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ABSTRACT

We see the Poincaré series from a cohomological point of view and apply the
idea to a finite group G acting on any commutative ring R with unity. For a 1-
cocycle ¢ of G on the unit group R*, we define a |G|-torsion module M./P., which
is independent of the choice of representatives of the cohomology class v = [¢]. We
are mostly interested in determining M./P. where G is the Galois group of a finite
Galois extension K /k of algebraic number fields and R is the ring Ok of integers
in K. We determine M./F, and the index i,(K/k) = [M, : P.] in terms of the
ramification index and the different /. We will determine them explicitly for the
case of quadratic, biquadratic, cyclotomic extensions, and the maximal real subfields

of cyclotomic extensions over Q.

Advisor: Dr. Takashi Ono
Readers: Dr. Takashi Ono, Dr. Jack Morava
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1 Introduction

Let R be a commutative ring with unit 1z, G a finite group acting on R, and R* the

group of units of R. To each cocycle ¢ € Z1(G, RX), we set
M. ={a€R|c’a=a,seG}

and

P.= {pc(a) | pe(a) = thta, a € R} :

teG
Then M., P. are Z modules in R. As we will see in Chapter 3, we have P. C

M., and that M./P. depends only on the cohomology class [c] € H'(G, R*). In
other words, if ¢ ~ ¢, then M./P. = My/P.. If, in particular, ¢ ~ 1, then we
have M./P, = R°/Ng(R) = H°(G, R), where R means only its additive group R*
structure. Moreover, for any v = [c] € H'(G, R*), we can think of M./P, as the
twisted cohomology H(G, R),.

We are interested in studying the module M./P. = PAIO(G, R).,, mostly in the case
where G is the Galois group of a finite Galois field extension K/k of number fields
and R is the ring of integers Ok.

This study originated from Poincaré series about automorphic functions. One
remarkable result given by Poincaré about modular forms is that the space of cusp
forms is generated by Poincaré series. As is in Section 2.2, we can see this in the
cohomological view: Let R be the ring of holomorphic functions on the upper half
plane and G be a modular group. The action of G on the ring R and on the group R*
of units allows us to consider the space M. of modular forms belonging to a cocycle
c of the G-group R*. Poincaré constructed the subspace P. of Poincaré series and
showed that M. = P. for many cases. From the result of Poincaré, it is natural
to hope that HO(G, R), = M./P. = 0, in general. However, this is not true in
the case where G = Gal(K/k) for number fields K/k and R = Og. So we find it
meaningful to determine the index i.,(K/k) = [M, : P.] for each cohomology class
v =[c] € HY(G, 0%), and to examine under what condition we have that M,/P, = 0.

For v =1, we have i1(K/k) =[Oy : Trg/Ok]. For v # 1, we view c as a cocycle
in Z'(G, K*). Then, by Hilbert theorem 90, c(s) = £71%, s € G, where £ may be



chosen from Ok.

In Chapter 4, we consider the local fields and the global fields separately. First,
in Section 4.1, local fields case, we obtain, using this £, that H'(G, OF) is a cyclic
group of order e = e(K/k) generated by the canonical class k. We also obtain the
formula of the index i, (K/k) with respect to the ramification index and the different
D = Dk From this formula, we achieve one important result that i, (K /k) = 1 if
K /k is unramified or tamely ramified. Now that we have determination of the indices
for the local fields case, it is natural to think of the localization to treat the global
fields case. In Section 4.3, we consider the global fields. We use ambiguous ideals,
i.e., ideals in Ok stable under the action of GG, and localization to obtain the product

relation

iy(K/k) = ] i K/ k),
p

where for each p we choose one ‘B lying over p. Thus the problem of indices for global
fields is entirely reduced to local computations.

In Chapter 5, as applications, we present indices for quadratic extensions and
biquadratic extensions explicitly. In this case, we find that 2 is the only wildly ramified
prime in Q. Denote by P the prime ideal in Ok lying over 2. For each cohomology
class v € H' (G, OF), we can consider, by localization, the induced cohomology class
g € HY Gy, OF,). Since H'(Gy, O, ) is cyclic, v = (xy/q,)™ for some integer
mg, where 7, /q, is the canonical class. By examining the different D, q,, we

obtain

Theorem 5.1. Let K = Q(y/m) where m is a square-free integer and G = Gal(K/Q)
the Galois group.
(a) f m=1 (mod 4), then i, (K/Q) =1 for all v € H(G, O%).

(b) If m =2 (mod 4), then i,(K/Q) = 2 for all v € HY(G, OF).

(c) If m =3 (mod 4), then

. 1 ifmgisodd,ie., yp#1
i (K/Q) =

2 if myiseven,ie., yp =1



Theorem 5.3. Let K = Q(y/m,+/n) where m and n are two distinct square-free
integers and G = Gal(K/Q) the Galois group. Put k = —"

ged(m,n)?°

(a) fm=n=k=1 (mod 4), then i, (K/Q) =1 for all v € H(G, O%).

(b) If m = 1 (mod 4) and n = k = 2 (mod 4), then i, (K/Q) = 2 for all v €
HY(G,0%).

(c) f m=1 (mod 4) and n = k =3 (mod 4), then

' 1 if myisodd,ie., yp#1
in(K/Q) =

2 if myiseven,ie., yp=1.
(d) If m=3 (mod 4) and n = k =2 (mod 4), then

(K/Q) 2 ifmy=1 (mod4)
72 =
! 4 ifmy#1 (mod4).

We note that the result for the quadratic extensions agrees with the one in [5]. We

also present indices for {"th cyclotomic extensions and its maximal real subfields.
Theorem 5.4. Let [ be a prime, n a natural number, and K = Q((), the {"th
cyclotomic field over Q, where ( is a primitive ["th root of unity.

(a) If n =1, then we have i, (K/Q) =1 for all vy € H'(G, O}).

(b) If n > 2, we have

"2 ifm; =a, where 1 <a < ["!

i (K/Q) =
("1 if my = b, where "' < b < (") or b =0,

where my is given by v = (Viy/q,)™ for the canonical class v, q, € H'(G, OIXQB)
and a prime B of K lying over [.

Theorem 5.6. Let [ be an odd prime, n a natural number, ¢ a primitive {"th root

of unity, and K™ = Q(¢ + ¢™'). Then



(a) If n =1, then we have i, (K*/Q) =1 for all y € H'(G,0},).
(b) If n > 2, we have

. n—1
"2 ifm;=a, where 1 <a < %

27(K+/Q> =

[t ifmlzb,where¥§b<%n)orb:0,

where my is given by g = (ny%/Ql)ml for the canonical class vx+/q, € H'(G, (’)IX(%_)
and a prime P of K lying over .



2 Preliminaries

2.1 Cohomology

We refer to [1], [9], [14], and [15] for the definitions and properties throughout this
section.

