = Gal(K/Q) the Galois group. Put k = mn
gcd(m,n)2

.

(a) If m ≡ n ≡ k ≡ 1 (mod 4), then iγ(K/Q) = 1 for all γ ∈ H1(G,O×
K).

(b) If m ≡ 1 (mod 4) and n ≡ k ≡ 2 (mod 4), then iγ(K/Q) = 2 for all γ ∈
H1(G,O×

K).

(c) If m ≡ 1 (mod 4) and n ≡ k ≡ 3 (mod 4), then

iγ(K/Q) =





1 if m2 is odd, i.e., γP 6= 1

2 if m2 is even, i.e., γP = 1.

(d) If m ≡ 3 (mod 4) and n ≡ k ≡ 2 (mod 4), then

iγ(K/Q) =





2 if m2 ≡ 1 (mod 4)

4 if m2 6≡ 1 (mod 4).

We note that the result for the quadratic extensions agrees with the one in [5]. We

also present indices for lnth cyclotomic extensions and its maximal real subfields.

Theorem 5.4. Let l be a prime, n a natural number, and K = Q(ζ), the lnth

cyclotomic field over Q, where ζ is a primitive lnth root of unity.

(a) If n = 1, then we have iγ(K/Q) = 1 for all γ ∈ H1(G,O×
K).

(b) If n ≥ 2, we have

iγ(K/Q) =





ln−2 if ml ≡ a, where 1 ≤ a < ln−1

ln−1 if ml ≡ b, where ln−1 ≤ b < ϕ(ln) or b = 0,

where ml is given by γP = (γKP/Ql
)ml for the canonical class γKP/Ql

∈ H1(G,O×
KP

)

and a prime P of K lying over l.

Theorem 5.6. Let l be an odd prime, n a natural number, ζ a primitive lnth root

of unity, and K+ = Q(ζ + ζ−1). Then
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(a) If n = 1, then we have iγ(K
+/Q) = 1 for all γ ∈ H1(G,O×

K+).

(b) If n ≥ 2, we have

iγ(K
+/Q) =





ln−2 if ml ≡ a, where 1 ≤ a < ln−1+1
2

ln−1 if ml ≡ b, where ln−1+1
2

≤ b < ϕ(ln)
2

or b = 0,

where ml is given by γP = (γK+
P/Ql

)ml for the canonical class γK+/Ql
∈ H1(G,O×

K+
P

)

and a prime P of K+ lying over l.

4



2 Preliminaries

2.1 Cohomology

We refer to [1], [9], [14], and [15] for the definitions and properties throughout this

section.

Let G be a finite group and A a G-module. We let G act on A to the left: a 7→ sa,

where s ∈ G, a ∈ A. We have 1Ga = a, sta = s( ta) , and s(a + b) = sa + sb, for

a, b ∈ A, s, t ∈ G. Let AG = {a ∈ A : sa = a, ∀s ∈ G}. For integers q ≥ 0, we set

Cq(G, A) = {functions c : Gq −→ A},

the set of q-cochains of G with coefficients in A, where Gq = G × · · · × G. By

convention, put C0 = A. If G has a topological structure, cochains are defined to be

continuous functions from Gq to A. We define the coboundary map

dq : Cq(G,A) −→ Cq+1(G,A)

by

(dqc)(s1, · · · , sq+1) =s1c(s2, · · · , sq+1)

+

q∑
j=1

(−1)jc(s1, · · · , sjsj+1, · · · , sq+1) + (−1)q+1c(s1, · · · , sq).

We have dq ◦ dq−1 = 0, and so Im dq−1 ⊂ Ker dq. Denote by Zq(G,A) = Ker dq the

group of q-cocycles, and Bq(G,A) = Im dq−1 the group of q-coboundaries. We define

the q-dimensional cohomology group of G with coefficients in A by the factor group

Hq(G,A) = Zq(G,A)/Bq(G,A).

Remark. (1) H0(G,A) = AG.

(2) H1(G,A) is the group of equivalent classes of crossed-homomorphisms of G into

A. The 1-cocycles are the (continuous) functions c : G → A such that

c(st) = c(s) + sc(t),
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and the 1-coboundaries are the (continuous) functions c such that

c(s) = sb− b, for some b ∈ A.

Proposition 2.1. Let 0 → A → B → C → 0 be a short exact sequence of G-modules.

Then we have a long exact sequence of cohomology groups

0 −→ H0(G,A) −→ H0(G,B) −→ H0(G,C)
δ0−→ H1(G,A)

−→ H1(G,B) −→ H1(G,C)
δ1−→ H2(G,A) −→ H2(G,B) −→ · · · .

Let K/k be a finite Galois extension with the Galois group G = Gal(K/k). G acts

on K as a group of automorphisms of the field K. Moreover, this group acts on the

group K× of nonzero elements of K, on the group O×
K of units of K, and so on. Let

us restrict our interest on the case of cyclic groups G = 〈s〉 of order n for the moment.

For a G-module A, we define two endomorphisms ∆ and N of A such that

∆ = 1− s, N =
n−1∑
i=0

si.

From the relation ∆N = N∆ = 0, we find that Im N ⊂ Ker ∆, and Im ∆ ⊂ Ker N .

We define Tate cohomology groups of A by

Ĥ0(A) = Ker ∆/ Im N, H1(A) = Ker N/ Im ∆.

Proposition 2.2. Let G be a finite cyclic group. For an exact sequence

1 −→ A
f−→ B

g−→ C −→ 1

of G-modules A, B, and C, there exist homomorphisms δ0 and δ1 so that the following

hexagonal sequence is exact:

Ĥ0(A)
f0 // Ĥ0(B)

g0

$$IIIIIIIII

H1(C)

δ1

::uuuuuuuuu

Ĥ0(C)

δ0zzuuuuuuuuu

H1(B)

g1

ddIIIIIIIII

H1(A)
f1

oo
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We now introduce a non-abelian cohomology. Let G be a group and A a G-group

on which G acts on the left. Note that we now allow A to be nonabelian unlike

the previous setting. We write A multiplicatively. Define 0-dimensional cohomology

group again as a subgroup of A

H0(G,A) := AG = {a ∈ A : sa = a, ∀s ∈ G},

and define the set of 1-cocycles

Z1(G,A) = {c : G → A : cst = cs
sct}, where cs = c(s).

We call two cocycles c and c′ are equivalent or cohomologous, denoted by c ∼ c′, if

there exists u ∈ A such that

c′s = u−1cs
su,

for all s ∈ G. Indeed, this defines an equivalence relation for the set of cocycles. We

define the cohomology set of G with values in A by the quotient set

H1(G,A) = Z1(G,A)/ ∼ .

We shall denote by [c] the cohomology class containing a cocycle c. The trivial class

or the origin [1] consists of cocycles c such that cs = a−1 sa for some a ∈ A. Note that

H1(G,A) does not have a natural group structure if A is nonabelian. If A is abelian,

this definition of cohomology set H1(G,A) coincides with the definition of the first

cohomology group.

Proposition 2.3. Given a short exact sequence of G-groups 1 → A → B → C → 1,

we have an exact sequence

1 → H0(G,A) → H0(G,B) → H0(G,C) → H1(G,A) → H1(G,B) → H1(G,C).

Theorem 2.4. (Hilbert’s Theorem 90) Let K/k be a Galois extension with the

Galois group G = Gal(K/k). Then

(1) H1(G,K×) = 1.

