Calculus with parametric curves

B Describing the tangents of curves. Suppose
x = x(t),y = y(t) (1)

is a parametric curve. What is the tangent direction of the curve
at time t7
Solution: The tangent slope is given by % if y is a function of x.

Using the chain rule,

dy

dy _ G
— dx?

dx =

if 2 2£0.
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Calculus with parametric curves

B Example 1. Parametric equation of the cycloid is given by
x=80—sinf,y =1—cosé. (2)

Find the tangent where 6 = %.
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Calculus with parametric curves

Solution: Use the chain rule,

dy
&y _ @
T odx
dx <

Since % =sinf, and % =1 — cosf, we have

Q_ sind
dx 1—cosf’
Soat@z%,thus%:ﬁ.
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Calculus with parametric curves

Tangent line equation:

y(x) — yo = slope - (x — xo).

s
At 9 — 3
T V3 1
X0:§—7a)’0:§~
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us

Tangent line equation of cycloid at # = 7 is given by:

v =V3-be— (- D+

3

ols
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Calculus with parametric curves

B At what points (if any), the tangent line is horizontal or vertical?

» At points where % = 0, the tangent line is horizontal.

Since
ﬂ ~sin 0

dx 1—cosf’
this happens if and only if sinf =0, and 1 — cosf # 0. Namely,
0 = (2n — 1), for all integer n.
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Calculus with parametric curves

» At points where % = =00, the tangent line is vertical.

Since
dy sin 6

dx  1—cosf’
this happens if and only if 1 — cosf = 0. Namely, 8 = 2nm, for all

integer n.
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» Second order derlvatlve . Recall that
dy
& _ ar
dx *
dx o=
Thus

Py _d dyy_ #(&)
dx?2  dx‘dx % '

> If ¢ dX2 > 0, the curve is convex.

> If Y < 0, the curve is concave.
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Calculus with parametric curves

» Example 2. Parametric equation of the cycloid is given by
x=0—sinf,y =1— cosb. (3)

. 2 . . .
Find the value of % of the cycloid, and determine if the curve is

convex or concave.

Solution: S d
2
d Yy @(dx)
2 dx
dx =
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Since we obtain in Example 1 that

Q B sind
dx 1—cosf’
and J
d—z =1—cosb,
we get
Py () -1

dx2  1—cosf (1 —cosf)?
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Therefore
d?y
dx?

for all 8. Hence the curve is concave everywhere.

<0
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