Let G be a finite group and A a G-module. We let G act on A to the left: a — ®a,
where s € G, a € A. We have '¢a = a, *a = %('a), and *(a +b) = *a + *, for
a,be A s,;t€G. Let A ={a€ A: a=a, Vs € G}. For integers ¢ > 0, we set

C1(G, A) = {functions ¢ : G — A},

the set of g-cochains of G with coefficients in A, where G = G x --- x (G. By
convention, put C° = A. If G has a topological structure, cochains are defined to be

continuous functions from GY to A. We define the coboundary map
d, : C1(G,A) — CT(G, A)
by
(dg€)(s1, -+ 5 8g41) =""¢(s2, -+, 8441)

q
£ (et sisian e sgn) + (SD (s sy).
j=1

We have d, o d,—; = 0, and so Imd,_; C Kerd,. Denote by Z%(G, A) = Kerd, the
group of g-cocycles, and BY(G, A) = Imd,_; the group of g-coboundaries. We define
the q-dimensional cohomology group of G with coefficients in A by the factor group

HY(G, A) = Z9(G, A)/BY(G, A).

Remark. (1) H°(G,A) = AC.

(2) HY(G, A) is the group of equivalent classes of crossed-homomorphisms of G into

A. The 1-cocycles are the (continuous) functions ¢ : G — A such that

c(st) = c(s) + °c(t),



and the 1-coboundaries are the (continuous) functions ¢ such that

c(s) = b—0b, for some b€ A.

Proposition 2.1. Let0 - A — B — C' — 0 be a short exact sequence of G-modules.
Then we have a long exact sequence of cohomology groups
0 — H°(G,A) — H°G,B) — H°(G,C) 2% H'(G, A)
— HYG,B) — HYG,C) 2% H2(G, A) — H*G,B) —> -+ -

Let K/k be a finite Galois extension with the Galois group G = Gal(K/k). G acts
on K as a group of automorphisms of the field K. Moreover, this group acts on the
group K* of nonzero elements of K, on the group O of units of K, and so on. Let
us restrict our interest on the case of cyclic groups G = (s) of order n for the moment.

For a G-module A, we define two endomorphisms A and N of A such that

n—1
A=1-—s, N:Zsi.
i=0

From the relation AN = NA = 0, we find that Imn N C Ker A, and Im A C Ker V.
We define Tate cohomology groups of A by

H°(A) = Ker A/ Im N, H'(A) = Ker N/Im A

Proposition 2.2. Let G be a finite cyclic group. For an exact sequence

f

1—sAB 201

of G-modules A, B, and C, there exist homomorphisms 6y and 61 so that the following

hexagonal sequence is exact:

HO(4) "~ H°(B)
A ~
H'(C) a°(c)
H'(B)~— H'(A)



We now introduce a non-abelian cohomology. Let G be a group and A a G-group
on which G acts on the left. Note that we now allow A to be nonabelian unlike
the previous setting. We write A multiplicatively. Define O-dimensional cohomology

group again as a subgroup of A
HY(G,A):=A%={ac A: *a=a, Vs € G},
and define the set of 1-cocycles
ZN G, A)={c:G— A : cy =cc}, where ¢, = c(s).

We call two cocycles ¢ and ¢ are equivalent or cohomologous, denoted by ¢ ~ ¢, if
there exists u € A such that

de=u"lestu,

for all s € GG. Indeed, this defines an equivalence relation for the set of cocycles. We
define the cohomology set of G with values in A by the quotient set

HYG,A) =ZYG,A)) ~ .

We shall denote by [c] the cohomology class containing a cocycle ¢. The trivial class
or the origin [1] consists of cocycles ¢ such that ¢; = a™! *a for some a € A. Note that
H'(G, A) does not have a natural group structure if A is nonabelian. If A is abelian,
this definition of cohomology set H'(G, A) coincides with the definition of the first

cohomology group.

Proposition 2.3. Given a short exact sequence of G-groups 1 — A — B — C' — 1,

we have an exact sequence

1— HG,A) - H°(G,B) — H(G,C) — HY(G,A) - H'(G,B) — H'(G,C).

Theorem 2.4. (Hilbert’s Theorem 90) Let K/k be a Galois extension with the
Galois group G = Gal(K/k). Then

(1) HY(G,K*) =1.



(2) HY(G,GL,(K)) =1 for alln € N.

Let G be a group and A be a G-group. Using a cocycle ¢ € Z'(G, A), we introduce
a new G-module (G, A). on which G acts by

a=csa, seQq.
We call that (G, A), is obtained by twisting A using the cocycle c¢. If ¢ ~ ¢/, we have

a G-module isomorphism (G, A). ~ (G, A).

Proposition 2.5. Let ¢ be a cocycle in Z'(G,A) and put A’ = (G, A).. To each
cocycle ¢ € Z1(G, A") let us associate c'c; this gives a cocycle in Z'(G, A), whence a
bijection

t.: 271G, A" — Z1G, A).

By taking quotients, t. defines a bijection
7. HY(G,A) — HYG, A)

mapping the neutral element of H' (G, A") into the class of c.

2.2 Poincré Series

We refer to [3] for the definitions and properties throughout this section.
Let $ = {z € C|Imz > 0}, the upper half plane. The only conformal automor-

phisms of §) are the linear fractional transformations:

az+b
T:z+— ,
cz+d
a . . . . . .
where is a matrix of real coefficients having determinant one, i.e., an ele-
c

ment of SLy(R). We define the inhomogeneous modular group I' to be the group of
linear fractional transformations associated to integral matrices. We have that I' is

isomorphic to PSLy(Z) = SLy(Z)/ £ L. Let G be a subgroup of finite index in I'. A

transformation 7" is called parabolic if it has only one fixed point on the real line or



at co. A fixed point of a parabolic transformation in G is called a parabolic vertex,

or a cusp of G.

Definition 2.6. An unrestricted modular form of weight 2k for G is a meromorphic

function f(z) on $ such that f(%+) = (cz +d)** f(z) for all transformation T': z

az+b

14 belonging to G, where k is an integer.

Denote Jr(a) = % = (cz + d)~? so that we can write the above equation as
f(T(2)) = Jr(2)7*f(2). The local coordinate at oo is ( = €?™#/7 where ¢ is the
least positive integer such that the translation z — z + ¢ is in the group G. Let
F(¢) = f(2). An unrestricted modular form f(z) is said to be holomorphic at oo if
f (¢) is holomorphic in |¢| < 1. In particular, f (¢) has a Taylor expansion in ¢

FO) =D am¢™,

and this induces a Fourier expansion for f(z)

o0

f(Z) _ Z am€27rimz/q'

m=0
Let p be a parabolic fixed point of G, not co. Let S € I' map p to oo, and ¢(z) =
Js-1(2)Ff(S71z). We call f(z) is holomorphic at p if g(z) is holomorphic at co.

Definition 2.7. A modular form is an unrestricted modular form which is holomor-

phic at all points of $ and at all cusps of the group.

Definition 2.8. A cusp form of weight 2k for G is a modular form of weight 2k for

G which vanishes at all cusps.

Definition 2.9. The Poincaré series of weight 2k and of character v for G is the

series

¢y(2) _ Z e27riz/T(z)/qJT(z)k

TeR
where v is a nonnegative integer, R is the set of coset representatives of G mod Gy,

and Gy is the infinite cyclic subgroup of translation in G, generated by the least

translation 7' : z — 2z 4+ ¢ in G.



Theorem 2.10. The Poincaré series

¢V(Z) _ Z e2m‘uT(z)/q(CZ + d)—2k

TeR

converges absolutely uniformly on compact subsets of 9, forv >0 and k > 1, and for
v=0andk > 1. ¢,(z) converges absolutely uniformly on every fundamental domain

D for G and represents a modular form of weight 2k for G. Furthermore,

(a) ¢o(z) is zero at all finite cusps, and nonzero at oo.