7



(2) H1(G,GLn(K)) = 1 for all n ∈ N.

Let G be a group and A be a G-group. Using a cocycle c ∈ Z1(G,A), we introduce

a new G-module (G,A)c on which G acts by

s′a = cs
sa, s ∈ G.

We call that (G,A)c is obtained by twisting A using the cocycle c. If c ∼ c′, we have

a G-module isomorphism (G,A)c ≈ (G,A)c′ .

Proposition 2.5. Let c be a cocycle in Z1(G,A) and put A′ = (G,A)c. To each

cocycle c′ ∈ Z1(G,A′) let us associate c′c; this gives a cocycle in Z1(G,A), whence a

bijection

tc : Z1(G,A′) −→ Z1(G, A).

By taking quotients, tc defines a bijection

τc : H1(G,A′) −→ H1(G,A)

mapping the neutral element of H1(G,A′) into the class of c.

2.2 Poincré Series

We refer to [3] for the definitions and properties throughout this section.

Let H = {z ∈ C| Im z > 0}, the upper half plane. The only conformal automor-

phisms of H are the linear fractional transformations:

T : z 7→ az + b

cz + d
,

where


a b

c d


 is a matrix of real coefficients having determinant one, i.e., an ele-

ment of SL2(R). We define the inhomogeneous modular group Γ to be the group of

linear fractional transformations associated to integral matrices. We have that Γ is

isomorphic to PSL2(Z) = SL2(Z)
/ ± I. Let G be a subgroup of finite index in Γ. A

transformation T is called parabolic if it has only one fixed point on the real line or
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at ∞. A fixed point of a parabolic transformation in G is called a parabolic vertex,

or a cusp of G.

Definition 2.6. An unrestricted modular form of weight 2k for G is a meromorphic

function f(z) on H such that f(az+b
cz+d

) = (cz + d)2kf(z) for all transformation T : z 7→
az+b
cz+d

belonging to G, where k is an integer.

Denote JT (a) = dT
dz

= (cz + d)−2 so that we can write the above equation as

f(T (z)) = JT (z)−kf(z). The local coordinate at ∞ is ζ = e2πiz/q where q is the

least positive integer such that the translation z 7→ z + q is in the group G. Let

f̂(ζ) = f(z). An unrestricted modular form f(z) is said to be holomorphic at ∞ if

f̂(ζ) is holomorphic in |ζ| < 1. In particular, f̂(ζ) has a Taylor expansion in ζ

f̂(ζ) =
∞∑

m=0

amζm,

and this induces a Fourier expansion for f(z)

f(z) =
∞∑

m=0

ame2πimz/q.

Let p be a parabolic fixed point of G, not ∞. Let S ∈ Γ map p to ∞, and g(z) =

JS−1(z)kf(S−1z). We call f(z) is holomorphic at p if g(z) is holomorphic at ∞.

Definition 2.7. A modular form is an unrestricted modular form which is holomor-

phic at all points of H and at all cusps of the group.

Definition 2.8. A cusp form of weight 2k for G is a modular form of weight 2k for

G which vanishes at all cusps.

Definition 2.9. The Poincaré series of weight 2k and of character ν for G is the

series

φν(z) =
∑
T∈R

e2πiνT (z)/qJT (z)k

where ν is a nonnegative integer, R is the set of coset representatives of G mod G0,

and G0 is the infinite cyclic subgroup of translation in G, generated by the least

translation T : z 7→ z + q in G.

9



Theorem 2.10. The Poincaré series

φν(z) =
∑
T∈R

e2πiνT (z)/q(cz + d)−2k

converges absolutely uniformly on compact subsets of H, for ν > 0 and k ≥ 1, and for

ν = 0 and k > 1. φν(z) converges absolutely uniformly on every fundamental domain

D for G and represents a modular form of weight 2k for G. Furthermore,

(a) φ0(z) is zero at all finite cusps, and nonzero at ∞.

(b) φν(z) is a cusp form for ν ≥ 1.

Theorem 2.11. Every cusp form is a linear combination of the Poincaré series φν(z),

ν ≥ 1.

Now let us turn to the coholomogical point of view. Let R be the ring of holomor-

phic functions on H. Then G acts on R and R×, the unit group of R, as follows: Let

s =


a b

c d



−1

∈ G. The action is defined by

(s, f(z)) 7→ sf(z) := f

(
az + b

cz + d

)
.

By defining C : G → R× by Cs(z) = (cz + d)−2k for z ∈ H, we find that C satisfies the

definition of 1-cocycle of G with values in R×, that is, Cst(z) = Cs(z) sCt(z).

We denote by MC the space of cusp forms of weight 2k, that is,

MC =

{
f ∈ R

∣∣ (cz + d)−2kf

(
az + b

cz + d

)
= f(z), f vanishes at all cusps

}
.

Here, the formula (cz + d)−2kf(az+b
cz+d

) = f(z) can be interpreted in terms of cocycle:

Cs
sf(z) = f(z).

Denote by PC the space generated by Poincaré series

φν =
∑
T∈R

e2πiνT (z)/q(cz + d)−2k

=
∑
s∈G

Cs(z) sg(z),

where g(z) = e2πiνz/q, ν ≥ 1. Then, by Theorem 2.11, we obtain MC = PC, that is,

MC
/
PC = 0.

10



3 Definition of Mc/Pc and Its Structure

3.1 Definition of Mc/Pc

As noted in [10], we apply the idea of Poincaré in automorphic functions to an ar-

bitrary ring R acted by a finite group G, where G acts to the left: a 7→ sa, for

s ∈ G, a ∈ R. Since G naturally acts on the group R× of units, we can define the

first cohomology set H1(G,R×) by Z1(G,R×)
/ ∼, where Z1(G,R×) = {c : G −→

R× | cst = cs
sct, s, t ∈ G} is the set of cocycles, and c ∼ c′ if there exists u ∈ R× such

that c′s = u−1cs
su, for all s ∈ G.

Definition 3.1. For each cocycle c ∈ Z1(G, R×), we set

Mc = {a ∈ R | cs
sa = a, s ∈ G},

Pc =

{
pc(a) | pc(a) =

∑
t∈G

ct
ta, a ∈ R

}
.

We first note that Mc and Pc are Z-modules in the ring R. From the definition of

cocycles, we find that

|G|Mc ⊂ Pc ⊂ Mc.

Indeed, the first inclusion is from pc(a) = |G|a, for a ∈ Mc, and the second inclusion

is from the equality:

cs
spc(a) = cs

s

(∑
t∈G

ct
ta

)
=

∑
t∈G

cs
sct

sta =
∑
t∈G

cst
sta =

∑
t∈G

ct
ta = pc(a).

Hence, in particular, if |G|1R is invertible in R, then we have Mc/Pc = 0 for any

cocycle c ∈ Z1(G,R×).

We shall prove that the quotient module Mc/Pc depends only on the cohomology

class [c] ∈ H1(G,R×). Let c ∼ c′, i.e., c′s = u−1cs
su for some u ∈ R×. Then we have

uMc′ = Mc and uPc′ = Pc,

11



because

a ∈ Mc′ ⇐⇒ c′s
sa = a, for all s ∈ G

⇐⇒ u−1cs
su sa = a

⇐⇒ cs
s(ua) = ua

⇐⇒ ua ∈ Mc,

and also because

pc(a) =
∑
t∈G

ct
ta =

∑
t∈G

uc′t(
tu)−1 ta = u

∑
c′t

t(u−1a) = upc′(u
−1a).

