The integral test and estimates of sums

B Example 4. Determine if the series S0 ; '™ converges or diverges.

. } . _ |nX . .y
» Solution: Use the integral test. f(x) = X is positive
continuous for x > 1. It is not obvious if f is decreasing or not.

Thus we compute f'.

1—-Inx
i) =—5,

thus f'(x) < 0 when Inx > 1, that is x > e.
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The integral test and estimates of sums

So we can apply the integral test (on [e, o0)):

 In x tlnx . (Inx)? ,
—dx = lim lim |e = o0
e t—o00 T 5o 2

We know e = 2.71828182846 Thus 22023 '”T" diverges. Of course,
this implies 357 ; "7 diverges.
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The integral test and estimates of sums

B Remark: We learn from this example that to determine the
convergence or divergence, we don’t mind the first finite number of
terms in the series. Thus in the integral test, it is only necessary to
assume f(x) is decreasing near infinity.

Namely, there exists a constant A, such that

f'ix) <0  for x> A
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The integral test and estimates of sums

n

. . . _n3
Example 5. Determine if the series > o ; n*e™" converges or

diverges.
Solution: Use the integral test.

Use f(x) = x2e™. f is positive continuous. Is it decreasing?
Flx)=e " x(2-3x%) <0

if x > 1.
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The integral test and estimates of sums

Substitute u = x3. Then

Oo2—x3 1 OO—u 1—uoo 1—1
. x“e dx:§ . e du:—ge \1:§e < 00.

. _n3 -
Thus the series >°°  n?e™™ is convergent.
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The comparison test

B The idea of the comparison test is to compare a given series with a

series that is known to be convergent or divergent.
1

3n4+2

[ee]
Example 1. Determine if the series Z is convergent or
n=1

divergent.

[oe) o
) ) ) ) 1
Solution: The series Z 3712 reminds us of the series Z 30
n=1 n=1
The latter is a geometric series with a = % r= % and thus it is

convergent.
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The comparison test

We can compare each term in these two series:

Therefore -

I
3"+ 2 3n’
n=1

n=1

So it is convergent.
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The comparison test

The comparison test Suppose 0 < a, < b,
(a) If > by is convergent, then ) a, is also convergent.

(b) If 3" a, is divergent, then >_ b, is also divergent.
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The comparison test

We must have some known series Y b, for the purpose of
comparison. Usually, we compare with one of the following two
series:

(a) Geometric series » 21 a- r" converges for |r| < 1 and diverges
for all other values of r;

(b) A p-series 3% 1 L converges for p > 1 and diverges for all

other values of p;
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The comparison test

1

———— Is convergent or
nc+n+4

o
B Example 2. Determine if the series Z
n=1

divergent.

» Solution: The leading order term as n tends to oo is %
1 < 1
nP+n+4 - n2’
o0
N h i L b =2>1
ote the p-series Z 2 converges ( ecause p =2 > )

n=1

oo
1
Therefore by comparison test, Z —————, converges.
—n +n+4
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The comparison test

B Example 3. Determine if the series Z
n=1 \/>

is convergent or

divergent.
Solution: C ith St ¢ ith 1.
olution: Compare wi Z NG ompare with ——:
Inn+ 1 1
f f
1 n+1
Since Z dlverges by comparison test Z also

n=1 \/>

dive rge;
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The comparison test

o0
B Example 4. Determine if the series E ——— s convergent or
n®—n
. n=1
divergent.

» Solution: The leading order term as n tends to oo is % Note
1 :
the p-series Z — converges (because p =2 > 1). So if we could
n

n=1
prove

, (4)

then the series converges. But this inequality (3) is not true.
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The comparison test

In fact,
1 < 1
n2 = n2—n
But
_1
. 2 __
lim "1" =1<1.1.
n—oo

n2

Thus there exists a constant A, s.t.

1 <1.1
n2—n=— n?

if n> A.
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The comparison test

In other words,
— <= (7)

if n is big enough.

[e.e] [ee]
1.1 .
Note E —5 converges. Therefore by comparison test g
n
1 n=1

1
n?2—n

n—
converges.
B We can also use the limit comparison test, which | will introduce

after Example 5.
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