(b) ¢u(2) is a cusp form for v > 1.

Theorem 2.11. Fvery cusp form is a linear combination of the Poincaré series ¢,(z),

v>1.

Now let us turn to the coholomogical point of view. Let R be the ring of holomor-

phic functions on $). Then G acts on R and R*, the unit group of R, as follows: Let
-1

b
5= € (. The action is defined by

(5, 1(2)) — *1(2) = ( : b) |

cz+d
By defining C : G — R* by Cs(2) = (cz +d)~?* for z € §, we find that C satisfies the
definition of 1-cocycle of G with values in R*, that is, Cg(2) = Cs(2) *Ci(2).
We denote by M the space of cusp forms of weight 2k, that is,

Me = {f €R } (cz+d)~ % f (Z'ZZ_IZ) = f(2), f vanishes at all cusps} .

Here, the formula (cz + d)*%f(%) = f(2) can be interpreted in terms of cocycle:

C:°f(2) = f(2).
Denote by Pr the space generated by Poincaré series

¢y _ Z GQWiVT(Z)/q<CZ + d)—Zk
TeR

= ZCS<Z) sg(Z)a

seG
where g(z) = e*™#/4, y > 1. Then, by Theorem 2.11, we obtain My = Pe, that is,

Mc/FPe = 0.
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3 Definition of M,./P. and Its Structure

3.1 Definition of M,./P.

As noted in [10], we apply the idea of Poincaré in automorphic functions to an ar-
bitrary ring R acted by a finite group G, where G acts to the left: a — ®a, for
s € G, a € R. Since G naturally acts on the group R* of units, we can define the
first cohomology set H'(G, R*) by Z'(G,R*)/ ~, where Z'(G,R*) = {¢ : G —
R* | cst = ¢s°cy, s,t € G} is the set of cocycles, and ¢ ~ ¢ if there exists u € R* such

that ¢, = u=lc, *u, for all s € G.

Definition 3.1. For each cocycle ¢ € Z'(G, R*), we set

M,={a € R|c¢c’a=a,seqG},

P. = {pc(a) | pc(a) = thta7 a < R} .

teG

We first note that M. and P. are Z-modules in the ring R. From the definition of

cocycles, we find that

|G|M, C P. C M,.

Indeed, the first inclusion is from p.(a) = |G|a, for a € M., and the second inclusion

is from the equality:
¢s °pe(a) = ¢ ° (Z c ta) = Z ¢s °cy Sl = Z e Sl = th fa = p.(a).
teG teG teG teG

Hence, in particular, if |G|1g is invertible in R, then we have M./P. = 0 for any
cocycle ¢ € Z1(G, R¥).
We shall prove that the quotient module M,./P. depends only on the cohomology

class [c] € HY (G, R*). Let ¢ ~ (, i.e., ¢, = u~tc, *u for some u € R*. Then we have

uMy. = M, and uP., = P,,

11



because
a € My < c.%a=a, forall s € G

= ule,utu=a
< ¢ (ua) = ua
< ua € M.,

and also because

pe(a) = th fa = Zucg(tu)_l fa = UZCQ f(u™ta) = upy (uta).

teG teG

Consequently, we get

M./P.= M, /P..

In particular, if ¢ ~ 1, we have
M,/P, = M,/P, = R°/NgR = H°(G, R). (3.1)

Moreover, in general, for any cohomology class v = [¢] € H' (G, R*), we can modify

this cohomological interpretation for M./P. as seen in the following section.

3.2 Coholomogical Structure of M./P.

For a cocycle ¢ € Z1(G, R*), we introduce a new G-module (G, R). on which G acts
by

!
Ya=cs%a, s€QG.

Putting R’ = (G, R)., we find that
M.={a€R|c,’a="a=a, sec G} =RC,

and

P, = {pc(a) :thtazztla | aER} = NgR'.

teG teG

Therefore we obtain

M,/P, = R%/NgR = H°(G, R).,

12



as a twisted Tate cohomology. Because M. /P, depends only on the cohomology class

v =[c] € H'(G, R*), we have

M,/P, = H(G, R),. (3.2)

3.3 Galois Extensions K/k

By Theorem 2.11 which is the result of Poincaré, it is natural to hope that H °%(G,R), =
M./ P. = 0 for any other case. However, this is not true in general. We are mostly
interested in the case where G is the Galois group of a Galois field extension K /k of

number fields and R is the ring of integers O

3.3.1 M,./P. and i (K/k)

Let k£ be either a global or local field of characteristic 0, that is, k£ is either a finite
extension of the rational field Q or the p-adic field Q,. We denote by O}, the ring
of integers of k. Let K/k be a finite Galois extension with the Galois group G =
Gal(K/k). Then G acts on the ring O of integers of K and thus on the group Oj
of units. For a cocycle ¢ € Z'(G, 0F), we set M. and P, as in Definition 3.1 with
R = Ok. Put v =[] € H'(G,OF). We are interested in determining the invariant
defined by

i (K k) = [M, : P (3.3)

and consider the question under what conditions it becomes trivial.
When we view ¢ as a cocycle in Z'(G, K*), by Hilbert Theorem 90 (Theorem 2.4),
we have

co = &%, for some € € O \ {0}

We first find that
M, =10, N0k =10, NEOK). (3.4)

13



Indeed,
a €M, <= c;’a=a, seC

= =a
<~ &a = *(a)
< ¢a € O,.

Next, from pe(a) =Y, csa'a =613 ,.o ((&a) for a € Ok, we have
Pc = éilTTK/]JfOK). (35)

Hence, we obtain, from (3.4) and (3.5), that

OrNEOK
M./P. = 3.6
/ Trion(€0x) (3.6)
If, in particular, ¢ ~ 1, then
O
Mc Pc = . 3.7
/ Tron (O] (3.7)

Remark 3.2. If we consider M. and P, as in Definition 3.1 with R = K, then, by
Hilbert Theorem 90 (Theorem 2.4), every cocycle ¢ of G in K* is cohomologous to
1. Therefore, in view of (3.1), we have M,/P. = KY/Try,(K) = k/Trg,(K) = 0,

because Ty, : K — k is surjective.

3.3.2 Use of Ramification Theory

We shall get a partial result of M,/P. = H(G, Ox) for a trivial cocycle ¢ using the
ramification theory. Let K/k be a finite Galois extension of number fields with the
Galois group G = Gal(K/k). We call a prime ideal p in O, tamely ramified if p 1 e,
and wildly ramified if p|e,, where p denotes the characteristic of Oy /p, and e, is the
ramification index of p in K/k. We call the extension K/k tamely ramified if every
prime ideal p in Oy, is tamely ramified, and wildly ramified if it is not tamely ramified.

We denote by O} the fractional ideal {x € K | Trg/;(xOk) C Ok}, and define
the different by the fractional ideal (O%)~', denoted by D /. Note that D/ is an

integral ideal in O.

14



From now on, we consider a Galois extension Kg/k, of local fields. Put G =
Gal(Ky/ky). We denote by Og and O, the ring of integers in Ky and ky, respectively.
We note that 0 and p are the only prime ideals in Og and O, respectively. For
1> —1, we put V_; = G, and define the ith ramification group of G as

Vi={s€G | ‘a=a mod P for all a € Og]}.