Consequently, we get

Mc/Pc = Mc′/Pc′ .

In particular, if c ∼ 1, we have

Mc/Pc = M1/P1 = RG/NGR = Ĥ0(G,R). (3.1)

Moreover, in general, for any cohomology class γ = [c] ∈ H1(G,R×), we can modify

this cohomological interpretation for Mc/Pc as seen in the following section.

3.2 Coholomogical Structure of Mc/Pc

For a cocycle c ∈ Z1(G,R×), we introduce a new G-module (G,R)c on which G acts

by

s′a = cs
sa, s ∈ G.

Putting R′ = (G,R)c, we find that

Mc = {a ∈ R | cs
sa = s′a = a, s ∈ G} = R′G,

and

Pc =

{
pc(a) =

∑
t∈G

ct
ta =

∑
t∈G

t′a
∣∣ a ∈ R

}
= NGR′.

Therefore we obtain

Mc/Pc = R′G/NGR′ = Ĥ0(G,R)c,
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as a twisted Tate cohomology. Because Mc/Pc depends only on the cohomology class

γ = [c] ∈ H1(G,R×), we have

Mc/Pc = Ĥ0(G,R)γ. (3.2)

3.3 Galois Extensions K/k

By Theorem 2.11 which is the result of Poincaré, it is natural to hope that Ĥ0(G,R)γ =

Mc/Pc = 0 for any other case. However, this is not true in general. We are mostly

interested in the case where G is the Galois group of a Galois field extension K/k of

number fields and R is the ring of integers OK .

3.3.1 Mc/Pc and iγ(K/k)

Let k be either a global or local field of characteristic 0, that is, k is either a finite

extension of the rational field Q or the p-adic field Qp. We denote by Ok the ring

of integers of k. Let K/k be a finite Galois extension with the Galois group G =

Gal(K/k). Then G acts on the ring OK of integers of K and thus on the group O×
K

of units. For a cocycle c ∈ Z1(G,O×
K), we set Mc and Pc as in Definition 3.1 with

R = OK . Put γ = [c] ∈ H1(G,O×
K). We are interested in determining the invariant

defined by

iγ(K/k) := [Mc : Pc] (3.3)

and consider the question under what conditions it becomes trivial.

When we view c as a cocycle in Z1(G,K×), by Hilbert Theorem 90 (Theorem 2.4),

we have

cs = ξ−1 sξ, for some ξ ∈ OK \ {0}.

We first find that

Mc = ξ−1Ok ∩ OK = ξ−1(Ok ∩ ξOK). (3.4)

13



Indeed,

a ∈ Mc ⇐⇒ cs
sa = a, s ∈ G

⇐⇒ ξ−1 sξ sa = a

⇐⇒ ξa = s(ξa)

⇐⇒ ξa ∈ Ok.

Next, from pc(a) =
∑

t∈G ct
ta = ξ−1

∑
t∈G

t(ξa) for a ∈ OK , we have

Pc = ξ−1TrK/k(ξOK). (3.5)

Hence, we obtain, from (3.4) and (3.5), that

Mc/Pc =
Ok ∩ ξOK

TrK/k(ξOK)
. (3.6)

If, in particular, c ∼ 1, then

Mc/Pc =
Ok

TrK/k(OK)
. (3.7)

Remark 3.2. If we consider Mc and Pc as in Definition 3.1 with R = K, then, by

Hilbert Theorem 90 (Theorem 2.4), every cocycle c of G in K× is cohomologous to

1. Therefore, in view of (3.1), we have Mc/Pc = KG/TrK/k(K) = k
/
TrK/k(K) = 0,

because TrK/k : K → k is surjective.

3.3.2 Use of Ramification Theory

We shall get a partial result of Mc/Pc = Ĥ0(G,OK) for a trivial cocycle c using the

ramification theory. Let K/k be a finite Galois extension of number fields with the

Galois group G = Gal(K/k). We call a prime ideal p in Ok tamely ramified if p - ep,

and wildly ramified if p|ep, where p denotes the characteristic of Ok/p, and ep is the

ramification index of p in K/k. We call the extension K/k tamely ramified if every

prime ideal p in Ok is tamely ramified, and wildly ramified if it is not tamely ramified.

We denote by O∗
K the fractional ideal {x ∈ K | TrK/k(xOK) ⊂ Ok}, and define

the different by the fractional ideal (O∗
K)−1, denoted by DK/k. Note that DK/k is an

integral ideal in OK .
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From now on, we consider a Galois extension KP/kp of local fields. Put G =

Gal(KP/kp). We denote by OP and Op the ring of integers in KP and kp, respectively.

We note that P and p are the only prime ideals in OP and Op, respectively. For

i ≥ −1, we put V−1 = G, and define the ith ramification group of G as

Vi = {s ∈ G | sa ≡ a mod Pi+1 for all a ∈ OP}.

Then the set {Vi} forms a normal series of G such that Vi = 1 for i À 1. In [16],

we find a useful formula for t = vP(DK/k) in terms of higher ramification groups:

t = (e− 1) +
∞∑
i=1

(|Vi| − 1). (3.8)

In particular, if KP/kp is a totally ramified Galois extension of p-adic fields, then

it is well-known that such an extension can be written as KP = kp(Π) with a prime

element Π whose minimal polynomial f(x) ∈ Ok[x] is of Eisenstein type. Then we

have a useful formula for t = vP(DK/k), which is t = vK(f ′(Π)). We will use this

formula later in Chapter 5.

In [13], it is shown that

Theorem 3.3. Let KP/kp be a Galois extension with the Galois group G = Gal(KP/kp).

Then the following conditions are all equivalent:

(a) KP/kp is tamely ramified, i.e., p - ep.

(b) Pe−1 ‖ DKP/kp.

(c) t = e− 1.

(d) |Vi| = 1 for all i ≥ 1.

(e) TKP/kp(OP) = Op.

Furthermore, if there exists an integral normal basis of KP over kp, then each of these

conditions follows.

Hence, in view of (3.1), we obtain
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Proposition 3.4. Let KP/kp be a tamely ramified extension. Then for every trivial

cocycle c ∼ 1 in Z1(G,O×
KP

), we have

Mc/Pc = Ĥ0(G,O×
KP

) = 0.

In other words, i1(KP/kp) = 1.

To obtain vanishing conditions of iγ(KP/kp) for a non-trivial cohomology class

γ ∈ H1(G,O×
KP

), we need a more detailed interpretation of Mc/Pc which we will see

in Chapter 4. Then we will make use of the formula (3.8) of the different DKP/kp .

Now let K/k be a finite Galois extension of number fields. For every prime p in k,

we denote by P a prime in K lying over p. In [13], it is also shown that

Theorem 3.5. Let K/k be a finite Galois extension with the Galois group G =

Gal(K/k). Then the following conditions are all equivalent:

(a) K/k is tamely ramified, i.e. p|ep for every prime p.

(b) Pep−1 ‖ DK/k for every prime p of k and P of K lying over p.

(c) tp = ep − 1 for every prime p of k.

(d) |Vi,p| = 1 for all i ≥ 1 and prime p of k.

(e) TrK/k(OK) = Ok.

Furthermore, if there exists an integral normal basis of K over k, then each of these

conditions follows.

Hence, in view of (3.1), we obtain

Proposition 3.6. Let K/k be a tamely ramified extension. Then for every cocycle

c ∼ 1 in Z1(G,O×
K), we have

Mc/Pc = Ĥ0(G,O×
K) = 0.

In other words, i1(K/k) = 1.
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4 Determination of iγ(K/k)

4.1 Local Fields

Let k be a p-adic number field, Ok the ring of integers and O×
k the group of units of

Ok. Let K/k be a finite Galois extension with the Galois group G = Gal(K/k). For

a cohomology class γ = [c] ∈ H1(G,O×
K), we shall focus on determining Mc/Pc and

the index iγ(K/k) throughout this section.

4.1.1 Canonical Class γK/k in Cohomology Group H1(G,O×
K)

In local field extensions, we have a nice group structure of H1(G,O×
K). Denote by P

and p the unique prime ideals of OK and Ok, respectively. Let Π be a fixed prime

element in K. Then there exists cs ∈ O×
K such that

sΠ = Πcs, (4.1)

for any s ∈ G. From Πcst = stΠ = s( tΠ) = s(Πct) = sΠ sct = Πcs
sct, we find that

the mapping s 7→ cs is a 1-cocycle of G in O×
K .

If we consider another prime element Π′ which brings another cocycle c′ of G in

O×
K such that sΠ′ = Π′c′s, then we find that c′ is cohomologous to c. Indeed, by

writing Π′ = Πu for some u ∈ O×
K , we have sΠ′ = sΠ su. Because we also have

sΠ′ = Π′c′s = Πuc′s, we get c′s = u−1Π−1 sΠ su = u−1cs
su. Therefore a prime element

Π can bring the canonical class γK/k = [c] in the cohomology group H1(G,O×
K). In

[11], it is shown that

Proposition 4.1. H1(G,O×
K) is a cyclic group of order e = e(K/k) generated by the

canonical class γK/k.

Proof. Let γ = [c] be any class in H1(G,O×
K). Viewing c as a cocycle of G in K×, by

Hilbert Theorem 90 (Theorem 2.4), there is an element a ∈ K× such that cs = a−1 sa.

We write a = Πmu for some u ∈ O×
K and m ∈ Z. Then in view of (4.1), we have

sa = sΠm su = Πmcm
s

su so that

cs = a−1 sa = u−1cm
s

su, i.e., c ∼ cm.
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It follows that γ = γK/k
m which means that H1(G,O×

K) is a cyclic group generated

by the canonical class γK/k. To count the order of this cyclic group, we consider the

short exact sequence of G-groups

1 −→ O×
K −→ K× vK−→ Z −→ 1,

where G acts trivially on Z and vK is a valuation of K. Then we have

1 −→ O×
k −→ k×

vK |k−→ Z −→ H1(G,O×
K) −→ H1(G,K×) = 1.

From the relation vK(x) = evk(x) for x ∈ k, where e = e(K/k) is the ramification

index for K/k, we have |H1(G,O×
K)| = e.

4.1.2 iγ(K/k)

Let γ = [c] be any cohomology class in H1(G,O×
K). Then, from Proposition 4.1, there

exists an integer m such that γ = γK/k
m, where 0 ≤ m < e. It follows, from (3.6)

and (3.7), that

iγ(K/k) =





(p : TrK/kP
m) for γ 6= 1

(Ok : TrK/kOK) for γ = 1.

Indeed, if γ 6= 1, i.e. m > 0, then, from (3.6) with ξ = Πm, we obtain iγ(K/k) =

(Ok ∩Pm)
/
TrK/k(P

m). We note that Ok ∩Pm = p by the condition 0 < m < e, and

that TrK/kP
m is an ideal in Ok. Put rγ = vp(TrK/kP

m), that is,

TrK/kP
m = prγ ,

including the case γ = 1. Then we have

iγ(K/k) =





Nprγ−1 for γ 6= 1

Npr1 for γ = 1,
(4.2)

where Np = (Ok : p).

From now on, we shall obtain the formula of the number r = rγ with respect to

other invariants of K/k such as the ramification index and the different DK/k. We

note that p = Pe. Then, from TrK/kP
m = pr, we have

Ok = p−rTrK/kP
m = TrK/k(p

−rPm) = TrK/kP
−er+m. (4.3)
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Let DK/k be the different for K/k, which is an ideal of OK . We write D = Pt, where

t = vP(DK/k). From (4.3), we have P−er+m ⊂ D−1 which implies that −er + m ≥
−t, i.e., r ≤ t+m

e
. On the other hand, from TrK/kP

m 6⊂ pr+1, we have P−e(r+1)+m 6⊂
D−1, and so t+m

e
< r + 1. Consequently we get

r =
⌊t + m

e

⌋
,

and so, by (4.2), we obtain the formula

iγ(K/k) =





Npb
t+m

e
c−1 for γ 6= 1

Npb
t
e
c for γ = 1.

(4.4)

4.1.3 Vanishing of iγ(K/k)

From the above formula (4.4), we may answer the question under what condition we

have iγ(K/k) = 0. As we have already seen in Section 3.3.2, we have a useful formula

for t = vP(DK/k):

t =
∞∑
i=0

(|Vi| − 1) = (e− 1) +
∞∑
i=1

(|Vi| − 1),

where e = e(K/k) is the ramification index for K/k. From this, we find that t ≥
e − 1, and by Theorem 3.3, we have t = e − 1 ⇐⇒ V = V1 = 1 ⇐⇒ p - e ⇐⇒
K/k is tamely ramified, where p denotes the characteristic of Ok/p. It follows that if

K/k is tamely ramified, then iγ(K/k) = 1 for all γ ∈ H1(G,O×
K). We also find that

if K/k is unramified, then iγ(K/k) = 1. Note that γ = 1 always in this case.

Let us now consider a wildly ramified case. If γ = 1, then i1(K/k) cannot be 1,

because b t
e
c = 0 implies that t < e which is impossible, from 0 < e− 1 < t. If γ 6= 1,

then we find that iγ(K/k) = 1 if and only if e ≤ t + m < 2e. Consequently, we have

Theorem 4.2. (a) If K/k is unramified, then i1(K/k) = 1.

(b) If K/k is tamely ramified, then iγ(K/k) = 1 for every γ.

(c) If K/k is wildly ramified, then iγ(K/k) = 1 if and only if γ 6= 1 and e ≤ t+m <

2e.
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4.2 Mc/Pc for a Particular Cocycle c

Motivated by Hilbert Theorem 90 and the canonical class in local field extensions,

we have the following

Theorem 4.3. Let k be either a local or global fields and K/k be a finite Galois

extension with the Galois group G = Gal(K/k). Let p be a prime of k and P a prime

of K lying above p, where

(a) K/k is totally ramified at p, i.e., p = Pe for e = [K : k]

(b) P is principal, i.e., P = (Π) for some Π ∈ OK

(c) DK/k = Pt.

Then cs =
sΠ
Π

defines the cocycle in Z1(G,O×
K), and

Mc/Pc ≈ Ok

/
pb

t+1
e
c−1.

Proof. By (a), we have sPe = sp = p = Pe, and so sP = P for any s ∈ G.

Since P is principal, we have ( sΠ) = s(Π) = sP = P = (Π). Hence we find that

cs =
sΠ
Π
∈ O×

K , and cst = cs
sct which implies that c ∈ Z1(G,O×

K). From the formula

(3.6), we find

Mc/Pc =
Ok ∩ ΠOK

TrK/k(ΠOK)
=

Ok ∩P

TrK/k(P)
=

p

TrK/k(P)
.