Then the set {V;} forms a normal series of G such that V; =1 for i > 1. In [16],

we find a useful formula for t = v(D ;) in terms of higher ramification groups:

t=(e—1) +Z(m\ —1). (3.8)

In particular, if Kq/k, is a totally ramified Galois extension of p-adic fields, then
it is well-known that such an extension can be written as Kg = ky(II) with a prime
element IT whose minimal polynomial f(x) € O[] is of Eisenstein type. Then we
have a useful formula for ¢ = vp(Dg/), which is t = vg(f'(II)). We will use this
formula later in Chapter 5.

In [13], it is shown that

Theorem 3.3. Let Ky/ky, be a Galois extension with the Galois group G = Gal(Kg/ky).

Then the following conditions are all equivalent:
(a) Kg/ky is tamely ramified, i.e., p{ ep.
(b) B | Dy b, -
(c) t=e—1.
(d) |Vi| =1 foralli > 1.
(€) Ty, (Ogp) = O,

Furthermore, if there exists an integral normal basis of Ky over ky, then each of these

conditions follows.

Hence, in view of (3.1), we obtain

15



Proposition 3.4. Let Ky /k, be a tamely ramified extension. Then for every trivial

cocycle ¢ ~ 1 in ZY(G, (’)IX{m), we have
M,/P, = H"(G, 0%, ) =0

In other words, i1(Kg/ky) = 1.

To obtain vanishing conditions of i, (Kg/ky) for a non-trivial cohomology class
v e HYG, Ok, ), we need a more detailed interpretation of M./F, which we will sce
in Chapter 4. Then we will make use of the formula (3.8) of the different D g, /s, .

Now let K /k be a finite Galois extension of number fields. For every prime p in k,

we denote by P a prime in K lying over p. In [13], it is also shown that

Theorem 3.5. Let K/k be a finite Galois extension with the Galois group G =
Gal(K/k). Then the following conditions are all equivalent:

(a) K/k is tamely ramified, i.e. ple, for every prime p.

(b) P~ || Dk i for every prime p of k and P of K lying over p.
(c) ty =e,—1 for every prime p of k.

(d) |Vipl =1 for alli>1 and prime p of k.

(e) Tri/m(Ok) = O.

Furthermore, if there exists an integral normal basis of K over k, then each of these

conditions follows.
Hence, in view of (3.1), we obtain

Proposition 3.6. Let K/k be a tamely ramified extension. Then for every cocycle

c~11in ZY(G,0F), we have
M,/P, = H°(G,0%) = 0.

In other words, i1(K/k) = 1.
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4 Determination of i, (K /k)

4.1 Local Fields

Let k be a p-adic number field, Oy the ring of integers and O;’ the group of units of
Oy. Let K/k be a finite Galois extension with the Galois group G = Gal(K/k). For
a cohomology class v = [¢] € H'(G, O}), we shall focus on determining M,/P,. and
the index i, (K/k) throughout this section.

4.1.1 Canonical Class 7k, in Cohomology Group H'(G,Oj)

In local field extensions, we have a nice group structure of H'(G, O%). Denote by P
and p the unique prime ideals of O and Oy, respectively. Let II be a fixed prime

element in K. Then there exists ¢ € O such that
Il = e, (4.1)

for any s € G. From Ilcy = ST = *('I) = *(Il¢;) = T %; = e, °c;, we find that
the mapping s — ¢, is a 1-cocycle of G in O.

If we consider another prime element II" which brings another cocycle ¢ of G in
Oj such that °II' = II'¢}, then we find that ¢ is cohomologous to ¢. Indeed, by
writing II' = Ilu for some u € O, we have °II' = “II*u. Because we also have
I = 1'd, = Tluc,, we get ¢, = u "I Il %u = u~'c, *u. Therefore a prime element
IT can bring the canonical class Yx/, = [c] in the cohomology group H*(G,O). In
[11], it is shown that

Proposition 4.1. H'(G,0}) is a cyclic group of order e = e(K/k) generated by the

canonical class Y.

Proof. Let v = [¢] be any class in H'(G, OF). Viewing c as a cocycle of G in K*, by
Hilbert Theorem 90 (Theorem 2.4), there is an element a € K* such that ¢, = a™ ! “a.
We write a = II"™u for some u € O and m € Z. Then in view of (4.1), we have

*a = °II"™ %y = IT"c* *u so that

cs=a a=u"t" %, e, cn~c™
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It follows that v = k™ which means that H'(G, O%) is a cyclic group generated
by the canonical class /. To count the order of this cyclic group, we consider the

short exact sequence of G-groups
1 —0f — K* 257 —1,
where G acts trivially on Z and vk is a valuation of K. Then we have
| — O0f — k<57 gYG,0%8) — HY(G,K*) = 1.

From the relation vk (z) = evi(z) for x € k, where e = e(K/k) is the ramification

index for K/k, we have |[H' (G, OF)| = e. O

4.1.2 i (K/k)

Let v = [¢] be any cohomology class in H'(G, O ). Then, from Proposition 4.1, there
exists an integer m such that v = g™, where 0 < m < e. It follows, from (3.6)

and (3.7), that

' (p: TrigmP™) for v #£ 1
i (K/k) =
(O : Trg;Ok)  for vy =1.
Indeed, if v # 1, i.e. m > 0, then, from (3.6) with £ = II"", we obtain i (K/k) =
(O NP™) /Tr i/ (B™). We note that O, N P™ = p by the condition 0 < m < e, and

that Trg,,P™ is an ideal in Oy. Put 7, = v,(Trg/xP™), that is,
TrpP™ =p",
including the case v = 1. Then we have

. Np™=t  fory#1
i(K/k) = (4.2)
Np™ for v =1,
where Np = (O : p).
From now on, we shall obtain the formula of the number r = r, with respect to

other invariants of K/k such as the ramification index and the different g /,. We

note that p = P°. Then, from Trg /P = p”, we have

Ok = p_rTT’K/k‘Bm = TTK/k(p_mBm) = TTK/k‘B_eH_m. (43)
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Let D/ be the different for K/k, which is an ideal of Ox. We write ® = P, where
t = vp(Dgyx). From (4.3), we have P~ C D! which implies that —er +m >
—t, i.e., r < ™™ On the other hand, from Try;B™ ¢ p™™, we have P-ertH+m ¢

D1 and so HTm < r+ 1. Consequently we get

t+m
p— |,
and so, by (4.2), we obtain the formula
. Ntht:mJ_l for v # 1
i (K/k) = t (4.4)
Nyl for v = 1.

4.1.3 Vanishing of i,(K/k)

From the above formula (4.4), we may answer the question under what condition we
have i, (K/k) = 0. As we have already seen in Section 3.3.2, we have a useful formula

for t = vp(D ki)

t=3 (V= 1) = (e =)+ (%I - D,

(2

where e = e(K/k) is the ramification index for K/k. From this, we find that ¢t >
e — 1, and by Theorem 3.3, we have t = e—1 <=V =V, =1 < pfe <
K/k is tamely ramified, where p denotes the characteristic of Oy /p. It follows that if
K /k is tamely ramified, then i, (K/k) =1 for all v € H'(G,O%). We also find that
if K/k is unramified, then i,(K/k) = 1. Note that 7 = 1 always in this case.
Let us now consider a wildly ramified case. If v = 1, then i;(K/k) cannot be 1,
t

because [ £] = 0 implies that ¢ < e which is impossible, from 0 <e -1 <t. If vy # 1,
then we find that i, (K/k) = 1 if and only if e <t + m < 2e. Consequently, we have

Theorem 4.2. (a) If K/k is unramified, then i,(K/k) = 1.
(b) If K/k is tamely ramified, then i,(K/k) =1 for every .

(c) If K/k is wildly ramified, then i,(K/k) =1 if and only if v # 1 and e < t+m <
2e.
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4.2 M,./P. for a Particular Cocycle ¢

Motivated by Hilbert Theorem 90 and the canonical class in local field extensions,

we have the following

Theorem 4.3. Let k be either a local or global fields and K/k be a finite Galois
extension with the Galois group G = Gal(K/k). Let p be a prime of k and P a prime
of K lying above p, where

(a) K/k is totally ramified at p, i.e., p =P for e = [K : k]
(b) B is principal, i.e., P = (II) for some Il € Ok
(C) QK/k = ‘Bt.

Then ¢, = <& defines the cocycle in Z'(G,OF), and

Mc/Pc ~ (’)k/p“tlJ‘l_

Proof. By (a), we have *B¢ = % = p = P°, and so P = P for any s € G.
Since P is principal, we have (°II) = *(II) = *P = P = (II). Hence we find that
Cs = % € OF, and ¢y = ¢, *¢; which implies that ¢ € Z'(G, OF). From the formula
(3.6), we find

0.NIOx OB p
Trgm(I0k)  Trem(PB)  Trim(B)

M./P. =

By the following equivalences:

P Trip(B) <= p"D B == p" [ PD iy = P
t+1
e )

<:>eh§t+1<:>h§{

JH—lk

we find the prime factorization Trg/x () =9 < which implies that

t+1J_1

M,/P. ~ Oy /p
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4.3 Global Fields
From now on, we consider a Galois extension of number fields K/k with the Galois
group G = Gal(K/k). Revisiting the formula (3.6), we have

_ Or NE0K _ (E0K)“
TrgméOk  TrgméOk’

where £ € O \ {0} such that ¢, = £ €.

M. /P, (4.5)

4.3.1 Ambiguous Ideals

An ideal a in Ok is called ambiguous if *a = a for every s € G. An ambiguous ideal

a in Ok has a prime decomposition

a= Hp#mp, where p# = H‘B and m, € N. (4.6)
p PBlp

Indeed, beginning with a prime decomposition a = Hp H‘Blp Pe, we have ‘a =
Hp H‘BIP *P™. For a to be an ambiguous ideal, we must have mg = m, for B|p.

Note that the different D/, is an ambiguous ideal. So, from now on, we denote
by

Dppe = | [ p#" (4.7)
p

Proposition 4.4. Let a = #™ be an ambiguous ideal. Then we have
p P

(a) a%=anOy, = pr[%’l

mp +tp J

(b) Tripma = prL % -, where ty is given by the different Dy, =[], pite.

Proof. (a) We first write m, = ge, +r, where ¢ = VZ—;J and 0 < r < e,. Then, since
p#qep — H‘mp P = p?, we have p#mp - p#qepp#T — qu#T. So

p? when r = 0
a“=an0, =pi(p* NO,) =
p?*t when r > 0.

21



(b) For a prime ideal p in Oy, and a natural number h, we have the following equiv-
alences:
"

p" | Tricpi(a) < ph@[—{mu = p" @D = (7)) [ aDgi

= (p?)h| (p*)™ T = eph <my+t, <= h < me—wJ :

€p
O
From the choice of ¢ € K* such that 1% € OF, we note that £O in (4.5) is
an ambiguous ideal. Put Ok = Hp p#™e . Then, by Proposition 4.4, we obtain the
formula

mp+tp mp
]

(K /k) = [M, : P] = ] Np™5° (4.8)

where Np =[O : p].

4.3.2 Localization

Let p be a prime ideal of £ and ‘B a prime ideal of K lying over p. We denote by Ky
and k, the completions of K and k respectively. Then Kg/k, is also a Galois extension
and its Galois group G(Kg/k,) can be identified as the decomposition group Gy at
P in G. One knows that Ok is embedded in Ok, , and so Ok is embedded in O, .

For any cocycle ¢ € Z'(G, OF), we can consider the following diagram:
G —— Of

Tay |

Gy Oky

Then ¢ induces a cocycle ¢ € Z'(Gys, lecn) such that cp = ig, ocoig,. If § €
Ok \ {0} satisfies ¢, = €71 %¢, then it also satisfies

ops =& € (4.9)
Put
a=<¢0k = [ o™, (4.10)
p
and
Clqg:f(/)[(%. (4.11)
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Then we have m, = vp(a) = vyp(ag). Notation being as in (4.7), we have

DKk = Hp#t" = H‘Btm = HgKfn/kp'
p B B

Then, locally it follows from (4.8) that

my +t m
M, P = Npl™5 T

st P (4.12)

Consequently, we obtain

Theorem 4.5. Let K/k be a finite Galois extension of number fields with the Galois
group G = Gal(K/k). Then for v =[c] € H'(G,O}), we have
i (K/k) = [ L iy (K /R) (4.13)
p

where, for each p, we choose one prime P in O lying over p, and vy = [cgp| €

H(Gy, le(m), for a cocycle cq induced from c by localizing at B.

One knows that there are only finitely many ramified primes p, and by Theorem
4.2, we have [M,, : P,,] = 1 for unramified prime p. Hence our product formula (4.8)

and (4.13) are indeed finite products.
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5 Application

According to the product formula (4.13) in Theorem 4.5, the determination of i, (K /k)
for global fields is entirely reduced to the local computation of i, (Kgq/k,). Notation
being as in the previous Section 4.3.2, let us now concentrate on local field extensions
Ky/ky. We fix a prime II € Ky, and consider the canonical class Yy, /k, = [Cxy k]
given by

T = M cxey /a5

for s € Gg. Then by Proposition 4.1, there exists a unique integer m (mod ey)
such that yp = Yy k™, Where e, is the ramification index. Accordingly, we have
cp ~ (Cry/k, )™ Then, in view of (4.9) using Hilbert Theorem 90 (Theorem 2.4),

there exists u € OIXQ]3 such that
5_1 sé_ = Cm75 - U_I(CK‘B/kp,Syn SU - u_l]:[_m s]:[m SU?

that is, uIl™ = {n"v where 7 is a prime element in k, and v € (’)kxp. In view of (4.10)

and (4.11), we have m = my,+re,. We notice that m = m,, (mod e,) so that we have

VR = Vg fhy - (5.1)

We also note that two formulae, (4.4) and (4.12) for i,,, (Kyp/ky) agrees.