By the following equivalences:

ph |TrK/k(P) ⇐⇒ phD−1
K/k|P ⇐⇒ ph |PDK/k = Pt+1

⇐⇒ eh ≤ t + 1 ⇐⇒ h ≤
⌊

t + 1

e

⌋
,

we find the prime factorization TrK/k(P) = p

j
t+1
ep

k
which implies that

Mc/Pc ≈ Ok

/
pb

t+1
e
c−1.
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4.3 Global Fields

From now on, we consider a Galois extension of number fields K/k with the Galois

group G = Gal(K/k). Revisiting the formula (3.6), we have

Mc/Pc =
Ok ∩ ξOK

TrK/kξOK

=
(ξOK)G

TrK/kξOK

, (4.5)

where ξ ∈ OK \ {0} such that cs = ξ−1 sξ.

4.3.1 Ambiguous Ideals

An ideal a in OK is called ambiguous if sa = a for every s ∈ G. An ambiguous ideal

a in OK has a prime decomposition

a =
∏

p

p#mp , where p# =
∏

P|p
P and mp ∈ N. (4.6)

Indeed, beginning with a prime decomposition a =
∏

p

∏
P|p PmP , we have sa =

∏
p

∏
P|p

sPmP . For a to be an ambiguous ideal, we must have mP = mp for P|p.

Note that the different DK/k is an ambiguous ideal. So, from now on, we denote

by

DK/k =
∏

p

p#tp . (4.7)

Proposition 4.4. Let a =
∏

p p#mp be an ambiguous ideal. Then we have

(a) aG = a ∩ Ok =
∏

p p
dmp

ep
e

(b) TrK/ka =
∏

p p
bmp+tp

ep
c
, where tp is given by the different DK/k =

∏
p p#tp.

Proof. (a) We first write mp = qep + r, where q = bmp

ep
c and 0 ≤ r < ep. Then, since

p#qep =
∏

P|p Pqep = pq, we have p#mp = p#qepp#r = pqp#r. So

aG = a ∩ Ok = pq(p#r ∩ Ok) =





pq when r = 0

pq+1 when r > 0.
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(b) For a prime ideal p in Ok, and a natural number h, we have the following equiv-

alences:

ph |TrK/k(a) ⇐⇒ phD−1
K/k|a ⇐⇒ ph | aDK/k ⇐⇒ (p#)eph | aDK/k

⇐⇒ (p#)eph | (p#)mp+tp ⇐⇒ eph ≤ mp + tp ⇐⇒ h ≤
⌊

mp + tp
ep

⌋
.

From the choice of ξ ∈ K× such that ξ−1 sξ ∈ O×
K , we note that ξOK in (4.5) is

an ambiguous ideal. Put ξOK =
∏

p p#mp . Then, by Proposition 4.4, we obtain the

formula

iγ(K/k) = [Mc : Pc] =
∏

p

Npb
mp+tp

ep
c−dmp

ep
e, (4.8)

where Np = [Ok : p].

4.3.2 Localization

Let p be a prime ideal of k and P a prime ideal of K lying over p. We denote by KP

and kp the completions of K and k respectively. Then KP/kp is also a Galois extension

and its Galois group G(KP/kp) can be identified as the decomposition group GP at

P in G. One knows that OK is embedded in OKP
, and so O×

K is embedded in O×
KP

.

For any cocycle c ∈ Z1(G,O×
K), we can consider the following diagram:

G
c−−−→ O×

KxiGP

yiKP

GP O×
KP

Then c induces a cocycle cP ∈ Z1(GP,O×
KP

) such that cP = iKP
◦ c ◦ iGP

. If ξ ∈
OK \ {0} satisfies cs = ξ−1 sξ, then it also satisfies

cP,s = ξ−1 sξ. (4.9)

Put

a = ξOK =
∏

p

p#mp , (4.10)

and

aP = ξOKP
. (4.11)
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Then we have mp = νP(a) = νP(aP). Notation being as in (4.7), we have

DK/k =
∏

p

p#tp =
∏

P

PtP =
∏

P

DKP/kp .

Then, locally it follows from (4.8) that

[McP
: PcP

] = Np
bmp+tp

ep
c−dmp

ep
e
. (4.12)

Consequently, we obtain

Theorem 4.5. Let K/k be a finite Galois extension of number fields with the Galois

group G = Gal(K/k). Then for γ = [c] ∈ H1(G,O×
K), we have

iγ(K/k) =
∏

p

iγP
(KP/kp) (4.13)

where, for each p, we choose one prime P in OK lying over p, and γP = [cP] ∈
H1(GP,O×

KP
), for a cocycle cP induced from c by localizing at P.

One knows that there are only finitely many ramified primes p, and by Theorem

4.2, we have [McP
: PcP

] = 1 for unramified prime p. Hence our product formula (4.8)

and (4.13) are indeed finite products.
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5 Application

According to the product formula (4.13) in Theorem 4.5, the determination of iγ(K/k)

for global fields is entirely reduced to the local computation of iγP
(KP/kp). Notation

being as in the previous Section 4.3.2, let us now concentrate on local field extensions

KP/kp. We fix a prime Π ∈ KP, and consider the canonical class γKP/kp = [cKP/kp ]

given by

sΠ = Π cKP/kp,s

for s ∈ GP. Then by Proposition 4.1, there exists a unique integer m (mod ep)

such that γP = γKP/kp
m, where ep is the ramification index. Accordingly, we have

cP ∼ (cKP/kp)
m. Then, in view of (4.9) using Hilbert Theorem 90 (Theorem 2.4),

there exists u ∈ O×
KP

such that

ξ−1 sξ = cP,s = u−1(cKP/kp,s)
m su = u−1Π−m sΠm su,

that is, uΠm = ξπrv where π is a prime element in kp and v ∈ O×
kp

. In view of (4.10)

and (4.11), we have m = mp + rep. We notice that m ≡ mp (mod ep) so that we have

γP = γKP/kp

mp . (5.1)

We also note that two formulae, (4.4) and (4.12) for iγP
(KP/kp) agrees.

5.1 Quadratic Extensions

Let K = Q(
√

m) where m is a square-free integer and G = Gal(K/Q). Denote

by p a prime of Q and P a prime of K lying over p. Let γ ∈ H1(G,O×
K). Then

by Theorem 4.5, we have iγ(K/Q) =
∏

p iγP
(KP/Qp) where γP ∈ H1(GP,O×

KP
).

Combining Theorem 4.2 and Theorem 4.5, we know that if K/Q is unramified or

tamely ramified extension, then iγ(K/k) = 1. Therefore, to determine iγ(K/Q), it is

remained to take care of the wildly ramified case. From the condition p|ep = 2, we

find that 2 is the only wildly ramified prime in Q. As is well known, the discriminant

DK/Q = m if m ≡ 1 (mod 4), and DK/Q = 4m if m ≡ 2 or 3 (mod 4). It follows from

2|DK/Q that we only need to take care of the case m ≡ 2 or 3 (mod 4). Examining

each of these cases, we obtain
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Theorem 5.1. Let K = Q(
√

m) where m is a square-free integer and G = Gal(K/Q)

the Galois group.

(a) If m ≡ 1 (mod 4), then iγ(K/Q) = 1 for all γ ∈ H1(G,O×
K).

(b) If m ≡ 2 (mod 4), then iγ(K/Q) = 2 for all γ ∈ H1(G,O×
K).

(c) If m ≡ 3 (mod 4), then

iγ(K/Q) =





1 if m2 is odd, i.e., γP 6= 1

2 if m2 is even, i.e., γP = 1.

Proof. Let P be a prime in K dividing 2. One knows that [KP : Q2] = 1 only when

m ≡ 1 (mod 8). If m ≡ 2 or 3 (mod 4), then [KP : Q2] = 2 so that GP may be

identified as G.

We begin with the case when m ≡ 2 (mod 4). By putting f(x) the minimal

polynomial of
√

m over Q2, we find that f(x) = x2 −m is of Eisenstein type. Hence

the different DKP/Q2 = (f ′(Π)) = (2Π), with a prime element Π =
√

m in KP.

Since m is a square-free integer, we can write m = 2(1 + 2k) for some integer k,

and so Π2 = m = 2. Note that an odd integer is a unit in Q2. It follows that

DKP/Q2 = P3, that is, t2 = 3, and so, by (4.12), we get i1(KP/Q2) = 2b
3
2
c = 2

and iγKP/Q2
(KP/Q2) = 2b

3+1
2
c−1 = 2. Consequently, we have iγ(K/Q) = 2 for any

γ ∈ H1(G,O×
K).

Next, let m ≡ 3 (mod 4). Then f(x) = x2 −m is not of Eisenstein type. Instead,

g(x) = f(x − 1) = x2 − 2x + (1 − m) is of Eisenstein type. Hence the different

DKP/Q2 = (g′(Π)) = (2(Π− 1)) = (2
√

m), with a prime element Π =
√

m + 1 in KP.

Since
√

m is a unit in KP, we have DKP/Q2 = P2, that is, t2 = 2. As a result, we

obtain

iγ(K/Q) =





1 if m2 is odd, i.e., γP 6= 1

2 if m2 is even, i.e., γP = 1.
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Remark. The result obtained from Theorem 5.1 agrees with the one from [5]. In

fact, in case when m ≡ 3 (mod 4), the central element ar/2 of the continued fraction

[a0; a1, · · · , ar] of
√

m is odd if and only if iγ(K/Q) = 1. Thus the parity of m2 is

same as the parity of ar/2.

5.2 Biquadratic Extensions

Let K = Q(
√

m,
√

n) where m and n are distinct square-free integers and G =

Gal(K/Q). Putting k = mn
gcd(m,n)2

, we find that K contains Q(
√

k). Let us consider

the following cases:

(1) m ≡ n ≡ k ≡ 1 (mod 4)

(2) m ≡ 1 and n ≡ k ≡ 2 or 3 (mod 4)

(3) m ≡ 3 and n ≡ k ≡ 2 (mod 4)

Then we find that these cover all the cases of biquadratic extensions K over Q except

for rearrangements of m, n and k. Indeed, when m ≡ n ≡ 3 (mod 4), one gets

K = Q(m′, n) by putting m′ = k = mn
gcd(m,n)2

so that m′ ≡ 1 (mod 4) and k′ =

m′n
gcd(m′,n)2

≡ 3 (mod 4). When m ≡ n ≡ 2 or 6 (mod 8), one gets K = Q(m′, n)

by putting m′ = k = mn
gcd(m,n)2

so that m′ ≡ 1 (mod 4) and k′ = m′n
gcd(m′,n)2

≡ 2

(mod 4). Finally when m ≡ 2 and n ≡ 6 (mod 4), one gets K = Q(m′, n) by putting

m′ = k = mn
gcd(m,n)2

so that m′ ≡ 3 (mod 4) and k′ = m′n
gcd(m′,n)2

≡ 2 (mod 4).

Before we examine each of these cases for indices iγ(K/Q), we need the following

Proposition 5.2. Let K = Q(
√

m,
√

n) where m and n are two distinct square-free

integers. We put k = mn
gcd(m,n)2

.

(a) If m ≡ n ≡ k ≡ 1 (mod 4), then

OK =

[
1,

1 +
√

m

2
,
1 +

√
n

2
,

(
1 +

√
m

2

)(
1 +

√
n

2

)]

Z

and so the discriminant DK/Q = mnk.
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(b) If m ≡ 1, and n ≡ k ≡ 2 or 3 (mod 4), then

OK =

[
1,

1 +
√

m

2
,
√

n,

√
n +

√
k

2

]

Z

and so we have DK/Q = 16mnk.

(c) If m ≡ 3, and n ≡ k ≡ 2 mod 4, then

OK =

[
1,
√

m,
√

n,

√
n +

√
k

2

]

Z

and so we have DK/Q = 64mnk.

Proof. According to [6], we know that α ∈ K is an algebraic integer if and only if

the relative norm NK/Q[m](α) and trace TrK/Q[m](α) are algebraic integers.

(a) Let m ≡ n ≡ k ≡ 1 (mod 4). We first write α ∈ OK as a linear combi-

nation of field bases 1,
√

m,
√

n, and
√

k with rational coefficients, and con-

sider its relative traces TrK/Q[
√

m](α), TrK/Q[
√

n](α), and TrK/Q[
√

k](α) to find

that every algebraic integer is of the form α = a+b
√

m+c
√

n+d
√

k
4

, where a, b, c,

and d are integers. Then by considering its relative norm, we find that these

integers a, b, c and c are either all even or odd. Now we subtract a partic-

ular algebraic integer d(1+
√

m
2

)(1+
√

k
2

) to α, and find that r+s
√

m+t
√

n
4

∈ OK ,

where r, s, and t are integers such that r + s + t is even. It follows that

OK = [1, 1+
√

m
2

, 1+
√

n
2

, (1+
√

m
2

)(1+
√

k
2

)]Z and the discriminant DK/Q = mnk.

(b) Let m ≡ 1, and n ≡ k ≡ 2 or 3 (mod 4). Again, for α ∈ OK , we begin

with writing α as the linear combination of 1,
√

m,
√

n, and
√

k with rational

coefficients. By considering its relative traces and norms, we find that α is of the

form a+b
√

m+c
√

n+d
√

k
2

such that a ≡ b (mod 2) and c ≡ d (mod 2). Moreover,

we obtain that OK =
[
1, 1+

√
m

2
,
√

n,
√

n+
√

k
2

]
Z

and so DK/Q = 16mnk.

(c) Let m ≡ 3, and n ≡ k ≡ 2 mod 4. Similarly, we find that every α ∈ OK is of

the form a+b
√

m+c
√

n+d
√

k
2

, where a, b, c, d ∈ Z such that a and b are even, and

c ≡ d (mod 2). It follows that OK = [1,
√

m,
√

n,
√

n+
√

k
2

]Z and DK/Q = 64mnk.
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We are now ready to determine the indices iγ(K/k) for each γ ∈ H1(G,O×
K). We

put k1 = Q(
√

m) and k2 = Q(
√

n). Denote by p a prime of Q and p, q, P primes of

k1, k2, K, respectively, such that P|p|p and P|q|p. We only need to take care of iγP

for the wildly ramified case. From the condition p|ep and ep|4, we find that p = 2 is

the only wildly ramified prime in Q, and ep = 2 or 4. Applying the product formula

in Theorem 4.5 to each of three cases (1), (2), and (3) for m, n, and k, we obtain the

following

Theorem 5.3. Let K = Q(
√

m,
√

n) where m and n are two distinct square-free

integers and G = Gal(K/Q) the Galois group.