5.1 Quadratic Extensions

Let K = Q(y/m) where m is a square-free integer and G = Gal(K/Q). Denote
by p a prime of Q and P a prime of K lying over p. Let v € H'(G,0}). Then
by Theorem 4.5, we have i,(K/Q) = [[, iy, (Kyp/Qp) where v € H'(Gy, Ok,)-
Combining Theorem 4.2 and Theorem 4.5, we know that if K/Q is unramified or
tamely ramified extension, then i, (/K /k) = 1. Therefore, to determine i, (K/Q), it is
remained to take care of the wildly ramified case. From the condition ple, = 2, we
find that 2 is the only wildly ramified prime in Q. As is well known, the discriminant
Dgiq=mifm =1 (mod 4), and Dg,q = 4mif m =2 or 3 (mod 4). It follows from
2|Dk/q that we only need to take care of the case m = 2 or 3 (mod 4). Examining

each of these cases, we obtain
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Theorem 5.1. Let K = Q(v/m) where m is a square-free integer and G = Gal(K/Q)
the Galois group.

(a) If m=1 (mod 4), then i,(K/Q) =1 for all v € HY(G,O0F).
(b) If m=2 (mod 4), then i,(K/Q) =2 for all v € H'(G,O}).
(¢) If m =3 (mod 4), then

. 1 if mg is odd, i.e., yp #1
i(K/Q) =

2 if my is even, i.e., yp = 1.

Proof. Let P be a prime in K dividing 2. One knows that [Kg : Q2] = 1 only when
m =1 (mod 8). If m = 2 or 3 (mod 4), then [Ky : Q2] = 2 so that Gy may be
identified as G.

We begin with the case when m = 2 (mod 4). By putting f(z) the minimal
polynomial of \/m over Qo, we find that f(z) = x? — m is of Eisenstein type. Hence
the different Dg,/q, = (f'(1I)) = (2I), with a prime element IT = /m in Kp.
Since m is a square-free integer, we can write m = 2(1 + 2k) for some integer k,
and so II?> = m = 2. Note that an odd integer is a unit in Q. It follows that
Dry/q, = PB°, that is, t; = 3, and so, by (4.12), we get i1(Kyp/Qs) = 2Lzl = 2
and iVK{B/QQ (Kp/Q2) = 2% -1 = 2. Consequently, we have i (K/Q) = 2 for any
v e HY(G,OF).

Next, let m =3 (mod 4). Then f(x) = 22 —m is not of Eisenstein type. Instead,
g(x) = f(x —1) = 22 — 2z + (1 — m) is of Eisenstein type. Hence the different
Dky/q, = (¢'(I1)) = (2(IT = 1)) = (2y/m), with a prime element IT = /m + 1 in K.
Since y/m is a unit in Ky, we have Dy = P2, that is, to = 2. As a result, we
obtain

A 1 if mgis odd, ie., yp #1
i(K/Q) =

2 if my is even, ie., yp = 1.
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Remark. The result obtained from Theorem 5.1 agrees with the one from [5]. In
fact, in case when m =3 (mod 4), the central element a,/, of the continued fraction
lag; ar, -, a,) of /m is odd if and only if i, (K/Q) = 1. Thus the parity of m, is

same as the parity of a, ;.

5.2 Biquadratic Extensions

Let K = Q(y/m,+/n) where m and n are distinct square-free integers and G =
Gal(K/Q). Putting k = sed(mayz> We find that K contains Q(Vk). Let us consider
the following cases:

(1) m=n=k=1 (mod 4)
(2) m=landn=k=2or3 (mod 4)
(3) m=3and n=k =2 (mod 4)

Then we find that these cover all the cases of biquadratic extensions K over Q except

for rearrangements of m, n and k. Indeed, when m = n = 3 (mod 4), one gets

K = Q(m/,n) by putting m' = k = sed(mmz S0 that m’ = 1 (mod 4) and k' =
% = 3 (mod 4). When m = n = 2 or 6 (mod 8), one gets K = Q(m/,n)
by putting m’ = k = #ts so that m' = 1 (mod 4) and k' = cedlar =
(mod 4). Finally when m =2 and n =6 (mod 4), one gets K = Q(m’,n) by putting
m’zsz#Wsothatm’EB (mod 4) andk’:%EZ (mod 4).

Before we examine each of these cases for indices i,(K/Q), we need the following

Proposition 5.2. Let K = Q(y/m,/n) where m and n are two distinct square-free

mn
ged(m,n)? -

integers. We put k =
(a) Ifm=n=k=1 (mod 4), then

1+\/E71+\/ﬁ’<1+2\/ﬁ> (1+\/ﬁ)]

Or = |1
K 9 2 2

and so the discriminant D ;q = mnk.
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(b)

(c)

Ifm=1, andn=k=2 or3 (mod 4), then

1+ m /i v+ VE
) 2 ) ) 2

Ok = |1

and so we have D /q = 16mnk.

Ifm=3, andn =k =2 mod 4, then

oKzll,mw,—ﬁ‘;ﬂ

y/

and so we have Dy q = 64mnk.

Proof.  According to [6], we know that @ € K is an algebraic integer if and only if

the relative norm Nk qm)(a) and trace Tk /qpm (o) are algebraic integers.

(a)

Let m =n =k =1 (mod 4). We first write « € Ok as a linear combi-
nation of field bases 1,v/m,/n, and vk with rational coefficients, and con-

sider its relative traces 17 qp/m) (@), Trx/qrym (), and Try q/m(a) to find

that every algebraic integer is of the form a = a+bm+§‘/ﬁ+d\/§

, where a, b, c,
and d are integers. Then by considering its relative norm, we find that these
integers a,b,c and c are either all even or odd. Now we subtract a partic-
ular algebraic integer d(%)(#) to «, and find that w € Ok,

where 7,s, and t are integers such that r + s + ¢ is even. It follows that
1 m 1 n (1 m
Ox = [1, 5, H/, (B (178

z and the discriminant Dg,q = mnk.

Let m = 1, and n = k = 2 or 3 (mod 4). Again, for a« € Ok, we begin
with writing « as the linear combination of 1,+/m,+/n, and vk with rational
coefficients. By considering its relative traces and norms, we find that « is of the
form “+b‘/7”+20\/ﬁ+d\/g such that « = b (mod 2) and ¢ = d (mod 2). Moreover,
we obtain that O = |1, Hﬁ, v, ‘/E;”/E . and so Dg/q = 16mnk.

Let m =3, and n = k =2 mod 4. Similarly, we find that every a € Ok is of

the form a+b\/7n+§\/ﬁ+d\/E

, where a,b,c,d € Z such that a and b are even, and

c¢=d (mod 2). Tt follows that O = [1,/m,\/n, \/ﬁ;ﬂ]z and Dy /q = 64mnk.
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]

We are now ready to determine the indices i (K/k) for each v € HY(G, O%). We
put k& = Q(y/m) and ky = Q(y/n). Denote by p a prime of Q and p, g, P primes of
ki, k2, K, respectively, such that B[p|p and PB|q|p. We only need to take care of i,
for the wildly ramified case. From the condition ple, and e,|4, we find that p = 2 is
the only wildly ramified prime in Q, and e, = 2 or 4. Applying the product formula
in Theorem 4.5 to each of three cases (1), (2), and (3) for m, n, and k, we obtain the

following

Theorem 5.3. Let K = Q(y/m,\/n) where m and n are two distinct square-free
integers and G = Gal(K/Q) the Galois group.

(a) If m=n=k=1 (mod 4), then i,(K/Q) =1 for all v € H'(G, OF).

(b) If m = 1 (mod 4) and n = k = 2 (mod 4), then i,(K/Q) = 2 for all v €
HY (G, 0%).