(a) If m ≡ n ≡ k ≡ 1 (mod 4), then iγ(K/Q) = 1 for all γ ∈ H1(G,O×
K).

(b) If m ≡ 1 (mod 4) and n ≡ k ≡ 2 (mod 4), then iγ(K/Q) = 2 for all γ ∈
H1(G,O×

K).

(c) If m ≡ 1 (mod 4) and n ≡ k ≡ 3 (mod 4), then

iγ(K/Q) =





1 if m2 is odd, i.e., γP 6= 1

2 if m2 is even, i.e., γP = 1.

(d) If m ≡ 3 (mod 4) and n ≡ k ≡ 2 (mod 4), then

iγ(K/Q) =





2 if m2 ≡ 1 (mod 4)

4 if m2 6≡ 1 (mod 4).

Proof.

(a) In this case, we find that 2 is unramified, because 2 - DK/Q = mnk. Therefore

iγ(K/Q) = 1 for all γ.

(b) , (c) Because DK/Q = 16mnk, 2 is indeed a wildly ramified prime in Q.

Especially when m ≡ 1 (mod 8), we have k1p = Q2 and KP = k2q so that we

can directly apply the result of the quadratic case. We shall separate each case

as below.
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(i) For m ≡ 1 (mod 8) and n ≡ 2 (mod 4), we have e2 = 2 and DKP/Q2 =

(2
√

n) = P3, i.e., t2 = 3. So iγ(K/k) = 2 for all γ.

(ii) For m ≡ 1 (mod 8) and n ≡ 3 (mod 4), we have e2 = 2 and DKP/Q2 =

(2
√

n) = P2, i.e., t2 = 2. As a result, we get

iγ(K/Q) =





1 if m2 is odd, i.e., γP 6= 1

2 if m2 is even, i.e., γP = 1.

(iii) Let m ≡ 5 (mod 8) and n ≡ 2 (mod 4). In this case, we have [KP : Q2] =

4. Since 2 - m, we find that k1p/Q2 is unramified, and so is KP/k2q. It

follows that e2 = e2(KP/Q2) = e2(KP/k2q) e2(k2q/Q2) = 2, and

DKP/Q2 = DKP/k2q
Dk2q/Q2 = (1)p2

3 = P3, i.e., t2 = 3.

So iγ(K/Q) = 2 for all γ.

(iv) Let m ≡ 5 (mod 8) and n ≡ 3 (mod 4). This is also the case when

[KP : Q2] = 4, and k1p/Q2 and KP/k2q are unramified. So we have

e2 = e2(KP/Q2) = e2(KP/k2q) e2(k2q/Q2) = 2, and

DKP/Q2 = DKP/k2q
Dk2q/Q2 = (1)q2 = P2, i.e., t2 = 2.

Thus we obtain

iγ(K/Q) =





1 if m2 is odd, i.e., γP 6= 1

2 if m2 is even, i.e., γP = 1.

(d) Because DK/Q = 64mnk, we find that 2 is indeed a wildly ramified prime. In

this case, we find 2 = p2, p = P2, 2 = q2, and q = P2 so that e2 = 4. We notice

that
√

m is a unit in KP, and find

DKP/Q2 = DKP/k2q
Dk2q/Q2 = (2

√
m)q3 = p2q3 = P10, i.e., t2 = 10.

So i1(KP/Q2) = 2b
10
4
c = 4, iγKP/Q2

(KP/Q2) = 2b
10+1

4
c−1 = 2, i(γKP/Q2

)2(KP/Q2) =

2b
10+2

4
c−1 = 4, and i(γKP/Q2

)3(KP/Q2) = 2b
10+3

4
c−1 = 4. Consequently,

iγ(K/Q) =





2 if m2 ≡ 1 (mod 4)

4 if m2 6≡ 1 (mod 4).
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5.3 Cyclotomic Extensions and Its Maximal Real Subfields

Let l be a prime number, n a natural number, K the lnth cyclotomic field Q(ζ), where

ζ is a primitive lnth root of unity. The Galois group G = Gal(K/Q) ≈ (Z/ϕ(ln)Z)×

is cyclic. For each n, l is the only ramified prime in Q, because the discriminant

DK/Q = lnϕ(ln)−ln−1
. One knows that P = (1 − ζ) is a prime ideal in K lying over l

such that l = Pϕ(ln), i.e. el = ϕ(ln) = (l − 1)ln−1.

Passing to the localization, we denote by KP the completion of K, and Ql the field

of l-adic numbers. Then, for each n, KP/Ql is a totally ramified Galois extension

with degree e = ϕ(ln) where the Galois group Gal(KP/Ql) may be identified as G

itself. We have the different DKP/Ql
= Ptl , where tl = nϕ(ln)− ln−1. If, in particular,

n = 1, then KP/Ql is tamely ramified, since el = l − 1 and tl = l − 2. Therefore

iγ(K/Q) = 1 for all γ ∈ H1(G,O×
K). (5.2)

Now consider the case n ≥ 2. From l|el, we find that l is the only wildly ramified

prime in Q. Denote by γKP/Ql
the canonical class in H1(G,O×

KP
). Then by (4.12),

we find

i1(KP/Ql) = lb
nϕ(ln)−ln−1

ϕ(ln)
c = ln−1, (5.3)

and

iγKP/Ql
(KP/Ql) = lb

nϕ(ln)−ln−1+1
ϕ(ln)

c−1 = l
bn− ln−1−1

(l−1)ln−1 c−1
= ln−2. (5.4)

Moreover, for γP = (γKP/Ql
)ml where ml is an integer such that 0 ≤ ml < ϕ(ln), we

have

iγP
(KP/Ql) =





ln−2 for 1 ≤ ml < ln−1

ln−1 for ln−1 ≤ ml < ϕ(ln) or ml = 0.

Consequently, we obtain

Theorem 5.4. Let l be a prime, n a natural number, and K = Q(ζ), the lnth

cyclotomic field over Q, where ζ is a primitive lnth root of unity.

(a) If n = 1, then we have iγ(K/Q) = 1 for all γ ∈ H1(G,O×
K).
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(b) If n ≥ 2, we have

iγ(K/Q) =





ln−2 if ml ≡ a, where 1 ≤ a < ln−1

ln−1 if ml ≡ b, where ln−1 ≤ b < ϕ(ln) or b = 0.

Remark 5.5. The canonical class γP = γKP/Ql
= [c] ∈ H1(G,O×

KP
) is given by a

system of cyclotomic units

cs =
sΠ

Π
=

1− sζ

1− ζ
, s ∈ G. (5.5)

By putting ξ = 1 − ζ in the formula (3.6), we find Mc/Pc = Z∩ξOK

TrK/Q(ξOK)
. We obtain

Mc/Pc explicitly as

Mc/Pc ≈





0 if n = 1

Z/ln−2Z if n ≥ 2.

Proof. Note that OK = Z[ζ] = [1, ζ, ζ2, · · · , ζϕ(ln)−1]Z. For each i, 0 ≤ i ≤ ϕ(ln)−1,

let us first determine TK/Qζ i. Since ζ i is conjugate to ζ
ln

(ln,i) , we have,

TK/Qζ i = TK/Qζ
ln

d with d = (ln, i).

For d|ln, set Kd = Q(ζ
ln

d ); hence [K : Kd] = ϕ(ln)
ϕ(d)

and so

TK/Qζ
ln

d = TKd/Q

(
TK/Kd

ζ
ln

d

)
= [K : Kd] TKd/Qζ

ln

d .

According to [7] p.197, we have TKd/Q(ζ
ln

d ) = µ(d), the Möbius function. Therefore,

we have

TK/Q(ζ i) = TK/Q(ζ
ln

d ) =
ϕ(ln)

ϕ(d)
µ(d) =





ϕ(ln), i = 0

−ln−1, ln−1|i, i 6= 0

0 ln−1 - i, i 6= 0.

(5.6)

Going back to Mc/Pc for a cocycle c ∈ Z1(G,O×
K), we begin with the case n = 1. For

every α ∈ OK , α =
∑l−2

i=0 niζ
i for some integers ni. Since, by (5.6), TK/Q(ζ i) = −1
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for 1 ≤ i ≤ l − 2, = l − 1 for i = 0, we find that

TK/Q((1− ζ)α) =
l−2∑
i=0

niTK/Q(ζ i)−
l−2∑
i=0

niTK/Q(ζ i+1)

= n0TK/Q(1)−
l−2∑
i=1

ni +
l−2∑
i=0

ni = ln0.

It follows that TK/Q((1− ζ)OK) = lZ.

Now to find Z ∩ (1− ζ)Z[ζ], we first examine a general element α ∈ (1− ζ)Z[ζ].

α = (1− ζ)
l−2∑
i=0

niζ
i for some ni ∈ Z

= n0 +
l−2∑
i=1

(ni − ni−1)ζ
i − nl−2ζ

l−1

= (n0 + nl−2) +
l−2∑
i=1

(ni − ni−1 + nl−2)ζ
i.

For α to be in Z, we must have ni − ni−1 = −nl−2 for 1 ≤ i ≤ l − 2. This implies

that nl−2 − n0 = −(l − 2)nl−2, i.e. n0 = (l − 1)nl−2 and so n0 + nl−2 = lnl−2. It

follows that Z ∩ (1− ζ)Z[ζ] = lZ. Therefore

Mc/Pc ≈ lZ/lZ = 0.

Next, let n ≥ 2. For every α ∈ OK , α =
∑ϕ(ln)−1

i=0 niζ
i for some integers ni. We

have, by (5.6),

TK/Q((1− ζ)α) =

ϕ(ln)−1∑
i=0

niTK/Q(ζ i)−
ϕ(ln)∑
i=1

ni−1TK/Q(ζ i)

= ln−1


(l − 1)n0 + nϕ(ln)−1 −

∑

1≤i≤ϕ(ln)−1

ln−1|i

(ni − ni−1)


 ,

which implies that TK/Q((1 − ζ)OK) = ln−1Z. Now to find Z ∩ (1 − ζ)Z[ζ], we first

32



examine a general element α ∈ (1− ζ)Z[ζ].

α = (1− ζ)

ϕ(ln)−1∑
i=0

niζ
i for some ni ∈ Z

= n0 +

ϕ(ln)−1∑
i=1

(ni − ni−1)ζ
i − nϕ(ln)−1ζ

ϕ(ln)

= (n0 + nϕ(ln)−1) +
∑

1≤i≤ϕ(m)−1

ln−1|i

(ni − ni−1 + nϕ(ln)−1)ζ
i +

∑

1≤i≤ϕ(ln)−1

ln−1- i

(ni − ni−1)ζ
i.

For α to be in Z, we must have



ni − ni−1 + nϕ(ln)−1 = 0 for i = ln−1, 2ln−1, · · · , (l − 2)ln−1

ni = ni−1 for i such that 1 ≤ i ≤ ϕ(ln)− 1 and ln−1 - i.

From this recursive formula, we find



n(l−2)ln−1 = n(l−2)ln−1−1 − nϕ(ln)−1 = n0 − (l − 2)nϕ(ln)−1

n(l−2)ln−1 = n(l−2)ln−1−1 = · · · = nϕ(ln)−1,

and so

n0 + nϕ(ln)−1 =
(
n(l−2)ln−1 + (l − 2)nϕ(ln)−1

)
+ nϕ(ln)−1

= nϕ(ln)−1 + (l − 2)nϕ(ln)−1 + nϕ(ln)−1

= lnϕ(ln)−1.

It follows that Z ∩ (1− ζ)Z[ζ] = lZ. Therefore

Mc/Pc ≈ lZ/ln−1Z ≈ Z/ln−2Z.

Remark. Theorem 4.3 can be applied to this lnth cyclotomic fields case.

Remark. Let K/Q, the mth cyclotomic field, where m is a natural number divisible

by two distinct primes. Put m = l1
a1 · · · ltat , where li is a prime and ai is a natural

integer. Let c be the cocycle c of Gal(K/Q) consisting of cyclotomic units. Then

c ∼ 1, as 1− ζ is already in OKm . From

TKm/Q(OKm) =


 g.c.d.

d|m
d: square-free

(
ϕ(m)

ϕ(d)

)

 Z,
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we find TrK/k(OKm) = m′Z, where m′ = l1
a1−1 · · · ltat−1. Hence Mc/Pc = Z/m′Z.

Now we consider K+ = Q(ζ + ζ−1), the maximal real subfield of lnth cyclotomic

field K = Q(ζ), where ζ is a primitive lnth root of unity and l is an odd prime.

When n = 1, K+/Q is tamely ramified so that iγ(K
+/Q) = 1. When n ≥ 2,

we have e = e(K+/Q) = ϕ(ln)
2

so that l is the only wildly ramified prime. We put

η = ζ + ζ−1. From l = (2− η)ϕ(ln)/2, we find that 2− η = (1− ζ)(1− ζ−1) is a prime

element in OK+ lying over l. Denote by P = (2 − η) a prime in K+ and K+
P the

completion of K+. Then K+
P/Ql is a totally ramified Galois extension with degree

e = ϕ(ln)
2

and the Galois group may be identified as G = Gal(K+/Q). The canonical

class γK+
P/Ql

= [cK+
P/Ql

] ∈ H1(G,O×
K+

P

) is given by a system

cK+
P/Ql,s

=
2− sη

2− η
, s ∈ G.

For each n, the different D(K+
P/Ql) = Pt, where t = (n(l−1)−1)ln−1−1

2
. Hence

iγ
K+

P
/Ql

(K+
P/Ql) = ln−2.

Moreover, for γP = (γK+
P/Ql

)ml where ml is an integer such that 0 ≤ ml < ϕ(ln)
2

, we

have

iγP
(K+

P/Ql) =





ln−2 for 1 ≤ ml < ln−1+1
2

ln−1 for ln−1+1
2

≤ ml < ϕ(ln)
2

or ml = 0.

Consequently, we obtain

Theorem 5.6. Let l be an odd prime, n a natural number, ζ a primitive lnth root of

unity, and K+ = Q(ζ + ζ−1). Then

(a) If n = 1, then we have iγ(K
+/Q) = 1 for all γ ∈ H1(G,O×

K+).

(b) If n ≥ 2, we have

iγ(K
+/Q) =





ln−2 if ml ≡ a, where 1 ≤ a < ln−1+1
2

ln−1 if ml ≡ b, where ln−1+1
2

≤ b < ϕ(ln)
2

or b = 0.
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