(¢c) Ifm=1 (mod 4) and n =k =3 (mod 4), then

. 1 if mg is odd, i.e., yp #1

i(K/Q) =

2 if mg is even, t.e., yp = 1.
(d) If m=3 (mod 4) and n =k =2 (mod 4), then
2 ifmy=1 (mod4)

i (K/Q) =
4 ifme#1 (mod4).

Proof.

(a) In this case, we find that 2 is unramified, because 2 { Dx/q = mnk. Therefore

i (K/Q) =1 for all ~.

(b) , (¢) Because Dg,q = 16mnk, 2 is indeed a wildly ramified prime in Q.
Especially when m = 1 (mod 8), we have k;, = Q, and Ky = ka4 so that we
can directly apply the result of the quadratic case. We shall separate each case

as below.
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(i) For m =1 (mod 8) and n = 2 (mod 4), we have e, = 2 and D, /q, =
(2y/n) = P, Le., to = 3. So i, (K/k) = 2 for all 4.

(ii) For m =1 (mod 8) and n = 3 (mod 4), we have e; = 2 and Dy, /q, =
(2y/n) = P2, i.e., ty = 2. As a result, we get

. 1 ifmgisodd,ie., yp#1
i (K/Q) =

2 if my is even, i.e., yp = 1.

(ili) Let m =5 (mod 8) and n = 2 (mod 4). In this case, we have [Kg : Qo] =
4. Since 2 { m, we find that k;,/Q, is unramified, and so is Kgy/kgy. It
follows that ey = ea(Kp/Qz) = ea(Kp/kag) €2(k2q/Q2) = 2, and

Dk / Qo = Dy fhag Doy /e = (1)p2” = P°, Le., to = 3.
So i,(K/Q) = 2 for all 7.

(iv) Let m = 5 (mod 8) and n = 3 (mod 4). This is also the case when
Ky @ Qo] = 4, and ky,/Q, and Kgq/ks, are unramified. So we have
e2 = e3(Kp/Q2) = ex(Kap/kaq) €2(k2q/Q2) = 2, and

Dy /Qe = D fhay Phag/qe = (1)a° = P2, Le, 1o = 2.
Thus we obtain

_ 1 ifmgisodd,ie., yp#1
i(K/Q) =
2 if my is even, i.e., yp = 1.
(d) Because Dg/q = 64mnk, we find that 2 is indeed a wildly ramified prime. In
this case, we find 2 = p2, p = P2, 2 = g%, and g = P? so that e, = 4. We notice
that /m is a unit in Ky, and find

DK‘ﬁ/QQ = QK‘ﬁ/kQQ ©k2q/Q2 = (2\/%)q3 = p2q3 = 5’13107 i'e-7 t2 = 10.
. 10 . 1041 .
Soii(Kp/Qo) =23 =4, Uiy /s (Kp/Qz) =277 171 =2, Z(VKqB/Qz)?(KiB/Q?) =

2l¥21-1 = 4 and i(vKWQQ)s(Km/Qg) = 2l*%?1-1 — 4. Consequently,

. 2 ifme=1 (mod4)
in(K/Q) =
4 ifme#1 (mod 4).
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5.3 Cyclotomic Extensions and Its Maximal Real Subfields

Let [ be a prime number, n a natural number, K the {"th cyclotomic field Q(¢), where
( is a primitive {"th root of unity. The Galois group G = Gal(K/Q) ~ (Z/p(I")Z)*
is cyclic. For each n, [ is the only ramified prime in Q, because the discriminant
Dgiq = [ =1""" " One knows that P = (1 — () is a prime ideal in K lying over [
such that [ = P ie. e = (") = (I — )" L.

Passing to the localization, we denote by Ky the completion of K, and Q; the field
of l-adic numbers. Then, for each n, Kg/Q; is a totally ramified Galois extension
with degree e = ¢(I") where the Galois group Gal(Kg/Q;) may be identified as G
itself. We have the different D, )q, = B, where t; = np(I") — [»~1. If, in particular,
n =1, then Kg/Q; is tamely ramified, since e, =1 — 1 and ¢; = [ — 2. Therefore

i (K/Q) =1 for all y € H' (G, OF). (5.2)

Now consider the case n > 2. From [|e;, we find that [ is the only wildly ramified

prime in Q. Denote by 7k, /q, the canonical class in HY(G, OIXQB). Then by (4.12),

we find
n (ln)_lnfl
i(Ky/Qp) =11 e =1, (5.3)
and
ne(™)—1"" 141 e e W
Dy s, B/ Q1) = e e (5.4)

Moreover, for v = (Viy/q,)™ Where my is an integer such that 0 < m; < (I"), we

have

‘ "2 forl<m <™t
by (K‘B/Ql) =
"t for "7 <my < @(I™) or my = 0.
Consequently, we obtain

Theorem 5.4. Let | be a prime, n a natural number, and K = Q((), the I"th

cyclotomic field over Q, where  is a primitive ["™th root of unity.

(a) If n =1, then we have i,(K/Q) =1 for all v € H(G, O%).
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(b) Ifn > 2, we have

. "2 ifmy=a, wherel <a < (™!
i (K/Q) =

"t if my = b, where "™ < b < o(I") or b= 0.

Remark 5.5. The canonical class yp = iy /q, = [c] € H'(G, Ok, ) is given by a

system of cyclotomic units

Sl 1_SC
CS—H—TC, s €@. (55)

By putting € = 1 — ( in the formula (3.6), we find M./P. = %. We obtain
M./ P, explicitly as

0 ifn=1
M./P, =

Z/1" 27 ifn > 2.

Proof. Note that O = Z[¢] = [1,(, (%, -+, ¢?U") 1)z, For eachi, 0 <i < p(I") —1,

let us first determine T, q¢". Since ¢’ is conjugate to C%, we have,
Tyl = Tr/qC'T  with d = (I",4).
For d|l", set K, = Q(C%); hence [K : K4| = % and so

Tx/al 7 = Tiy/q (TK/KdC%> = [K : Kq] Tic,yqC 7.

According to [7] p.197, we have TKd/Q(C%) = p(d), the Mobius function. Therefore,

we have
e(l™), =0
AN oy (‘O(ln) — n—1 n—1|; -
TK/Q(C ) - TK/Q(C E ) - gD(d) “(d) =9 ! ;o |Z7 t 7é 0 (56)
0 [t J[ i, 1#0.

Going back to M./P. for a cocycle ¢ € Z'(G, OF), we begin with the case n = 1. For

every a € Ok, a = Zﬁ;g n;¢" for some integers n;. Since, by (5.6), Tx,q(¢") = —1
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for1 <i<l—2, =1[1-1for:=0, we find that

Tijalll o) = Y_niTira(c) ~ 3 nTisalc”™)

-2 -2

= noTK/Q(l) — an + an = lno.

i=1 =0
It follows that Tx/q((1 — ()Ok) = lZ.
Now to find Z N (1 — ¢)Z[(], we first examine a general element o € (1 — {)Z[(].

1-2
=(1- Zn,(l for some n; € Z
i=0

-2

= Z nzlg_nl2<ll

=1
= (no + m—2) + Z(m — i1+ o)
For « to be in Z, we must have n; — n;_1 = —n;_o for 1 < i <[ — 2. This implies

that nj_o —ng = —(I — 2)ny_o, ie. ng = (I — 1)ny_9 and so ng + nj_g = In;_o. It

follows that Z N (1 — {)Z[¢] = IZ. Therefore

M./P.=I1Z/IZ = 0.
e(l™)-1

Next, let n > 2. For every @ € Ok, a =Y 7’ n;¢" for some integers n;. We

have, by (5.6),

Tr/q((1— Z n;Tw/q(¢") — Z ni1Tk/q(¢")
i=1

= ln_l (l — 1)710 + n@(ln)_l — Z (TL, — ni_l) s
1<i<p(in)-1

|n—1 |’L

which implies that Tk,q((1 — ()Ok) = I"'Z. Now to find Z N (1 — ¢)Z[¢], we first
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examine a general element a € (1 — ¢)Z[(].
e(l™)—1

=(1-0) Z n;("  for some n; € Z

=0

- z 1) = gy A G

= (no + npamy—1) + Z (ni — ni—1 + npeny—1)¢" + Z (ni — ni—1)¢"

1<i<ep(m)-1 1<i<p(in)-1
lnflli lnfl,f i

For a to be in Z, we must have
n; — N1+ nap(l")—l =0 fori= ln_l, 2ln—1, HR (l - 2)ln—1
ni =ni_1 for 4 such that 1 <4 < p(I") — 1 and I"' 4.

From this recursive formula, we find

N—2)in—1 = Nq-2)in—1-1 — Np(In)—1 = Ny — (l - 2)nw(ln)_1
N—2)in—1 = Nq-2)in—1-1 = *** = Ny(n)-1

and so
no + Nyn)-1 = (n(l_g)lnﬂ + (l — 2)7%@;),1) + Np@n)-1

= Nymy—1 + (L= 2)np0m) -1 + Npn)—1
= Ingam—1

It follows that Z N (1 — ¢)Z[¢] = IZ. Therefore

M,/P.=~I1Z/1" 'Z ~ 71" *Z.

Remark. Theorem 4.3 can be applied to this {"th cyclotomic fields case.

Remark. Let K/Q, the mth cyclotomic field, where m is a natural number divisible
by two distinct primes. Put m = ' ---[;**, where [; is a prime and a; is a natural
integer. Let ¢ be the cocycle ¢ of Gal(K/Q) consisting of cyclotomic units. Then

c~1,as 1 —(is already in Ok, . From

) - [ sea (29)) 2

dlm
d: square-free
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we find Trg/x(Ok,,) = m'Z, where m' = ;" [,%"'. Hence M./P. = Z/m'Z.

Now we consider K™ = Q(¢ + ¢™'), the maximal real subfield of ["th cyclotomic
field K = Q((), where ( is a primitive {"th root of unity and [ is an odd prime.

When n = 1, K7/Q is tamely ramified so that i,(K*/Q) = 1. When n > 2,
we have e = e(KT/Q) = # so that [ is the only wildly ramified prime. We put
n=C+¢ "t From [ = (2 —1)?")/2 we find that 2 —n = (1 —¢)(1 — (') is a prime
element in O+ lying over [. Denote by P = (2 —n) a prime in K* and K;{; the
completion of K*. Then K% /Qq is a totally ramified Galois extension with degree
e= @ and the Galois group may be identified as G = Gal(K*/Q). The canonical
class Vg = [CK$/QZ] € H'(G, OIX{%) is given by a system

2—"n
CKjlQue = 5, G

For each n, the different @(K%/Ql) =P, where t = w Hence

(Kg/Qu) = 1"

7
’YK%/QL

Moreover, for yyp = (7K$/Ql>ml where my is an integer such that 0 < m, < 24"

5, We

have

. . "2 forl<m< lni;“
Z'Y‘ﬁ (K(/B/Ql) = l"71+1 ‘P(ln)
for =—== <m; < &~ or m; = 0.

n—1
l 2 2

Consequently, we obtain

Theorem 5.6. Let [ be an odd prime, n a natural number, ( a primitive ["™th root of
unity, and KT = Q(¢ +¢™1). Then
(a) If n =1, then we have i (K /Q) =1 for ally € H'(G,Ox,).
(b) If n > 2, we have
[n—2

. n—1
if my = a, where 1 <a < IT“

27(K+/Q) =

=t ifmy =0, wher’e%gb<# orb=0.

34



References

[1] J.W.S. Cassels and A. Frolich, Algebraic Number Theory. Academic Press, London
and New York (1967)

2] A. Frolich and M.J. Taylor, Algebraic Number Theory. Cambridge University
Press (1991)

[3] R.C. Gunning, Lectures on Modular Forms. Princeton University Press, Prince-

ton, New Jersey (1962)

[4] S.M. Lee, On Certain Cohomological Invariants of Quadratic Number Fields. Dis-
sertation, Johns Hopkins University (2004)

[5] S.M. Lee and T. Ono, On a certain invariant for real quadratic fields. Proc. Japan

Acad. Ser. A, vol. 79, no. 8, 119-122 (2003)
(6] D.A. Marcus, Number Fields. Springer-Verlag, New York (1977)
[7] 1. Niven, An Introduction to the Theory of Numbers. John Wiley & Sons (1991)

[8] J. Neukirch, Algebraic Number Theory. Springer-Verlag, Berlin, Heidelberg, New
York, (1999)

[9] J. Neukirch, A. Schmidt, K.Wingberg, Cohomology of Number Fields. Springer-
Verlag, Berin, Heidelberg, New York, (2000)

[10] T. Ono, A Note on Poincaré sums for finite groups. Proc. Japan Acad., Ser. A,
vol. 79, no. 4, 95-97 (2003)

[11] T. Ono, On Poincaré sums for local fields. Proc. Japan Acad., Ser. A, vol 79, no.
7, 115-118 (2003)

[12] T. Ono, On Poincaré sums for number fields. to appear in coming issue of Proc.

Japan Acad.

[13] T. Ono, Lecture Notes, Topics in Algebraic Number Theory. (Fall 2003)

35



[14] T. Ono, An Introduction to Algebraic Number Theory. Plenum Press, New York
(1990)

[15] J.P. Serre, Galois Cohomology. Springer-Verlag, Berlin Heidelberg New York
(1997)

[16] J.P. Serre, Local Fields. Springer-Verlag, New York (1979)

[17] L.R. Shafarevich, Basic Algebraic Geometry. Springer-Verlag, Berlin, New York
(1974)

[18] H. Yokoi, On an Isomorphism of Galois Cohomology Groups H" (G, Ok) of In-
tegers in an Algebraic Number Field. Proc. Japan Acad., vol 38, 499-501 (1962)

[19] H. Yokoi, A Note on the Galois Cohomology Group of the Ring of Integers in an
Algebraic Number Field. Proc. Japan Acad., vol 40, 245-246 (1964)

36



VITA

Eun Kyoung Lee was born in October 1973 in Tokyo, Japan, and raised in Seoul,
Korea. She received her Bachelor of Science degree in Mathematics, magna cum
laude, from Ewha Womans University in Seoul, Korea in 1996, and Master of Science
degree in Mathematics from Ewha Womans University in 1998. That fall, she enrolled
in the graduate program at Johns Hopkins University. She defended this thesis on
March 24, 2005.

37



